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‚) ™ˆÛÙfi

Á) §¿ıÔ˜

‰) §¿ıÔ˜

Â) §¿ıÔ˜

  E›Ó·È z = 2Ï + 1 + 2Ï - 1 i

A ·) O z ¤¯ÂÈ
x = 2Ï + 1

y = 2Ï - 1
� x - y - 2 = 0 0 Â: y = x - 2

O z0 ÌÂ ÙÔ min Ì¤ÙÚÔ Â›Ó·È ÙÔ ÛËÌÂ›Ô ÙÔÌ‹˜ ÙË˜ Â ÌÂ ÙËÓ OA ¬ Â Ô˘ ¤¯ÂÈ

ÏOA#ÏÂ = -1 0 ÏOA = -1, ‰ËÏ. OA: y = -x Î·È ¤ÙÛÈ ¤¯Ô˘ÌÂ ÙÔ Û‡ÛÙËÌ·:

Â: y = x - 2
OA: y = -x

� x - 2 = -x 0 x = 1 ¿Ú· y = -1

‰ËÏ. Ô z0 = 1 - i ¤¯ÂÈ ÙÔ min Ì¤ÙÚÔ.

B ŒÛÙˆ w = x + yi ÔfiÙÂ ·fi w 2 + w - 12 = z0 0

0 x2 + y2 + x - yi - 12 = 1 - i ·fi fiÔ˘ ¤¯Ô˘ÌÂ:

-y = -1 0 y = 1 Î·È x2 + y2 + x - 12 = 1 0 x2 + x - 12 = 0
x = 3

x = -4

ŒÙÛÈ Ï‡ÛÂÈ˜ Â›Ó·È ÔÈ w1 = 3 + i Î·È w2 = -4 + i

O A(z 0)

y

x

Â
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  E›Ó·È f(x) = ·
x
- ln x + 1 ÌÂ ¶.O ÙÔ A = -1,+ß ·Ú·ÁˆÁ›ÛÈÌË ÛÂ ·˘Ùfi ÌÂ

·Ú¿ÁˆÁÔ fã(x) = ·
x
ln· - 1

x + 1

A Afi ˘fiıÂÛË f(x) ≥ 1 = f(0) ÁÈ· Î¿ıÂ x > -1.

ÕÚ· Ë f ÂÌÊ·Ó›˙ÂÈ ÛÙÔ (ÂÛˆÙÂÚÈÎfi) x0 = 0 min Î·È ·ÊÔ‡ f ·Ú·ÁˆÁ›ÛÈÌË ÛÂ

·˘Ùfi ·fi £. Fermat fã(0) = 0 0 ·
0
#ln· - 1 = 0 0 ln· = 1 0 · = e

B MÂ · = e Â›Ó·È f(x) = ex - ln x + 1 Î·È fã(x) = ex - 1
x + 1

.

·) E›Ó·È fãã(x) = ex + 1

x + 1
2

> 0 ÛÙÔ -1,+ß ¿Ú· Ë f Î˘ÚÙ‹ ÛÙÔ A.

‚) ŒÙÛÈ Ë fã(x) ì ÔfiÙÂ
ÁÈ· x > 0 Â›Ó·È fã(x) > fã(0) = 0 ¿Ú· f ì ÛÙÔ 0,+ß

ÁÈ· x < 0 Â›Ó·È fã(x) < fã(0) = 0 ¿Ú· f † ÛÙÔ -1,0

Î·È fiˆ˜ Â›‰·ÌÂ ÛÙÔ x = 0 ¤¯ÂÈ ÔÏÈÎfi min ‰ËÏ. f(x) > f(0) = 1 ÁÈ· -1 < x ≠ 0.

Á) £¤Ïˆ Ë ÂÍ›ÛˆÛË
f(‚) - 1

x - 1
+

f(Á) - 1

x - 2
= 0 ‹ Ë ÈÛÔ‰‡Ó·Ì‹ ÙË˜

x - 2 f(‚) - 1 + x - 1 f(Á) - 1 = 0 Ó· ¤¯ÂÈ Ú›˙· ÛÙÔ 1,2 .

ŒÛÙˆ g(x) = x - 2 f(‚) - 1 + x - 1 f(Á) - 1 Û˘ÓÂ¯‹˜ ÛÙÔ 1,2 Û·Ó

Ú¿ÍÂÈ˜ ÌÂÙ·Í‡ Û˘ÓÂ¯ÒÓ Û˘Ó·ÚÙ‹ÛÂˆÓ ÁÈ· ÙËÓ ÔÔ›· Â›Ó·È:

g(1) = - f(‚) - 1 < 0 Î·È g(2) = f(Á) - 1 > 0,

·ÊÔ‡ f(x) > 1 ÁÈ· x ≠ 0 Î·È ·fi ˘fiıÂÛË Ù· ‚, Á ≠ 0.

ŒÙÛÈ g(1)#g(2) < 0, ¿Ú· ·fi £. Bolzano ˘¿Ú¯ÂÈ ÛÙÔ 1,2 ÌÈ· ÙÔ˘Ï¿¯ÈÛÙÔÓ

Ú›˙· ÙË˜ g(x) = 0 0 x - 2 f(‚) - 1 + x - 1 f(Á) - 1 = 0 0
x ≠ 2

x ≠ 1

0
f(‚) - 1

x - 1
+

f(Á) - 1

x - 2
= 0.
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IÛ¯‡Ô˘Ó t - 2 f(t)dt

0

2

= 0 !, H(x) = tf(t)dt
0

x

fiÔ˘ f Û˘ÓÂ¯‹˜ ÁÈ· x ç 0,2

Î·È G(x) =

H(x)
x

- f(t)dt
0

x

+ 3 , x ç 0,2

6#lim
t @ 0

1 - 1 - t
2

t
2

, x = 0

·) To lim
t @ 0

1 - 1-t
2

t
2

=
H

0
0

lim
t @ 0

-1

2 1 - t
2
(-2t)

2t
= lim

t @ 0

1

2 1 - t
2

= 1
2
, ¿Ú· G(0) = 3.

E›ÛË˜ Ù· lim
x @ 0

H(x)
x

= lim
x @ 0

tf(t)dt
0

x

x
=
H

0
0

lim
x @ 0

xf(x)

1
= 0#f(0) = 0,

lim
x @ 0

f(t)dt
0

x

+ 3 = 3 Î·ıfiÙÈ ÔÈ Û˘Ó·ÚÙ‹ÛÂÈ˜ tf(t)dt
0

x

Î·È f(t)dt
0

x

Â›Ó·È

·Ú·ÁˆÁ›ÛÈÌÂ˜ ¿Ú· Î·È Û˘ÓÂ¯Â›˜ ·ÊÔ‡ Ë f Û˘ÓÂ¯‹˜ ÛÙÔ 0,2 .

ŒÙÛÈ ÙÔ lim
x @ 0

G(x) = lim
x @ 0

H(x)
x

- f(t)dt
0

x

+ 3 = 3 = G(0), ‰ËÏ. G Û˘ÓÂ¯‹˜

ÛÙÔ x0 = 0, ¿Ú· Î·È ÛÙÔ 0,2 .

‚) °È· x ç 0,2 Â›Ó·È Gã(x) =
xf(x)#x - tf(t)dt

0

x

x2
- f(x) =

=
x2f(x) - tf(t)dt

0

x

- x2f(x)

x2
=

- tf(t)dt
0

x

x2
0 Gã(x) =

-H(x)

x
2

.

Á) E›Ó·È G(x) Û˘ÓÂ¯‹˜ ÛÙÔ 0,2 Î·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 0,2 ÌÂ

G(0) = 3 Î·È G(2) =
tf(t)dt

0

2

2
- f(t)dt

0

2

+ 3 =
tf(t)dt

0

2

- 2 f(t)dt
0

2

2
+ 3 =

=
t - 2 f(t)dt

0

2

2
+ 3 =

!
3 ‰ËÏ. G(0) = G(2).



Afi Ù· ºÚÔÓÙÈÛÙ‹ÚÈ· ¶Ú›ÛÌ· Û·˜ Â˘¯fiÌ·ÛÙÂ Î·Ï‹ ÂÈÙ˘¯›·

ŒÙÛÈ ·fi £. Rolle ı· ˘¿Ú¯ÂÈ · ç 0,2 Ù¤ÙÔÈÔ ÒÛÙÂ

Gã(·) = 0 0
-H(·)

·
2

= 0 0 H(·) = 0 @.

‰) £¤Ïˆ Í ç 0,· ÁÈ· ÙÔ ÔÔ›Ô · tf(t)dt
0

Í

= Í
2

f(t)dt
0

·

0
· ≠ 0

Í ≠ 0

0 -
tf(t)dt

0

Í

Í
2

= -
f(t)dt

0

·

·
0 Gã(Í) = -

f(t)dt
0

·

·
.

Afi £.M.T. ÛÙËÓ Û˘ÓÂ¯‹ ÛÙÔ 0,· Î·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 0,· G(x),

ı· ˘¿Ú¯ÂÈ Í ç 0,· ÁÈ· ÙÔ ÔÔ›Ô Gã(Í) =
G(·) - G(0)

·
, fiÔ˘ G(0) = 3 Î·È

G(·) =
H(·)

·
- f(t)dt

0

·

+ 3 =
@

0 - f(t)dt
0

·

+ 3 ÔfiÙÂ ¤¯Ô˘ÌÂ:

Gã(Í) =
- f(t)dt

0

·

+ 3 - 3

·
0 Gã(Í) = -

f(t)dt
0

·

·
‰ËÏ. ÙÔ ˙ËÙÔ‡ÌÂÓÔ.


