Resistive Circuit Analysis

We begin the study of circuit analysis with resistive circuits.
Resistive circuits consist solely of sources (independent and/or dependent)
and resistors. The analysis of resistive circuits is less complicated than the
analysis of circuits containing capacitors and inductors. The currents and
voltages in resistive circuits can determined in a straightforward manner
through the application of fundamental circuit analysis theorems such as
KVL and KCL.

Independent Sources

The voltage and current sources in actual electric circuits can be
accurately modeled as ideal independent sources under certain operating
conditions. An ideal independent source provides a constant current or
voltage irregardless of the circuit connected to the source (i.e., an “ideal”
source). The term “independent” denotes that the source levels do not
depend on circuit quantities elsewhere in the circuit, as is the case with
dependent sources. The circuit symbols of independent voltage and current
sources (DC and AC) are shown below. Note that the circuit symbol for an
independent source is circular for both the independent voltage source and
the independent current source.

12V 120c0s(377t) V 1A O 3cos(10mt) mA (‘D

Independent Independent Independent Independent
DC voltage AC voltage DC current AC current
source source source source
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Dependent Sources

A dependent voltage or current source is sometimes referred to as a
controlled source because the voltage or current provided by the source
depends on a voltage or current somewhere else in the circuit. Dependent
current sources are commonly used in circuit models of transistors,
amplifiers, transformers and other electrical devices. There are four
different types of dependent sources:

(1) Voltage-controlled voltage source
(2) Current-controlled voltage source
(3) Voltage-controlled current source
(4) Current-controlled current source
The circuit symbols of dependent voltage and current sources are shown

below. Note that the circuit symbol for a dependent source is diamond-
shaped in all cases.

st . 2P 20

Voltage-controlled Current-controlled Voltage-controlled Current-controlled
voltage source voltage source current source current source
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Resistors and Resistance

Resistors are commonly constructed in a cylindrical shape as shown
below. The resistance R in ohms between the ends of a cylindrically-
shaped sample of material (cross-sectional area 4, length L) is given by

_plL L
R=t="==""(Q
A oA ()

where p is the resistivity (Q-m) of the
material. It is assumed that the current density
within the resistor is uniform over the cross-
section of the resistor. The inverse of the
material resistivity p is the material
conductivity o such that

o=1 (O/m=5/m)
p

where the inverse of the ohm (Q) unit is
“mho” (O) or siemen (S). The relationship
between the voltage and current in a resistor is
governed by Ohm’s law which states that the
product of current i(¢) and resistance R equals
voltage.

v(#) =i()R  (Ohm’s law)

As the charge of the current i(f) travels
through the resistor, the charge loses energy in
the form of heat. Note that the voltage
polarity and the current direction in the
resistor circuit model follow the passive
element relationship.

The resistance formula above can also be
used to determine the resistance of cylindrical
conductors used to connect circuit elements.
Typically, in circuits, the resistance of
connecting wires is negligible.

Cross-sectional

i area A

v(t) S R
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Example (Resistance of copper wire)

Determine the resistance of 1m of 12-gauge (diameter = 2.05 mm)
copper wire (p = 1.72x107° Q-m).
pL 1.72x1078(1)

R=P= - =521 (mQ)
A 7 (2.05x1073/2)> |

With common circuit resistances in the Q or kQ range, the resistance of the
connecting copper wire can be assumed to be negligible.

In some circuits, itis convenient to define the inverse of the resistance
(R) which is known as conductance (G).

1 _
G=—> (0=5)

Inserting the expression for conductance into Ohm’s law gives an
alternative form of Ohm’s law:

v () = i(£)R = i(él - i(t) = v(1)G

Ohm’s law can be incorporated into the resistor power equation to
obtain expressions for the resistor power in terms of current only or voltage
only.

p() =v(8)i(t) = [i(HR]i(t) =i*(H)R

v(t) |_ vi()
R R

Thus, the power in a resistor can be determined given the resistor current
and voltage, or current only, or voltage only according to

vi(1)
R

~v(1)

p(1) =v()i(t) =i*(DR =
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Example (Ohm’s law, KVL, KCL)

Use Ohm’s law, KVL and KCL to determine the source voltage v in
the resistive circuit below.

R=5Q

The voltage across R, is found using Ohm’s law:
, =R, =(1)(5)=5V

The resistors R,, R;, and R, are in parallel so that

1%

v, =v;=v,=5V
According to Ohm’s law, the currents 7, and i, are
v 12
izz__%:f_.:o_sA i3=———3-=-5—=1A
R, 10 R, 35

Applying KCL at nodes a and b (nodes a and b can be combined into a
single node) yields

i1=‘2+i3+i4=0.5+1+1=2.5A

Applying KVL on the loop formed by v, R, and R, gives
v=v, +v, =i R +v,=(25)(5)+5=175V
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Example (Dependent sources)

Determine the values of v_ and / in the circuit below.

Applying KVL around the outside loop of the circuit gives

18 -v_-2v =0 = vx=——-3—=6V
The voltage produced by the dependent source is then 2v, = 12 V = v,.
From Ohm’s law, the current 7, is

The current i, can be found by applying KVL around the loop formed by
the 18-V source, R, and R,. This yields

18 -24, -12=0 - q=g=3A

Applying KCL at node a gives

=iy v - i=i

i =i, -i=3-1=2A
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Example (Resistive strain gauge)

«———— Backing

Direction of strain

Conducting foil

Solder tabs

The operation of the resistive strain gauge is based on the resistance
formula

L
R="="=" (Q
y (£2)
and the dependence of resistance on the resistor geometry. The amount of

strain experienced by the strain gauge can be correlated to the change in
total the resistance.

expansion = LT1TAIR1

compression = L | A TR |
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Series and Parallel Resistors

Resistive circuits containing series and/or parallel combinations of
resistors can be simplified using simple techniques based on Ohm’s law,

KVL and KCL.

Series Resistors

Consider a general resistive circuit consisting of N resistors in series
driven by a voltage source v as shown below.

R,

|
%

eq

%

From Ohm’s law, the individual
voltages across the resistors may be
written as

v, =iR, v,=iR

) v

v = iRy

2
Applying KVL to the single loop gives

VEV HY, bt Yy

= IR, +iR, + - +iR,,
=i(R, +R, + =~ +Ry)

=iR,,
where R,, is the equivalent resistance
given by

Req:Rl +R2+ m+RN

Thus, the N resistors in series can be
combined into one equivalent resistor
reducing the circuit down to the voltage
source in series with R .


donohoe



For the series circuit current i can be written in terms R, as

v

l:-..___.

R

eq

Inserting this result into the expressions for the individual voltages across

the series resistors gives

Vv, =1R1 v, =1R2 Vy =1RN
_ Rl Rz RN
vV, = y——ro Vv, = yp—— v, =y—
1 2 R N
eq eq eq

The last set of equations illustrate the principle of voltage division in series
resistive circuits. The voltage across the n™ resistor in the series
combination is simply a percentage of the source voltage given by R,/R,,.
A circuit consisting of series resistors is sometimes referred to as a voltage

divider.
Example (Voltage division)

Determine the circuit voltages vy, v,, and v,.

) Req=R1+R2+R3
R =1QZ v =1+2+3=60Q
' R
v, = “1?1""'15';‘
isv(t) RrR=203v “
- R
v=v 2 =152 =5
. R, 6
- v3=v——-—=15—-=75V
R, 6
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For the special case of two resistor voltage divider, the equations for
the resistor voltages are

i R
R, = v v, =V !
_ R1 +R2
v(®)
+ R2
vV, =V
R, 27 2 "R, +R,

Parallel Resistors

Consider a general resistive circuit consisting of N resistors in parallel
driven by a current source i as shown below.

From Ohm’s law, the individual currents through the resistors may be
written as
1% Y

i. = = -

= .= —
1 Rl ? RZ

P
= —
Ry
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Applying KCL to the upper node gives

=10 +1i,+ =+

1 2 N
1% v 1%
=0t — A+ et
R, R, R,
1 1 1
=y — + — + + —
Rl R2 RN
= v == =
- v=iR,

where R, is the equivalent resistance given by

1 1 1 1

= + I S—

Req R 1 RZ RN
Thus, the N resistors in parallel can be combined into one equivalent
resistor reducing the circuit down to the current source in series with R .
Note that the equivalent resistance R, will always be smaller than the

smallest resistor in the parallel combination.

i (‘D R,Zv
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For the parallel circuit current v can be written in terms R,, as

V=i Req
Inserting this result into the expressions for the individual currents through

the parallel resistors gives

i = A4 i = \4 o= \4

=2 =Y S

R, R, R,
_.Req . _.Req . -_.Req

ll—l 12—1 lN—-l
Rl RZ RN

The last set of equations illustrate the principle of current division in
parallel resistive circuits. The current through the n" resistor in the parallel
combination is simply a percentage of the source current given by R, /R,.
A circuit consisting of parallel resistors is sometimes referred to as a
current divider.

Example (Current division)

Determine the circuit currents i, i,, and .
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i=ita-109%2 -5 mA
3 1
R
i=it-10%2 225 ma
R, = 2
R
=it 21092 225 ma
R 2

For the special case of a two resistor current divider, the equations for
the resistor currents are

)
1 2 1 _ 1,1 _R+R
l(?) R, R, Req R, R, RR,
_ R R,
“ R, +R,
joiRe P 1, %,
1
R, R +R, Ry R +R,
i1=iReq=i B 1, &
R, R +R, R, R +R,
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Example (Series/parallel resistances)

Reduce the circuit below to the independent voltage source and in
series with a single resistor by combining series and parallel resistors.
Determine the current /.

Paralle!

2Q

v 20

. el . e 1 0
T 230 6 a |
2v(®) 11es-6
""""""""""""" \ 5 o
|
(3)(6) P

+6

W
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1.5Q

(2)(6)
\://‘ 2+6
60

. 12V

l jrused

1.5Q

8A
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Systematic Analysis Techniques for Arbitrary Circuits

We have defined the three fundamental laws that govern the behavior
of resistive circuits: Ohm’s law, KCL and KVL. We have also defined
circuit simplification techniques (series and parallel resistors, voltage and
current division) based on these Ohm’s law, KCL and KVL. However,
these circuit simplification techniques do not apply to all circuits (not all
circuits have series and/or parallel combinations of resistors). Also, the
choice as to which basic law to apply and when may not be obvious for the
arbitrary circuit. For these reasons, we need to develop systematic circuit
analysis techniques that are applicable to the arbitrary electric circuit. One
technique based on Ohm’s law and KCL applied to node voltages is known
as nodal analysis. The other technique based on Ohm’s law and KVL
applied to loop or mesh currents is known as mesh analysis.

Nodal Analysis

In nodal analysis, the circuit unknowns are the node voltages. For a
circuit containing N nodes, we develop a linear system of N-1 equations
and N- 1 unknowns. The procedure for the application of nodal analysis to
an arbitrary circuit consists of three steps.

Nodal analysis procedure for an N-node circuit

1. Define N-1 node voltages relative to the reference node (the
reference node is an arbitrary circuit node used as a reference
for all circuit voltages).

2. Express all circuit currents in terms of the node voltages and
apply KCL at the non-reference nodes.

3.  Solve the resulting linear system of N-1 equations and N-1
unknowns.

Circuits are typically drawn such that the circuit ground point (the logical
choice for the reference node in nodal analysis) is the bottom node in the
circuit which represents.
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Example (Nodal analysis) Determine i, i,, and i; using nodal analysis.

Step 1. In order to define the node voltages, we must first identify the
circuit nodes (3 nodes in this circuit) and assign a reference node.

R, =3 kQ

Reference Node

It is helpful in most cases to redraw the circuit eliminating all circuit
connections that do not contain a circuit element.

Reference Node "=
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When applying Ohm’s law at several locations for a given circuit, it 1s
convenient to write these equations without including units. This is easily
accomplished by adopting the appropriate pairing of units on currents and
resistances.

For circuits where the resistances For circuits where the resistances
are defined in units of Q are defined in units of k€3
v=1IR v=1IR
/’ T BN / T R\
/ | AN / ; \
/ 1 \ / \ N\
V) @A «©Q V) (mA) (kQ)

The voltage between a non-reference node and the reference node is simply
the node voltage. The voltage between two non-reference nodes is the
difference of the node voltages.
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Step 2. Writing the three unknown currents (i, i, and i) in terms of the
node voltages (using the mA-kQ convention) gives

" _Vl_v
-5 TN
R, 1
; ICRS)
== =2
R, 2
Vi VTV oMWY,
, = - -
R, R, 3

Applying KCL at nodes 1 and 2 yields

. . Vi ™V,
node 1 = 3=zl+1+z3 = 2=v1+
3
) . Vi ™V, V)
node 2 = z3+1+2=z2 = +3=_%
3 2

Finding common denominators for the two node equations (multiplying the
first equation by 3 and the second equation by 6) gives

node 1 = 6=3v,+v, -, = 4v, -v,=6
node 2 = 2(v, -v,) +18 =3v, = 2v, - 5v,=-18
The linear system of equations can be written in matrix form as
il
V2

Step 3. The linear system of equations can be solved by a variety of
techniques including simple substitution or through the use of determinants
(Kramer’s rule).

6
-18

4 -1
2 -5
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Using Kramer’s rule on the 2x2 linear system gives

6 -1
-18 -5| -30- -
v, = _ —30-18 _ 48:2.67V
4 -1 -20 +2 -18
2 -5
4 6
2 -18| -72 - _
v, - 2o B uerv
4 -1 “‘20 +2 -18
2 -5
The resulting circuit currents are
12
1—-—1———2—i§7—=267mA
1 1
v
,2=_%=i_61=233mA
2 2

VTV 267467 0

3 3 3
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Nodal Analysis (Circuits with voltage sources)

If the circuit to be analyzed using nodal analysis contains one or more
voltage source, the analysis proceeds as before after the formation of a
supernode for each voltage source in the circuit. Asthe unknowns in nodal
analysis are the node voltages, a voltage source connected between two
nodes actually eliminates one unknown. Given the voltage at one terminal
of a voltage source, the voltage at the opposite terminal is easily
determined. The supernode is formed by treating the two nodes of the

voltage source as one node.

Example (Nodal analysis with voltage sources)

Determine the voltage v, in the circuit below.

R=10Q R=30Q
——— AV ———AW
- v, +

Combine parallel resistors

R,=100Q

________________________

R=100Q {R=30Q
— v, +

Combine series resistors

R, =40 Q

eq2
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Reference Node

Th circuit above contains a total of three nodes

currents are

at first glance. However,
the voltage at the positive terminal of the voltage source is a known
quantity (10 V). Thus, there is actually only one unknown node voltage
(v,) in what is a 2-node circuit, where one node is a supernode. The circuit

. v -10 v, -10
l: =
'R, 10
Y1
"k, W
eql

KCL at the single circuit node gives

node 1 = 2=i1+i2 =

2:V1“10+V1

10 40
80 = 4(v, - 10) + v,

120 = 5v,

v, =24V
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The voltage v, is the voltage across the series combination of R, and R, in
the intermediate circuit. We may use voltage division to determine the
voltage v, (the resistors R, and R,,, form a 2 resistor voltage divider). The
minus sign on v, is a result of the voltage polarity.

R=30Q
o “/W‘Z\/h VT ™V %
" R, *R,,
v=24V R § 10Q _ 30
- 7730+10
- =-18V

Nodal Analysis (Circuits with dependent sources)

If the circuit to be analyzed using nodal analysis contains one or more
dependent source, the analysis proceeds as before with one additional step.
The controlling variable (voltage or current) must be expressed in terms of
the node voltages. This may require an additional equation to substitute
into the KCL equations.

Example (Nodal analysis with dependent sources)

Determine the current i, in the circuit below.

R=50Q

1ov(®) R,250Q 2.
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. "
l e
Y R, 5

Applying KCL at the single node gives

10 - v, v
node 1 = i +20 =1 = 3 = —
Y 5 5
30 -3v, = v,
30 =4v,
v, =75V

The current i, s

10 - _
= 1 10775 _g54

* 5 5
Note that the controlling current of the current-controlled current source
was defined in the circuit current equations so that no additional formulas
were required for this problem.
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Example (Nodal analysis with dependent sources)

Determine the current i_ in the circuit below (the current-controlled
current source in the previous problem has been changed to a voltage-
controlled current source).

10 V@) R, § 5Q <T> 2v,

The circuit currents are
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Applying KCL at the single node gives

node 1 = i+ 2vx =i,

Note that an additional formula defining the controlling voltage v, in terms
of the node voltage v, is required. From the original circuit, we find

v.=10 -v,
Inserting the expressions for i,, i, and v, into the KCL equation gives

Vi Vi
*2(10-v) = 2

10 - v, + 10(10 - v,) = v,

12v, =110
v, =9.167V

The current i, is

;o 107V 10-9.167

=0.167 A
¥ 5 5
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Mesh Analysis

In mesh analysis, the circuit unknowns are the mesh currents. For a
circuit containing N meshes, we develop a linear system of N equations and
N unknowns. The procedure for the application of mesh analysis to an
arbitrary circuit consists of three steps.

Mesh analysis procedure for an N-mesh circuit

1. Define N mesh currents (such that all circuit currents can be
defined in terms of the mesh currents).

2. Apply KVL to each mesh expressing voltages in terms of the
mesh currents.

3.  Solve the resulting linear system of N equations and N
unknowns.

For simplicity, only planar circuits will be considered in the study of mesh
analysis. A planar circuit can be drawn such that no circuit connections
Cross.

Example (Mesh analysis) Determine v, using mesh analysis.

Step 1. Two mesh currents (i; and i,) are required to describe the
currents in this circuit (direction assignment is arbitrary).
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Step 2. Applying KVL to mesh 1 and mesh 2 yields

mesh 1

mesh 2

=

=

Rearranging terms gives

-60i, - 5(i, ~i,) - 15=0
15 - 5(i, - i,) - 6i, — 6, =0

~65i, +5i,= 15
5i, - 17i, = -15

The equations in matrix form are

-65 5
5

-17

L)

Step 3. Solving for the mesh currents gives

15 5
15 -17| - _
_-255+75 _ 180 _ o 1era
65 5 | 1105-25 1080
5 -17
-65 15
5 -15 _ |
_975-75 _ 900 _ g3z
65 5 | 1105-25 1080
5 -17

The voltage v, written in terms of mesh currents is

v, =6i,=6(0.833) =5V
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Mesh Analysis (Circuits with current sources)

If the circuit to be analyzed using nodal analysis contains one or more
curent source, the analysis may require the formation of a supermesh for
certain current sources in the circuit. Since the unknowns in mesh analysis
are the mesh currents, a current source common to only one mesh actually
eliminates one unknown (the mesh current is determined directly from the
source current). A current source common to two meshes requires the
formation of the supermesh.

Example (Mesh analysis with current sources, no supermesh required)

Determine the current i, using mesh analysis.

R=4QZ | L |
 rZso (Doa

24V

Note that the 3 A current source is common only to mesh 2. The mesh
current i, is thus a known quantity (i, = -3A) which eliminates one
unknown. The resulting problem is a single mesh circuit. Writing the KVL
expression for mesh 1 and incorporating the known value of i, gives

mesh 1 = 24-4i -4(i,-i)=0
24 -8i, +4i,=0
24 -8i,-12=0

12=8i, = i =15A=i


donohoe



Example (Mesh analysis with current sources, supermesh required)

Determine the current i, using mesh analysis [the positions of R, and
the 3 A current source in the circuit diagram of the previous example have
been interchanged (the solution to the problem should be unchanged)].

l X Supermesh

Now the 3 A current source is common to mesh 1 and mesh 2 and requires
the formation of a supermesh. The supermesh consists of the periphery of
meshes 1 and 2 (enclosing both meshes and excluding the current source
in the common branch). The two-unknown system in this problem is
characterized by two equations:
(1) the supermesh equation in terms of the mesh currents.
(2) the source current in terms of the mesh currents. |
For the given circuit, we have

supermesh = 24 -4i -4i,=0
source =  i,-i=3
The linear system of equations in matrix form is
4 4|\
-1 1

24
3

Ly
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Solving for the mesh currents gives

24 4

i - 3 1 _24-12 12 _ 4,
4 4 4 +4 8
-1 1
4 24

- Sl 31 12+24 36 _ 4.4
4 4 4 +4 8
-1 1

The branch current i, in terms of the mesh currents is
i =i, =15A

which is the same as before.

Mesh Analysis (Circuits with dependent sources)

If the circuit to be analyzed using mesh analysis contains one or more
dependent source, the analysis proceeds as before with one additional step.
The controlling variable (voltage or current) must be expressed in terms of
the mesh currents. This may require an additional equation to substitute
into the KVL equations.
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Example (Mesh analysis with dependent sources)

Determine v, using mesh analysis.

The three-mesh circuit is simplified by the independent current source
common to mesh lonly (i = 2 A) and the dependent current source
common to mesh 3 only (i; = 0.5v,). Writing the KVL equation for mesh
2 gives
mesh 2 = 3-2(i,-i)-6i,=0
8i, -2i,=3
8i,-v =3
We require an additional equation relating v, to the mesh currents:
v =61,
Inserting this equation into the mesh 2 equation gives
8i,-6i,=3 = i,=15A
v, =6i,=6(1.5)=9V
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The Thevenin source voltage is found by determining the open-circuit
voltage for the resistive network as shown below.

i,=0
>

The Norton source current is found by determining the short-circuit current
for the resistive network.

The Thevenin resistance is the ratio of the Thevenin voltage and the Norton
current such that

Vt
R =
I

n

Altenatively, the Thevenin resistance of a network containing only
independent sources can be determined by zeroing out the sources (short-
circuit all voltage sources, open-circuit all current sources) in the resistive
network and determining the equivalent resistance seen at the terminals.
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Thevenin and Norton Equivalent Circuits

It is useful in many circuit analysis problems to replace a relatively
complex resistive network with a simple equivalent circuit that provides the
same two-terminal characteristics (voltage and current). The Thevenin
equivalent circuit is one such circuit consisting of an independent voltage
source in series with a resistor. The Norton equivalent circuit consists of
an independent current source in parallel with a resistor. There exist
straightforward procedures to determine these equivalent circuit for an
arbitrary network. The circuit equivalences of the Thevenin and Norton
equivalent circuits are illustrated in the figure below.

e
+
v § R,
----------------------------- 1
MWW o
R, +
Thevenin
equivalent ———» VG) Ay § RL
circuit N
............................. I
° e
Norton : +
equivalent ~—+ ] <T> Rt Vv R
circuit : o L

V. - Thevenin source voltage
R, - Thevenin resistance
I - Norton source current

n
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Example (Thevenin and Norton equivalent circuits, independent sources)

Determine the Thevenin and Norton equivalent circuits for the circuit
shown below.

nglsg
10V@:>

R2§25Q (DH1a

We can use either nodal or mesh analysis to determine the open-circuit
voltage. Using mesh analysis gives

. 2 s 4 O
E : : : +
R, § 5Q | ;
g ‘R.2 § 2’5 Q i (T 1 A voc
10V t)i I I _
o4 I
L 4 @ O

10 - 154, -25(i, +1) =0
~15 = 40i,
i, = -0.375A
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The open-circuit voltage (the Thevenin source voltage) is the voltage across
R, given by
V.=v,=25(i - i) =25(-0.375+1) = 15.625 V
The short-circuit current is found by analyzing the following circuit.
il isc

S —
L 4 L 4 O

RééSQ |
zggﬁg (MD1a
ov(®)

Note that the resistor R, is shorted (a zero voltage across it), so that no
current flows in this resistor. Given the short circuit at the output terminals,
all of the current produced by the 10 V voltage source (i;) will follow the
path through the short circuit. The value of i; can be found by applying
KVL around the outer loop of the circuit. This yields

10-154,=0 = i=-—=2A

All of the current from the 1 A current source will also take the path
through the short circuit. Thus, the overall short-circuit current (the Norton
source current) is

The Thevenin resistance is the ratio of the Thevenin voltage to the Norton
current which gives
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The value obtained for the Thevenin resistance in this circuit can be
checked by evaluating the equivalent resistance seen at the circuit terminals
with all sources zeroed (since this circuit contains only idependent sources).
Thus, we short-circuit the 10 V voltage source and open-circuit the 1 A
current source yielding the following circuit:

O

R,325Q - R

According to the circuit, R, is equal to R, in parallel with R, which gives

g - U935 4350
15 +25

which agrees with the previous result.
The Thevenin and Norton equivalent circuits found for the given
circuit are shown below.

R =9375Q
MW o o
v,(£)15.625V 1=1667A(1) ZR=93750
O O

Thevenin equivalent circuit Norton equivalent circuit
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Example (Thevenin and Norton equivalent circuits, dependent sources)

Determine the Thevenin and Norton equivalent circuits for the circuit
shown below.

vx VOC
ST
10 30

To solve the problem, we need an equation relating v, to the node voltage
v... Summing the voltages across the dependent voltage source and the 10
Q resistor yields

v, =2vx +v_ = 3vx
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Inserting v, = v,./3 into the KCL equation gives
oc VOC
2=—+ — = V.=v,=30V

The Norton current is found by analyzing the short-circuited network
below.

+
v, S R=100Q

- R2§3OQ (H)2a

X J—

The resistor R, is short-circuited (zero current) and the total voltage across
the dependent voltage source and R, is zero (3v, = 0, v, = 0). Thus, the
short-circuit current is

I =i =2A

= e

The resulting value of the Thevenin resistance is

R =— = = 15Q
R,=15Q
A — o
v,(£)30Vv 12A(1) ZRA150Q
O O

Thevenin equivalent circuit Norton equivalent circuit
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Source Transformations

The concept of Thevenin and Norton equivalent circuits illustrates the
principle of source transformation. We have shown that the arbitrary
resistive network can be replaced by either

(1) avoltage source in series with a resistor
(Thevenin equivalent source)
(2) a current source in parallel with a resistor
(Norton equivalent source)
Since the Thevenin and Norton equivalents must provide identical terminal
characteristics (voltage and current) as the original circuit, they themselves
must be equivalent and interchangeable. That means that we can transform
any voltage source in series with a resistor into a current source in parallel
with a resistor, and vice versa.

R

v = () R

Voltage source Current source

Note that the polarity on the voltage source and the direction on the current
source must follow the convention above for the sources to be equivalent.
The transformation between voltage and current sources is useful in circuit
analysis in that a source transformation sometimes leads to series or parallel
resistor combinations that reduce the complexity of the circuit to be
analyzed. In other cases, the transformation between current and voltage
sources can simplify a mesh or nodal analysis by reducing the number of
sources that require special treatments like supernodes or supermeshes.
(nodal analysis with only current sources, mesh analysis with only voltage
sources).
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Example (Source transformations)

Determine the current 7 in the circuit below through the use of source
transformations.

Transform voltage
source into
current source

Combine resistors
in parallel
(2)3)

543 =12Q

500 V

70 =250 A

Transform current 60 V
source into e .
voltage source 7 m
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1.2 Q

(1.2 Q)(250 A) =300 V

The circuit has been reduced to a single series loop. Writing a simple KVL
equation around the loop gives

300-1.2i-60-18i=0
240 =31
i=80A

Maximum Power Transfer

Many applications in electrical engineering involve circuits
designed to deliver power to a resistive load R, as shown below. Given an
arbitrary resistive circuit, we would like to determine what value of load
resistance provides maximum power transfer from the circuit to the load.

Replacing the resistive network by its Thevenin source equivalent yields a
simple voltage divider circuit.
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46,

As previously shown, the power delivered to the load resistor (p;) can be
written using one of three different formulas:
%
.2 L
pr=vpip =igR = —
R,

The voltage across the load can be determined by voltage division to be
R
v, =V, -
R +R,

Inserting the voltage expression into the last power formula (in terms of
voltage and resistance) gives

VIR,
p i
YR +R)

To determine the value of load resistance that maximizes the load power,
we differentiate p, with respect to R;, set the derivative equal to zero, and
solve for the load resistance.

dp, V(R +R,) -2 ViR,/(R *R) _ .
dRL (Rt + RL)4

The derivative is zero where the numerator term is zero. Factoring out
common terms yields

R +R,-2R, =0 - R, =R
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Thus, maximum power is delivered to the load whenever the load resistance
is equal to the source (Thevenin) resistance. Inserting R, = R, into the
general power expression yields the power delivered to the load under
maximum power transfer conditions (p;.,):

v’

meax—Z_R_t

According to the equivalence of the Thevenin and Norton source models,
maximum power transfer for the Norton source model also occurs when
the load resistance is equal to the Thevenin resistance. The expression for
the power delivered to the load under maximum power transfer can be
written in terms of Norton source equivalent parameters (/,, R,) by replacing
V, in the previous expression by 7, R,. This gives

IR,
p Lmax 4

Example (Maximum power transfer)

Determine the value of load resistance R; in the circuit below that
yields maximum power transfer and determine the resulting power (p.x)-

10V

We seek to reduce the circuit to a Thevenin or Norton equivalent source
connected to the load resistance and determine the value of R; at maximum
power transfer from the resulting Thevenin resistance.


donohoe



We start by transforming both voltage sources into current sources in order
to combine quantities in parallel.

R, 7R,
AVWWY——e—— AW
20 kQ 5 kQ

®
"""""" \7\:'" IR A
10V 0.5 mA . Transform voltage sources 10V
—_— = (}.5 m to current sources — =2 mA
20 kQ 5 kQ

The circuit obtained after performing the source transformations is shown
below.

05mA(1) R §20 kQ §RL R, §5 K (1)2ma

Note that all of the elements in this circuit are in parallel. The parallel
combination of R; and R, yields

_290G) 410

“4  20+5
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Series Voltage Sources Parallel Current Sources

1
4,

S — L 2 O

@ WD 6D

+

v (D)
5 . o
KVL = v, +v,-v,=0 KCL = i,=i%]i
veq=va+vb

The parallel current sources in the transformed circuit give an equivalent
current of

iq=0.5 +2 =25mA

e

Inserting the equivalent current source and the equivalent resistance into
the circuit yield the following.

Nortofi equivalent source
(I,=2.5mA, R,= 4 kQ)
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Thus, maximum power is delivered when R, = R, = 4 kQ. The power
delivered to the load at maximum power transfer is determined by

L hR_@sx0y
Lmax 4 4

(4000) _ 625 mw

The Principle of Superposition

The principle of superposition provides us still another technique for
analyzing circuits. The principle of superposition applies to /inear circuits
containing more than one independent source (the circuit may also contain
dependent sources).

Principle of superposition - given a linear circuit containing two or
more independent sources, any voltage or current in the circuit can be

found by algebraically summing the circuit response due to each
independent source acting alone.

In order to determine responses from one source at a time, we need to zero
the effect of all of the other independent sources (short-circuit voltage
sources and open-circuit current sources). Dependent sources are included
in each response calculation and are not zeroed as with the independent
Sources.

Example (Superposition) Determine the response v, using superposition.

R=10Q R=30Q
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This circuit contains one independent voltage sources (V,) and one
independent current source (/,). To determine v, dueto ¥, only [v(V,)], we
must zero the effect of I, (short-circuit /). The resulting circuit is shown
below.

R=10Q  R=300Q
AMAW AW
- vx(Vo) +

v=10V (%) R=100Q

Note that the circuit forms a 3-resistor voltage divider. Given the polarity
of v(V,), the voltage division expression for this response is

R
v.(V)=-V 2 1029 - 6v

R, +R, +R, 50

To determine v, due to 1, only [v(/)], we must zero the effect of V, (open-
circuit V). The resulting circuit is shown below.

R=10Q R,=30Q

This circuit forms a current divider where the 2 A source splits into i, and
i,. By current division, the current i, is
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R
=1 — 1t 210 g4p
R +R,+R, 50

The resulting value of v,(/,)
v(l)=-i,R,=04(30)=-12V

According to the superposition principle, the overall response v, is then

v.=v(V)+v()=-6+(-12)=-18V


donohoe



