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1 Eisagwg 

H melèth twn anadrom¸n migadik¸n sunart sewn èqei tic rÐzec thc
sta tèlh tou 19ou ai¸na. Sto di�sthma autì majhmatikoÐ ìpwc gia
par�deigma oi Schröder kai Koenigs asqol jhkan me th sumperi-
for� migadik¸n sunart sewn k�tw apì anadromèc kont� se èna sta-
jerì shmeÐo.

Kat� thn di�rkeia thc periìdou 1918-1920 , dÔo G�lloi majh-
matikoÐ oi Gaston Julia kai Pierre Fatou eÐdan ta pr�gmata pio
genik�. Makri� apì ta stajer� shmeÐa br kan mia polÔ diafore-
tik  sumperifor�. Merikèc forèc ta apotelèsmata twn anadrom¸n
 tan sqetik� stajer� en¸ �llec forèc aprìblepta diaforetik� (ìti
onom�zoume s mera qaotik  sumperifor�). Proc tim n aut¸n twn
dÔo majhmatik¸n onom�zoume s mera to sÔnolo twn shmeÐwn pou
mia migadik  sun�rthsh sumperifèretai ìpwc sthn pr¸th perÐptwsh
sÔnolo Fatou kai sthn deÔterh sÔnolo Julia. Me mia seir� er-
gasi¸n oi Julia kai Fatou sthn perÐodo aut  pètuqan na peri-
gr�youn pollèc apì tic idiìthtec aut¸n twn sunìlwn gia rhtèc
sunart seic.

To kÔrio mèroc twn ergasi¸n pou emfanÐzetai stic melètec twn
Julia kai Fatou p�nw stic anadromèc migadik¸n sunart sewn è-
qei tic rÐzec tou se dÔo leptomereÐc ergasÐec twn E. Schröder kai
A. Cayley p�nw sth mèjodo tou Newton h opoÐa qrhsimopoieÐtai
gia thn eÔresh migadik¸n lÔsewn thc exÐswshc f(z) = 0 proseggi-
stik�. H mèjodoc aut  par�gei proseggÐseic miac rÐzac r wc ex c :
Xekin�me apì mia arqik  tim  z0 kont� sth r. SuneqÐzoume efarmì-
zontac diadoqik� ton tÔpo

zn+1 = zn −
f(zn)

f ′(zn)
n = 0, 1, 2, 3, ...

'Etsi dhmiourgoÔme mia akoloujÐa proseggÐsewn {zn} thc r, h opoÐa
mporeÐ na suglÐnei   ìqi sth r.

An jewr soume èna polu¸numo p(z) bajmoÔ n ≥ 3 me rÐzec
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z1, z2, ..., zn kai jèsoume

A(zi) = {z ∈ C : fκ(z) → zi}

ìpou

f(z) = z − p(z)

p′(z)

eÐnai h sun�rthsh thc mejìdou tou Newton tìte mporeÐ k�poioc
na parathr sei ìti ta sÔnola A(zi) eÐnai arket� ”peplegmèna” sto
migadikì epÐpedo kai m�lista èqoun koinì sÔnoro

∂A(z1) = ∂A(z2) = ... = ∂A(zn) = J(f)

me J(f) to sÔnolo Julia thc f .
AxioshmeÐwto eÐnai to gegonìc ìti polÔ geitonik� shmeÐa pou

qrhsimopoioÔntai wc arqikèc timèc thc mejìdou mporoÔn na odhg -
soun se diaforetikèc rÐzec thc p(z).

H paroÔsa ergasÐa diapragmateÔetai kurÐwc ta sÔnola Julia ta
opoÐa emfanÐzontai se sqèsh me tic anadromèc migadik¸n sunart -
sewn migadik c metablht c. ApoteloÔn de qarakthristikì par�deigma
gia to p¸c mia apl  diadikasÐa ìpwc gia par�deigma oi anadromèc
thc f(z) = z2 + i mporeÐ na odhg sei se sÔnola, h anapar�stash
twn opoÐwn eÐnai exairetik� perÐplokh.

Pollèc forèc loipìn tètoiec diadikasÐec odhgoÔn se sq mata
pou onom�zontai fractals. Ta sq mata aut� dièpontai apì �peirh
leptomèreia se osod pote mikrì komm�ti touc, sun jwc èqoun au-
toomoiìthta (toul�qiston kat� prosèggish) kai h klasik  gewmetrik 
gl¸ssa den eÐnai se jèsh na ta perigr�yei apotelesmatik�.

Den up�rqei aut  th stigm  ènac kajolik� apodektìc orismìc gia
to pìte èna sq ma eÐnai fractal kai autì diìti ìloi oi orismoÐ pou
prot�jhkan apèkleian orismèna sq mata pou me b�sh ta parap�nw
qarakthristik� ja èprepe na jewrhjoÔn wc fractals. Autìc pou
èqei epikrat sei eÐnai autìc pou eÐqe d¸sei o Mandelbrot ston opoÐo
qrhsimopoieÐtai h ènnoia tou mètrou kai thc di�stashc Hausdorff.
SÔmfwna loipìn me ton Mandelbrot:
Fractal eÐnai èna gewmetrikì sq ma tou opoÐou h di�stash Hausdorff
eÐnai gn sia megalÔterh thc topologik c tou di�stashc.
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Sthn paroÔsa ergasÐa arqik� dÐnontai merik� qarakthristik� pa-
radeÐgmata anadrom¸n ta opoÐa mac proetoim�zoun gia ta parak�tw.
Sth sunèqeia exet�zontai poluwnumikèc sunart seic oi opoÐec lìgw
thc olomorfÐac touc sto migadikì epÐpedo mac dÐnoun to dikaÐwma na
qrhsimopoi soume polÔ isqur� jewr mata thc migadik c an�lushc
ìpwc ta jewr mata tou Montel kai Weierstrass kai ètsi na p�roume
arketèc plhroforÐec gia ta sÔnola Julia.

Mia kat�taxh twn sunìlwn Julia mporeÐ na epiteuqjeÐ me to
legìmeno sÔnolo Mandelbrot to opoÐo sthn ergasÐa aut  ja meleth-
jeÐ gia deuterob�jmiec poluwnumikèc sunart seic.

Sth sunèqeia parousi�zontai analutik� oi ènnoiec tou mètrou kai
thc di�stashc Hausdorff oi opoÐec apoteloÔn shmantik� ergaleÐ-
a gia th melèth jem�twn pou sqetÐzontai me ta sÔnola Julia kai
genikìtera me th gewmetrÐa twn fractals. AkoloujeÐ wc efarmog 
èna eidikì jèma pou anafèretai sto qarakthrismì apì th di�stash
Hausdorff orismènwn sunìlwn pou onom�zontai yeudìkukloi (ar-
ketèc forèc ta sÔnola Julia eÐnai yeudìkukloi).

Sto tèloc thc ergasÐac aut c parousi�zontai sunoptik� epi-
plèon stoiqeÐa kai sumper�smata, ta opoÐa eÐnai qr sima gia opoiond -
pote ja  jele na embajÔnei perissìtero se jèmata sqetik� me tic
anadromèc migadik¸n sunart sewn.
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2 ParadeÐgmata sumperifor�c anadrom¸n

Sthn paroÔsa enìthta dÐnontai paradeÐgmata anadrom¸n kai thc
sumperifor�c touc, pou èqoun wc stìqo thn exoikeÐwsh tou anagn¸-
sth me thn ènnoia thc anadrom c, twn fainomènwn kaj¸c kai erwth-
m�twn pou prokÔptoun apì aut n.

PARADEIGMA 1. 'Estw h sun�rthsh

f(x) =
3

2
x(1− x) =

3

2
x− 3

2
x2 me x ∈ [0, 1].

ParathroÔme ìti up�rqoun dÔo akrib¸c timèc tou x tètoiec ¸ste
f(x) = x (stajer� shmeÐa) oi opoÐec eÐnai oi 0 kai 1

3 . EpÐshc h f
èqei mègisto to f(1

2) = 3
8 kai eÐnai f(x) > 0 gia k�je x ∈ (0, 1).

Ja exet�soume th sumperifor� thc akoloujÐac {fn(x0)}∞n=0 twn
anadrom¸n thc f gia di�forec arqikèc timèc sto [0,1], ìpou

fk = f ◦ f ◦ · · · ◦ f (k forèc)

gia κ ≥ 2 , f 1 = f kai f 0 = I ìpou I h tautotik  sun�rthsh.
Gia x0 = 0 eÐnai f(x0) = 0 kai fn(x0) = 0 gia k�je fusikì n,
dhlad  h troqi� tou 0 mèsw thc f

Of(0) = {0, f(0), f 2(0), ...} = {0, 0, 0, ...}

eÐnai stajer .
Gia x0 = 1 eÐnai f(x0) = 0 kai fn(x0) = 0 gia k�je jetikì akèraio
n, dhlad  h troqi� tou 1 mèsw thc f eÐnai

Of(1) = {1, f(1), f 2(1), ...} = {1, 0, 0, ...}.

Ja deÐxoume t¸ra ìti gia k�je x0 ∈ (0, 1) h troqi�

Of(x0) = {x0, f(x0), f
2(x0), ...}

stajeropoieÐtai sthn tim  1
3 dhlad 

lim
n→∞

fn(x) =
1

3
.
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Gia tuqìn x0 ∈ (0, 1
3) jewroÔme thn akoloujÐa {fn(x0)}∞n=0 twn

anadrom¸n thc f . H {fn(x0)}∞n=0 eÐnai fragmènh �nw apì to 1
3 .

Pr�gmati eÐnai x0 < 1
3 . 'Estw fn(x0) <

1
3 . Ja deÐxoume ìti

fn+1(x0) <
1
3 . EÐnai

fn+1(x0) <
1

3
⇔ f(fn(x0)) <

1

3
⇔ 3

2
(fn(x0))

2 − 3

2
fn(x0) +

1

3
> 0

to opoÐo alhjeÔei afoÔ fn(x0) <
1
3 .

EpÐshc h {fn(x0)}∞n=0 eÐnai gnhsÐwc aÔxousa afoÔ

fn+1(x0) > fn(x0) ⇔
3

2
fn(x0)−

3

2
(fn(x0))

2 > fn(x0) ⇔ fn(x0) <
1

3

to opoÐo alhjeÔei. Sunep¸c h {fn(x0)}∞n=0 wc gnhsÐwc aÔxousa kai
fragmènh �nw sugklÐnei se arijmì

` = lim fn+1(x0) = lim fn(x0).

Epeid 

fn+1(x0) =
3

2
fn(x0)−

3

2
(fn(x0))

2

paÐrnontac ìria prokÔptei

` =
3

2
`− 3

2
`2 ⇔ ` =

1

3

to opoÐo eÐnai stajerì shmeÐo thc f .

An x0 ∈ (2
3 , 1) tìte f(x0) ∈ (0, 1

3) opìte anagìmaste sthn prohgoÔ-
menh perÐptwsh kai eÐnai fn(x0) → 1

3 me n→∞.

'Estw t¸ra x0 ∈ (1
3 ,

2
3).

An fn(x0) ∈ (1
3 ,

2
3) ja deÐxoume ìti fn+1(x0) ∈ (1

3 ,
2
3).

Pr�gmati afoÔ fn(x0) ∈ (1
3 ,

2
3) eÐnai

fn+1(x0) = f(fn(x0)) ∈ (
1

3
,
3

8
) ⊂ (

1

3
,
2

3
).
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Dhlad  gia k�je fusikì n eÐnai fn(x0) ∈ (1
3 ,

2
3).

H {fn(x0)}∞n=0 eÐnai kai gnhsÐwc fjÐnousa afoÔ

fn+1(x0) < fn(x0) ⇔
3

2
fn(x0)−

3

2
(fn(x0))

2 < fn(x0) ⇔ fn(x0) >
1

3

to opoÐo alhjeÔei. 'Etsi h {fn(x0)}∞n=0 wc gnhsÐwc fjÐnousa kai
fragmènh k�tw ja sugklÐnei se arijmì

`′ = lim fn+1(x0) = lim fn(x0).

Epeid 

fn+1(x0) =
3

2
fn(x0)−

3

2
(fn(x0))

2

paÐrnontac ìria prokÔptei

`′ =
3

2
`′ − 3

2
`′ 2 ⇔ `′ =

1

3
.

Sthn perÐptwsh pou eÐnai x0 = 1
3 tìte gia k�je fusikì n eÐnai

fn(x0) =
1

3
→ 1

3

en¸ an x0 = 2
3 eÐnai f(x0) = 1

3 opìte ìpwc prin

fn(x0) →
1

3
.

SumperaÐnoume loipìn ìti gia tuqìn x0 ∈ (0, 1) h akoloujÐa twn
anadrom¸n {fn(x0)}∞n=0 sugklÐnei sto 1

3 pou eÐnai stajerì shmeÐo
thc f .
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SQHMA 1. Grafik  epal jeush thc sÔgklishc thc akoloujÐac twn anadrom¸n
thc f gia x0 ∈ (0, 1

3). Xekin¸ntac apì to x0 kai akolouj¸ntac thn polugwnik  gramm 
pou eÐnai eglwbismènh metaxÔ thc parabol c kai thc diqotìmou thc pr¸thc gwnÐac twn
axìnwn, plhsi�zoume telik� osod pote kont� sto ξ = 1

3 .
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SQHMA 2. Oi grafikèc parast�seic twn f2, f4, f8, ìpou mporeÐ k�poioc na di-

apist¸sei thn parap�nw sÔgklish thc akoloujÐac twn anadrom¸n thc f gia k�je

arqik  tim  sto (0, 1).
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PARADEIGMA 2. JewroÔme t¸ra th sun�rthsh

f(x) = cx(1− x) , ìpou c = 1 +
√

5 , me x ∈ [0, 1].

ParathroÔme ìti h exÐswsh f(x) = x èqei wc rÐzec touc arijmoÔc
0 kai 1 − 1

c . Ja anazht soume arijmoÔc pou na eÐnai rÐzec thc
f(f(x)) = x, all� ìqi kai thc f(x) = x (2-periodik� shmeÐa). H
exÐswsh f(f(x)) = x èqei wc profaneÐc rÐzec tic rÐzec thc f(x) = x,
opìte gr�fetai

x(x− 1 +
1

c
)(−c3x2 + (c3 + c2)x− (c2 + c)) = 0

h opoÐa èqei wc rÐzec touc arijmoÔc

0 , 1− 1

c
,
c+ 1 +

√
c2 − 2c− 3

2c
,
c+ 1−

√
c2 − 2c− 3

2c

  epeid  c = 1 +
√

5

0 ,

√
5

1 +
√

5
,

1

2
,

1 +
√

5

4
' 0, 809.

Wc loipìn 2-periodik� shmeÐa thc f lamb�noume touc arijmoÔc

1

2
,

1 +
√

5

4
' 0, 809.

H sumperifor� t¸ra twn anadrom¸n thc f gia di�fora shmeÐa tou
[0,1] diafèrei apì aut n tou paradeÐgmatoc 1. ParathroÔme ìti

f(1
2) = 1+

√
5

4 kai f(1+
√

5
4 ) = 1

2 . Genikìtera t¸ra h {fn(x)} èqei
2 shmeÐa suss¸reushc gia k�je arqik  tim  x sto [0, 1] ektìc apì
arijm simo pl joc shmeÐwn tou [0, 1]. Ta exairèsima aut� shmeÐa
eÐnai ta stajer� shmeÐa thc f kaj¸c kai oi proeikìnec touc, dhlad 
timèc x0 ∈ [0, 1] gia tic opoÐec up�rqei jetikìc akèraioc n tètoioc
¸ste fn(x0) = σ, ìpou σ stajerì shmeÐo thc f .

Ston pÐnaka pou akoloujeÐ blèpoume th sumperifor� aut  gia
di�forec timèc tou [0,1].
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ParathroÔme ìti an h arqik  tim  eÐnai to 0, tìte h troqi� eÐnai
stajer .
An h arqik  tim  eÐnai to 1, tìte h pr¸th anadrom  eÐnai Ðsh me 0,
ìpwc kai ìlec oi epìmenec.
Stic peript¸seic pou èqoume arqik  tim  k�poion apì touc arijmoÔc

0, 2 , 0, 4 , 0, 5 , 0, 6 , 0, 8

blèpoume ìti h akoloujÐa twn anadrom¸n thc f den èqei k�poio ìrio
all� èqei dÔo shmeÐa susswreÔsewc, ta 2-periodik� shmeÐa thc f .
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SQHMA 3. Oi grafikèc parast�seic twn f, f4, f8.
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PARADEIGMA 3. To sÔnolo tou Cantor C eÐnai uposÔnolo
tou diast matoc [0,1] kai kataskeu�zetai wc ex c:
Kìboume to [0,1] se 3 Ðsa komm�tia kai afairoÔme to mesaÐo trÐto
dhlad  to (1

3 ,
2
3). Sth sunèqeia kìboume ta enapomeÐnanta diast -

mata [0, 1
3 ] kai [

2
3 , 1] p�li se 3 Ðsa komm�tia kai afairoÔme to mesaÐo

trÐto dhlad  ta (1
9 ,

2
9) kai (

7
9 ,

8
9). K�noume to Ðdio sta enapomeÐnanta

diast mata kai suneqÐzoume th diadikasÐa aut  mèqri to �peiro. To
C eÐnai to sÔnolo pou apomènei met� tic �peirec autèc epanal yeic.
An C0 = [0, 1] , C1 = [0, 1

3 ]
⋃

[23 , 1] k.t.l. tìte mporoÔme na gr�youme

C =
∞⋂

n=1

Cn.

Sto par�deigma autì ja doÔme pwc mporeÐ na oristeÐ to C mèsw twn
anadrom¸n miac sugkekrimènhc sun�rthshc. 'Estw h sun�rthsh

f(x) =
3

2
(1− |2x− 1|) =

{
3(1− x) , x ≥ 1

2

3x , x < 1
2

.

H grafik  par�stash thc f eÐnai summetrik  wc proc thn eujeÐa
x = 1

2 kai parousi�zei mègisto to f(1
2) = 3

2 .
An x0 < 0 tìte

fn(x0) = 3nx0 → −∞.

An x0 > 1 tìte f(x0) < 0 opìte p�li fn(x0) → −∞ afoÔ anagì-
maste sthn prohgoÔmenh perÐptwsh.
An x0 ∈ (1

3 ,
2
3) tìte f(x0) > 1 ⇒ f(f(x0)) < 0 , opìte p�li

fn(x0) → −∞,

dhlad  gia to mesaÐo trÐto (1
3 ,

2
3) tou [0,1] h {fn(x0)}∞n=0 èqei ìrio

to −∞.

To Ðdio sumbaÐnei kai gia ta mesaÐa trÐta twn diasthm�twn [0, 1
3 ],[

2
3 , 1]

pou apèmeinan, dhlad  gia ta

(
1

9
,
2

9
) kai (

7

9
,
8

9
).

An x0 ∈ (1
9 ,

2
9) tìte f(x0) ∈ (1

3 ,
2
3), epomènwc f

n(x0) → −∞.
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An x0 ∈ (7
9 ,

8
9) tìte epeid  to di�sthma autì eÐnai to summetrikì

tou (1
9 ,

2
9) wc proc to 1

2 kai h grafik  par�stash thc f eÐnai sum-
metrik  wc proc thn eujeÐa x = 1

2 eÐnai p�li f(x0) ∈ (1
3 ,

2
3), epomènwc

fn(x0) → −∞.
Genikìtera t¸ra suneqÐzontac thn diadikasÐa aut , ja diapist¸-

soume ìti h eikìna k�je mesaÐou trÐtou mèsw thc f eÐnai èna �llo
mesaÐo trÐto thc prohgoÔmenhc geni�c, opìte oi antÐstoiqec anadromèc
thc f ja èqoun ìrio to −∞. Gia th genik  perÐptwsh jètoume

A1 = (
1

3
,
2

3
) = A11

A2 = (
1

9
,
2

9
)
⋃

(
7

9
,
8

9
) = A21

⋃
A22

kai gia thn m geni�

Am = Am1

⋃
Am2

⋃
...
⋃

Am2m−1.

ìpou Amj me j = 1, 2, ..., 2m−1 eÐnai ta mesaÐa trÐta pou afairoÔntai
sto st�dio m.

ParathroÔme ìti eÐnai f(A21) = f(A22) = A1, h eikìna kajenìc
apì ta A31, A32, A33, A34 mèsw thc f , eÐnai k�poio apì ta A21, A22

kai genikìtera gia k�je j = 1, 2, ..., 2m−1

f(Amj) = A(m−1) κ gia k�poio κ = 1, 2, ..., 2m−2.

'Estw
fm−1(Amj) = A1 gia j = 1, 2, ..., 2m−1.

Ja deÐxoume ìti

fm(A(m+1) j) = A1 gia j = 1, 2, ..., 2m.

Pr�gmati èqoume

fm(A(m+1) j) = fm(f−1(Ami)) = fm−1(Ami) = A1

gia k�poio i = 1, 2, ..., 2m−1.
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Ja deÐxoume t¸ra ìti gia tuqaÐo jetikì akèraio n kai tuqaÐo
x ∈ C isqÔei

fn(x) ∈ [0, 1].

Ja ergastoÔme me apagwg  se �topo. 'Estw ìti fn(x) < 0  
fn(x) > 1. Tìte

fn−1(x) < 0   fn−1(x) > 1   fn−1(x) ∈ A1

�ra

fn−2(x) < 0   fn−2(x) > 1   fn−2(x) ∈ A1   fn−2(x) ∈ A21

⋃
A22 = A2

kai suneqÐzontac an�loga prokÔptei telik� ìti

x < 0   x > 1   x ∈ A1   x ∈ A2   ....   x ∈ An

dhlad 

x ∈ (−∞, 0)
⋃

(1,+∞)
⋃(

n⋃
i=1

Ai

)
.

Epeid  gia m ≥ 1 eÐnai Cm = [0, 1] \ (A1
⋃
...
⋃
Am) kai ap' ìpou

C = [0, 1] \
∞⋃
i=1

Ai ,

prokÔptei ìti to x den an kei sto C, pr�gma �topo.
Gia k�je x ∈ C eÐnai f(x) ∈ C, diìti an upojèsoume ìti autì

den sumbaÐnei, tìte to f(x) ja an kei se k�poio mesaÐo trÐto �ra oi
antÐstoiqec anadromèc ja èqoun ìrio to −∞, pr�gma �topo afoÔ
gia k�je jetikì akèraio n kai tuqaÐo x ∈ C isqÔei fn(x) ∈ [0, 1].
Epomènwc gia k�je x ∈ C isqÔei Of(x) ⊂ C.

SumperaÐnoume loipìn ìti to sÔnolo tou Cantor C mporeÐ na ori-
steÐ kai wc to sumpl rwma wc proc R tou sunìlou

A = {x ∈ R : fn(x) → −∞}

dhlad  eÐnai

C = R \ A = {x ∈ R : fn(x) fragmènh}.
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SQHMA 4. To sÔnolo tou Cantor mporeÐ na oristeÐ mèsw twn anadrom¸n thc

f(x) =
3
2
(1− |2x− 1|).
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SQHMA 5. Oi grafikèc parast�seic twn f2, f4, f14.
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PARADEIGMA 4. 'Estw h sun�rthsh f(z) = z2 me pedÐo
orismoÔ ton monadiaÐo kÔklo D = {z ∈ C : |z| = 1}. Ja deÐxoume
ìti up�rqei z0 ∈ D tètoio ¸ste h troqi� Of(z0) na eÐnai pukn  sto
D.

Epeid  |f(z)| = |z|2 = 1 kai arg f(z) = 2 arg z (mod 2π) h
melèth thc f(z) = z2 sto D an�getai sth melèth thc sun�rthshc
g(θ) = 2θ (mod 2π) me θ ∈ [0, 2π). An jèsoume θ

2π = a, telik�
prokÔptei ìti h melèth thc f(z) = z2 sto D an�getai sth melèth
thc sun�rthshc

r(a) = 2a (mod 1) , a ∈ [0, 1).

K�je arijmìc a ∈ [0, 1) èqei mia anapar�stash sto duadikì sÔsthma
thc morf c

a = a12
−1 + a22

−2 + · · · =
∞∑
i=1

ai2
−i

me ai ∈ {0, 1}. H akoloujÐa (a1, a2, · · · ) kajorÐzei pl rwc ton a
kai sumbolÐzoume ton a me (a1, a2, · · · ).

ParathroÔme ìti an a1 = 1 tìte a ≥ 1
2 �ra 2a ≥ 1 opìte

r(a) = 2a− 1 = (1 · 20 + a22
−1 + · · · )− 1 = (a2, a3, · · · )

en¸ an a1 = 0 tìte a < 1
2 �ra 2a < 1 opìte

r(a) = 2a = 0 · 20 + a22
−1 + · · · = (a2, a3, · · · ).

'Epetai loipìn ìti gia k�je a = (a1, a2, · · · ) ∈ [0, 1) èqoume

r(a1, a2, · · · ) = (a2, a3, · · · ).

JewroÔme ton arijmì

a = ( 0, 1,︸︷︷︸
1-om�da

0, 0, 0, 1, 1, 0, 1, 1,︸ ︷︷ ︸
2-om�da

0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 1, 1, · · ·︸ ︷︷ ︸
3-om�da

, · · · )

o opoÐoc kataskeu�zetai gr�fontac mia akoloujÐa apì 0 kai 1 me
ton ex c trìpo: gr�foume pr¸ta ìlouc touc dunatoÔc sunduasmoÔc
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monoy fiwn duadik¸n me aÔxousa t�xh (1-om�da), sth sunèqeia
ìlouc touc dunatoÔc sunduasmoÔc diy fiwn duadik¸n me aÔxousa
t�xh (2-om�da), èpeita ìlouc touc dunatoÔc sunduasmoÔc triy fiwn
duadik¸n me aÔxousa t�xh (3-om�da), k.t.l. EÐnai fanerì ìti an
efarmìsoume n forèc thn r sto a apaleÐfoume ta n pr¸ta yhfÐa
apì 0 kai 1 pou emfanÐzontai ston orismì tou a. Ja deÐxoume ìti h
troqi� Or(a) eÐnai pukn  sto [0, 1).

'Estw tuqìn b = (b1, b2, · · · ) ∈ [0, 1), ìpou bi = 0   bi = 1 gia
k�je jetikì akèraio i. Apì thn kataskeu  tou a eÐnai fanerì ìti
gia k�je jetikì akèraio k, mporoÔme na broÔme k-�da diadoqik¸n
yhfÐwn ston orismì tou a sthn k-om�da, h opoÐa na sumpÐptei me ta
k pr¸ta yhfÐa tou b. An m eÐnai to pl joc twn yhfÐwn ston orismì
tou a pou emfanÐzontai prin thn k-�da aut , h anadrom  rm(a) ja
sumpÐptei me ton b sta k pr¸ta yhfÐa. 'Ara h diafor� rm(a)− b ja
eÐnai se apìluth tim 

|rm(a)− b| ≤ 1

2κ+1 .

Gia tuqìn ε > 0 epilègoume jetikì akèraio k tètoio ¸ste 1
2κ+1 < ε

opìte
|rm(a)− b| < ε.

Autì shmaÐnei ìti up�rqei anadrom  rm(a) tètoia ¸ste h apìluth
tim  thc diafor�c rm(a)−b na gÐnetai osod pote mikr  kai sunep¸c
h troqi� Or(a) eÐnai pukn  sto [0, 1).
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3 Prokatarktik�

SumbolÐzoume me C to migadikì epÐpedo kai me Ĉ = C
⋃
{∞} to

epektetamèno migadikì epÐpedo (sfaÐra tou Riemann). EpÐshc sum-
bolÐzoume me B(α, r) ton anoiqtì dÐsko kèntrou a kai aktÐnac r
dhlad 

B(α, r) = {z ∈ C : |z − α| < r}.

Arq  tou tautismoÔ gia olìmorfec sunart seic:

JEWRHMA 1. 'Estw D tìpoc sto C (anoiktì kai sunektikì
uposÔnolo tou C) kai f, g olìmorfec sunart seic sto D tètoiec
¸ste f(z) = g(z) gia k�je z ∈ S , ìpou S ⊂ D kai to S èqei
shmeÐo suss¸reushc mèsa sto D. Tìte

f(z) = g(z) ∀z ∈ D.

Gia mia apìdeixh blèpe [1].

Topik� omoiìmorfh sÔgklish olìmorfwn sunart sewn:

ORISMOS 1. 'Estw U anoiqtì uposÔnolo tou C kai mia
akoloujÐa olìmorfwn sunart sewn fn : U → C. 'Estw epÐshc
f : U → C migadik  sun�rthsh. Lème ìti h {fn} sugklÐnei sthn
f topik� omoiìmorfa an h {fn} sugklÐnei sthn f omoiìmorfa se
k�je sumpagèc uposÔnolo tou U .

Autì shmaÐnei ìti gia k�je sumpagèc K ⊂ U kai k�je ε > 0,
up�rqei deÐkthc n0 = n0(K, ε) ¸ste

|fn(z)− f(z)| < ε gia n > n0 kai z ∈ K.

JEWRHMA 2. ( sÔgklishc tou Weierstrass ) 'Estw U anoiqtì
uposÔnolo tou C kai fn : U → C mia akoloujÐa olìmorfwn
sunart sewn h opoÐa sugklÐnei topik� omoiìmorfa sto U se mia
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sun�rthsh f . Tìte :
(a) h f eÐnai olìmorfh sto U

(b) Gia k�je κ = 1, 2, 3, ... h akoloujÐa {f (κ)
n }∞n=1 twn k-t�xewc

parag¸gwn sugklÐnei topik� omoiìmorfa sthn f (κ) sto U .
Gia mia apìdeixh blèpe [1].

JEWRHMA 3. 'Estw U anoiqtì uposÔnolo tou C kai mia
akoloujÐa olìmorfwn sunart sewn fn : U → C h opoÐa sugklÐ-
nei topik� omoiìmorfa sto U eÐte se mia peperasmènh olìmorfh
sun�rthsh eÐte sto ∞. Tìte to Ðdio sumbaÐnei kai gia thn akolou-
jÐa gn = h ◦ fn gia k�je polu¸numo h.

Kanonikèc oikogèneiec:

ORISMOS 2. (Blèpe [12]) 'Estw U anoiqtì uposÔnolo tou
C. Mia oikogèneia olìmorfwn sunart sewn

F = {g : U → C}

lègetai kanonik  sto U e�n k�je akoloujÐa {gn} apì thn F èqei
upakoloujÐa {gnκ

} h opoÐa sugklÐnei topik� omoiìmorfa sto U eÐte
se mia peperasmènh analutik  sun�rthsh h eÐte sto ∞.

Shmei¸netai ìti h sun�rthsh h eÐnai anagkastik� olìmorfh all�
den an kei upoqrewtik� sthn F .

Lème akìmh ìti h F eÐnai kanonik  sto z ∈ U e�n up�rqei
anoiqtì uposÔnolo tou U , èstw V , me z ∈ V ètsi ¸ste h F na eÐnai
kanonik  sto V .

JEWRHMA 4. (Montel, Morf  1h. Blèpe [A].) 'Estw U

anoiqtì uposÔnolo tou C kai F = {g : U → C} oikogèneia
olìmorfwn sunart sewn. Tìte h F eÐnai kanonik  oikogèneia an
kai mìno an eÐnai topik� fragmènh.

Shmei¸netai ìti topik� fragmènh shmaÐnei ìti gia k�je sumpagèc
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K ⊂ U up�rqei M = M(K) ¸ste

|g(z)| ≤M ∀ g ∈ F , ∀ z ∈ K.

JEWRHMA 5. (Montel, Morf  2h) 'Estw F mia oikogèneia
olìmorfwn sunart sewn sto anoiqtì sÔnolo U . E�n h F den eÐnai
kanonik  oikogèneia tìte k�je w ∈ C ektìc Ðswc apì èna, eÐnai tim 
k�poiac g ∈ F gia k�poio z ∈ U .

Autì shmaÐnei ìti an up�rqoun dÔo shmeÐa w1, w2 ∈ C ta opoÐa
den eÐnai timèc kami�c g ∈ F tìte h F eÐnai kanonik  oikogèneia.
Gia mia apìdeixh blèpe [22].

Sthn paroÔsa ergasÐa ja qrhsimopoihjeÐ h 2h morf  tou jew-
r matoc tou Montel.

Stajer� kai periodik� shmeÐa:

'Estw f : C → C olìmorfh sun�rthsh. Gr�foume

fk = f ◦ f ◦ · · · ◦ f (k forèc)

gia κ ≥ 2. Jètoume f 1 = f kai f 0 = I ìpou I h tautotik 
sun�rthsh.
H fk onom�zetai k-ost  anadrom  thc f ìpou κ = 0, 1, 2, ... Gia
z ∈ C h troqi� tou z mèsw thc f orÐzetai na eÐnai to sÔnolo

Of(z) = {z, f(z), f 2(z), ..., fκ(z), ...}

OrÐzoume epÐshc gia z ∈ C

f−1(z) = {ζ ∈ C : f(ζ) = z}

kai epagwgik�

f−κ(z) = {ζ ∈ C : f(ζ) ∈ f−(κ−1)(z)}
= {ζ ∈ C : fκ(ζ) = z}
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An h f eÐnai 1-1 tìte to sÔnolo

{· · · , f−2(z), f−1(z), z, f(z), f 2(z), · · · }

eÐnai h pl rhc troqi� tou z mèsw thc f , en¸ sthn genik  perÐptwsh
pou h f den eÐnai 1-1 tìte mporoÔme na broÔme, an�loga me ton
arijmì twn riz¸n twn exis¸sewn thc morf c f(ζ) = z, parap�nw
apì èna kl�douc thc troqi�c me touc Ðdiouc arnhtikoÔc deÐktec.

ORISMOS 3. 'Ena shmeÐo z0 ∈ C lègetai periodikì shmeÐo
thc f an up�rqei jetikìc akèraioc p ¸ste

f p(z0) = z0.

O el�qistoc tètoioc jetikìc akèraioc lègetai perÐodoc tou z0 gia
thn f .

Sthn eidik  perÐptwsh pou isqÔei

f(z0) = z0

to z0 lègetai stajerì shmeÐo thc f .
ParathroÔme ìti an to z0 eÐnai periodikì shmeÐo periìdou p tìte

h troqi� tou z0 mèsw thc f eÐnai

Of(z0) = {z0, f(z0), f
2(z0), ..., f

p−1(z0)}

ORISMOS 4. 'Estw z0 ∈ C periodikì shmeÐo thc f periìdou
p ≥ 1. H tim 

λ = (f p)′(z0)

onom�zetai pollaplasiast c (multiplier) thc f sto z0. To shmeÐo
z0 lègetai:

(a) elktikì (attractive) an 0 ≤ |λ| = |(f p)′(z0)| < 1,
(b) oudètero (indifferent) an |λ| = |(f p)′(z0)| = 1,
(g) apwjhtikì (repelling) an |λ| = |(f p)′(z0)| > 1.
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Wc pr¸to par�deigma ac jewr soume thn sun�rthsh:

f(z) = z2 +
7

2
z +

3

2
.

Ta stajer� shmeÐa thc f brÐskontai apì th lÔsh thc exÐswshc

f(z) = z ⇔ z2 +
5

2
z +

3

2
= 0

h opoÐa èqei wc lÔseic touc arijmoÔc −3
2 kai −1. Akìmh

f ′(z) = 2z +
7

2

opìte brÐskoume :
(a) |f ′(−3

2)| =
1
2 < 1 , sunep¸c to −3

2 eÐnai elktikì stajerì shmeÐo
thc f .
(b) |f ′(−1)| = 3

2 > 1 , sunep¸c to −1 eÐnai apwjhtikì stajerì
shmeÐo thc f .

Wc deÔtero par�deigma ac jewr soume thn sun�rthsh:

f(z) = z3 + z .

EÐnai f ′(z) = 3z2 + 1 kai epeid  f(0) = 0 , |f ′(0)| = 1 to 0 eÐnai
stajerì oudètero shmeÐo thc f .

Akìmh èqoume

f 2(z) = f(f(z)) = (z3 + z)3 + z3 + z = z9 + 3z7 + 3z5 + 2z3 + z

kai
(f 2)′(z) = 9z8 + 21z6 + 15z4 + 6z2 + 1.

EÐnai f(
√

2 i) = −
√

2 i 6=
√

2 i �ra to
√

2 i den eÐnai stajerì shmeÐo.
'Omwc eÐnai periodikì me perÐodo 2 afoÔ f 2(

√
2 i) =

√
2 i. Epi-

plèon |(f 2)′(
√

2 i)| = 25 > 1, �ra to
√

2 i eÐnai periodikì apwjhtikì
shmeÐo thc f me perÐodo 2.

ORISMOS 5. 'Estw w èna elktikì stajerì shmeÐo thc f .
Onom�zoume lek�nh èlxhc (basin of attraction) tou w to sÔnolo
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twn migadik¸n z twn opoÐwn oi anadromèc mèsw thc f sugklÐnoun
sto w , dhlad  to sÔnolo:

A(w) = {z ∈ C : fκ(z) → w ìtan κ→∞}.

Akìmh orÐzoume:

A(∞) = {z ∈ C : fκ(z) →∞ ìtan κ→∞}.

ParathroÔme ìti to∞ eÐnai p�ntote elktikì shmeÐo gia polu¸numa.
Ac doÔme èna aplì par�deigma. JewroÔme th sun�rthsh me tÔpo

f(z) = −z3. Tìte brÐskoume ìti ta stajer� shmeÐa thc f eÐnai oi
arijmoÐ 0 , i , −i. EÐnai: f ′(z) = −3z2 opìte brÐskoume |f ′(0)| =
0 < 1 kai |f ′(±i)| = 3 > 1, sunep¸c mìno to 0 eÐnai elktikì stajerì
shmeÐo en¸ ta i,−i eÐnai apwjhtik�. ParathroÔme ìti

fκ(z) = (−1)κz3κ

epomènwc
fκ(z) −→ 0 gia |z| < 1

en¸
fκ(z) −→∞ gia |z| > 1.

SumperaÐnoume loipìn ìti

A(0) = {z ∈ C : |z| < 1}

kai
A(∞) = {z ∈ C : |z| > 1}.

JEWRHMA 6. 'Estw w èna elktikì stajerì shmeÐo thc f  
to ∞. Tìte to A(w) eÐnai anoiqtì.

Apìdeixh. Profan¸c to w an kei stoA(w) afoÔ fκ(w) = w → w

ìtan κ→∞. Ja deÐxoume ìti up�rqei anoiqtì sÔnolo V me w ∈ V
kai V ⊂ A(w). Pr�gmati jètontac ` = f ′(w), èqoume |`| < 1. Gia
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dojèn ε > 0 up�rqei δ > 0 tètoio ¸ste gia k�je z me |z − w| < δ

na isqÔei ∣∣∣∣f(z)− f(w)

z − w
− `

∣∣∣∣ < ε,

�ra
|f(z)− f(w)| < (ε+ |`|)|z − w| .

Jètoume V = {z : |z − w| < δ}. Eklègontac ε = 1−|`|
2 èqoume

ε+ |`| < 1, opìte apì thn prohgoÔmenh sqèsh prokÔptei

|f(z)− w| = |f(z)− f(w)| < 1 · δ = δ.

K�noume thn epagwgik  upìjesh |fκ(z)− w| < δ kai èqoume

|fκ+1(z)− w| = |f(fκ(z))− f(w)|
< (ε+ |`|)|fκ(z)− w|
< 1 · δ
= δ,

dhlad  |fκ(z)− w| < δ gia k�je k kai k�je z ∈ V .
Epagwgik� jètontac ìpou z to f(z), lamb�nontac upìyin ìti to

w eÐnai stajerì shmeÐo gia thn f , paÐrnoume

|fκ(z)− w| < (ε+ |`|)κ|z − w|, z ∈ V.

Epeid  (ε + |`|)κ → 0, kaj¸c κ → ∞ èqoume fκ(z) → w. 'Ara
z ∈ A(w), opìte V ⊂ A(w).

'Estw tuqìn z ∈ A(w). Tìte gia k�poio k ja eÐnai fκ(z) ∈ V

�ra z ∈ (fκ)−1(V ) to opoÐo eÐnai anoiqtì (wc antÐstrofh eikìna
anoiqtoÔ) uposÔnolo tou A(w). 'Etsi to A(w) eÐnai anoiqtì.

An w = ∞, ergazìmaste ìmoia jewr¸ntac to sÔnolo {z ∈ C :
|z| > r} gia arket� meg�lo r.
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4 Genik  jewrÐa gia ta sÔnola Julia migadik¸n

poluwnumik¸n sunart sewn

H parak�tw jewrhtik  an�ptuxh basÐzetai sto biblÐo tou K. Falconer
Fractal Geometry, Mathematical Foundations and Applications , ke-
f�laio 14. Sto ex c ja jewroÔme mìno poluwnumikèc sunart seic
f : C → C bajmoÔ megalÔterou   Ðsou tou 2. JewroÔme thn
oikogèneia

F = {fκ : κ = 0, 1, 2, ...}
twn anadrom¸n thc f kai orÐzoume to sÔnolo

J0(f) = {z ∈ C : h oikogèneia F den eÐnai kanonik  sto z }.

To sumpl rwma tou J0(f) to sumbolÐzoume me F0(f), dhlad 

F0(f) = C \ J0(f).

IsodÔnama

F0(f) = {z ∈ C : up�rqei Vz anoiqtì, z ∈ Vz ,F kanonik  sto Vz}.

ParathroÔme ìti gia k�je w ∈ Vz h F eÐnai kanonik  sto w �ra
Vz ⊂ F0(f) kai

F0(f) =
⋃

z∈F0(f)

Vz.

'Epetai ìti to F0(f) eÐnai anoiktì sÔnolo wc ènwsh anoikt¸n kai
epomènwc to J0(f) eÐnai kleistì sÔnolo.

Gia mia f ìpwc parap�nw jewroÔme epÐshc to sÔnolo

Ap = {z ∈ C : z periodikì shmeÐo thc f periìdou p , |(f p)′(z)| > 1}

kai thn ènwsh

A =
∞⋃

p=1

Ap

dhlad  to sÔnolo ìlwn twn apwjhtik¸n periodik¸n shmeÐwn thc f .
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ORISMOS 6. H kleist  j kh tou A onom�zetai sÔnolo

Julia thc f kai to sumbolÐzoume J(f), dhlad 

J(f) = A .

ORISMOS 7. To sumpl rwma tou J(f) onom�zetai sÔnolo
Fatou thc f kai to sumbolÐzoume F (f), dhlad 

F (f) = C \ J(f) .

Ja melet soume tic idiìthtec twn sunìlwn J0(f) kai F0(f) me
qr sh twn kanonik¸n oikogenei¸n kai ja deÐxoume telik� ìti

J0(f) = J(f) kai F0(f) = F (f) .

Epeid  ja ergastoÔme me akoloujÐec apì thn oikogèneia F eÐnai
qr simh h parak�tw parat rhsh. Mia akoloujÐa apì thn oikogèneia
F endèqetai na mhn eÐnai upakoloujÐa thc {fn}∞n=1 dedomènou p.q.
ìti mporeÐ na eÐnai thc morf c {f 100, f 110, f 20, f 25, ...}. 'Omwc k�-
je akoloujÐa (a) apì thn F perièqei upakoloujÐa, pou eÐnai kai
upakoloujÐa thc {fn}∞n=1. Pr�gmati èstw k o deÐkthc tou pr¸tou
ìrou thc (a), dialègw g1 = fκ kai sth sunèqeia epilègw g2 = fλ

ìpou l eÐnai o mikrìteroc deÐkthc ìrwn thc (a) ¸ste λ > κ kai
suneqÐzoume parìmoia. 'Etsi kataskeu�zetai akoloujÐa {gi}∞i=1 pou
eÐnai upakoloujÐa thc {fn}∞n=1.

JEWRHMA 7. To sÔnolo J0(f) eÐnai sumpagèc.

Apìdeixh. 'Opwc eÐdame prohgoumènwc to J0(f) eÐnai kleistì.
ArkeÐ loipìn na deÐxoume ìti to J0(f) eÐnai kai fragmèno. Epei-
d  h f eÐnai bajmoÔ toul�qiston 2 to phlÐko tou megistob�jmiou
ìrou tou f(z) proc to z ja eÐnai mon¸numo bajmoÔ toul�qiston 1,
opìte ∣∣∣∣f(z)

z

∣∣∣∣ z→∞−→ +∞

�ra up�rqei r > 0 tètoio ¸ste gia k�je z me |z| ≥ r na èqoume∣∣∣∣f(z)

z

∣∣∣∣ ≥ 2 ,
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isodÔnama |f(z)| ≥ 2|z|. Apì thn teleutaÐa epagwgik� prokÔptei

|fκ(z)| > 2κr gia |z| > r, κ = 1, 2, 3, ... (1)

Pr�gmati gia κ = 1 eÐnai |f(z)| ≥ 2|z| > 2r kai upojètontac ìti
|fn(z)| > 2nr èqoume

|fn+1(z)| = |f(fn(z))|
≥ 2|fn(z)| (afoÔ |fn(z)| > 2nr > r)

> 2 · 2nr

= 2n+1r

pou apodeiknÔei thn (1). Sunep¸c

fκ(z)
κ→∞−→ ∞ , gia |z| > r.

'Ara h F = {fκ} eÐnai kanonik  sto V = {z : |z| > r}, opìte
V ⊂ F0(f) kai epomènwc to J0(f) = C \ F0(f) eÐnai fragmèno.

JEWRHMA 8. To sÔnolo J0(f) eÐnai mh kenì.

Apìdeixh. 'Estw ìti J0(f) = ∅. Tìte gia k�je z ∈ C h {fκ} eÐnai
kanonik  sto z, opìte h {fκ} eÐnai kanonik  ston anoiqtì dÐsko
B(0, r) gia k�je r > 0. H f èqei stajerì shmeÐo afoÔ h exÐswsh
f(w) = w isodÔnama f(w)−w = 0, eÐnai poluwnumik  sto C bajmoÔ
toul�qiston 2, �ra èqei lÔsh.

Eklègontac ρ1 > |w0|, ìpou w0 mia apì tic rÐzec thc f(w)−w = 0
sumperaÐnoume ìti h f èqei stajerì shmeÐo se k�je anoiqtì dÐsko me
kèntro 0 kai aktÐna toul�qiston ρ1. Sthn apìdeixh tou jewr matoc
7 br kame ìti up�rqei ρ2 > 0 tètoio ¸ste fκ(z) → ∞ omoiìmorfa
sto anoiqtì V = {z : |z| > ρ2}.

Epilègoume z0 me |z0| > ρ2, opìte fκ(z0) → ∞. An r >

max {ρ1, |z0|} tìte sto dÐsko B(0, r) up�rqoun ta shmeÐa w0, z0

kai isqÔei

fκ(z0) →∞ , fκ(w0) = w0 gia k�je k.
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Tìte ìmwc den eÐnai dunatìn mia upakoloujÐa thc {fκ} na sugklÐnei
oÔte se peperasmènh analutik  sun�rthsh, all� oÔte kai sthn
sun�rthsh ∞, �topo.

JEWRHMA 9. To J0(f) = J0 paramènei analloÐwto mèsw
twn f kai f−1, dhlad 

J0 = f(J0) = f−1(J0) .

Apìdeixh. Arqik� ja deÐxoume ìti

f−1(F0) ⊂ F0.

H f eÐnai suneq c kai to F0 anoiktì �ra kai to f−1(F0) anoiktì.
Ja deÐxoume ìti h F = {fκ} eÐnai kanonik  sto f−1(F0). 'Estw
{fκλ} akoloujÐa apì thnF . H akoloujÐa {fκλ−1} èqei upakoloujÐa
{fκλµ−1} pou sugklÐnei omoiìmorfa se k�je sumpagèc uposÔnolo
tou F0. 'EstwG sumpagèc uposÔnolo tou f−1(F0). Lìgw sunèqeiac
thc f to f(G) eÐnai sumpagèc uposÔnolo tou F0 �ra h {fκλµ−1}
sugklÐnei omoiìmorfa sto f(G).

Jètoume g = limµ f
κλµ−1. Tìte eÐte g pantoÔ peperasmènh sun�r-

thsh sto f(G) eÐte g ≡ ∞. An g pantoÔ peperasmènh tìte gia ε > 0
up�rqei M0 ¸ste∣∣fκλµ−1(w)− g(w)

∣∣ < ε ∀w ∈ f(G) kai µ > M0.

All� w = f(z), z ∈ G, opìte

|fκλµ(z)− g(f(z))| < ε gia z ∈ G kai µ > M0

�ra fκλµ → g ◦ f omoiìmorfa sto G. An g ≡ ∞, me an�logo
trìpo èpetai ìti fκλµ → ∞ omoiìmorfa sto G. Dhlad  h {fκλµ}
sugklÐnei topik� omoiìmorfa sto f−1(F0), �ra h F eÐnai kanonik 
sto f−1(F0), opìte f−1(F0) ⊂ F0.

T¸ra ja deÐxoume ìti

F0 ⊂ f−1(F0).
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Gia z ∈ F0 h F eÐnai kanonik  sto z. ArkeÐ na deiqjeÐ ìti h F eÐnai
kanonik  sto f(z) = w.

H exÐswsh f(ζ) = w èqei peperasmèno pl joc lÔseic. MporoÔme
na broÔme èna mikrì dÐsko gÔrw apì k�je lÔsh ¸ste oi dÐskoi na mhn
tèmnontai metaxÔ touc. 'Estw D o dÐskoc pou antistoiqeÐ sth lÔsh
ζ = z. AfoÔ h F eÐnai kanonik  sto z up�rqei U anoikt  perioq 
tou z sthn opoÐa h F eÐnai kanonik . AfoÔ h f eÐnai analutik ,
mh stajer , h eikìna V = f(U

⋂
D) eÐnai anoiktì kai perièqei to

w = f(z).
'Estw {fκλ} upakoloujÐa thc {fκ}. H akoloujÐa {fκλ+1} è-

qei upakoloujÐa {fκλµ+1} pou suglÐnei sta sumpag  uposÔnola
tou U

⋂
D. Ja deÐxoume ìti h {fκλµ} sugklÐnei omoiìmorfa sta

sumpag  uposÔnola tou V .
'Estw G ⊂ V sumpagèc. To Γ = f−1(G)

⋂
(U
⋂
D) eÐnai sumpa-

gèc uposÔnolo tou U
⋂
D �ra h {fκλµ+1} sugklÐnei omoiìmorfa sto

G. An to ìrio g = limµ f
κλµ+1 eÐnai pantoÔ peperasmènh sun�rthsh

sto G, tìte h {fκλµ+1} eÐnai omoiìmorfa Cauchy sto G, dhlad  gia
ε > 0 up�rqei M ¸ste∣∣fκλµ+1(ζ)− fκλν +1(ζ)

∣∣ < ε gia ζ ∈ Γ, µ, ν > M.

'Epetai ìti

|fκλµ(w)− fκλν (w)| < ε gia w = f(ζ) ∈ G, µ, ν > M.

Epomènwc h {fκλµ} eÐnai omoiìmorfa Cauchy �ra sugklÐnei omoiì-
morfa sto G. Sthn perÐptwsh pou g ≡ ∞ h apìdeixh eÐnai an�logh.
'Eqoume loipìn F0 ⊂ f−1(F0).

'Eqoume deÐxei ìti f−1(F0) ⊂ F0 kai F0 ⊂ f−1(F0). 'Epetai ìti
F0 ⊂ f(F0), f(F0) ⊂ F0 kai h apìdeixh eÐnai pl rhc.

JEWRHMA 10. Gia k�je p ≥ 1 isqÔei J0(f) = J0(f
p).

Apìdeixh. ArkeÐ na deÐxoume ìti

F0(f) = F0(f
p).
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Arqik� ja deÐxoume ìti F0(f) ⊂ F0(f
p). 'Estw tuqìn anoiqtì sÔno-

lo V kai {fκ} kanonik  sto V . Ja deÐxoume ìti h {fκp} = {(f p)κ}
eÐnai kanonik  sto V . K�je upakoloujÐa thc {fκp} eÐnai kai upa-
koloujÐa thc {fκ} opìte wc tètoia lìgw kanonikìthtac thc {fκ}
ja sugklÐnei topik� omoiìmorfa sto V . Epomènwc h {fκp} eÐnai
kanonik  sto V .

Gia thn F0(f
p) ⊂ F0(f) parathroÔme ìti gia k�je n ∈ N h fn

gr�fetai
fn = fκp+r

ìpou κ ∈ N
⋃
{0} kai r ∈ {0, 1, ..., p − 1} (ta k kai r exart¸ntai

apì to n). 'Estw {fmi}∞i=1 akoloujÐa apì thn F = {fn}. Up�rqei
toul�qiston èna r0 metaxÔ twn 0, 1, 2, ..., p − 1 ¸ste �peiroi ìroi
thc {fmi}∞i=1 na perièqontai sthn {fκp+r0}∞κ=1. Autì eÐnai eÔkola
katanohtì me thn di�taxh pou akoloujeÐ, ìpou epeid  èqoume p st -
lec kai �peirouc ìrouc thc akoloujÐac {fmi}∞i=1, mÐa toul�qiston
st lh ja perièqei �peirouc ìrouc aut c.

f f 2 · · · f p−1

f p f p+1 f p+2 · · · f 2p−1

f 2p f 2p+1 f 2p+2 · · · f 3p−1

· · · · · · · · · · · · · · ·
'Estw V ⊂ F0(f

p), dhlad  h {fκp}∞κ=1 eÐnai kanonik  sto V .
Apì to je¸rhma 3 h {fκp+r0}∞κ=1 = {f r0 ◦ fκp}∞κ=1 ja eÐnai kano-
nik  sto V . 'Ara h akoloujÐa twn �peirwn ìrwn thc {fmi}∞i=1 pou
perièqontai sthn {fκp+r0}∞κ=1 ja sugklÐnei topik� omoiìmorfa sto
V �ra h F eÐnai kanonik  sto V , dhlad  F0(f

p) ⊂ F0(f).

JEWRHMA 11. 'Estw w ∈ J0(f) kai U perioq  tou w. Tìte:
(a) To

W ≡
∞⋃

κ=1

fκ(U)

eÐnai ìlo to C ektìc Ðswc apì èna shmeÐo u.
(b) To exairetèo shmeÐo u (an up�rqei) den an kei sto J0(f) kai
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eÐnai anex�rthto twn w,U .

Apìdeixh.

(a) Apì ton orismì tou J0(f) h {fκ} den eÐnai kanonik  sto w,
opìte to

W ≡
∞⋃

κ=1

fκ(U) = f(U)
⋃

f 2(U)
⋃
· · ·

eÐnai ìlo to C ektìc Ðswc apì èna shmeÐo u, sÔmfwna me to Je¸rhma
Montel.
(b) Upojètoume ìti up�rqei to exairetèo shmeÐo u. ParathroÔme ìti

f(W ) = f

( ∞⋃
κ=1

fκ(U)

)
=

∞⋃
κ=1

fκ+1(U) ⊂
∞⋃

κ=1

fκ(U) = W,

dhlad 

f(W ) ⊂ W. (1)

SumbolÐzoume me m to bajmì thc poluwnumik c sun�rthshc f .
An z eÐnai rÐza thc f(z) = u, tìte epeid  to u den an kei sto
W ja èqoume epÐshc ìti to z den ja an kei sto W lìgw thc (1).
'Epetai ìti z = u eÐnai h monadik  rÐza thc exÐswshc, anagkastik�
pollaplìthtac m. Ja èqoume loipìn

f(z)− u = c(z − u)m

gia k�poia stajer� c 6= 0. Tìte

f 2(z)− u = f(f(z))− u = c(f(z)− u)m

= c (c(z − u)m)m = cm+1(z − u)m2

.

Akìmh

f 3(z)− u = f(f 2(z))− u = c(f 2(z)− u)m

= c
(
cm+1(z − u)m2

)m

= cm
2+m+1(z − u)m3

kai epagwgik�,

fκ(z)− u = cm
κ−1+mκ−2+···+m+1(z − u)mκ

, κ = 1, 2, 3, ...
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Epomènwc

|fκ(z)− u| = |c|mκ−1+mκ−2+···+m+1|z − u|mκ

= |c|
mκ−1
m−1 |z − u|mκ

= |c|
−1

m−1

(
|c|

1
m−1 |z − u|

)mκ

.

ParathroÔme ìti gia ta z ekeÐna gia ta opoÐa isqÔei |z−u| < |c| −1
m−1

ja èqoume

|c|
1

m−1 |z − u| < 1

�ra gia z ∈ B
(
u, |c| −1

m−1

)
ja èqoume |fκ(z)−u| → 0 kaj¸c κ→∞,

�ra

fκ(z)
κ→∞−→ u , z ∈ B

(
u, |c|

−1
m−1

)
.

'Epetai ìti h F = {fκ} eÐnai kanonik  sto u, �ra to u den an kei
sto J0(f).

Tèloc to u exart�tai mìno apì thn f diìti

u = lim
κ→∞

fκ(z)

gia z sto dÐsko B
(
u, |c| −1

m−1

)
.

JEWRHMA 12.

(a) 'Estw U anoiqtì sÔnolo me U
⋂
J0(f) 6= ∅. Tìte gia k�je

z ∈ C, me mia to polÔ exaÐresh, to sÔnolo f−κ(z) tèmnei to U gia
�peirouc to pl joc akeraÐouc k.
(b) Gia k�je z ∈ J0(f) èqoume

J0(f) =
∞⋃

κ=1

f−κ(z) .

Apìdeixh.

(a) Apì to prohgoÔmeno je¸rhma, jètontac W =
⋃∞

κ=1 f
κ(U), ja

èqoumeW = C eÐteW = C\{u}. Epomènwc an z ∈ W tìte up�rqei
akèraioc κ1 kai ζ1 ∈ U me fκ1(ζ1) = z dhlad  ζ1 ∈ f−κ1(z)

⋂
U .
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ParathroÔme ìti afoÔ f(W ) ⊂ W ja èqoume fκ(W ) ⊂ W gia
k�je fusikì k, epomènwc ζ1 ∈ W . Epanalamb�nontac to parap�nw
epiqeÐrhma brÐskoume akèraio ν1 kai ζ2 ∈ U ¸ste f ν1(ζ2) = ζ1. An
κ2 = κ1+ν1 ja èprepe ζ2 ∈ f−κ2(z)

⋂
U kai ζ2 ∈ W . SuneqÐzontac

epagwgik� kataskeu�zoume akoloujÐa fusik¸n κ1, κ2, κ3, · · · ¸ste

f−κj(z)
⋂

U 6= ∅ , j = 1, 2, · · ·

(b) Apì to je¸rhma 9 èqoume

f−κ(z) ⊂ J0(f) , κ = 1, 2, · · ·

�ra h ènwsh
⋃∞

κ=1 f
−κ(z) perièqetai sto J0(f). AfoÔ to J0(f) eÐnai

kleistì ja èqoume epÐshc

∞⋃
κ=1

f−κ(z) ⊂ J0(f).

AntÐstrofa, èstw w ∈ J0(f). To z den eÐnai to exairetèo
shmeÐo u (an up�rqei tètoio) giatÐ to u den an kei sto J0(f) en¸
to z an kei sto J0(f). 'Ara gia k�je perioq  U tou w up�rqei
k me f−κ(z)

⋂
U 6= ∅. Epomènwc to sÔnolo

⋃∞
κ=1 f

−κ(z) tèmnei
k�je perioq  tou w, dhlad  to w eÐnai shmeÐo suss¸reushc tou⋃∞

κ=1 f
−κ(z), sunep¸c w ∈

⋃∞
κ=1 f

−κ(z). 'Epetai ìti

J0(f) ⊂
∞⋃

κ=1

f−κ(z)

dhlad  to zhtoÔmeno.

JEWRHMA 13. Gia k�je poluwnumik  sun�rthsh f , to J0(f)
èqei kenì eswterikì.

Apìdeixh. 'Estw ìti to J0(f) èqei mh kenì eswterikì. An U
anoiqtì me U ⊂ J0(f) ja èqoume

f(U) ⊂ f(J0(f)) = J0(f)
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�ra epagwgik� fκ(U) ⊂ J0(f) gia k�je κ ≥ 1, epomènwc

∞⋃
κ=1

fκ(U) ⊂ J0(f)

to opoÐo ìmwc eÐnai �topo giatÐ apì to je¸rhma 11 to sÔnolo⋃∞
κ=1 f

κ(U) eÐnai ìlo to C (ektìc Ðswc enìc shmeÐou) opìte to J0(f)
den ja  tan fragmèno.

JEWRHMA 14. To J0(f) den perièqei apomonwmèna shmeÐa
(kai epomènwc eÐnai uperarijm simo).

Apìdeixh. 'Estw z ∈ J0(f) kai U mia tuqaÐa anoiqt  perioq  tou
z. Ja deÐxoume ìti h U perièqei kai �lla shmeÐa tou J0(f) ektìc
tou z. DiakrÐnoume 3 peript¸seic :
(i) To z den eÐnai periodikì shmeÐo thc f , dhlad  f p(z) 6= z, gia

k�je p ≥ 1.
Tìte f−κ(z) ⊂ J0(f) gia k�je κ ≥ 1 (Je¸rhma 9) kai f−κ(z)

⋂
U 6=

∅ (Je¸rhma 12). Epiplèon to f−κ(z)
⋂
U perièqei shmeÐa diafore-

tik� apì to z giatÐ an f−κ(z)
⋂
U = {z} ja eÐqame fκ(z) = z

dhlad  to z ja  tan periodikì shmeÐo thc f , pou antibaÐnei sthn
upìjesh. 'Ara up�rqei w ∈ J0(f)

⋂
U me w 6= z.

(ii) To z eÐnai stajerì shmeÐo thc f , dhlad  f(z) = z.

Up�rqei w 6= z me f(w) = z, diìti an h exÐswsh f(ζ) = z eÐqe wc
mình lÔsh thn ζ = z, tìte apì thn apìdeixh tou jewr matoc 11,

f(ζ) = c(ζ − z)m + z

kai z ∈ F0(f) pou eÐnai �topo. Up�rqei loipìn w 6= z me f(w) = z.
EpÐshc w ∈ J0(f) afoÔ w ∈ f−1(z) ⊂ J0(f). 'Ara apì to je¸rhma
12 to U tèmnei to f−κ(w) gia k�poio k. Epomènwc up�rqei r pou
an kei sugqrìnwc sta U kai f−κ(w) ⊂ J0(f) (Je¸rhma 9). An
ρ = z tìte w = fκ(ρ) = fκ(z) = z, �topo.
(iii) To z eÐnai periodikì shmeÐo periìdou p ≥ 2.
Tìte to z eÐnai stajerì shmeÐo thc f p. Efarmìzoume to (ii) gia thn
f p, opìte to U perièqei kai �lla shmeÐa tou J0(f

p) = J0(f).
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EÐmaste t¸ra se jèsh na deÐxoume ìti to J0(f) eÐnai to sÔnolo
Julia thc f . UpenjumÐzoume ìti

J0(f) = {z ∈ C : h oikogèneia F den eÐnai kanonik  sto z }

en¸ to sÔnolo Julia thc f eÐnai h kleist  j kh tou sunìlou ìlwn
twn apwjhtik¸n periodik¸n shmeÐwn thc f . Sthn apìdeixh ja qrhsi-
mopoihjeÐ kai to ex c l mma:
K�je poluwnumik  sun�rthsh bajmoÔm ≥ 2, èqei to polÔ 2m−2 mh
apwjhtikèc periodikèc troqièc. Shmei¸netai ìti mia troqi� Of(z0)
periìdou p lègetai apwjhtik  an |(f p)′(z0)| > 1. (Gia mia apìdeixh
blèpe [4])

JEWRHMA 15. IsqÔei J(f) = J0(f).

Apìdeixh. DeÐqnoume pr¸ta ìti J(f) ⊂ J0(f). Proc toÔto arkeÐ
na deÐxoume ìti k�je apwjhtikì periodikì shmeÐo w thc f an kei sto
J0(f). Pr�gmati tìte epeid  to J0(f) eÐnai kleistì kai h kleist 
j kh tou sunìlou twn apwjhtik¸n periodik¸n shmeÐwn ja perièqetai
sto J0(f), dhlad  J(f) ⊂ J0(f).

'Estw loipìn w apwjhtikì periodikì shmeÐo thc f , dhlad  gia
k�poio p ≥ 1, f p(w) = w kai |(f p)′(w)| > 1. Jètoume g(z) = f p(z),
opìte

g(w) = w , |g′(w)| > 1.

Ja deÐxoume ìti h oikogèneia F = {gκ} den eÐnai kanonik  sto w.
Pr�gmati an upojèsoume ìti up�rqei perioq  U tou w, ¸ste h

F = {gκ} na eÐnai kanonik  epÐ thc U , tìte up�rqei k�poia upa-
koloujÐa {gκi}∞i=1 pou sugklÐnei topik� omoiìmorfa sthn U se mia
analutik  sun�rthsh g0. Epeid  gκi(w) = w, h g0 eÐnai pantoÔ
peperasmènh. Tìte ja èqoume epÐshc (gκi)′ → g0

′ topik� omoiìmorfa
sto U . Apì ton kanìna thc alusÐdac,

(g2)′(w) = g′(g(w))g′(w) = g′(w)g′(w) = (g′(w))2

kai me ton Ðdio sullogismì brÐskoume (gκ)′(w) = (g′(w))κ gia k�-
je k. Sunep¸c (gκi)′(w) = (g′(w))κi → ∞ kaj¸c i → ∞ afoÔ
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|g′(w)| = |(f p)′(w)| > 1. Autì èrqetai se antÐfash me to ìti h
tim  g0

′(w) eÐnai peperasmènh. 'Ara h F den eÐnai kanonik  sto w,
dhlad  w ∈ J0(f) pou  tan to zhtoÔmeno.

Gia thn antÐstrofh sqèsh J0(f) ⊂ J(f), jewroÔme to sÔnolo

K = {w ∈ J0(f) : ∃ z 6= w me f(z) = w kai f ′(z) 6= 0}.

ParathroÔme ìti to K perièqei ìla ta shmeÐa tou J0(f) ektìc Ðswc
peperasmènou pl jouc. Pr�gmati gia w ∈ J0(f) up�rqei z 6= w me
f(z) = w (an h exÐswsh f(z) = w èqei thn z = w wc mình lÔsh
tìte, sumbolÐzontac me m to bajmì tou poluwnÔmou f , f(z)−w =
c(z − w)m kai ìpwc sthn apìdeixh tou jewr matoc 11 to w ja
 tan to exairetèo shmeÐo kai den ja an ke sto J0(f)). 'Estw ìti
up�rqoun �peira to pl joc {w1, w2, ...} shmeÐa tou J0(f) ¸ste gia
k�je i = 1, 2, 3, ... kai k�je z ∈ f−1(wi)\{wi} na èqoume f ′(z) = 0.
Dialègontac zi ∈ f−1(wi) \ {wi} gia k�je i, èqoume �peira to
pl joc {z1, z2, ...} shmeÐa tou J0(f), diaforetik� an� dÔo (giatÐ
f(zi) = wi kai ta wi eÐnai diaforetik� an� dÔo) tètoia ¸ste f ′(zi) =
0 gia k�je i. To J0(f) eÐnai sumpagèc �ra h akoloujÐa {zi}∞i=1
èqei shmeÐo suss¸reushc sto J0(f). Apì thn arq  tautismoÔ gia
analutikèc sunart seic èpetai ìti f ′ ≡ 0, �topo.

'Estw t¸ra w ∈ K. Ja deÐxoume ìti to w eÐnai shmeÐo suss¸reu-
shc tou sunìlou twn periodik¸n shmeÐwn thc f . 'Estw z 6= w me
f(z) = w kai f ′(z) 6= 0. Up�rqei perioq  U tou z sthn opoÐa h f
eÐnai 1-1 kai up�rqei perioq  V tou w ìpou ekeÐ orÐzetai h topik 
antÐstrofh sun�rthsh f−1 : V → U . MporoÔme na upojèsoume
U
⋂
V = ∅ (alli¸c mikraÐnoume tic perioqèc kat�llhla). OrÐzoume

thn oikogèneia olìmorfwn sunart sewn

hκ(z) =
fκ(z)− z

f−1(z)− z
, z ∈ V.

Gia mia tuqoÔsa perioq  V1 ⊂ V me w ∈ V1 h {fκ} den eÐnai kanonik 
sto sthn V1 (diìti w ∈ V1 kai w ∈ J0(f)) epomènwc h {hκ} den eÐnai
kanonik  sthn V1. Apì to Je¸rhma Montel eÐte up�rqei ζ ∈ V1 ¸ste
gia k�poio k, na èqoume hκ(ζ) = 0, eÐte up�rqei ζ ∈ V1 ¸ste gia
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k�poio k, na èqoume hκ(ζ) = 1. Sthn pr¸th perÐptwsh fκ(ζ) = ζ

en¸ sthn deÔterh fκ+1(ζ) = ζ. Kai stic dÔo peript¸seic, h V1

perièqei periodikì shmeÐo thc f . 'Epetai ìti up�rqei akoloujÐa {ζn}
apì diaforetik� an� dÔo periodik� shmeÐa thc f ¸ste ζn → w. Apì
to prohgoÔmeno l mma ìla ta ζn ektìc peperasmèna to pl joc eÐnai
apwjhtik�, epomènwc w ∈ J(f).

'Eqoume deÐxei ìti K ⊂ J(f) �ra K ⊂ J(f) = J(f). All� to K
perièqei to J0(f) ektìc peperasmènou pl jouc shmeÐwn kai to J0(f)
den èqei memonwmèna shmeÐa. 'Ara J0(f) = K ⊂ J(f).

Gia th sun�rthsh f(z) = −z3 br kame ìti to 0 eÐnai elktikì
shmeÐo thc f me lek�nh èlxhc

A(0) = {z ∈ C : |z| < 1}.

To ∞ eÐnai epÐshc elktikì shmeÐo me lek�nh èlxhc

A(∞) = {z ∈ C : |z| > 1}.

Ta A(0) kai A(∞) èqoun koinì sÔnoro, to opoÐo eÐnai o monadiaÐoc
kÔkloc

D = {z ∈ C : |z| = 1}
dhlad  èqoume D = ∂A(0) = ∂A(∞). 'Opwc ja doÔme sto epìmeno
je¸rhma to koinì autì sÔnoro D eÐnai to sÔnolo Julia thc f .

JEWRHMA 16. 'Estw w èna elktikì stajerì shmeÐo thc f
  to ∞. Tìte J(f) = ∂A(w).

Apìdeixh. 'Estw w ∈ C. Arqik� ja deÐxoume ìti J(f) ⊂ ∂A(w).
'Estw z ∈ J(f), tìte gia k�je k, fκ(z) ∈ J(f), lìgw tou analloÐ-
wtou tou J(f) mèsw thc f . 'Etsi h {fκ(z)} den mporeÐ na sugklÐnei
se shmeÐo ektìc tou J(f), opìte den sugklÐnei kai sto w. Sunep¸c
to z den an kei sto A(w).

'Estw U tuqaÐa anoiqt  perioq  tou z ∈ J(f). Tìte to sÔno-
lo fκ(U) perièqei shmeÐa tou A(w) gia k�poio k (Je¸rhma 11).
Dhlad  gia k�je anoiqt  perioq  tou z to fκ(U) tèmnei to A(w),
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�ra up�rqoun shmeÐa z osod pote kont� sto z ¸ste fκ(ζ) ∈ A(w)
kaifn(ζ) → w, opìte ζ ∈ A(w). 'Ara to z eÐnai shmeÐo suss¸reu-
shc tou A(w) epomènwc z ∈ A(w). Epeid  to z den an kei sto A(w)
kai z ∈ A(w) paÐrnoume z ∈ ∂A(w).

'Estw t¸ra z ∈ ∂A(w) kai ìti to z den an kei sto J(f) = J0(f).
AfoÔ to z den an kei sto J0(f), up�rqei anoiqtì sunektikì sÔnolo
V me z ∈ V kai h {fκ} eÐnai kanonik  sto V . 'Ara h {fκ} èqei
upakoloujÐa {fκi} pou sugklÐnei anagkastik� sto w sto sÔnolo
V
⋂
A(w) to opoÐo eÐnai anoiqtì wc tom  anoiqt¸n kai mh kenì. H

{fκi} ja sugklÐnei sto w kai sto V afoÔ k�je olìmorfh sun�rthsh
an eÐnai stajer  se èna anoiqtì sÔnolo tìte eÐnai stajer  kai se
k�je anoiqtì kai sunektikì upersÔnolì tou (�meso apì thn arq 
tautismoÔ gia olìmorfec sunart seic). 'Etsi loipìn gia k�je shmeÐo
z tou V eÐnai fκ(ζ) → w, �ra ζ ∈ A(w), opìte V ⊂ A(w) pou eÐnai
�topo afoÔ z ∈ ∂A(w), en¸ z ∈ V kai A(w) anoiqtì.

Gia thn perÐptwsh w = ∞ h apìdeixh eÐnai an�logh.

AxÐzei na epishmanjeÐ ìti h f èqei euaÐsjhth ex�rthsh apì tic ar-
qikèc sunj kec sto J(f). Gia thn ènnoia aut  dÐnetai o parak�tw
orismìc.

ORISMOS 8. 'Estw F : Λ → Λ suneq c sun�rthsh, ìpou L
uposÔnolo tou R2. Lème ìti h F parousi�zei euaÐsjhth ex�rthsh
apì tic arqikèc sunj kec an up�rqei stajer� δ > 0 tètoia, ¸-
ste gia k�je p ∈ Λ kai k�je perioq  U tou p, up�rqei jetikìc
akèraioc κ kai y ∈ U

⋂
Λ me

|F κ(p)− F κ(y)| > δ.

Gia thn perÐptwsh t¸ra tou J(f) autì shmaÐnei ìti up�rqei δ > 0
tètoio ¸ste gia tuqìn z ∈ J(f) kai k�je perioq  U tou z up�rqei
jetikìc akèraioc k kai w ∈ J(f)

⋂
U ¸ste

|fκ(z)− fκ(w)| > δ.
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'Etsi shmeÐa tou J(f) pou brÐskontai arqik� kont� metaxÔ touc, den
paramènoun kont� met� apì tic anadromèc touc mèsw thc f . Autì
ja gÐnei katanohtì me to par�deigma pou akoloujeÐ.

'Estw h sun�rthsh f(z) = z2. EÔkola brÐskoume ìti ta stajer�
shmeÐa thc f eÐnai oi arijmoÐ 0, 1. EÐnai : f ′(z) = 2z opìte brÐskoume
|f ′(0)| = 0 < 1 kai |f ′(1)| = 2 > 1, sunep¸c mìno to 0 eÐnai elktikì
stajerì shmeÐo en¸ to 1 eÐnai apwjhtikì. ParathroÔme ìti

fκ(z) = z2κ

epomènwc
fκ(z) −→ 0 gia |z| < 1

en¸
fκ(z) −→∞ gia |z| > 1.

SumperaÐnoume loipìn ìti

A(0) = {z ∈ C : |z| < 1}

kai
A(∞) = {z ∈ C : |z| > 1}

sunep¸c to sÔnolo Julia thc f eÐnai to koinì sÔnoro twn A(0),
A(∞) dhlad  o monadiaÐoc kÔkloc

D = {z ∈ C : |z| = 1}.

Eklègoume δ = 1. 'Estw tuqìn z0 = eiθ0 ∈ D kai U perioq  tou
z0. Sto tìxo U

⋂
D paÐrnoume shmeÐo z′0 = eiθ′0 diaforetikì tou z0.

ParathroÔme ìti h eikìna f(z) enìc migadikoÔ z ∈ D èqei to Ðdio
mètro all� dipl�sio ìrisma apì ton z. 'Etsi loipìn

arg f(z0)− arg f(z′0) = 2θ0 − 2θ′0 = 2(arg z0 − arg z′0)

kai epagwgik� gia k�je jetikì akèraio n

arg fn(z0)− arg fn(z′0) = 2n(arg z0 − arg z′0).

EÐnai fanerì met� apì peperasmèno arijmì k bhm�twn h diafor�
arg fκ(z0) − arg fκ(z′0) mporeÐ na gÐnei megalÔterh apì 60 moÐrec,

41



opìte h qord  tou kÔklou me �kra ta fκ(z0) kai fκ(z′0) ja èqei
m koc megalÔtero apì 1, dhlad 

|fκ(z0)− fκ(z′0)| > 1.

Blèpoume epomènwc ìti osod pote mikr  perioq  U ki an epilèxoume,
dhlad  osod pote kont� ki an eÐnai ta z0, z′0 to mètro thc diafor�c
fκ(z0)− fκ(z′0) mporeÐ na eÐnai arket� meg�lo gia k�poio k.
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5 To sÔnolo Mandelbrot

H parak�tw jewrhtik  an�ptuxh basÐzetai sto biblÐo tou K. Falconer
Fractal Geometry, Mathematical Foundations and Applications , ke-
f�laio 14 kaj¸c kai sto biblÐo tou N. Steinmetz Rational Iteration:
Complex Analytic Dynamical Systems .

'Estw g(z) = αz2 + βz + γ polu¸numo deutèrou bajmoÔ kai
h(z) = Az + B. ParathroÔme ìti mporoÔme na epilèxoume ta A, B
kat�llhla ¸ste

(h−1 ◦ g ◦ h)(z) = z2 + c

gia k�poia stajer� c. Pr�gmati h antÐstrofh thc h èqei tÔpo
h−1(z) = z−B

A , sunep¸c

g(h(z)) = α(Az +B)2 + β(Az +B) + γ

= αA2z2 + (2ABα + βA)z + αB2 + βB + γ

kai

h−1(g(h(z))) = αAz2 + (2Bα + β)z +
αB2 + βB + γ −B

A
.

'Etsi an epilèxoume A = 1
α kai B = −β

2α brÐskoume

(h−1 ◦ g ◦ h)(z) = z2 + c

ìpou c = αγ + β
2 −

β2

4 .
Jètoume fc(z) = z2+c. H sqèsh h−1◦g◦h = fc dÐnei epagwgik�

gia k�je jetikì akèraio k

h−1 ◦ gκ ◦ h = fκ
c

 
gκ = h ◦ fκ

c ◦ h−1.

'Epetai ìti to sÔnolo Julia thc g lamb�netai wc h(J(fc)). Prokeimè-
nou loipìn na melet soume th sumperifor� twn anadrom¸n deutero-
b�jmiwn poluwnÔmwn, arkeÐ na melet soume thn sumperifor� twn
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anadrom¸n twn sunart sewn thc morf c fc(z) = z2 + c, c ∈ C.

ORISMOS 9. To sÔnolo Mandelbrot orÐzetai na eÐnai to
sÔnolo

M = {c ∈ C : J(fc) sunektikì}.
'Opwc ja faneÐ parak�tw parìlo pou to M orÐzetai me mia su-

gkekrimènh topologik  idiìthta twn sunìlwn Julia, mac dÐnei pollèc
plhroforÐec gia th morf  touc. Ousiastik� ja doÔme pwc to M eÐnai
ènac q�rthc gia ta sÔnola Julia. Eklègontac èna c sto epÐpedo tou
M, autìmata gnwrÐzoume gia to antÐstoiqo sÔnolo Julia th morf 
tou kai idiìthtèc tou.

O orismìc (9) den eÐnai kat�llhloc gia upologismoÔc. Parak�tw
ja broÔme ènan isodÔnamo trìpo na perigr�youme to sÔnolo M o
opoÐoc eÐnai kat�llhloc gia upologismoÔc. Gia to skopì autì ja
qreiastoÔme ton orismì kai to je¸rhma pou akoloujoÔn.

ORISMOS 10. Ja onom�zoume brìgqo (loop) mia leÐa, apl 
kai kleist  kampÔlh. EpÐshc mia leÐa, kleist  kampÔlh me èna mìno
shmeÐo autotom c ja thn onom�zoume sq ma okt¸ (figure of eight).

SQHMA 6.
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SumbolÐzoume me IC to eswterikì tou brìgqou C dhlad  to qwrÐo
pou perikleÐetai apì ton C kai me EC to exwterikì tou brìgqou C.

JEWRHMA 17. 'Estw ènac brìgqoc C sto migadikì epÐpedo.
(i) An to c ∈ IC tìte to f−1

c (C) eÐnai ènac brìgqoc me

f−1
c (IC) = If−1

c (C) .

(ii) An to c ∈ C tìte to f−1
c (C) eÐnai èna sq ma okt¸ kai h f−1

c (IC)
eÐnai to eswterikì twn dÔo brìgqwn tou sq matoc okt¸.

Apìdeixh. 'Eqoume fc(z) = z2 + c kai f−1
c (z) = (z − c)

1
2 . H f−1

c

eÐnai mia pleiìtimh sun�rthsh diìti se k�je z ∈ C\{c} antistoiqoÔn
dÔo diaforetikèc timèc. Gia thn perÐptwsh tou shmeÐou c èqoume mÐa
tim , thn f−1

c (c) = 0. Lègontac ìti h f−1
c èqei dÔo suneqeÐc kl�douc

ennooÔme ìti up�rqoun dÔo suneqeÐc sunart seic S1, S2 orismènec
sto C tètoiec ¸ste gia k�je z ∈ C to S1(z) na eÐnai h mÐa apì tic
dÔo timèc thc f−1

c (z) kai to S2(z) h �llh.
Gia èna brìgqo C parathroÔme ìti an to fc(0) = c den an kei

sto C, to 0 den ja an kei sto f−1
c (C) opìte (fc)

′(z) = 2z 6= 0
gia k�je z ∈ f−1

c (C). 'Ara h fc eÐnai topik� leÐa kai 1-1 p�nw sto
sÔnolo f−1

c (C). An ìmwc to fc(0) = c an kei sto C tìte to 0 ja
an kei sto f−1

c (C) opìte (fc)
′(0) = 0 kai h fc den eÐnai topik� 1-1

se perioq  tou 0.
(i) 'Estw t¸ra ìti c ∈ IC . PaÐrnoume èna shmeÐo w ∈ C kai
epilègoume thn tim  S1(w). Af noume to S1(z) na metab�lletai
suneq¸c kaj¸c to z kineÐtai p�nw sth C. 'Etsi to shmeÐo S1(z)
diagr�fei mia leÐa kampÔlh afoÔ gia k�je z ∈ C èqoume z 6= c kai
S ′1(z) = 1

2(z−c)
− 1

2 . 'Otan to z epanèljei sto w kai suneqÐsei na di-
agr�fei thn C xan�, to S2(z) suneqÐzei na diagr�fei èna leÐo drìmo,
o opoÐoc kleÐnei ìtan to z epistrèyei sto w gia deÔterh for�.

'Epetai ìti to sÔnolo f−1
c (C) eÐnai mia leÐa, kleist  kampÔlh. H

kampÔlh aut  den èqei automèc afoÔ an upotejeÐ ìti sto ζ ∈ f−1
c (C)

èqoume autotom  tìte

ζ = f−1
c (z1) = f−1

c (z2)
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gia diaforetik� shmeÐa z1, z2 tou C. Apì thn prohgoÔmenh sqèsh
èpetai ìti z1 = z2 pou eÐnai �topo. 'Ara to f−1

c (C) eÐnai ènac
brìgqoc.

AfoÔ h fc eÐnai olìmorfh kai apeikonÐzei to brìgqo f−1
c (C) (kai

kanèna �llo shmeÐo) ston brìgqo C, ja prèpei epÐshc na apeikonÐzei
to eswterikì kai to exwterikì tou f−1

c (C) sto eswterikì kai to
exwterikì tou C antÐstoiqa (to fragmèno qwrÐo apeikonÐzetai sto
fragmèno qwrÐo). Sunep¸c h f−1

c apeikonÐzei to eswterikì tou C
sto eswterikì tou f−1

c (C).

SQHMA 7.

(ii) Ergazìmaste parìmoia me to (i). Epeid  t¸ra to fc(0) = c

an kei sto C paÐrnontac èna tm ma kampÔlhc C0 pou pern�ei apì
to c tìte to f−1

c (C0) apoteleÐtai apì dÔo leÐa komm�tia kampÔlhc
pou dièrqontai apì to 0 (opìte èqoume autotom ). 'Etsi loipìn to
f−1

c (C) eÐnai èna sq ma okt¸ kai to f−1
c (IC) eÐnai to eswterikì twn

dÔo brìgqwn tou sq matoc okt¸.
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SQHMA 8.

JEWRHMA 18. 'Estw

M ′ = {c ∈ C : h {fκ
c (0)} eÐnai fragmènh}.

Tìte M = M ′.

Apìdeixh. Arqik� ja deÐxoume ìtiM ′ ⊂M . 'Estw c ∈M ′. AfoÔ
h {fκ

c (0)} eÐnai fragmènh, up�rqei m > 0 tètoioc ¸ste |fκ
c (0)| ≤ m

gia k�je k. Jètoume C1 = {z ∈ C : |z| = m+ 1} kai èqoume

fκ
c (0) ∈ IC1

, κ = 1, 2, ...

An jèsoume C2 = {z ∈ C : |z| = r} ìpou r > max{|c|, 2} tìte
|f−1(z)| = |z − c| 12 < r, opìte

f−1
c (C2) ⊂ IC2

.

Apì thn apìdeixh tou jewr matoc 7 up�rqei kÔkloc C3 kèntrou 0
kai aktÐnac r′ ¸ste gia k�je z ∈ EC3

na isqÔei

fκ
c (z) →∞.
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JewroÔme ton kÔklo C me kèntro 0 kai aktÐnaR = max{m+ 1, r, r′}
kai èqoume:
a) ìla ta shmeÐa fκ

c (0) an koun sto IC gia k�je k
b) to f−1

c (C) perièqetai sto IC
g) gia k�je z ∈ EC eÐnai fκ

c (z) →∞ ìtan κ→∞.
AfoÔ to fc(0) = c ∈ IC to je¸rhma 17(i) kai to (b) dÐnoun ìti

to f−1
c (C) eÐnai ènac brìgqoc pou brÐsketai sto eswterikì tou C.

EpÐshc f 2
c (0) = fc(c) ∈ IC kai h f−1

c apeikonÐzei to IC sto If−1
c (C),

epomènwc to c ∈ If−1
c (C). 'Etsi to f−2

c (C) eÐnai ènac brìgqoc pou
perièqetai sto If−1

c (C). SuneqÐzontac me ton Ðdio trìpo blèpoume ìti
h {f−κ

c (C)} eÐnai mia akoloujÐa brìgqwn ètsi ¸ste k�je brìgqoc na
perièqei ton epìmeno sto eswterikì tou me to c na brÐsketai entìc
ìlwn aut¸n twn brìgqwn.

'Estw

Lκ = f−κ
c (C)

⋃
If−κ

c (C) kai K =
∞⋂

κ=1

Lκ.

An z ∈ C \K, tìte gia k�poio κ0 to fκ0
c (z) brÐsketai èxw apì ton

C �ra fκ
c (z) →∞. Sunep¸c A(∞) = C \K. 'Ara èqoume

J(fc) = ∂A(∞) = ∂(C \K) = ∂K.

SQHMA 9.
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To K eÐnai h tom  miac fjÐnousac akoloujÐac kleist¸n kai apl�
sunektik¸n sunìlwn, opìte to K eÐnai apl� sunektikì kai èqei
sunektikì sÔnoro, dhlad  to J(fc) = ∂K eÐnai sunektikì.

T¸ra ja deÐxoume ìti M ⊂ M ′. ArkeÐ na deÐxoume ìti an h
{fκ

c (0)} den eÐnai fragmènh tìte to J(fc) den eÐnai sunektikì. Epeid 
h {fκ

c (0)} den eÐnai fragmènh, p�li mporoÔme na broÔme èna arket�
meg�lo kÔklo C sto migadikì epÐpedo me kèntro thn arq  O, tètoio
¸ste:
a) to f−1

c (C) perièqetai sto IC
b) gia k�je z ∈ EC eÐnai fκ

c (z) →∞ ìtan κ→∞
g) gia k�poio p to f p

c (0) = f p−1
c (c) ∈ C, ètsi ¸ste fκ

c (0) ∈ IC an
κ < p kai fκ

c (0) ∈ EC an κ > p.
Kataskeu�zoume p�li ìpwc prohgoumènwc mia akoloujÐa brìgqwn

{f−κ
c (C)} ètsi ¸ste k�je brìgqoc na perièqei ton epìmeno sto

eswterikì tou. H diadikasÐa aut  stamat�ei ìtan ft�soume sto

brìgqo f−(p−1)
c (C) = f 1−p

c (C), afoÔ c ∈ f 1−p
c (C) kai to je¸rhma

17(i) den efarmìzetai. Apì to je¸rhma 17(ii) paÐrnoume ìti to
f−p

c (C) eÐnai èna sq ma okt¸, entìc tou brìgqou f 1−p
c (C), me thn fc

na apeikonÐzei to eswterikì k�je brìgqou tou f−p
c (C) sto eswterikì

tou f 1−p
c (C).

SQHMA 10.
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To J(fc) brÐsketai sto eswterikì twn brìgqwn tou f−p
c (C), afoÔ

oi anadromèc twn �llwn shmeÐwn teÐnoun sto ∞. AfoÔ to J(fc)
paramènei analloÐwto mèsw thc f−1

c , prokÔptei ìti komm�tia tou
J(fc) brÐskontai se k�je èna apì ta eswterik� twn brìgqwn tou
f−p

c (C). 'Etsi to J(fc) eÐnai mh sunektikì.
Mia shmantik  parat rhsh pou mac dÐnei �llh mia èkfrash gia

to M eÐnai h ex c : An

M ′′ = {c ∈ C : h {fκ
c (0)} den teÐnei sto ∞ ìtan κ→∞}

tìte eÐnai M ′ = M ′′. Pr�gmati profan¸c an h {fκ
c (0)} eÐnai fra-

gmènh tìte den mporeÐ na teÐnei sto ∞ opìte M ′ ⊂ M ′′. Gia ton
antÐstrofo egkleismì arkeÐ na deÐxoume ìti an h {fκ

c (0)} den eÐnai
fragmènh tìte fκ

c (0) → ∞. 'Eqoume |fc(z)| > |z| gia |z| > r apì
thn apìdeixh tou jewr matoc 7. 'Etsi loipìn gia k�je k megalÔtero
enìc kat�llhlou κ0 ja isqÔei |fκ

c (0)| > r kai |fκ+1
c (0)| > |fκ

c (0)|
dhlad  h {|fκ

c (0)|} eÐnai gnhsÐwc aÔxousa kai ìqi fragmènh �nw �ra
ja teÐnei sto ∞ kai h apìdeixh oloklhr¸jhke. Apì ta parap�nw
loipìn mporoÔme na gr�youme

M = {c ∈ C : J(fc) sunektikì}
= {c ∈ C : h {fκ

c (0)} eÐnai fragmènh}
= {c ∈ C : h {fκ

c (0)} den teÐnei sto ∞ ìtan κ→∞}

JEWRHMA 19. To sÔnolo Mandelbrot

M = {c ∈ C : h {fκ
c (0)} eÐnai fragmènh}

ìpou fc(z) = z2 + c brÐsketai olìklhro entìc tou kleistoÔ dÐskou
∆ = {c ∈ C : |c| ≤ 2}, dhlad  M ⊂ ∆.

Apìdeixh. 'Estw c ∈ M kai B = supκ |fκ
c (0)| to opoÐo eÐnai ènac

mh arnhtikìc pragmatikìc arijmìc efìson h {fκ
c (0)} eÐnai fragmènh.

EÐnai |c| = |fc(0)| ≤ sup|fκ
c (0)| = B, dhlad  |c| ≤ B. Akìmh

(fκ
c (0))2 = fκ+1

c (0)− c
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�ra
|fκ

c (0)|2 ≤ |fκ+1
c (0)|+ |c| ≤ B + |c| ≤ 2B .

Epomènwc gia k�je jetikì akèraio k

|fκ
c (0)| ≤

√
2B ⇒ sup|fκ

c (0)| ≤
√

2B ⇒ B ≤
√

2B ⇒ B ≤ 2 .

Sunep¸c |c| ≤ 2.

Gia na parast soume grafik� to sÔnolo Mandelbrot qrhsimopoi-
oÔme ton hlektronikì upologist . Me th bo jeia tou jewr matoc 19
kai eklègontac èna arket� meg�lo jetikì akèraio m mporoÔme kat�
prosèggish na sumper�noume ìti k�poio c ∈ C an kei sto sÔno-
lo Mandelbrot e�n |fm

c (0)| ≤ 2 en¸ den ja an kei an gia k�poio
n ≤ m eÐnai |fn

c (0)| > 2. Se aut  th logik  basÐzontai progr�mma-
ta gia hlektronikoÔc upologistèc ta opoÐa mac dÐnoun mia arket�
kal  eikìna tou en lìgw sunìlou.

SQHMA 11. To sÔnolo Mandelbrot
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JEWRHMA 20. To sÔnolo Mandelbrot eÐnai sumpagèc.

Apìdeixh. Apì to prohgoÔmeno je¸rhma to M eÐnai fragmèno.
M�lista gr�fetai

M = {c ∈ C : |fκ
c (0)| ≤ 2 , κ = 1, 2, ...}.

Ja deÐxoume ìti to M eÐnai kai kleistì.
ParathroÔme ìti gia w ∈ C to fw(0) = 02 +w = w dhlad  eÐnai

èna polu¸numo pr¸tou bajmoÔ. To f 2
w(0) = w2 + w dhlad  eÐnai

èna polu¸numo deutèrou bajmoÔ, to f 3
w(0) = (w2 +w)2 +w dhlad 

eÐnai èna polu¸numo tet�rtou bajmoÔ kai genik�

fκ
w(0) = P2κ−1(w)

ìpou P2κ−1(w) eÐnai èna polu¸numo bajmoÔ 2κ−1.
'Estw {cn} akoloujÐa sto M me lim cn = c. Tìte gia k�je k ja

èqoume

|fκ
cn

(0)| ≤ 2 ⇒ |P2κ−1(cn)| ≤ 2

kai lamb�nontac upìyin ìti h P2κ−1 eÐnai suneq c wc poluwnumik 
paÐrnoume

lim |P2κ−1(cn)| ≤ 2 ⇒ |P2κ−1(c)| ≤ 2 ⇒ |fκ
c (0)| ≤ 2.

H teleutaÐa sqèsh shmaÐnei ìti c ∈M kai h apìdeixh èqei oloklhrw-
jeÐ.

JEWRHMA 21. Oi sunist¸sec tou M 0 eÐnai apl� sunektik�
sÔnola.

Apìdeixh. 'Estw ìti up�rqei sunist¸sa D tou M 0 pou den eÐnai
apl� sunektik . Tìte to C \D ja èqei mia fragmènh sunist¸sa K
me sÔnoro ∂K ⊂ ∂D. Akìmh èqoume

fκ
c (0) = P2κ−1(c)

ìpou P2κ−1(c) eÐnai èna polu¸numo bajmoÔ 2κ−1.
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SQHMA 12.

To polu¸numo P2κ−1 èqei mègisto sto sumpagèc ∂K. Apì thn
sqèsh ∂K ⊂ ∂D prokÔptei

max
∂K

P2κ−1(c) ≤ max
∂D

P2κ−1(c) ≤ 2.

Apì thn arq  tou megÐstou èpetai ìti

|P2κ−1(c)| ≤ 2 , ∀c ∈ K

isodÔnama
|fκ

c (0)| ≤ 2 , ∀c ∈ K.
H teleutaÐa sqèsh isqÔei gia ìlouc touc jetikoÔc akeraÐouc k,
opìte K ⊂M , pou eÐnai �topo.

JEWRHMA 22. To Ĉ \M eÐnai sunektikì sÔnolo.

Apìdeixh. 'Estw ìti to Ĉ\M den eÐnai sunektikì sÔnolo. Tìte ja
èqei sto C mia fragmènh sunist¸sa K. JewroÔme p�li ta polu¸numa
P2κ−1(c) = fκ

c (0), k jetikìc akèraioc. Epeid  to ∂K eÐnai sumpagèc
kai ∂K ⊂ ∂M èqoume

max
∂K

P2κ−1(c) ≤ max
∂M

P2κ−1(c) ≤ 2.
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SQHMA 13.

Apì thn arq  tou megÐstou èpetai ìti

|P2κ−1(c)| ≤ 2 , ∀c ∈ K

isodÔnama
|fκ

c (0)| ≤ 2 , ∀c ∈ K.
H teleutaÐa sqèsh isqÔei gia ìlouc touc jetikoÔc akeraÐouc k,
opìte K ⊂M , pou eÐnai �topo.
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6 SÔnola Julia thc fc(z) = z2 + c kai kat�tax 

touc me b�sh to sÔnolo Mandelbrot

H parak�tw jewrhtik  an�ptuxh basÐzetai sto biblÐo tou K. Falconer
Fractal Geometry, Mathematical Foundations and Applications , ke-
f�laio 14 kaj¸c kai sto [B]. Gia thn epexergasÐa twn jem�twn
aut c thc paragr�fou ja mac qreiastoÔn oi parak�tw orismoÐ ka-
j¸c kai èna je¸rhma apì thn topologÐa.

ORISMOS 11. 'Ena uposÔnolo A tou R2 onom�zetai olik�
asunektikì (totally disconnected) an h sunektik  sunist¸sa k�-
je shmeÐou tou A apoteleÐtai mìno apì autì to shmeÐo   isodÔnama
an gia k�je zeÔgoc shmeÐwn x, y tou A mporoÔme na broÔme xèna
metaxÔ touc anoiqt� sÔnola U , V ètsi ¸ste x ∈ U , y ∈ V kai
A ⊂ U

⋃
V .

ORISMOS 12. 'Estw K èna kleistì uposÔnolo tou R2. Mia
apeikìnish S : K → K onom�zetai sustol  (contraction) e�n
up�rqei c ∈ (0, 1) tètoio ¸ste

|S(x)− S(y)| ≤ c|x− y|

gia k�je x, y sto K.

ORISMOS 13. JewroÔme tic sustolèc

S1, S2, ..., Sm : K → K

kai F uposÔnolo tou kleistoÔ K ⊂ R2. Lème ìti to F eÐnai anal-
loÐwto (invariant) gia tic Si, i = 1, 2, ...,m, an

F =
m⋃

i=1

Si(F ).
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Ja qrhsimopoi soume to parak�tw je¸rhma gia thn melèth thc
morf c twn sunìlwn Julia.
JEWRHMA 23. JewroÔme tic sustolèc

S1, S2, ..., Sm : K → K.

Tìte up�rqei monadikì mh kenì sumpagèc sÔnolo F to opoÐo eÐnai
analloÐwto gia tic Si, i = 1, 2, ...,m, dhlad 

F =
m⋃

i=1

Si(F ). (1)

An epiplèon sthn (1) ta Si(F ) eÐnai xèna metaxÔ touc an� dÔo tìte
to F eÐnai olik� asunektikì.
Gia thn apìdeixh blèpe sto [12].

Sta epìmena dÔo jewr mata ja deiqjeÐ ìti ta sÔnola Julia thc
fc(z) = z2 + c eÐnai olik� asunektik� sÔnola gia arket� meg�lo |c|
en¸ eÐnai aplèc kleistèc kampÔlec gia arket� mikrì |c|.

JEWRHMA 24. To sÔnolo Julia thc fc(z) = z2 + c eÐnai
olik� asunektikì an |c| > 1

4(5 + 2
√

6).

Apìdeixh. Jètoume

C = {z ∈ C : |z| = |c|} kai D = {z ∈ C : |z| < |c|} = IC .

Tìte epeid  f−1
c (z) =

√
z − c kai h f−1

c èqei dÔo kl�douc prokÔptei
ìti

f−1
c (C) = {(|c|eiθ − c)

1
2 : 0 ≤ θ ≤ 4π}.

AfoÔ c ∈ C to f−1
c (C) eÐnai èna sq ma okt¸ me autotom  sto 0.

Epeid  |c| > 2 èqoume

||c|eiθ − c| ≤ |c||eiθ|+ |c| = 2|c| < |c|2

�ra

||c|eiθ − c|
1
2 < |c|
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opìte to sq ma okt¸ f−1
c (C) brÐsketai entìc tou D. To eswterikì

kajenìc apì touc dÔo brìgqouc tou f−1
c (C) apeikonÐzetai 1-1 kai

epÐ mèsw thc fc p�nw sto D. An onom�soume S1, S2 : D → D touc
dÔo kl�douc thc f−1

c , tìte ta S1(D), S2(D) eÐnai ta eswterik� twn
dÔo brìgqwn tou f−1

c (C). Jètoume

V = {z ∈ C : |z| < |2c|
1
2}.

Gia k�je z ∈ D

|f−1
c (z)| = |z − c|

1
2 ≤ (|z|+ |c|)

1
2 < (2|c|)

1
2 = |2c|

1
2 .

Epomènwc

S1(D), S2(D) ⊂ V ⊂ D me S1(V )
⋂

S2(V ) = ∅.

SQHMA 14.

Gia k�je z ∈ V èqoume

|c| − |2c|
1
2 ≤ |z − c| ≤ |c|+ |2c|

1
2
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�ra
1

2
(|c|+ |2c|

1
2 )−

1
2 ≤ 1

2
|z − c|−

1
2 ≤ 1

2
(|c| − |2c|

1
2 )−

1
2

epomènwc

1

2
(|c|+ |2c|

1
2 )−

1
2 ≤ |S ′i(z)| ≤

1

2
(|c| − |2c|

1
2 )−

1
2 i = 1, 2

Epeid 

|c| > 1

4
(5 + 2

√
6) ⇔ 1

2
(|c| − |2c|

1
2 )−

1
2 < 1

oi S1, S2 eÐnai sustolèc p�nw sto dÐsko V . Apì to je¸rhma 23
up�rqei monadikì, mh kenì, analloÐwto sÔnolo F ⊂ V kai

S1(F )
⋃

S2(F ) = F.

AfoÔ S1(V )
⋂
S2(V ) = ∅ prokÔptei S1(F )

⋂
S2(F ) = ∅, opìte to

F eÐnai olik� asunektikì.
Mènei na deÐxoume ìti F = J(fc). To V perièqei èna apwjhtikì

stajerì shmeÐo thc fc. Pr�gmati h exÐswsh z2+c = z èqei dÔo rÐzec
me ginìmeno |c| > 1 kai mÐa toul�qiston apì tic dÔo ja èqei mètro
megalÔtero tou 1, opìte an sumbolÐsoume me z0 thn rÐza aut  ja
èqoume |f ′c(z0)| = 2|z0| > 1 dhlad  to z0 eÐnai apwjhtikì stajerì
shmeÐo thc fc. 'Eqoume

|z0| =
∣∣∣∣1±√1− 4c

2

∣∣∣∣ ≤ 1

2
+

1

2
(1 + 4|c|)

1
2 ≤ |2c|

1
2 .

H teleutaÐa anisoðsìthta prokÔptei uy¸nontac sto tetr�gwno dia-
doqik� ta dÔo mèlh thc mèqri na katal xoume sthn isodÔnamh sqèsh
4|c|(|c| − 2) ≥ 0 h opoÐa alhjeÔei afoÔ |c| > 2.
'Etsi to V perièqei èna toul�qiston shmeÐo z0 ∈ J(fc) opìte apì
to je¸rhma 12

J(fc) =
∞⋃

κ=1

f−κ
c (z0) ⊂ V afoÔ f−κ

c (V ) ⊂ V .
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Epeid  to J(fc) eÐnai èna mh kenì sumpagèc uposÔnolo tou V pou
ikanopoieÐ thn

J(fc) = f−1
c (J(fc))   J(fc) = S1(J(fc))

⋃
S2(J(fc))

èqoume F = J(fc) lìgw monadikìthtac tou F .

JEWRHMA 25. To sÔnolo Julia thc fc(z) = z2 + c eÐnai mia
apl  kleist  kampÔlh an |c| < 1

4 .

Apìdeixh. H exÐswsh z2 +c = z èqei 2 rÐzec me ginìmeno c. Epeid 
|c| < 1

4 mÐa toul�qiston apì tic dÔo, èstw z0, ja èqei mètro mikrìtero
tou 1

2 . To z0 eÐnai elktikì stajerì shmeÐo afoÔ fc(z0) = z0 kai
|f ′c(z0)| = |2z0| < 1. 'Estw C0 h kampÔlh |z| = 1

2 h opoÐa perikleÐei
tìso to c ìso kai to elktikì stajerì shmeÐo z0 thc fc.

To f−1
c (C0)eÐnai ènac brìgqoc C1 o opoÐoc perikleÐei ton C0 afoÔ

lìgw twn sqèsewn |c| < 1
4 kai |z| = 1

2 prokÔptei |z − c| > 1
4  

|z − c| 12 > 1
2 . MporoÔme na gemÐsoume thn daktulik  perioq  A1

metaxÔ C0 kai C1 me mia oikogèneia apì kampÔlec tic opoÐec ja
onom�zoume troqiodeÐktriec (trajectories) oi opoÐec xekinoÔn apì th
C0 kai ft�noun sth C1 orjog¸nia.

Gia tuqìn θ ∈ [0, 2π) èstw ψ1(θ) to shmeÐo sth C1 pou ft�nei
h troqiodeÐktria pou xekin� apì to shmeÐo ψ0(θ) = 1

2e
iθ thc C0.

To f−1
c (A1) = A2 eÐnai mia daktulik  perioq  me exwterikì sÔnoro

to brìgqo C2 = f−1
c (C1) kai eswterikì sÔnoro C1. 'Estw ψ2(θ)

to shmeÐo sth C2 pou ft�nei h troqiodeÐktria pou xekin� apì to
shmeÐo ψ1(θ) thc C1. SuneqÐzontac me ton Ðdio trìpo paÐrnoume mia
akoloujÐa brìgqwn Cκ , kajènac apì touc opoÐouc perikleÐei ton
prohgoÔmenì tou kai oikogèneiec troqiodeiktri¸n pou en¸noun ta
shmeÐa ψκ(θ) thc Cκ me ta shmeÐa ψκ+1(θ) thc Cκ+1 gia k�je k.

Kaj¸c κ → ∞ oi brìgqoi Cκ plhsi�zoun to ∂A(z0) = J(fc).
Gia z èxw apì ton C1 kai epeid  |c| < 1

4 èqoume

|(f−1
c )′(z)| = 1

2
|z − c|−

1
2 ≤ 1

2
(|z| − |c|)−

1
2 <

1

2

(
1

2
− |c|

)− 1
2

< 1.
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'Ara kont� sto J(fc) ja èqoume |(f−1
c )(z1)−f−1

c )(z2)| < λ|z1−z2|,
ìpou λ = |(f−1

c )′(z)| ∈ (0, 1), dhlad  h f−1
c eÐnai sustol  kont�

sto J(fc). 'Etsi to m koc thc troqiodeÐktriac pou sundèei to ψκ(θ)
me to ψκ+1(θ) teÐnei sto 0 kaj¸c κ→∞.
Sunep¸c h ψκ(θ) sugklÐnei omoiìmorfa sto [0,2p) se mia suneq 
sun�rthsh ψ(θ) kaj¸c κ→∞ kai to J(fc) eÐnai mia kleist  kampÔ-
lh pou dÐnetai apì thn ψ(θ) me θ ∈ [0, 2π).

SQHMA 15.

Mènei na deÐxoume ìti h y eÐnai mia apl  kampÔlh. 'Estw dÔo
diaforetik� θ1, θ2 sto [0,2p), qwrÐc bl�bh θ1 < θ2, me ψ(θ1) =
ψ(θ2) = τ . Jètoume D to qwrÐo pou fr�ssetai apì th C0 kai tic
dÔo troqiodeÐktriec pou en¸noun ta ψ0(θ1) , ψ0(θ2) me to t.
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SQHMA 16.

To ∂D paramènei fragmèno apì tic anadromèc thc fc opìte apì
thn arq  megÐstou kai toD ja paramènei fragmèno apì tic anadromèc
thc fc. To eswterikì tou D den perièqei shmeÐa tou J(fc) opìte k�-
je troqiodeÐktria pou xekin� apì èna tuqìn θ ∈ [θ1, θ2] ja katal gei
anagkastik� sto t, �ra ψ(θ) = τ gia k�je θ ∈ [θ1, θ2], �topo. 'Ara
h ψ(θ) den èqei autotomèc.

Genik� isqÔei ìti an to c brÐsketai ektìc tou sunìlou Mandelbrot
M to sÔnolo Julia thc fc(z) = z2 + c eÐnai olik� asunektikì, en¸
an to c brÐsketai entìc thc basik c kardioeidoÔc tou M to sÔnolo
Julia thc fc eÐnai kai mia apl  kleist  kampÔlh.

Ta stajer� shmeÐa thc fc(z) = z2+c ta brÐskoume apì tic lÔseic
thc exÐswshc z2 + c = z, oi opoÐec dÐnontai apì ton tÔpo

z0 =
1±

√
1− 4c

2
.

E�n to |f ′c(z0)| = |2z0| eÐnai mikrìtero tou 1 tìte to shmeÐo z0 eÐnai
elktikì en¸ an eÐnai megalÔtero tou 1 eÐnai apwjhtikì. H endi�mesh
perÐptwsh |2z0| = 1 kajorÐzei kai to sÔnoro metaxÔ aut¸n twn dÔo
katast�sewn. 'Eqoume loipìn
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|2z0| = 1 ⇔ |1±
√

1− 4c| = 1 ⇔ c =
1

2
eiφ − 1

4
e2iφ, 0 ≤ φ < 2π

Jètontac c = x+ yi me x, y ∈ R paÐrnoume tic parametrikèc exis¸-
seic thc kardioeidoÔc

x =
1

2
cosφ− 1

4
cos(2φ)

y =
1

2
sinφ− 1

4
sin(2φ)

Apì thn kardioeid  aut n xefutr¸nei mia akoloujÐa apì mikrìterec
kuklikèc fusalÐdec pou ef�ptontai sthn kentrik  kardioeid  se
shmeÐa

cκ = x(φκ) + y(φκ)i

pou sundèontai me tic gwnÐec

φκ = ±2π

κ
, κ = 2, 3, 4, ...

mèsw twn parametrik¸n exis¸sewn thc kentrik c kardioeidoÔc.
Gia timèc tou c entìc miac tètoiac k-fusalÐdac h apeikìnish fc

èqei mia elktik  troqi� periìdou k, proc thn opoÐa teÐnoun oi
anadromèc {fn

c (0)} gia n→∞. Autì shmaÐnei ìti up�rqei elktikì
periodikì shmeÐo w (periìdou k) tètoio ¸ste h akoloujÐa {fn

c (0)}
na èqei wc shmeÐa susswreÔsewc ta stoiqeÐa tou sunìlou Ofc

(w).
O arijmìc 0 sthn akoloujÐa {fn

c (0)} eÐnai to monadikì krÐsimo

shmeÐo thc fc(z) = z2 + c, dhlad  shmeÐo pou mhdenÐzei thn pr¸th
par�gwgo thc fc.

Genikìtera, o rìloc twn krÐsimwn shmeÐwn miac poluwnumik c
sun�rthshc f , eÐnai idiaÐtera shmantikìc gia th sumperifor� twn
anadrom¸n thc. ApodeiknÔetai ìti an mia poluwnumik  sun�rthsh f
èqei èna elktikì periodikì shmeÐo w 6= ∞ (dhlad  elktik  troqi�),
tìte oi anadromèc k�poiou krÐsimou shmeÐou ja teÐnoun proc aut n,
dhlad  h akoloujÐa twn anadrom¸n tou krÐsimou shmeÐou ja èqei wc
shmeÐa susswreÔsewc ta stoiqeÐa tou sunìlou thc troqi�c. Epeid 
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k�je polu¸numo n bajmoÔ èqei to polÔ n−1 krÐsima shmeÐa, èpetai
ìti ja èqei to polÔ n−1 elktik� periodik� shmeÐa. 'Etsi loipìn apì
ìla ta peperasmèna periodik� shmeÐa enìc deuterob�jmiou poluwnÔ-
mou to polÔ èna ja eÐnai elktikì.

Akìmh mporeÐ na parathr sei k�poioc ìti an�mesa se dÔo fusalÐdec
me arÐjmhsh k kai l paremb�lletai p�nta mia trÐth me arijmì m=k+l
pou eÐnai mikrìterh apì tic �llec dÔo.

Ac p�roume thn pio meg�lh fusalÐda thc kentrik c kardioeidoÔc
pou antistoiqeÐ ston arijmì k=2. Oi fusalÐdec pou prokÔptoun
sthn perifèrei� thc katanèmontai me ton Ðdio trìpo ìpwc oi fusalÐdec
thc meg�lhc kardioeidoÔc me thn diafor� ìti oi arijmoÐ pou antistoi-
qoÔn t¸ra se autèc eÐnai dipl�sioi twn antÐstoiqwn fusalÐdwn thc
kentrik c kardioeidoÔc.

An�loga apì th fusalÐda me arijmì k=3 prokÔptoun fusalÐdec
me arijmoÔc tripl�siouc twn antÐstoiqwn fusalÐdwn thc kentrik c
kardioeidoÔc. H sqèsh tou arijmoÔ k miac fusalÐdac kai thc morf c
tou antÐstoiqou sunìlou Julia thc fc(z) = z2 + c gia c entìc thc
k-fusalÐdac faÐnetai sto sq ma 17 pou akoloujeÐ. M�lista an to
c brÐsketai se èna apì ta triqoeid  mèrh tou M tìte to antÐstoiqo
sÔnolo Julia mporeÐ na eÐnai ènac dendrÐthc. Autì sumbaÐnei ìtan mia
anadrom  tou krÐsimou shmeÐou 0 eÐnai periodik , dhlad  an up�rqoun
jetikoÐ akèraioi m, p ¸ste fm

c (0) = fm+p
c (0).

AxÐzei na anaferjeÐ ìti gia dÔo sugkekrimènec timèc tou c to
J(fc) eÐnai polÔ aplì (den eÐnai fractal). Sugkekrimèna to J(f0)
ìpwc èqoume apodeÐxei sta prohgoÔmena eÐnai o kÔkloc me kèntro
to 0 kai aktÐna Ðsh me 1. Akìmh to J(f−2) eÐnai to eujÔgrammo
tm ma me �kra touc arijmoÔc -2 kai 2. AkoloujeÐ h apìdeixh.

EÐnai gnwst  apì th migadik  an�lush h sun�rthsh Joukowski

J : Ĉ \ D → Ĉ \ [−2, 2]

me tÔpo

J (z) = z +
1

z
h opoÐa eÐnai sÔmmorfh (dhlad  olìmorfh, 1-1) kai epÐ, ìpou D eÐnai
o anoiqtìc dÐskoc me kèntro 0 kai aktÐna 1.
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ParathroÔme ìti

J (f0(z)) = z2 +
1

z2 =

(
z +

1

z

)2

− 2 = f−2(J (z))

opìte paÐrnoume
f−2 = J ◦ f0 ◦ J −1

kai epagwgik�

fn
−2 = J ◦ fn

0 ◦ J −1 , n = 1, 2, 3, ...

'Estw z ènac arijmìc pou den an kei sto di�sthma [−2, 2]. Tìte
|J −1(z)| > 1 kai epeid  fn

0 (ζ) = ζ2n

èpetai ìti

fn
0 (J −1(z)) =

(
J −1(z)

)2n

→∞.

'Ara ja èqoume

fn
−2(z) = J (fn

0 (J −1(z))) = fn
0 (J −1(z)) +

1

fn
0 (J −1(z))

→∞

pou shmaÐnei ìti z ∈ A(∞), dhlad  to z den an kei sto J(f−2).
'Ara an z ∈ J(f−2) tìte z ∈ [−2, 2], dhlad 

J(f−2) ⊂ [−2, 2].

Epeid  f−2(0) = −2 kai fn
−2(0) = 2 gia n = 2, 3, ... èpetai ìti h

akoloujÐa {fn
−2(0)}∞n=1 eÐnai fragmènh kai −2 ∈M . 'Ara to J(f−2)

eÐnai sunektikì.
An deÐxoume t¸ra ìti ta -2, 2 an koun sto J(f−2) ja èqoume

wc sumpèrasma ìti J(f−2) = [−2, 2]. Pr�gmati to 2 eÐnai stajerì
apwjhtikì shmeÐo thc f−2 afoÔ f−2(2) = 2 kai |f ′−2(2)| = 4 > 1,
opìte 2 ∈ J(f−2). H f−2 èqei dÔo stajer� shmeÐa pou eÐnai kai
ta dÔo apwjhtik�. 'Etsi an upojèsoume ìti to -2 den an kei sto
J(f−2) tìte ja an kei anagkastik� sto A(∞) kai fn

−2(−2) → ∞
pou eÐnai �topo afoÔ fn

−2(−2) = 2 gia k�je n ≥ 1. SumperaÐnoume
loipìn ìti J(f−2) = [−2, 2].
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SQHMA 17. SÔnola Julia gia timèc tou c entìc twn k-fusalÐdwn.

SQHMA 18. To sÔnolo Julia gia c = i (dendrÐthc).
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Melet¸ntac kaneÐc biblÐa kai dhmosieÔseic ergasi¸n p�nw sta
Dunamik� Sust mata (Dynamical Systems) ja èlege pwc to sÔno-
lo Mandelbrot M èqei gÐnei, gia autoÔc toul�qiston pou asqoloÔ-
ntai me to pedÐo autì twn majhmatik¸n, s ma katatejèn �peirhc
poluplokìthtac kai anex�ntlhtwn plhrofori¸n.
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7 Mètro kai di�stash Hausdorff

H parak�tw jewrhtik  an�ptuxh basÐzetai sta biblÐa twn K. Falconer
Fractal Geometry, Mathematical Foundations and Applications , ke-
f�laio 2 kai G. Edgar Measure, Topology and Fractal Geometry ,
kef�laio 6. 'Opwc èqei anaferjeÐ kai sthn eisagwg  oi ènnoiec tou
mètrou kai thc di�stashc Hausdorff eÐnai aparaÐthtec gia mia se
b�joc melèth idiot twn twn fractals metaxÔ twn opoÐwn sumperilam-
b�nontai ta perissìtera sÔnola Julia. Sthn enìthta aut  gÐnetai
mia analutik  parousÐash aut¸n twn ennoi¸n.

ORISMOS 14. 'Estw U èna mh kenì uposÔnolo tou Rn.
Onom�zoume di�metro tou U thn posìthta

|U | = sup{|x− y| : x, y ∈ U}.

ORISMOS 15. Mia arijm simh sullog  {Ui} uposunìlwn
tou Rn lègetai d-k�luyh tou F ⊂ Rn an

F ⊂
⋃

Ui kai 0 < |Ui| < δ , gia k�je i.

'Estw s ≥ 0 kai F ⊂ Rn. Jètoume

Hs
δ (F ) = inf

{∑
|Ui|s : {Ui} eÐnai d-k�luyh tou F

}
.

ParathroÔme ìti kaj¸c to d mei¸netai h kl�sh twn apodekt¸n
kalÔyewn tou F mei¸netai epÐshc. Epomènwc to infimum Hs

δ (F )
aux�nei kai plhsi�zei se èna ìrio kaj¸c δ → 0. Gr�foume

Hs(F ) = lim
δ→0

Hs
δ (F )

To parap�nw ìrio up�rqei gia k�je uposÔnolo tou Rn.

ORISMOS 16. H sun�rthsh

Hs : P(Rn) → [0,+∞]
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h opoÐa antistoiqÐzei sto tuqìn F ⊂ Rn to Hs(F ) onom�zetai
s-di�stato mètro Hausdorff.

ApodeiknÔetai ìti h sun�rthsh Hs eÐnai èna exwterikì mètro,
dhlad  ikanopoieÐ ta parak�tw :
a) Hs(∅) = 0
b) Gia k�je A,B ∈ P(Rn) me A ⊂ B isqÔei Hs(A) ≤ Hs(B)
g) Gia k�je akoloujÐa {Ai} sunìlwn tou Rn isqÔei

Hs
(⋃

Ai

)
≤
∑

Hs(Ai).

EpÐshc k�je sÔnolo Borel tou Rn eÐnai Hs-metr simo, opìte �n
{Ai} eÐnai mia akoloujÐa xènwn metaxÔ touc an� dÔo sunìlwn Borel
ja isqÔei

Hs
(⋃

Ai

)
=
∑

Hs(Ai).

To n-di�stato mètro Hausdorff kai to gnwstì n-di�stato mètro
Lebesgue sundèontai metaxÔ touc gia Borel uposÔnola tou Rn me
thn sqèsh

Hn(F ) = cnvoln(F ),

ìpou cn stajer� pou exart�tai apì to n, dhlad  to n-di�stato
mètro Hausdorff eÐnai to gnwstì n-di�stato mètro Lebesgue (n-
di�statoc ìgkoc) epÐ mia stajer�.

AxÐzei na shmei¸soume ta ex c:
i) Ston orismì tou mètrou Hausdorff mporoÔme na jewr soume mia
d-k�luyh mìno me kleist� sÔnola afoÔ gia k�je uposÔnolo U tou
Rn isqÔei |U | = |U |.
ii) An to F eÐnai sumpagèc, ston orismì tou mètrou Hausdorff
mporoÔme na jewr soume mìno peperasmènec d-kalÔyeic tou F , afoÔ
k�je d-k�luyh tou F mporeÐ na epektajeÐ se mia anoiqt  d-k�luy 
tou opìte lìgw sump�geiac tou F mporoÔme na p�roume mia pepera-
smènh upok�luy  tou.

JEWRHMA 26. Gia k�je F ⊂ Rn kai λ > 0 isqÔei

Hs(λF ) = λsHs(F ).
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Apìdeixh. 'Estw {Ui} tuqaÐa d-k�luyh tou F . Tìte h {λUi} eÐnai
mia ld-k�luyh tou λF . 'Ara ja èqoume

Hs
λδ(λF ) ≤

∑
|λUi|s = λs

∑
|Ui|s

kai epeid  h {Ui} eÐnai tuqaÐa ja eÐnai

Hs
λδ(λF ) ≤ λs inf

∑
|Ui|s

dhlad 
Hs

λδ(λF ) ≤ λsHs
δ (F ).

PaÐrnontac δ → 0 ( opìte kai λδ → 0 ) èqoume

Hs(λF ) ≤ λsHs(F ). (1)

Jètontac sthn parap�nw sqèsh (1) ìpou l to 1/ l kai ìpou F to
λF paÐrnoume

Hs(
1

λ
λF ) ≤ 1

λs
Hs(λF )

opìte ja eÐnai

Hs(λF ) ≥ λsHs(F ). (2)

Apì tic (1) kai (2) paÐrnoume to zhtoÔmeno.

JEWRHMA 27. 'Estw F ⊂ Rn kai f : F → Rm tètoia ¸ste

|f(x)− f(y)| ≤ c|x− y|α

gia k�je x, y ∈ F , ìpou c, α jetikèc stajerèc. Tìte gia k�je s ≥ 0

H
s
α (f(F )) ≤ c

s
αHs(F ).

Apìdeixh. 'Estw {Ui} tuqaÐa d-k�luyh tou F . Tìte h {f(F
⋂
Ui)}

eÐnai mia ε = cδα k�luyh tou f(F ) afoÔ∣∣∣f (F⋂Ui

)∣∣∣ = sup
{
|f(x)− f(y)| : x, y ∈ F

⋂
Ui

}
≤ sup

{
c|x− y|α : x, y ∈ F

⋂
Ui

}
≤ c|Ui|α

< cδα
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'Etsi èqoume

H
s
α
ε (f(F )) ≤

∑∣∣∣f (F⋂Ui

)∣∣∣ s
α ≤

∑
(c|Ui|α)

s
α = c

s
α

∑
|Ui|s

kai epeid  h {Ui} eÐnai tuqaÐa ja eÐnai

H
s
α
ε (f(F )) ≤ c

s
α inf

∑
|Ui|s

dhlad 

H
s
α
ε (f(F )) ≤ c

s
αHs

δ (F ).

PaÐrnontac δ → 0 ( opìte kai ε = cδα → 0 ) prokÔptei

H
s
α (f(F )) ≤ c

s
αHs(F ).

ParathroÔme ìti gia α = 1 (opìte h f eÐnai Lipschitz) èqoume :

Hs(f(F )) ≤ csHs(F ).

JEWRHMA 28. An h f : Rn → Rn eÐnai isometrÐa, dhlad 
|f(x)− f(y)| = |x− y| gia k�je x, y ∈ Rn kai F ⊂ Rn tìte

Hs(f(F )) = Hs(F ).

Apìdeixh. 'Estw f(F ) = Y . Apì thn prohgoÔmenh parat rhsh
gia c = 1 ja eÐnai

Hs(f(F )) ≤ Hs(F ). (1)

Epeid  ìmwc ìtan h f eÐnai isometrÐa apì to F epÐ tou f(F ) = Y

tìte kai h f−1 eÐnai isometrÐa apì to Y epÐ tou f−1(Y ) = F . 'Ara
Hs(f−1(Y )) ≤ Hs(Y ) dhlad 

Hs(F ) ≤ Hs(f(F )). (2)

Apì tic (1) kai (2) paÐrnoume to zhtoÔmeno.
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AxÐzei na parathr soume ìti epeid  oi metasqhmatismoÐ metafor�c
kai peristrof c eÐnai isometrÐec, to mètro Hausdorff paramènei amet�-
blhto mèsw aut¸n gia k�je uposÔnolo tou Rn, ìpwc �llwste ja
perimèname.

Gia èna sÔnolo F ⊂ Rn kai δ < 1, jewroÔme thn posìthta
Hs(F ) wc sun�rthsh me anex�rthth metablht  to s. EÐnai fanerì
ìti h sun�rthsh aut  eÐnai fjÐnousa. Ac upojèsoume akìmh ìti
0 ≤ s < t.
An Hs(F ) <∞ tìte gia k�je d-k�luyh {Ui} tou F èqoume∑

i

|Ui|t =
∑

i

|Ui|t−s|Ui|s ≤
∑

i

δt−s|Ui|s = δt−s
∑

i

|Ui|s.

PaÐrnontac infimum èqoume

H t
δ(F ) ≤ δt−sHs

δ (F ).

PaÐrnontac ìria me δ → 0 kai lamb�nontac upìyin ìti Hs(F ) <∞
èqoume H t(F ) = 0.
An H t(F ) > 0 tìte ja eÐnai upoqrewtik� Hs(F ) = ∞ diìti an
Hs(F ) <∞ me b�sh thn prohgoÔmenh diadikasÐa ja  tan H t(F ) =
0 pou eÐnai �topo.

SQHMA 19.
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'Otan loipìn den eÐnai Hs(F ) = 0 ∀s   Hs(F ) = ∞ ∀s , em-
fanÐzetai èna �lma apì to ∞ sto 0 se èna sugkekrimèno shmeÐo s0.
Dhlad 

Hs(F ) = ∞ ∀s < s0

Hs(F ) = 0 ∀s > s0

To Hs0(F ) mporeÐ na eÐnai 0   ∞   peperasmènoc jetikìc arijmìc.
OdhgoÔmaste ètsi ston parak�tw orismì:

ORISMOS 17. 'Estw F ⊂ Rn. OrÐzoume wc di�stash
Hausdorff tou F thn posìthta

dimHF = inf{s : Hs(F ) = 0} = sup{s : Hs(F ) = ∞}.

Prin thn anafor� kai thn apìdeixh sqetik¸n jewrhm�twn gia thn
di�stash Hausdorff dÐnetai to parak�tw par�deigma upologismoÔ
thc di�stashc Hausdorff tou sunìlou tou Cantor.

EÐnai gnwstì apì th jewrÐa mètrou ìti to C èqei mètro Lebesgue
Ðso me 0. Ja deÐxoume ìti

1

2
≤ Hs(C) ≤ 1 ìpou s = dimH(C) =

log 2

log 3
∼= 0, 63.

'Estw C0 = [0, 1] , C1 = [0, 1
3 ]
⋃

[23 , 1] k.t.l. To ìrio thc akolou-
jÐac Cn eÐnai to sÔnolo C. ParathroÔme ìti sthn n-ost  epan�-
lhyh Cn èqoume 2n diast mata m kouc 3−n, ta opoÐa ja onom�zoume
basik� diast mata.
Apìdeixh thc Hs(C) ≤ 1:

JewroÔme mia d-k�luyh {Vi} tou C me 2n basik� diast mata m kouc
d=3−n. EÐnai

Hs
δ (C) = inf

{∑
|Ui|s : {Ui} eÐnai d-k�luyh tou C

}
opìte gia thn sugkekrimènh k�luyh {Vi}

Hs
δ (C) ≤

2n∑
i=1

|Vi|s =
2n∑
i=1

3−ns = (3−s2)n = 1

72



afoÔ apì thn sqèsh s = log 2
log 3 prokÔptei 3

s = 2. PaÐrnontac n→∞
  isodÔnama δ → 0 èqoume Hs(C) ≤ 1.
Apìdeixh thc Hs(C) ≥ 1

2 :
EÐnai arketì na deiqjeÐ gia tuqoÔsa d-k�luyh {Ui} tou C ìti∑

|Ui|s ≥
1

2

afoÔ sth sunèqeia paÐrnontac to inf kai δ → 0 prokÔptei to zh-
toÔmeno. M�lista afoÔ to C eÐnai sumpagèc arkeÐ na jewr soume
peperasmènec mìno kalÔyeic me kleist� uposÔnola tou [0,1].

'Estw loipìn {Ui} mia tuqaÐa kleist  k�luyh tou C. Gia k�je
sÔnolo thc k�luyhc Ui up�rqei akèraioc k (pou exart�tai apì to i)
tètoioc ¸ste

1

3κ+1 ≤ |Ui| <
1

3κ
.

To Ui afoÔ èqei m koc mikrìtero apì 3−κ tèmnei to polÔ èna basikì
di�sthma m kouc 3−κ. Gia j ≥ κ to Ui tèmnetai to polÔ apì 2j−κ

basik� diast mata m kouc 3−j. EÐnai ìmwc

2j−κ = 2j(3s)−κ = 2j3s3−s(κ+1) ≤ 2j3s|Ui|s.

Epeid  to pl joc twn Ui eÐnai peperasmèno mporoÔme na epilèxoume
to j arket� meg�lo ¸ste h parap�nw anisìthta na isqÔei gia ìla ta
sÔnola Ui kai ìqi mìno gia k�poio sugkekrimèno. 'Ara ìlh h k�luyh
{Ui} tèmnetai apì to polÔ

2j3s
∑

i

|Ui|s

basik� diast mata m kouc 3−j. 'Omwc ta basik� diast mata m kouc
3−j eÐnai se pl joc 2j. 'Ara

2j ≤ 2j3s
∑

i

|Ui|s ⇒
∑

i

|Ui|s ≥ 3−s =
1

2
.

Epomènwc afoÔ up�rqei s tètoioc ¸ste Hs(C) 6= 0,∞ ja eÐnai

s = dimH C =
log 2

log 3
.
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Ston parap�nw upologismì thc dimH C faÐnetai pwc o upologi-
smìc thc di�stashc Hausdorff enìc sunìlou èqei dÔskolec pr�-
xeic. Gia sÔnola ìmwc pou parousi�zoun autoomoiìthta kai epiplèon
gnwrÐzoume ìti gia thn tim  s thc di�stashc Hausdorff aut¸n to
mètro Hausdorff den eÐnai 0   ∞, tìte o upologismìc aut c mporeÐ
na gÐnei polÔ eÔkola. Ac doÔme autìn ton trìpo sthn perÐptwsh
tou sunìlou C.

'Estw CL = C
⋂

[0, 1
3 ] kai CR = C

⋂
[23 , 1]. Profan¸c ta CL ,CR

eÐnai gewmetrik¸c ìmoia proc to C me lìgo omoiìthtac 1
3 . Akìmh

C = CL

⋃
CR me CL

⋂
CR = ∅. Epomènwc gia k�je s

Hs(C) = Hs(CL) +Hs(CR) =

(
1

3

)s

Hs(C) +

(
1

3

)s

Hs(C)

kai upojètontac ìti gia s = dimH C èqoume Hs(C) 6= 0,∞, diair¸-
ntac me Hs(C) paÐrnoume

1 = 2

(
1

3

)s

⇔ s =
log 2

log 3
.

Shmei¸netai ìti gia ta sÔnola Julia thc oikogèneiac twn sunart -
sewn thc morf c fc(z) = z2 + c isqÔoun ta ex c:
Gia mikrì |c|

dimH(J(fc)) = 1 +
|c|2

4 log 2
+ ìroi me |c|m,m ≥ 3

en¸ gia meg�lo |c|

2 log 2

log[4(|c|+
√
|2c|)]

≤ dimH(J(fc)) ≤
2 log 2

log[4(|c| −
√
|2c|)]

.

JEWRHMA 29. 'Estw F ⊂ Rn kai f : F → Rm tètoia ¸ste
|f(x) − f(y)| ≤ c|x − y|α gia k�je x, y ∈ F , ìpou c, α jetikèc
stajerèc. Tìte

dimHf(F ) ≤ 1

α
dimHF.
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Apìdeixh. Gia k�je s > dimHF eÐnai Hs(F ) = 0, opìte apì
to je¸rhma 24 èqoume

H
s
α (f(F )) = 0

kai sunep¸c dimHf(F ) ≤ s
α .

PaÐrnontac to inf p�nw sta s > dimHF prokÔptei

dimHf(F ) ≤ 1

α
dimHF.

ParathroÔme ìti gia α = 1 apì to parap�nw je¸rhma prokÔptei
ìti an h f eÐnai Lipschitz tìte

dimHf(F ) ≤ dimHF.

ORISMOS 18. 'Estw F ⊂ Rn kai f : F → Rm. H f

onom�zetai dipl� Lipschitz (bi-Lipschitz) an

c1|x− y| ≤ |f(x)− f(y)| ≤ c2|x− y|

gia k�je x, y ∈ F , ìpou c1, c2 jetikèc stajerèc.

ORISMOS 19. DÔo sÔnola A,B onom�zontai dipl� Lips-
chitz isodÔnama an up�rqei dipl� Lipschitz sun�rthsh apì to A
epÐ tou B.

JEWRHMA 30. An ta sÔnola A,B eÐnai dipl� Lipschitz
isodÔnama tìte èqoun thn Ðdia di�stash Hausdorff dhlad  dimHA =
dimHB.

Apìdeixh. AfoÔ ta A,B eÐnai dipl� Lipschitz isodÔnama up�r-
qei dipl� Lipschitz sun�rthsh f apì to A epÐ tou B = f(A). EÐnai
loipìn

c1|x− y| ≤ |f(x)− f(y)| ≤ c2|x− y|
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gia k�je x, y ∈ A, ìpou c1, c2 jetikèc stajerèc.
Epeid  h f eÐnai Lipschitz ja eÐnai dimHf(A) ≤ dimHA dhlad 

dimHB ≤ dimHA

Gia thn f−1 : B → A (pou orÐzetai afoÔ h f lìgw thc sqèshc
c1|x− y| ≤ |f(x)− f(y)| eÐnai 1-1) èqoume

c1|f−1(z)− f−1(w)| ≤ |z − w| ⇒ |f−1(z)− f−1(w)| ≤ 1

c1
|z − w|

opìte
dimHf

−1(B) ≤ dimHB.

Epeid  f−1(B) = f−1(f(A)) = A prokÔptei

dimHA ≤ dimHB

kai sunep¸c to zhtoÔmeno èqei apodeiqjeÐ.

H parap�nw prìtash eÐnai qr simh gia ton upologismì thc di�sta-
shc Hausdorff sunìlwn pou eÐnai eikìnec mèsw miac dipl� Lipschitz
sun�rthshc, �llwn sunìlwn me gnwst  di�stash Hausdorff. Gia
par�deigma ac jewr soume th sun�rthsh f(x) = 1

1+x2 me pedÐo ori-
smoÔ to sÔnolo tou Cantor C kai to gr�fhm� thc

Γf = {(x, f(x)) , x ∈ C}.

Ja upologÐsoume th di�stash Hausdorff tou Γf .
Arqik� parathroÔme ìti h f eÐnai Lipschitz. Pr�gmati gia k�je

x, y ∈ C ⊂ [0, 1] èqoume

|f(x)− f(y)| = |x2 − y2|
(1 + x2)(1 + y2)

=
x+ y

(1 + x2)(1 + y2)
|x− y|.

'Omwc
x+ y

(1 + x2)(1 + y2)
≤ 1 + 1

(1 + 02)(1 + 02)
= 2

opìte
|f(x)− f(y)| ≤ 2|x− y|.
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JewroÔme t¸ra th sun�rthsh g : C → Γf me g(x) = (x, f(x))
h opoÐa profan¸c eÐnai sun�rthsh epÐ. H g eÐnai dipl� Lipschitz.
Pr�gmati gia k�je x, y ∈ C èqoume

|x− y|2 ≤ |g(x)− g(y)|2 = |x− y|2 + |f(x)− f(y)|2 ≤ 5|x− y|2

opìte
|x− y| ≤ |g(x)− g(y)| ≤

√
5|x− y|.

'Ara ta sÔnola C kai Γf eÐnai dipl� Lipschitz isodÔnama kai sunep¸c
ja èqoun thn Ðdia di�stash Hausdorff, dhlad 

dimH Γf = dimH C =
log 2

log 3
∼= 0, 63.
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8 Qarakthrismìc twn yeudìkuklwn apì thn

di�stash Hausdorff

Sth gewmetrÐa twn fractals ènac sun jhc trìpoc gia na taxinomhjoÔn
tètoia sq mata eÐnai mèsw thc dipl� Lipschitz isodunamÐac touc. EÐ-
dame sthn prohgoÔmenh enìthta pwc an dÔo sÔnola A, B eÐnai dipl�
Lipschitz isodÔnama (dhlad  up�rqei mia dipl� Lipschitz sun�rthsh
apì to A epÐ tou B) tìte ta A, B èqoun thn Ðdia di�stash Hausdorff.
To antÐstrofo genik� den alhjeÔei, opìte h di�stash Hausdorff
mình thc den eÐnai ikanopoihtik  gia thn taxinìmhsh aut . 'Omwc
se mia eidik  kathgorÐa sunìlwn pou onom�zontai yeudìkukloi to
antÐstrofo alhjeÔei kai ètsi ta sÔnola aut� mporoÔn na qara-
kthristoÔn mèsw thc di�stashc Hausdorff.

ORISMOS 20.(Blèpe [13]) Lème ìti èna sÔnolo A ⊂ R2 eÐnai
ènac yeudìkukloc (quasi-circle) an ikanopoioÔntai oi parak�tw
sunj kec:
a) To A eÐnai omoiomorfikì me ton kÔklo D = {z ∈ C : |z| = 1}.
b) Up�rqoun jetikèc stajerèc a, b, r tètoiec ¸ste gia k�je upo-
sÔnolo U tou A me |U | ≤ r, up�rqei sun�rthsh ϕ : U → A me thn
idiìthta

a|x− y| ≤ |U ||ϕ(x)− ϕ(y)| ≤ b|x− y|
gia k�je x, y ∈ U .
g) Up�rqoun jetikèc stajerèc r1, c tètoiec ¸ste gia k�je dÐsko
B(z, R) me z ∈ A kai R < r1, up�rqei sun�rthsh

ψ : A→ B(z, R)
⋂

A me cR|x− y| ≤ |ψ(x)− ψ(y)|

gia k�je x, y ∈ A.

Arket� suqn� ta sÔnola Julia poluwnÔmwn eÐnai yeudìkukloi.
Ektìc thc qarakthristik c perÐptwshc twn poluwnÔmwn thc mor-
f c fc(z) = z2 + c, ìpou to J(f) eÐnai ènac yeudìkukloc an to c
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brÐsketai entìc thc basik c kardioeidoÔc tou sunìlou Mandelbrot
M, mporoÔme na anafèroume kai an�logec peript¸seic tritob�jmi-
wn poluwnÔmwn. Gia par�deigma to J(f) eÐnai ènac yeudìkukloc
efìson :

f(z) = z3 + λ , meλ ∈ R, |λ| ≤ 2
√

3/9

 
f(z) = −z3 + λ , meλ ∈ R, |λ| ≤ 4

√
3/9

 
f(z) = z3 + λz , meλ ∈ R, |λ| < 1.

EpÐshc to sÔnolo Julia thc fc(z) = zn + c eÐnai ènac yeudìkukloc
gia k�je n ≥ 2 kai me to |c| arket� mikrì. Leptomèreiec gia ta
parap�nw mporeÐ k�poioc na brei sto [7].

'Estw E ènac yeudìkukloc. Apì ton orismì 20 prokÔptei ìti
0 < Hs(E) < ∞, ìpou s = dimHE. EpÐshc, an sumbolÐsoume
me E(x, y) to tìxo tou E pou orÐzetai apì ta x, y ∈ E me for�
diagraf c th jetik , apodeiknÔetai ìti Hs(E(x, y)) > 0 gia x 6= y

kai h Hs(E(x, y)) eÐnai suneq c wc proc x, y. Gia thn apìdeixh
tou kentrikoÔ sumper�smatoc thc paragr�fou ja qrhsimopoihjeÐ
to ex c l mma: Up�rqoun jetikèc stajerèc c1, c2 tètoiec ¸ste

c1 ≤
Hs(E(x, y))

|x− y|s
≤ c2

gia k�je x, y ∈ E me x 6= y, ìpou t¸ra me E(x, y) parist�netai to
mikrìtero tìxo, dhlad  Hs(E(x, y)) ≤ Hs(E(y, x). Leptomèreiec
gia ta parap�nw mporeÐ k�poioc na brei sto [13]. AkoloujeÐ to
kentrikì sumpèrasma thc paragr�fou.

JEWRHMA 31. (Blèpe [13]) 'Estw oi yeudìkukloi A, B me

dimHA = dimHB.

Tìte ta A, B eÐnai eÐnai dipl� Lipschitz isodÔnama.
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Apìdeixh. 'Estw m = Hs(A) kai n = Hs(B) ìpou

s = dimHA = dimHB.

'Estw p tuqìn shmeÐo tou A kai

θ(x) =
2π

m
Hs(A(p, x)).

H sun�rthsh f1 me f1(x) = exp(iθ(x)) eÐnai ènac omoiomorfismìc
tou A epÐ tou monadiaÐou kÔklou D. EpÐshc an q tuqìn shmeÐo tou
B kai

ω(x) =
2π

n
Hs(B(q, x))

h sun�rthsh f2 me f2(x) = exp(iω(x)) eÐnai ènac omoiomorfismìc
tou B epÐ tou D.
H sun�rthsh ψ = f−1

2 ◦ f1 eÐnai orismènh sto A kai epÐ tou B kai
ψ(p) = q.

SQHMA 20.
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Ja deÐxoume ìti

Hs(A(p, x))

Hs(B(ψ(p), ψ(x)))
= stajerì =

m

n
.

Pr�gmati

Hs(A(p, x))

Hs(B(ψ(p), ψ(x)))
=

m
2πθ(x)

n
2πω(ψ(x))

=
m

n

afoÔ ω(ψ(x)) = θ(x).
Jètontac γ = m

n kai epeid  to p eÐnai tuqìn paÐrnoume th sqèsh

Hs(A(x, y)) = γHs(B(ψ(x), ψ(y)))

gia k�je x, y ∈ A.
Apì to l mma up�rqoun jetikèc stajerèc c1, c2, c3, c4 tètoiec ¸-

ste
c1|x− y|s ≤ Hs(A(x, y)) ≤ c2|x− y|s

kai

c3|ψ(x)− ψ(y)|s ≤ Hs(B(ψ(x), ψ(y))) ≤ c4|ψ(x)− ψ(y)|s.

Epomènwc èqoume:

c1|x−y|s ≤ Hs(A(x, y)) = γHs(B(ψ(x), ψ(y))) ≤ γc4|ψ(x)−ψ(y)|s

�ra
c5|x− y| ≤ |ψ(x)− ψ(y)| , c5 > 0.

Akìmh

c2|x−y|s ≥ Hs(A(x, y)) = γHs(B(ψ(x), ψ(y))) ≥ γc3|ψ(x)−ψ(y)|s

�ra
|ψ(x)− ψ(y)| ≤ c6|x− y| , c6 > 0.

Telik� loipìn

c5|x− y| ≤ |ψ(x)− ψ(y)| ≤ c6|x− y|

opìte h ψ eÐnai dipl� Lipschitz sun�rthsh apì to A epÐ tou B kai
sunep¸c ta A,B eÐnai dipl� Lipschitz isodÔnama.
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9 Epiplèon stoiqeÐa kai sumper�smata

Gia to pr¸to mèroc twn sumperasm�twn pou akoloujoÔn o anagn¸-
sthc parapèmpetai sto [2] tìso gia plhrèsterh enhmèrwsh ìso kai
gia bibliografikèc anaforèc.

'Opwc èqei anaferjeÐ kai sthn eisagwg  to kÔrio mèroc twn er-
gasi¸n pou emfanÐzetai stic melètec twn Julia kai Fatou p�nw
stic anadromèc migadik¸n sunart sewn èqei tic rÐzec tou se dÔo le-
ptomereÐc ergasÐec tou GermanoÔ E. Schröder (1841−1902) kai tou
BretanoÔ A. Cayley (1821−1895) p�nw sth mèjodo tou Newton :

zn+1 = zn −
f(zn)

f ′(zn)
n = 0, 1, 2, 3, ...

Oi Schröder kai Cayley melèthsan th sÔgklish thc mejìdou tou
Newton gia th deuterob�jmia poluwnumik  migadik  sun�rthsh.
H ergasÐa tou Schröder  tan pio genik  kai emfanÐzontai arket�
basik� sumper�smata pou èqoun na k�noun me tic anadromèc mi-
gadik¸n sunart sewn. O Schröder ègraye thn mèjodo tou Newton
sth morf 

N(z) = z − f(z)

f ′(z)

kai melèthse tic anadromèc thc analutik c sun�rthshc N(z) se
mia perioq  miac rÐzac thc f(z). Profan¸c efìson h f(z) eÐnai
analutik  se mia perioq  miac apl c rÐzac thc r, to Ðdio ja eÐnai kai
h N(z), afoÔ f ′(ρ) 6= 0. An h r eÐnai pollapl  rÐza tìte mporeÐ na
gÐnei �rsh thc anwmalÐac aut c. Se kaje perÐptwsh èqoume ìti an
f(ρ) = 0 tìte N(ρ) = ρ. EpÐshc to mètro tou N ′(ρ) eÐnai mikrìtero
thc mon�dac. Oi ergasÐec tou Schröder od ghsan sto ex c:
Je¸rhma stajeroÔ shmeÐou tou Schröder
'Estw ìti h sun�rthsh φ(z) eÐnai analutik  se mia perioq  tou x,
ìpou x elktikì stajerì shmeÐo. An φn(z) eÐnai h n-ost  anadrom 
thc φ(z) tìte gia k�je z se mia perioq  tou x ja eÐnai

lim
n→∞

φn(z) = x.
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Sthn prosp�jei� tou o Schröder na breÐ k�poion tÔpo gia thn n-
ost  anadrom  φn(z) miac dojeÐsac sun�rthshc φ(z) odhg jhke sth
je¸rhsh thc suzugoÔc sun�rthshc thc φ(z). Lème ìti h φ(z) eÐnai
(analutik ) suzug c thc ψ(z) sto dÐsko D an up�rqei (analutik )
sun�rthsh G(z) tètoia ¸ste

φ(z) = (G−1 ◦ ψ ◦G)(z) ∀z ∈ D.

Pollèc anadromikèc idiìthtec, ìpwc h sÔgklish se stajerì shmeÐo
mèsw anadrom¸n, diathroÔntai mèsw thc suzugoÔc sun�rthshc kai
genik� oi anadromèc thc φ(z) an�gontai stic anadromèc thc ψ(z)
afoÔ

φn = G−1 ◦ ψn ◦G.
O Schröder an gage tic anadromèc miac tuqoÔsac sun�rthshc φ(z)
sthn ψ(z) = λz   sthn ψ(z) = z + λ (λ migadik  stajer�) mèsw
twn sunarthsiak¸n exis¸sewn

F (φ(z)) = F (z) + λ (1)

F (φ(z)) = λF (z) (2)

antistoÐqwc, ìpou zhteÐtai h F (z) kai eÐnai F (z) = G−1(z). Mia
pio eidik  morf  thc (2) eÐnai h

F (φ(z)) = φ′(x)F (z)

me φ(x) = x kai 0 < |φ′(x)| < 1, h opoÐa apoteleÐ mia apì tic
pio shmantikèc sunarthsiakèc exis¸seic sto pedÐo twn anadrom¸n
migadik¸n sunart sewn.

EpÐshc apèdeixe kai to parak�tw je¸rhma pou sqetÐzetai me tic
rÐzec deuterob�jmiwn poluwnumik¸n migadik¸n sunart sewn:

'An
a) q(z) èna migadikì deuterob�jmio polu¸numo me dÔo diaforetikèc
rÐzec a1 kai a2,

b) N(z) = z− q(z)
q′(z) h sun�rthsh thc mejìdou tou Newton gia thn

q(z),
g) L h mesok�jetoc tou eujugr�mmou tm matoc me �kra tic rÐzec

83



thc q(z),
d) H1, H2 ta anoiqt� hmiepÐpeda sta opoÐa qwrÐzei h L to Ĉ me
ai ∈ Hi (i = 1, 2) tìte:
i) Gia k�je z ∈ Hi eÐnai

lim
n→∞

Nn(z) = ai i = 1, 2

ii) Gia k�je z ∈ L h Nn(z) den suklÐnei oÔte sto a1 oÔte sto a2.
Basizìmenoc stic ergasÐec tou Schröder o G�lloc G. Koenigs

(1858-1931) kat� thn perÐodo 1883 èwc kai 1885 metètreye thn
melèth twn anadrom¸n migadik¸n sunart sewn se èna sunektikì
kai austhr� jemeliwmèno pedÐo twn majhmatik¸n. To basikì anti-
keÐmeno melèthc tou Koenigs  tan to sÔnolo twn shmeÐwn sussw-
reÔsewc thc akoloujÐac

{z0, φ(z0), φ
2(z0), ...} (3)

ìpou to z0 eÐnai stajeropoihmèno kai h φ(z) analutik  ston tìpo G
tou Ĉ. O Koenigs èstreye to endiafèron tou se dÔo peript¸seic:
a) H (3) èqei monadikì ìrio x (tìte φ(x) = x dhlad  to x eÐnai
stajerì shmeÐo)
b) H (3) èqei peperasmèno pl joc shmeÐwn susswreÔsewc

{x0, x1, ..., xp−1}

(tìte φ(xi) = xi+1 me xp = x0 dhlad  to xi eÐnai periodikì shmeÐo
me perÐodo p)
Epeid  ta periodik� shmeÐa periìdou p thc φ(z) eÐnai stajer� shmeÐa
gia thn φp(z) o Koenigs an gage th melèth twn periodik¸n shmeÐwn
thc φ(z) se melèth twn stajer¸n shmeÐwn thc φp(z).

O Koenigs diatÔpwse mia �llh ekdoq  tou jewr matoc tou sta-
jeroÔ shmeÐou tou Schröder kai kat�labe pwc h sfaÐra tou Riemann
eÐnai o fusikìc q¸roc gia na melet sei k�poioc tic anadromèc mi-
gadik¸n sunart sewn. Epèkteine ètsi th melèth tou ¸ste na epitrèpetai
to ∞ na jewreÐtai wc stajerì shmeÐo. AxÐzei na shmeiwjeÐ ìti gia
k�je polu¸numo to∞ sumperifèretai wc èna elktikì stajerì shmeÐo.
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Ac jumhjoÔme t¸ra thn exÐswsh

F (φ(z)) = φ′(x)F (z)

me φ(x) = x h opoÐa me mia allag  suntetagmènwn paÐrnei th morf 

F (φ(z)) = φ′(0)F (z) me φ(0) = 0. (4)

O Koenigs èdeixe ìti mia epark c sunj kh gia na èqei h (4) ana-
lutik  lÔsh se mia perioq  tou stajeroÔ shmeÐou 0 eÐnai h 0 <

|φ′(0)| < 1. H lÔsh pou èdwse  tan:

F (z) = lim
n→∞

φn(z)

(φ′(0))n

Sumpèrane epÐshc ìti mia tètoia lÔsh up�rqei kai ìtan |φ′(0)| > 1.
H perÐptwsh |φ′(0)| = 1  tan èna apì ta antikeÐmena thc ergasÐac

tou Julia p�nw sth jewrÐa twn anadrom¸n pou dhmosieÔjhke to
1918. O Fatou asqol jhke me thn perÐptwsh sut  se mia ergasÐa
tou pou dhmosieÔjhke se trÐa mèrh to 1919 kai to 1920. K�je mÐa
apì tic dÔo autèc ergasÐec antiproswpeÔei mia nèa prosèggish sth
melèth twn anadrom¸n. Se antÐjesh me tic ergasÐec twn prokatìqwn
touc oi Julia kai Fatou  tan se jèsh na perigr�youn anadromèc
tuqaÐwn migadik¸n sunart sewn makri� apì thn perioq  enìc sta-
jeroÔ shmeÐou. H epituqÐa touc aut  ofeÐletai kat� èna meg�lo
posostì sto meg�lo eÔroc efarmog c thc jewrÐac twn kanonik¸n
oikogenei¸n tou P. Montel (1876-1975) stic ergasÐec touc. Sto
gegonìc autì ofeÐletai kai h omoiìthta prosèggishc twn jem�twn
stic ergasÐec touc.

O Montel erg�sthke kurÐwc sth jewrÐa migadik¸n sunart sewn
kai h jewrÐa tou perÐ kanonik¸n oikogenei¸n eÐnai aut  pou ton
èkane di�shmo. Ef�rmose th jewrÐa aut  me meg�lh epituqÐa se
jèmata ìpwc sÔgklish akolouji¸n kai seir¸n, jewrÐa Picard kai
jewrÐa sÔmmorfwn apeikonÐsewn. Oi pr¸tec oloklhrwmènec er-
gasÐec tou Montel p�nw stic kanonikèc oikogèneiec dhmosieÔjhkan
thn perÐodo 1912 èwc kai 1917. Ta apotelèsmata twn ergasi¸n
aut¸n parousi�zontai sto biblÐo tou Familles normales to opoÐo
prwtoekdìjhke to 1927.
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Me th bo jeia thc jewrÐac tou Montel eÐnai dunatìn na qara-
kthristeÐ h sumperifor� twn anadrom¸n miac dojeÐsac sun�rthshc
φ(z) gia tuqaÐa shmeÐa sto Ĉ. EÐnai dunatìn na qwristeÐ to Ĉ se dÔo
sÔnola ìpou h oikogèneia {φn(z)} eÐnai kanonik    ìqi antÐstoiqa.
Aut  h diapÐstwsh eÐnai o pur nac twn ergasi¸n twn Julia kai
Fatou . Kai oi dÔo q¸risan to Ĉ se perioqèc kanonikìthtac kai
mh kanonikìthtac oi opoÐec onom�zontai s mera sÔnolo Fatou kai
sÔnolo Julia antÐstoiqa. Genik� ta shmeÐa tou sunìlou Fatou
suglÐnoun mèsw anadrom¸n se elktikèc troqièc en¸ ta shmeÐa tou
sunìlou Julia ìqi. To epìmeno je¸rhma, to opoÐo diapragma-
teut kame sto kÔrio mèroc thc ergasÐac (Je¸rhma 15) gia polu¸nu-
ma, apodeÐqjhke tìso apì ton Fatou ìso kai apì ton Julia kai dÐnei
mia akrib  perigraf  tou sunìlou J ìpou h φ(z) den eÐnai kanonik :
An φ(z) eÐnai mia rht  sun�rthsh tìte to sÔnolo J ìpou h φ(z) den
eÐnai kanonik  eÐnai h kleist  j kh tou sunìlou

T =

{
x : φp(x) = x ,

∣∣∣∣dφp

dz
(x)

∣∣∣∣ > 1

}
Oi Julia kai Fatou èdeixan ìti gia orismènec sunart seic to sÔno-
lo J  tan sqetik� perÐergo. O Fatou èdeixe ìti to J ja mporoÔse
na eÐnai èna teleÐwc mh sunektikì sÔnolo. Tìso apì ton Fatou
ìso kai apì ton Julia deÐqjhke ìti:
a) to J ja mporoÔse na eÐnai mia suneq c kampÔlh γ(t) gia thn opoÐa
h γ′(t) den orÐzetai gia �peiro pl joc shmeÐwn
b) mia suneq c kampÔlh me �peiro pl joc dipl¸n shmeÐwn dhlad 
mia kampÔlh pou tèmnei ton eautì thc �peirec forèc
g) mia kleist  kampÔlh tou Jordan
d) èna eujÔgrammo tm ma
e) èna sÔnolo pou apoteleÐtai apì �peira, xèna metaxÔ touc an�
dÔo, komm�tia.

Qrhsimopoi¸ntac th sun�rthsh

φ(z) = zm + c

wc par�deigma o Fatou parat rhse thn epÐdrash pou eÐqe h metabol 
thc migadik c paramètrou c sth dom  tou sunìlou J . Arqik� parat rhse
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ìti ìtan to |c|  tan arket� meg�lo tìte to J  tan èna teleÐwc mh
sunektikì sÔnolo. Argìtera èdwse pio akribeÐc ektim seic gia to
|c| sthn genikìterh perÐptwsh thc sun�rthshc

φ(z) = zP (z) + c

ìpou P (z) eÐnai èna polu¸numo.
AfoÔ oi Julia kai Fatou qrhsimopoÐhsan me epituqÐa th jewrÐa

twn kanonik¸n oikogenei¸n tou Montel sto qwrismì thc sfaÐrac tou
Riemann se sÔnola ìpou oi anadromèc thc φ(z) emfanÐzoun thn
Ðdia sumperifor�, sth sunèqeia emb�junan perissìtero. 'Ena apì
ta pio shmantik� apotelèsmata pou apèdeixan eÐnai ìti to pl joc
twn elktik¸n kai oudetèrwn periodik¸n shmeÐwn eÐnai peperasmèno.
AfoÔ èdwsan paradeÐgmata ìpou to J eÐnai mia suneq c kampÔlh pou
èqei �peirec autotomèc kai lamb�nontac upìyin to gegonìc ìti to J
den èqei eswterik� shmeÐa (ektìc an eÐnai Ðso me to Ĉ)prokÔptei
ìti h kampÔlh qwrÐzei to sÔnolo Fatou F se �peira komm�tia.
Apèdeixan kai to ex c je¸rhma:
An to F den apoteleÐtai apì �peiro pl joc sunistws¸n(kommati¸n),
tìte èqei to polÔ dÔo sunist¸sec.

PerÐ to 1980 mia deÔterh periìdoc arqÐzei sth melèth twn anadrom¸n
migadik¸n sunart sewn.

Oi sunektikèc sunist¸sec tou sunìlou Fatou F onom�zontai
stajer� pedÐa (stable domains). Opoiad pote dÔo stajer� pedÐa
miac rht c sun�rthshc f eÐnai   xèna metaxÔ touc   tautÐzontai. An
V eÐnai èna stajerì pedÐo h akoloujÐa {fn(V )}   ja apoteleÐtai
apì xèna metaxÔ touc an� dÔo stajer� pedÐa   ja up�rqoun m ≥ 0
kai p ≥ 1 ¸ste f p+m(V ) = fm(V ).
'Ena stajerì pedÐo V lègetai periplan¸meno (wandering domain)
e�n

fn(V ) 6= fm(V ) gia n 6= m

kai periodikì (periodic domain) an

f p(V ) = V gia k�poio p ∈ N.
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O I.N. Baker (1932-2001) epèkteine arket  apì thn doulei� twn
Julia kai Fatou gia akèraiec kai merìmorfec sunart seic. Qara-
kthristik  eÐnai h ergasÐa tou p�nw sta periplan¸mena pedÐa anadro-
m¸n akeraÐwn sunart sewn (blèpe [3]).

O B. Mandelbrot einai o pr¸toc pou qrhsimopoÐhse grafik� apì
upologist  gia na ereun sei tètoiec katast�seic.

Me th suggraf  twn biblÐwn tou [17] (eÐqe prohghjeÐ h gallik 
èkdosh to 1975) kai [18] apok�luye thn omorfi� kai qrhsimìth-
ta polÔplokwn sunìlwn pou o Ðdioc onìmase fractals apì to la-
tinikì fractus pou shmaÐnei kommatiasmènoc. Gia thn perigraf 
twn sunìlwn aut¸n den eparkoÔse h klasik  EukleÐdeia GewmetrÐa.
Qreiazìtan mia gewmetrÐa thc poluplokìthtac tic opoÐac ta jemèlia
eÐqan  dh tejeÐ stic arqèc tou eikostoÔ ai¸na apì ton F. Hausdorff
me tic ènnoiec tou mètrou kai thc di�stashc F. Hausdorff, o opoÐoc
me th seir� tou basÐsthke se ergasÐec tou 'Ellhna majhmatikoÔ K.
Karajeodwr .

O Mandelbrot ekmetaleÔthke tic meg�lec dunatìthtec twn h-
lektronik¸n upologist¸n gia na anadeÐxei thn poluplokìthta twn
sqhm�twn aut¸n. Me thn melèth tou p�nw stic anadromèc sunart -
sewn thc morf c

fc(z) = z2 + c

pètuqe na katat�xei ta sÔnola Julia thc fc me th bo jeia enìc
sunìlou pou s mera fèrei to ìnom� tou . O Mandelbrot èdwse kai
tic pr¸tec eikìnec gia to sÔnolo autì melet¸ntac gia poiec timèc
tou c to sÔnolo Julia thc fc eÐnai sunektikì   ìqi.

H anak�luy  tou gia to sÔnolo pou fèrei to ìnom� tou proètreye
polloÔc majhmatikoÔc na ereun soun akìmh perissìtero autì to
pedÐo.

Gia par�deigma o D. Sullivan eis gage th qr sh twn yeudosÔm-
morfwn metasqhmatism¸n miac rht c sun�rthshc kai me th bo -
jeia autoÔ tou ergaleÐou na apodeÐxei èna prìblhma pou parèmene
anoiqtì apì thn epoq  twn Julia kai Fatou .To prìblhma  tan an
up�rqoun periplan¸mena pedÐa gia rhtèc sunart seic. O Sullivan
loipìn to 1985 èluse to prìblhma autì kai èdeixe ìti den up�rqoun
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periplan¸mena pedÐa gia rhtèc sunart seic (blèpe [29]). H apìdeixh
tou Sullivan  tan makroskel c miac kai èprepe na diakrÐnei arketèc
peript¸seic gia to periplan¸meno pedÐo: an eÐnai apl� sunektikì,
dipl� sunektikì, peperasmèna pollapl� sunektikì   apeÐrwc pol-
lapl� sunektikì.

Qrhsimopoi¸ntac mia prìtash pou ofeÐletai ston I.N. Baker
mporeÐ k�poioc na aplousteÔsei thn apìdeixh tou Sullivan kai
na jewr sei mìno thn perÐptwsh apl� sunektikoÔ periplan¸menou
pedÐou. H prìtash aut  diatup¸netai wc ex c:
An h rht  sun�rthsh f èqei èna periplan¸meno pedÐo tìte h f èqei
epÐshc kai èna apl� sunektikì periplan¸meno pedÐo.

Oi Douady kai Hubbard �noixan nèouc orÐzontec me th je¸rhsh
tou parametrikoÔ q¸rou gia deuterob�jmia polu¸numa kai apèdei-
xan ìti to sÔnolo Mandelbrot M eÐnai sunektikì (blèpe [10]). Anoiqtì
paramènei to er¸thma an eÐnai topik� sunektikì. 'Ena shmantikì b -
ma proc thn kateÔjunsh aut  ègine apì ton Yoccoz o opoÐoc br ke
ìti ta sÔnola J(fc) kai M eÐnai topik� sunektik� an to c ∈M p�rei
sugkekrimènec eidikèc timèc (blèpe [20]).

O Curt McMullen èdeixe (blèpe [19]) ìti gia tic parak�tw oikogè-
neiec akeraÐwn sunart sewn

{f(z) = λ exp(z) : λ 6= 0} (h ekjetik  oikogèneia )

kai

{f(z) = sin(αz + β) : α 6= 0} (h hmitonoeid c oikogèneia )

isqÔoun ta ex c jewr mata:
J1) To sÔnolo Julia k�je mèlouc thc ekjetik c oikogèneiac èqei
p�nta di�stash Hausdorff Ðsh me 2.
J2) To sÔnolo Julia k�je mèlouc thc hmitonoeidoÔc oikogèneiac è-
qei p�nta jetikì embadì.
Anoiqtì paramènei to er¸thma an to sÔnoro tou sunìlou Mandelbrot
èqei jetikì embadì. Mia polÔ spoudaÐa ergasÐa tou McMullen
(blèpe [21]) afor� ta legìmena genikeumèna sÔnola Mandelbrot
pou orÐzontai gia polu¸numa thc morf c

fc(z) = zd + c , d ∈ Z , d ≥ 2.
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ìmoia me to klasikì .
O M. Lyubich (blèpe [16]) èdeixe ìti k�tw apì orismènec proupo-

jèseic gia thn sun�rthsh fc(z) = z2 + c paÐrnoume wc sumpèrasma
ìti to mètro Lebesgue tou sunìlou J(fc) eÐnai 0. 'Ena er¸thma pou
exakoloujeÐ na paramènei anoiqtì eÐnai an up�rqei sÔnolo Julia
poluwnÔmou me jetikì embadì (mètro Lebesgue).

O M. Shishikura (blèpe [27]) èdeixe ìti to sÔnoro tou sunìlou
Mandelbrot èqei di�stash Hausdorff Ðsh me 2.

O W. Bergweiler (blèpe [6]) èdeixe th qrhsimìthta tou jew-
r matoc twn pènte n swn tou Ahlfors sthn Migadik  Dunamik  (
Complex Dynamics). Mia ekdoq  tou jewr matoc autoÔ eÐnai h
akìloujh:
'Estw D1, D2, .., D5 tìpoi sto Ĉ oi kleistèc j kec twn opoÐwn an�
dÔo èqoun ken  tom . An D eÐnai ènac akìmh tìpoc sto Ĉ kai sum-
bolÐsoume me F thn oikogèneia ìlwn twn merìmorfwn sunart sewn
f : D → Ĉ me thn idiìthta kanèna uposÔnolo tou D na apeikonÐze-
tai sÔmmorfa kai epÐ se k�poio Di , i = 1, ...5 mèsw thc f .
Tìte h oikogèneia F eÐnai kanonik .

Efarmìzontac to je¸rhma autì o Bergweiler èdwse apant seic
se di�fora erwt mata ìpwc p.q sqetik� me th di�stash Hausdorff
twn sunìlwn Julia kai thn Ôparxh apwjhtik¸n periodik¸n shmeÐwn.

AkoloÔjhsan kai �lloi majhmatikoÐ me paragwg  nèwn sumpera-
sm�twn kai ide¸n. Autì pou mporeÐ k�poioc na parathr sei eÔkola
eÐnai mia dunamik  pou suneq¸c anaptÔssetai sto pedÐo autì twn
majhmatik¸n.
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