MAOHMATIKA
OETIKHZ KAI TEXNOAOIIKHZ KATEYOYNZHz
B° TASHZ ENIAIOY AYKEIOY

2002
OEMA 10
A. Ti ovopualoupe eOWTEPIKO YIVOHEVO dUO dIavVUOUATWV CI,B :
Movadeg 4
B. Na anodcieTe OTI TO €0WTEPIKO YIVOUEVO OUO JIAVUOHATWYV

gival i0o pe TO AOPOICHA TWV YIVOHEVWV TWV OMWVUHWV
OUVTETAYHEVWV TOUC.
Movadeg 9
r. Na xapakTnpioeTe TIC nNpoTdoeIiC nou dakoAouBouv,
ypdpovTtac oTo TETPAdIO 0ac Tnv evoeién ZwoOTOo n
Ad@og dinAa oOTO ypduua nou avTioOTOIXEli O KAOBE
nporaon.

a. 'Eva Jdiavuopa kalr pia eubeia, av €xouv Tov idio
ouvTeAeaTn dieuBuvong sival napdAAnAa.

B. Av det (CI,B) gival n opifouoca Twv diavuoudtwyv 4 ,B,
TOTE 1I0XUEl N I00duvapia:

a//B e det (@,B)=1.

Y. Av a, B civar BOeTikoi akgpaiol, TOTE navrta IoXUEl:
a-B-[a,Bl=(a,B) onou [a,B]eival To eAaxioro
Kolvo noAAanAdoio Twv a, B kal (a, B) €ival o pEyIOoTOC
KOIVOG JIaIpETNG TwV a, B.

5. H efiowon x? + y?> + Ax + By 4+ = 0 pe A’>+B2-4I >0

NnaploTavel KUKAO HE KEVTPO K(_A _B) .
2" 2

Movadeg 8

A. 2Tn ZTAAN A JivovTtal €EI0WOEIC KWVIKWV TOMWV KAl OTn
2TAAN B €€10W0EIC EPANTOUEVWV KWVIKWV TOPMWV OTO ONUEIo
enageng (xi,yi).

Na ypdwete oTo TeETPAdIO oac¢ 1o ypduua tnc ETAANG A Kai
dinAa o€ kdBe ypauua, Tov apibuo 1N ETAANG B rnou
avTioToIXEl NAvTa oTn owoTr £EI0WON EPANTOUEVC.

Texvikn Ene€epyaocia: Keystone



STAAN A 2TAAn B

a. X“+y =p 1. yy; = p(X + X1)
2 2
B X Y _
G+B 1 2. XX1 + yy; = p?
3. XX Wi
y2=2px 02+BZ —1
2 2
0. XY _
? E—l 4. xx1 +yy:1 =1
5. XX1_YYi _ p?
G2 BZ
6. X4 _Wi_y
? P
Movadeg 4

Andavrnon:

A. Ovopdaloupe €0OwWTEPIKO  YIVOUEVO OUO  HN  MNdevIKwYV
dlavuopdtwv G Kal B Kal TO OUMPOAICOUME HE G-B  TOV
npayudaTiko apibuo:

a-B=[al-[p[ovve
4nou ¢ n ywvia Tov diIavuopdtwy & Kai B .
Av =0 R B=0 TOTE opifoupe a-B=0.
B.

'Eotw a(X,,y,) Kai B(X,,v,). Me apxi To O naipvoupe Ta

Siaviopata OA =& kal OB=f.
B(x2, w2)
A(x1, Y1)

B q

O

A
Anod Tov VOUO TWV CUVNUITOVWY OTO TPiywvo OAB €XOUUE:
(AB)? = (OA)? + (OB)? — 2(0A)(OB)suvAOB

'OJWG €ival:
(AB)* = (X3 - X1)*+(y2 - W1)?
(OA)? = x+y,?

Kal (OB)2 = X22+l.|J22
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Enopévwc €xoupe d1adoxIKa:
(X2 = X1)?+(W2 - W1)? = x>+ Pi?+x2°+y,? - 2(0A)(OB) 5uvAOB
N META ano npa&eig:
2X1X24+2W1ys = +2(0A)(OB) cuvAOB
Kal ENEIdn:
(OA)(OB) cuv(AOB) = - f
MpokUNTel TEAIKA OTI:
a-B= XiX2+Wi1y>

r.
a B Y 0
2 N N 2
A.
>TAAN A >TNAn B
a 2
B 3
' 1
) 6
OEMA 20
A. Na anodei€eTe OTI TO YIVOUEVO OUO MEPITTWV AKEPAIWV APIBPWYV
gival NepITTOC AKEPAIOG ApIONOG.
Movadeg 5
2
B. Na anodeciete 0TI av 0 a €ival akEpaiog, TOTE KAl O C'(02+1)
gival akEpaiog.
Movadeg 10
r. Av O a €ival nePITTOC AKEPAIOG, va anodeikete OTI O
a (02 + 1) gival enio ' '
bl L) NG NEPITTOC AKEPAIOG.
2
Movadeg 10
Anavrnon:
A. 'Eotw a = 2k+1 kal B = 2A+1 pe K,AeZ dU0 NePITTOI AKEPAIOI
apiOuoi. ToTe:
a-B=(2k+1)(2A+1) =
= 4KA+2K+2A+1 =
= 2(2KA+K+A)+1 =
= 2p+1

onou p = 2kA+K+A akepalog apiBuog.
Apa TO YIVOHUEVO a - B = NEPITTOG apIBUOG.
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B.
(i) Av a apTiog akepalog apiBuog, dnAadn a = 2A he AeZ TOTE
EXOUME:
a@?+1) 24’ +1)  2h@an +1)]
2 2 2 -
(ii) Av a nepITTOG aképalog apiBuodg, dnAadn a = 2A+1 pe Ae Z TOTE
EXOUME:
a(o® +1)  (@2+D)|@+1)7+1]
2 2 -
(@D ar1+1]
- 2 -
(@241 + v+ 2]
- 2
2 +)@2 + 2 +1)
- 2
=2+ (2 +2+D)eZ2 (1)
F. Ano 1o oupnépacpa (1) Tou epwTANATOC B £xoupe OTI:

MANZ +1) e Z

2
—“'(“2”) = (2A+1)(2A2+2A+1) =
= A+1D)[2(A2+N)+1] =
= (2A+1)(2p+1) : NEPITTOC AKEPAIOG AOYW TOU

EPWTANATOG A HE P = A°+A €Z

OEMA 3o
Aivetal n napaBoAn y? = 4x. Na BpeiTe:
A. Tnv eoTia kal Tn dieuBeToUoa TNG NnapaBoAng
Movadeg 6
B. TIC guBciec nou diEpxovTal and TNV €0Tia TNC NAapaBoAnc Kai
anéxouv ano Tnv apxn Twv agdévwv anooTacn ion Je \f
Movadeg 10
. Tnv €€iowon TnG e@anTopévnG TNG NAapdBoAng mou e€ivai
napaAAnAn otnv subeia y= x - 1.
Movadeg 9
Anavrtnon:

A. H €fiowon y? = 4x ypaperal y?> = 2 . 2 . X, ondTe €ival p = 2.

'ETol n e€oTia E €xel OUVTETAYMEVEC E[%,O) n E(1,0). H

P

dieuBeTovoa cival x=- nx=-1.
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B. To ouvoAo Twv eguBsiwv nou digpyxovTtal ano Tnv eotia E(1,0)
neplypageral anod TIg eEI0WOEIG:

M):y-0=Ax-1)oy=AX-AcsAX+(-1)y-A =0, relR
(e): x = 1.
V2

d(O,s)=1¢7 apa n (&) dgv €ivar Auon.

AvalnToUpe €10l Ae IR WOTE

V2o 0+ (=102 2
— & =— &

SN =20 +)e 2 =2 h=11 A=-1.
'ETo1 npokunTouv dUO euBtieg:

a)fiaA=1:y=x-1.
ByNMaA=-1:y=-x+ 1.

.  Av (g') n dnToupevn euBeia kal A(Xy, Y1) TO OnUEio enagng TnG
(e") e TNV napaBoAn, n (e") exer TN popen:

yy: = p(X + X1) 0 yy1 = 2(X + Xq).

Eneidn y; # 0 n TeAeuTaia ypageTal y:£x+2ﬁ.
Y1 Y1

Apa o ouvTeAeoTNC OIEUBUVONC NPOKUMTEI A =£.
Yi

AOYw TNG napaAAnAiag pe Tnv y = x - 1 npenel:
?\.:1@221(:)}’1 =2.
Y
'OuNwG A(X1, Y1) €ival onueio TNG napaBoAnc, onoTe
yi=4x, 2" =4x, & x, =1.
TeAika n {nToupevn e€icwon eivai:
ye2=2x+1)eoy=x+1.
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OEMA 40
Aivetar n e€iowon x* + y? -2xouvO-2ynud -1=0, 0<6<2n.
A. Na anodci&ete 0TI yia kKGBe 6 n €iowon auTrn napioTavel KUKAO,
TOU 0Moiou va npoadIlopioETE TO KEVTPO KAl TNV AKTiva.
Movadeg 9

B. Av g=", va Bpeite TNV e€icwon TNG epanTopévng Tou KUKAOU
2

oTO onueio M(1,2).
Movadeg 9
F. Na anodeieTte OTI yia TIC JIAPOPEC TIMEC TOU O TA KEVTPA TWV
napanavw KUKAwv BpiokovTtal o€ KUKAO pe kevTpo 0O(0,0) kal
akTiva p = 1.
Movadeg 7
Andavrnon:

A. H doopevn €Ciowon ypageral:

(x? - 2xouvB) + (y? - 2ynud) =1 n

(x? - 2xouvl + ouv?B) + (y? - 2ynud + nu?e) =2 i

(x - ouvB)? + (y - Nue)* = 2 (1)

H TeAeuTaia dpwg napioTtavel KUKAO Pe kevTpo K(ouvl, nud)
Kal akTiva p=+/2.

B. Anod tnv e€iowon (1) yia Ozg, NPOKUNTEl 0 KUKAOG:

(x - 0)> + (y - 1) = 2 Tou onoiou To kévTpo eival K(0,1).

Eivar: A, =M YK - 2=l Eneidf n epantopévn €ubeia oTo
Xy —X¢ 11—

M eival kGBeTn otnv gubcia KM, npokunTel OTI Ba exel

ouvTeAeaTn dieubuvong A = -1 kail e€iowon:

y-2=-1(x-1).
Apay = - x +3.

r. Ol OUVTETAYHEVEG X, Y TWV KEVTPWV TWV NApanavw KUKAWV
givai:

X = ouvB, y = nub.
'ETol npokUnTel X + y? = ouv?0 + nu?0 n x> + y? = 1.

Apa Ta KEVTPA auTd BpiokovTtal oTtov KUKAO pe kevTpo O(0,0)
Kal akTiva p = 1.
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