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Elcaywyn

® (O1 Bourbaki Eekivoiv 1o BipAio Tovg Ogpéa tv
MobOnuatikov pe ta €ENg Adyo: «Amd THY ETOYY TOV
apyoiov EAAvov, 10 vo AEC «padnpratikd». 16000vvaLLEl
LLE TO VO AEC «ATOOELEN Y.
® TiaxpiPag eivorl OHOG 0VTO TOL ATOKUAOVIE ATOOEIEN;
Eivoi ouvatov va €(ovpe e0patUEVT TNV «OANOE1e) Hits
LA UOTIKNC TPOTAGTC Ol ™G va Elval OuvaTO vo
otaf€Tove KATOLo AITOOEIET Y1 " ALTNV; L —
® Aofeicag poc mpdtaons @ UTopovLE TAVIOTE VO,
ATTOOEIEOVLE TNV 1GYV TNG ® N TNE APVNONC ~P QVTNC;
® (1 évvoleg ™G «aAnBelacy Kol TG «amdOEENC» elval
1GOOVVOLEC;




‘Eva atrpoocdOKNTO ATTOTEAECUO

® [TapakorovOnote TNV EmyEpUATOLOYIN

® Evtomicte mBbava KEVA GTOVG
GULAAOYIGLOVG




ApiBunon Godel

AptBuovue OAOVE TOVG TOTOVES, ULOG

elevBepng petafAnmg y, e
apOuntikng Ieavo PA | ko og SE

0,(0),0,00),P:(X)> - - ,cpv(x) M ap&)w%

TOLC.




H TpdTaon ¢, (K)

> H exppaon ¢, (k) onAmvel tnv
owrucocwcswcn ™mg 87\,81)98[)1]@ ugm[ﬁgng
TOL TUTTOL O ()) ,0TO TO APLIUNTIKO TOV Ko

DvuoKa GV TEPITTOOT) ou)rn M SK(pp%
0,(K) etvar Evog «KAEIGTOS) TOTTOG, 811%(1

uia Tpotaomn g PA.




AvatrapaoTaon
ATTOQEICIMOTNTAC

> An08(x) on LLOLVEL TO YEYOVOG ou
TOTOG Y. €IVOL OTTOOEIEILLOG.




OpIouoc Tou guvoAou K

>

OpiCovpue Eva ocvvoro K m¢ &gnc:
v K & ~Anod(e,(v)) K
6nka8n 0 apo uoc; \Y% (XVHKSI‘
K av ko uovo av M npowcm TOV
TPOKVTTEL OO TOV V-00TO TOTO UE =
AVTIKOTAGTOGT) TG ekeﬁespng
ugwl?)?mrng TOV ,00 TO aPOUNTIKO TO

v, €lvan un anoé‘)atituoc; ‘




To K €ival opioiyo otnv PA

>

O1 £EVvvOolEC TOL EUTAEKOVTOL GTO 0ECLO

uépog TOV n(xpoméwoo OPLGLOV, Elval
optmuec; oV PA ,dpo ko 10 cOVOAGK

Oa eivat oplmuo TNV PA. Ankaéiné
1)7t0th8l TOTOG 2()) £TCL OOTE M
npowcm Z(v) VoL EPUNVEDETAL OC TO _

veyovog ott v L K. ?




2(X)=®,(X)

® O tOmoc X(y) opeirel va eppaviceTOL
OVOUEGO GTOVG TOTTOVG TNG OPYIKTG =
apibunong, oniadn o vrapyEl KOTOWOGH,
apuog p Etol wate  X(X)=¢,(X)-




H @, (p) €ival un atravtaoiun

® OcPOVLE TOV «KAEWGTO» TUTO @ (p). Ba dgicovpe OTL N
«olaymvia » Tpotaon @ (p) eivor pn amavineipn oty PA.

> Av o (p) eivan omofislﬁtun otnv PA 101€ 0@eilet va ﬂou
opOn ,oniaon p UK apa ~Amoo(e (p)) akn@ng,
¢.(p) 0gv givan amoogicun, aTomo.

> Av ~(pp(p) glvor amoogisiun tote ~(¢ (p)) ockn@ng, 611
p OEV owmca oto K, cmvan(x)g Anoﬁ((pp(p)) 1GYVEL, L A

A0y M TpoTOoN @ (p) Eivol AOdEiSIun, ATOTO.




Y1rapxouv aAnBeic kal un
QATTAVTNOIUEC TTPOTATEIC
( GODEL )

® 'Eyovue EVIOTIGEL AOUTOV L0, TPOTOCT] TNG
PA mov ogv gival amavtnoun otnv PA.

® ()GTOGO0 GE GNUAGLIOAOYIKO ETITEOO T
mpoTact @ (p) etvar aAnONG, apod avTe

OV EKQPALEL (TO YEYOVOS ONAOT OTL O
etval un amwooeiEiun) 16y VEL. ?
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TYTHIIKA 2Y2THMATA

['evikd wAmvtog £va Tomikd cuetnua eival £va 6hvolo couormv pall pe
TOVC KAVOVEG ypNnong touc. Edikotepa Eva Tumikd cOoTNU TEPIEYEL:

‘Eva Bactko «aroafnto» copuornv tpog yprion-Mia axorovbia

cLUPBOA®Y amd TO0 aAPAPNTO CVTO AfyeTon EKQPO.CT.

‘Eva kptti)pro pe 1o omoio kabopilovue moleg eKQPPAGELS Eval «ypouUaTiKd

0pBESH. AVTEC 01 EKPPACELS ElvVOL EKEIVEC TTOV OTTOTEAOVV POP
Kot AEYOVTal TUTTOL

ONUOTOC

TOV GLUGTHUATOC.
Opwuévoug KOVOVES GUUTEPUGILOD TOV TEPLYPAPOVY TOVG TP
TOVG EMITPEMETAL VO, cLVOLALOVTOL TO AELOLLOTOL GTIG omoBeuiag

tonwv. Akpiéotepa, 0mooe1cn BACEL TOV TVMKOD GLOTARATOG
o akolovdio amd TOTOVG @ ,9,,. .., TETOW OCTE KAOE @, lte elv

tov T,elte TPOKVLTTEL OO TPOTYOVUEVOVS TOTOVS TG akoAovOiag W
KOATO1®V atO TOLG KOVOVEC GU ;,mspacmm’)

Agpig 0T1 0 TOTOG P amodEKVOETOL 0td TO T, EAV LITAPYEL L0l OTTOOEL
10 T, Tng omoiag o teAevtaioc Opog givar o .



HITAQ22A THZ APIOMHTIKHZ
N ApIBUNTIKI W¢ TUTTIKO oUuoTNUO

® H ylooca L g apiOuntiknc nepiéyet:

XYMBOAO EPMHNEIA
J otadepag 0 undév g
Q  ovvapmone S GUVAPTNON SBOYAC e
Qd  kornyopnuatog =’ 100TNTO! e
d  Swerobg mpdéng +’ npocOeon S
Q  Swelovg mpééng ¥ TOAMATAACLOGLOG B
O petaPAntov y  (epounsinov midovs ) petaBAnT ;
O 1o Aoyikd oOpuPoio mopeVOECELC .
(,),000 -, 00 apvnon,n,kat =
aV...TOTE,VTAPYEL
v KAOE. ‘




Kavoveg oxXnNUATIONOU «0pBwvV» EKQPATEWYV

d To 0, o1 petaPantéc xar to S(0),S(x) elvat
O Av 1, kou T, eivon 0pot, 10t Ko o1 ekppdoels S(t,),T, 171,
Ko T, %1, €ivatl Opot

.y S(0)+0, S(S(0)+5(0))*S (), S(x)*S(x)+5(0)

Q elval o1 EKEPAGCELS TG LOPPNC T=T3
Omov T,,T, Opot. AnAaodr] ot aTopKoi TuToL eivart ot
ovvnOelg AOQaVTIKES EELCMOELG.

Y- %S )X, X,)=8(X5) *X,

N 00 |
Q O TPOKVTITOVY OO TOVG ATOULIKOVG UUE

- e
EPAPLLOYT TOV GDVSSGuo)V D,D —, OVOUECO GE OVO
OTOUIKOVC TOTTOVE 1 EPAPLOYT TNG APVNONE ~ ,1 TOV =
nocooekt®V L[, unpocstd amd Evav atoutko Tumo.
Y- U Ue(u=10t) » U y((x=y+y)Lx=y+S(y)) ,
(X, Ty=x,ty) —x=x2, Lx(~S(x)=0)




Ta Aoyika aciwpata

* Lo~(t-9)

®*2.(p ~(t-0) ~(9 1) ~(¢ ~0))

®* 3.0 ->~1) (1 ~09)

® 4 (Ly)e - o(y/t) ,0mov t 6pog eAeVOEPOC Y10 TN
ueTaPAntn y oTOV TOTO O.

® 5. (D¢ ~1) - (9 ~ (OY1) 6mov 1 uawﬁknrng

etvan erevBepn oTov TOTTO ©.

6. X=X

7. X=y - y=X

8. x=ylly=z -»x=z

9. x=y, L=y, Ll... L =y, > t(X,....X )=y, -5Y,)

10. x=y, ULL.. [X =y, - (0(X,,....X)) = @ (Y5---,Y,)) Y10
K&Oe Opo t Ko kabe TOTO @ NG YA®Goag L.

N
.
-
N
_



Ta Aciwpara PEANO vyia tnv
QPIOUNTIKN

P1)Lx ~(0=S(x))

P2) Lix Ly ~(x=y) - ~(S(x)=S(y))

P3) Lx(x+0=x)

P4) Ox Oy(x+S(y)=S(xty))

P5) Lx (x*0=0)

P6) Lx Ly (x*S(y)=S(x*y)+x)

P7) B(0)LILIx(B(x) - B(S(x))) - LIxB(x)
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O1 KavOVvEC QUUTTEPATUOU

® ) Kavovog g amocnmaons (Modus Ponens)
07TO TOVG TUTTOVG P,P — T, TOPAYETUL OTVTTOG T

® [I) Kavovog tng yevikevong (Generaliza
oo TOV TUTO @ TopdyeTal o TOTog (Lly)oe



ANOAEI=H

‘Eoto X €va 6hvolo Tommv g YA®cooag L. Améo€iEn tov tumov ¢ and

TO X AEYETOL 10 TEMEPAGUEVT OKOAOLOIR TOTTOV @, . . .,0, TETOLN OCTE
©, = Kot ylo kabe 1=1,...,v 0 @, elva:

N aélopo

N TOTTOG TOL X

N TPOKVITEL ATTO OLO TPOTNYOVLUEVOLS TUTOVS ULE EPOPLOYI TOD.,
M.P..,onradn vapyovv j,k<i,£161 GOTE O=¢, - O, E N

| npom)ma amd Evav Tponyovuevo tomo pe tov K.I'.,dnhadr| vmapyer =

j<i tétoto hote o= Oy, e ™y npodmddeon 6T N petaBAnm )E
epneaviteto aksueapn 010 2. O®a Aépe 0TLO @ napaysrm 10 e

OTTOOELKVVETAL OO TO X, UE GOUPOAN X|— @, oV LTEAPYEL Lol OTTOOEISK

TOL @ oo T0 2. Av 1] @ TapdyeTol Lovo and to alopota, Oo AEyeTo
PE———— 0 ]
R |

Oeopnua kot cupforileTon—o



AAYOPIOUOC

® T civan £vag aryoprOpog;

> Tlpokertal Yo €va 6UVOAO EVTOANDV,TO 0010, OEO0UEVIS LLOG ELGOO0V
(mov kaAgiton emiong Kot apytkd dedouEVO 1 OPICUOL) LEGH OO, KATO10
GUVOAO OLVOTOV EIGOOMV (OPIGUATAOV, Y10, OEOOUEVO aMéptOuoKag
otvel v ovvoatotnta vo AdPovue pio ££000 (anorakecma) OV  —
VOICTATAL L0 £000G, 1] VOL NV AGPOVUE OV OEV VIAPXEL KALLLDL
Y10 TV GLYKEKPYLEVT €ic0d0. Ilapatpiiote 6Tt To GHVoLo TOVE———
OLVATOV EIGOOMV GLVIGTATAL OO OAES TIG ELGOO0VG OTLG OTOLEG
v EQAPLOGTEL 0 OAYOPIOLLOG Kat O)L OVO Al TIG OTTOTEG O OAYOPL
OlVEL LL1o £6000. AV VTAPYEL L0 £S000G YLOL UL GLYKEKPULEVT €1GO
AEue OTL 0 aAyOp10 [OG UTOPET VoL EQUPROGTEL GE QLTI TNV £l0000, Kat——————=

Vv emeCepyaleTon, MGTE Vo OMGEL TNV OvTioTON £€000. =

To 6OvoAo OA®V TV dLVATOV EIGOOMYV TOL UTOPEL VO TOYEL
eneepyaciog amd dedouEVo alyopiiuo, Kareital Tedio
EQUPUOCIUOTNTAS TOV aAyopifpuov.




YTTOAOVYIOIMEC TUVAPTNOEIC

® Ac eivan A() n €6000¢ oV AapuPaveTot Le TNV
EQOPLOYT TOV alyopiBuov A 61NV €i60d0.Y. O
AEue OTL 0 aAyOop1Ouoc A vToAoYICeL T =
cuvapmon ¢ av Exovue A(x) Lo(x) ,yw 67»§
X [ Eo® 10 cvuPoro Lleivou n «icdtnTa vwd cuvOnKec, ﬂOl)ﬁ

0p1§81:0u ®G aéng Oa 7\.8“8 ot A [B, glte av, ta A ka1 B dgv gwi
opiopéva, eite av opupdtepa ta A kot B eivor opiopéva ko foca.] T _

> Mo GuVEPTNOT OV UTOPEL Vo VTOAOYIGTEL OO,
KOO0V aAYOp1OL0 KoAEiTOL VITOAOYIGLUN =




Kwodikotroinon Godel

® H yA®ooa tng aptOuntiknc
L:{+9*98909:9N9 o EL()))} D {X\;: X\;DN}
e KaBéva amo ta cOuPoAia g L amovepuovpe Evav

apOuo ¢ EENG:
Xouporo  AplOuog ZouPoro  ApOudc

’V

0 0 -6
+ 1 07
* 2 (8
S 3
= 4 ) 9
~ 5 X, 10+v

Tov ap1Buod mwov avtictoryel 6to cvuPoro a Oa Tov
cvpuPoriCovue pe o . Iy [H =7




Kwdikotroinon Godel

® >¢ KdOe akorovlia <a,,0.,,...,0.> oTOLEl®V TG L,
QVTIGTOLYOVUE TOV apOUd o, . ..o $=201#F 130241 [ P aviit
omov P mapiotavel tov v-06to tpmto apipo. Me tov

TPOTO aVTO KAOE OpoC T Kol kKA TOIOC @ ™S PA amoktovv
vay kdduco 185,03 mov Aéyeton apiBpog Godel Tov dpov 1

TOV TOTOV. [0 TO pepOVOUEVO GOLPBOAO O TNG YADGSOS
(1$ 2a#+1

® H mopanave avriotoyyio pmopel vo enektabel kot G&é
aKoAoLOiEC TOTT®V MG 8<§ng AV @,,0,,...0, €tval pio,

akolovOia TOTOV TOTE G VTV AVTICTOLYOVLLE TOV aptﬁ
0,0y 0,82 855 3955 . B 22 .
M 0 ]
——

® ‘'Etol o¢ kabe andoeiin A péca oty PA (voodpevn og =

aKoAoLDia TOTWV VTOKEINEVN GE KATOL0VG nsptopwuovg)
OVTIOTOLYEL LOVOSTILOVTO £VAG PLOTKOC aplOuoc AS=A



Kwdikotroinon Godel

® Ady® NG LOVOOIKOTNTAC TNG AVAALGNC GLGIKOV aplOUov
GE€ YIVOUEVO TPOTOV TOPAYOVIOV 1) TOPOITAVED
avtioTotyia sivon o éva Tpog éva cuvaptnon $ and 1o
GUVOAO TV EKPPACEMV KOl TOV AKOAOVOIOV EKPPAGEDV
™c YA®ooac L 610 chvoro Tmv guoikdv aptudy. He
GLVAPTNOT AVTY EIVOL TPOPAVAOS VTOAOYIGLUT [LEETIONE ™.
vroloyioiun v avtictoPn g $'[M ddha Aoy vrdpyer
aAlyopluog mote dobeicac Kdmorag Ekppaocnc o tne L va vtol
TOV KOOIKA TG af Kol emiong 0006vTog puoikov aptduov v Undp)=
aAyop1Ouog mov va eEAEYYEL av 0 aplBUOC aVTOC Elvor KOOTKOG B
KOO0 EKPPAOTS TNG YADNGCOS KO OTNV TEPIMTMOGT TOL Elvon val
KaBopilel v Ekepaocn avtn.]




Kwdikotroinon Godel

Ta cOvolra:

® Var={x $:n N}

® Num={n$:nN}

® Sent={f$ : f tpotaioM TNC PA}
® Term={t$ : t 6poc }

® Fml= { ¢$ : ¢ tOmOC }

® Ax={ 03 : ¢ oiopo mg PA } e

® Proof= { <AS$,0$>: 1 A givon amddeién e ¢ oto PATE

etval OA0 avadpopIKd ( aAyoprtOpika ) vTocvvola TOE




To Bewpnua TNC avatTapdoTaong

® Opiouog: Oa Aéue 0tT1 0 TOmoC F(y,y,z) avamapriotd oty
PA ™ ocvvdptnon f(x,y),avv F €xel axpiBag tpelg
ele00epec HeETAPANTES 1, Y,Z KOl Y10, OAOVE.TOVC PLOIKOVG
ap1Oupovg k,m,n yio tovg omoiovg toyvet f(k,m)=n:
A) PA amooewcviel F(k,m,n)
B) PA amodeikviel Lz(~(z=n) - ~F(k,m,z)) .
(Av avti yuo tnv B Oswpnoovpe v B, :Av oy {(K; Il’;
101 PA 0mo00. ~F(k,m,n) t0TE WAGUE Y100 OTTAN
EKPPAGLHOTNTO TOV KaTnyopnuatog H(x,y)=z) =
" Qo Aéue 0T TO KATNYOPN Lo K(x,\p) Hopet va _

avamoapactadel oty PA otav vapyet Tomog A(Y, )
TETOL0G DOTE:

o) Av oyvel Mk,v), t0ote PA amoogikvoel A(k,Vv)
B) Av dev 1oyvel Mk,v), Ttote PA amoocikvoel ~A(K,V)



To Bewpnua TNC avatTapAdoTaocng

® Representation Theorem.

> KaOe mtokoytcmm cLVOPTNON wuget
va tapoactadel uéca otnv PA

> Kabe vroroyiowo kotnydpnuo =

umopel va mapactadel otnv PA. TS

d "Eva katnyopn po. eltvan owomapacmmuo oV Kol uovo ov
M YOPAKTNPIGTIKN TOV GLVAPTNON EIVOL AVOTOUPACTAGILL




AHMMA TH2 AYTOANAD®OPAZ
Av o TuttoC C(X) TNG PA, TTEPIEXE
MIa akpIBwG eAeUBePN paTaB)\nTn X,
TOTE UTTOPOULE VO

KOTAOKEUAOOUUE evav K)\SIO‘TO—
TUTTO B TNC PA, TETOIO WOTE V&I =
IO'XU&I OTI
PA amrodcikvuel: B - C(B) -
otrou B ¢ival o
apPIBUNTIKOG KWOIKAC Tou TUTTOU B

NG PA. ‘




Amoosiln

Ewcdyovpue tnv amokaiovpevn
sub(x.,y).

OpiCovpe v T1pn sub(x,y) ¢ eENc: Av y gtvar o apOuog Godel
KAmotov Tomov O(u,v,w,...) T0Te avTiKadictovpe Tov opuntucd 6po y
GTNV Oscm oL@V TV aksuespcov uetaPaAntwv tov Tmov O, OTOKTOVTOG
tov 1m0 D(y,y.y,...). Tote vmoAoyiCovpe Tov apiBuo Godel n ,aLTOV
TOL TOTOV, Ko BEtove sub(x,y)=n. Av y 0ev ivon aplOUos Godel
KAmwolov Tumov, 10te BETovue sub(x,y)=0.

Xopig apgipoiio n sub(x,y) eivor vToAoyicn GLVAPTNOT: Hpn
oobevTov y ko y kabopilovie TpdTa av o ¥ givot aplouog Kom:m
OOV 1N OYL. Av Oyt TOTE sub(x,y)=0. Av var avackegvalove TovV E
OVTIKAOIGTOVE [E y OAEG TIG EAEVDEPES HETAPANTES TOV KO B —
vroAoyiovpe tov apdud Godel n ,Tov TPOKVTTOVTOC TOTOL KOAL
Oétovue sub(x,y)=n. Aev vapyet npoB?m 1o OAEC o1 TOPOTAV® svro=
Vo KoodkoromBovy pe kataAinio npoypaupo,ry e Pascal. Xvyva
gfvat oo KOLPAGTIK 1 Kwdwonoinon pe po pnyevi Turing.
Xoupova tédvtmc ue m 0€on Tov Churths , kd0e vroloyiciun

cLVAPTNON UTOPEL Vo KmotkomomOel pe Kon:écMn}m unyovin Turing. i




Ag vmoBécovpe o011 Eyovue oM wa Turing unyovy Tov vroAoyilel Tnv
sub(x,y). Zoupova ue o e@pnua TS averTapaoToc|S ,LLITOPOVLE VO,
Koataokevacovue Evav PA-tomo SUB(X,y,z) 1€1010V OGTE Y10 OAOVE TOVG
k,m,n: Av sub(k,m)=n 16t¢

A) PA amooeikvoel : SUB(K,m,n)
B) PA amooekviet : [z(~(z=n) - ~SUB(k,m,z))

i
N -

Ewsdryovpe tdhpa tov tomo C,(x) : Oz(SUB(x,x,z) » C(z)) [0 10m68.C ()
givan To TumKO avticToryo oty PA ¢ éxppaong C(sub(x,X)) E

Ag givar k 0 ap1Opodg Godel tov tHmov C,(X). Oswpovpe TOV TOUTTO 5 C.(K) Tov
omofo cvpPolrilovpe omhd o B.[ O B dnidvey, « o mv bwomta Tyl

Topa yio va oAokAnpmBel n amdoecn Oa dsiCovue OTL :
PA amooeucvoel B « C(B)



[Ipmta deiyvovue 0Tt PA amodeucvoel B —» C(B)
‘Eoto Aowov PA anod. B oni. C (k) 1 Uz(SUB(k.k,z) - C(z)) (1)
A@ov sub(k,k)=B t0te:

PA amod: SUB(K,k,B) kot PA amod: (~(z=B) - ~SUB(Kk;k,z)) (2)
And v (1) mpoxvntel 611 PA anod. SUB(K,k,B) - C(B)

Amo6 Tov modus ponens t6te npokvnteL 0Tt PA amod. C(B). X0 u(p(aro
Oeopnua Topaywyns Aowmdy Ba Eyovue PA amooeikviel B — C(BE

‘Eoto topa 61t PA amod. C(B). Tote PA oanod. SUB(k,k,B) - C(BE

Amo TG (2),(3) mpokvmter 6Tt PA amod. Oz(SUB(k,k,z) —» C(z)) Snk%
amodelkvoeL Ty B, omdte amd 1o Bedpnpo mapaymyng TpoKOTTEL OTL P

C(B) - B.




ewpnua un mAnpotntac GODEL

® Opilovue T0 KOTNYOpTLAL:
pri(x,y)=*y etvar 0 ap1Onoc amwoos1ing Tov TVTOL nE aPLono
% (0TOV 0VTOC sivor amodsiiipnog) ”

HpO(powd)g TO napoméwco Kot yopnuo etvor Dnokoyicmo. Anhoon
VITAPYEL OAYOPIBLOG OGTE B0BEVTOG y Vo eEAEYXEL av O y-&ivar 0 aptBpog
Godel kamotag andoeing anod o PA ko av va, o a?»yopt@uog UTOpEL va
OVOKOTOOKEVAGEL TNV akoAoLOio NG omoﬁeting Vo TGEKAPEL TO
TEAEVLTOLO TOTTO TNG AMOOEIENG KOl VAL VTOAOYIGEL TOV KADOLKOL TOV
oG £tvat o y ToTe 0 alyOpLdpog Bo PePatdvel 6TV £5000 TOV
Kot yopnpa prf 1oyvet, Kot 6g OL0POPETIKY TEPITTOGCT OTL OEV 16
Eniong 1 £€€0d0g Tov adyopibpov ba PePardvet 61t T0 Kom]yopn fh-—— N
IGYVEL OV 0 Y O€V EIVaL KMOIKOS KATOLOG amOdEENS and o PA




ewpnua un mAnpotntac GODEL

® Meth amo T TOPATAVED Kot opoD TO KATYOPTLO
pri(x,y) elval vwoAoyiciuo cOUP®vVA Le To Bempnua TN
AVATOUPAGTAGCTC WTOPOVUE VO KOTOGKEVAGOVUE EVOV
tono PRF(X,y) Tng PA o omoiog va exepacel to pri(x,y)
otnv PA.

® Mrnopodpe va Oswpricovpe 01t 0 TOmog LiyPRF(Xy) =
eKQPACEL TO yayovég OTL “0 TOMOG e apOuo y etveat
omoéieuiluog O tonog ~ LyPRF(x,y) Oa exppaler o =

YEYOVOG OTL O TOTOG LE KMOTKA ¥ OEV Elvau omoéisuim

o E(papHOCovwg T0 AN fpa TNg ounoowoc(popag GTOV _
M 0 ]

TEAELTOLO TUTTO TPOKVTTEL OTL VITAPYEL KATO10G L
«KAEIGTOS» TOTOG G Y1 ToVv 0moio Ba Eyovue:

PA oamodcikviel G « ~ [yPRF(GS,y) (1)




ecwpnua un mAnpotntac GODEL

® Ag 80K1uaconu8 TOPO Vo EAEYEOLUE av 1) oNAwon TN G
etval aAnOnc N yevonc.

> 1."Eoto 611 G ivon omwodei&iun ko ac eivor A $ o
apOuog I'kévtel g anéSet&ng Tote T0 KOTNYOPLQ

prf(G § ,A$) eivon aAnb<g omdte katd To Hedpnpe
avamoapactacns PA amoogivoel PRF(G $,AS)apaBa

&yovpue 011 PA amoodeikvoel LyPRF(G §$ y) (2)
Aniaon n PA opeilel va eivon acuvenic.

Av houov 1 PA givan covemig 101€ om0 T (1), (2)
08nyov LOOTE GE owmpoccm Kot apa n G ogv umopel v
givar amooeiEiun. [ eivan n PA ocvvenng; Agv 10

=

-

yvopilovue. Av ndvtog eivar tote 1 G oiyovpa dev T
uropet va amooetyBel uéca otnv PA.] =




ecwpnua un mAnpotntac GODEL

> 2.'Eoto 1 ~G givan amodei&iun. Awo v v (1) Ha
Eyovue 0TL amwooei&iun etvon ko  LyPRF(GS,y).
Ao Tika avtd onuaivel 0Tt VITAPYELATOOEIEN TNC G.
Oonyel Opmc avtd €VBEMC oto OTL 1 PA €iven acuvennc;
Kdnoto¢ 0o umopovce va okeptel m¢ eENG: AQOv
Blaeétovua om(')é‘)aﬁn ¢ LyPRF(GS,y) avtv parope. vo
TNV eVToTio® maipvoviag tovg aptduovg 1,2,3.4 . ‘
cepd pexpl va Bp® T0 KATAAANAO Y10, TO OTo10 r%
pri(GS$,y) sivon aAn0éc. 'Etot Oa cqu)rou(xcwv S —
PLGLOAOYIKG £5TM KL AV dEV UITOPOVGOLLE VO e
OIKALOAOYNCOVUE OLGTNPA AVLTOV TOV TPOTO GKEYNG. - |




@ecwpnua un mAnpotntac GODEL

*  Ouwg 1 Ba cvveBatve av TOTE 0€V EVTOMILOTAV TO
KOTAAANAO Y TG amdoeienc; Tote Ba Nuactoy Umrpoctd
oTNnV €ENC OLGAPESTY KATAGTOGOT:

1) PA amodewcviel LyPRF(GS,y).
2) v k0Oe k , PA amodeikvidet ~PRF(GS$,k)

2TV Topandvo Kotdotaon Aéue 0t PA eivalr @= =
O.GVVETNG Ko TOTE Glyovpa Ogv Eyovue gvbeia owri(pacs;

mv ~ G .Tétown avtipaon Oa elyaue av umopovcoue vor =
OVTIKATAOTAGOVUE OAEC TIC EeympioTéc amodeifelc yio kGbe =
K, PA amodeikvoel ~PRF(G$.k) pue po memepacuévn
arodeién g npodtaong O y(~PRF(GS,y))

Ac onueimdet 0t1 av n PA givan acvvennc tote Oa ivon Ko E—
w-acvvennc. 'Etol oty mepintwon mwov n ~G etval

amooeiciun n PA Ba etval m-acvvennc. ‘




ewpnua un mAnpotntac GODEL
® KoataAnyovue €161 6T0 TEPIPNUO Oe@pnuo un

tAnpotntag tov Godel:

> Av n PA amoodeikviel tyy npotoacy G.rote n PA
EIVal O.6VVETIG.

> Av n PA amodeixvoel tyy npotacny ~ G rorg
PA eivar w-acvvemng.

* M’ dA\ha Aoy, av 1 PA dev gival o- ocm)vem%

TOTE Dnapxovv otV PA mpotdoelg b .
amovTNoluee (ov ko etvon aAnbeic otav B
EPUNVEDOVTOL LUE TOV KAVOVIKO TPOTO) =

* AnAodn To CLVTOKTIKA LECH EIVOL AVETOPKT] V1o
Vo TPAYOUV OAEC TIC oplOuNTIKEG aAnOeles .



ATTOOEICN
B(x) cvuPoirilel tov tomo Ly P ROOF (x, y)
= £$=0 apdpdc ['kévieh tov tomov f
Cns(PA) onAmvel tov tOmO —uB(a) omov o pw avtipacn wy 0=1. H
Cns(PA) onAmvel to yeyovog ot 1 apiduntikn PA sivat cuveimg
Aeyopoote TNV 16Y0 TOV TOPAKATO 0EO00UEVDV

DPA e = PA | B(¢)

2) PA |—B(a) OB(a - y) - B(I/) %
- e B
3)PA | B($) — B(B(9))  —
—
Oa ociEovpue Ot1 av G glvon n TpOTAON FKSVTSX Y10, TNV ool _

PA } G - =B(G) 1616 PA }Cns(PA) -
H 1televtaia ovvOnkn odeiyver o011 1 mpdtacn Cns(PA) ov
16oovvaun pe v G dev umopetl vo, givonl amavinolun HECO GT
aplOuntikn PA.

' O1ouvbnkeg 1,2,3 amokoroby o1 ouvOnkeg Hilbert-Bernays.



PA | B(G) - B(B(G)) (5) (amd TV 3)
PA |— -G o B(a) (amo v 4)

PA | B(B(G) » =G) (6) (amd 1)

PA | B(B(G)) = B(—n G) (7) (omb 6,2,2°)
PA | B(G) — B(~G) (8) (and 7,5)
FG-26)-a® _

PA} B(G & =G) - B(a) (10) (am6 9,2)
|— G - (G - =G) 4po PA | B(=G - (G - =G))
A} B(=G) -~ B(G - =G) (11)

PA | B(G) B(a) (omo 8,10,11)

PA | =B(a) — =B(G) dniadn PA | Cns(PA)—G.
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PA | 0—G (an6 K.A.) paPA} B(a - G)
Emopévoc amd v 2 Ba Eyovue PA |— B(a) - B(G)
PA F-B(G) - = B(a) dnhadn

PAFG - CnS(PA)

Eyovue amoogiéer Aomov 01t PA |— GeCns(PA).
O ouvOnkec 1,2,3 Hilbert Berneys pumopovv va
amooelyfovv ota mhaicia Tne aplBuntikng Ieovo PA=
KotaAnyovpe Aomodv 610 GOUTEPAGLLOL: =
H ovvénewo g apBunrikne PA , ogv pmopel E
OTOOELYTEL eSO OTO  TAQICLL TG OGS TG

aprOuntknc. (B” 0copnpo pn tinpotnrog)
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2UVETTEIEC TWV
BewpPnNUATWY UN TTANPOTNTAG

INPOI' PAMMA HILBERT

Imv Tetaptn 8 Avyovotov tov 19000
N1t Xikurept §dwoe pio. StarheEn ore
TAOG10L TOV Aw@voug 2VVEOPLOV
Mabnpatikav oto Hapioct. Exet =
napovciace 23 mpofinpota tov onow)\E
AVGT), KOTA TNV YVOUN TOL , o onudogve
TNV EEEMEN TV Lo uomm)v




TO AEYTEPO NPOBAHMA XIAMMNEPT

H MH ANTIOATIKOTHTA TQN AZIQMATQN
THZ APIOMHTIKHZ

Otav oepevvovue T Depeon piag EmGTNUNC,
OQEIAOVUE VO  OLUTLITOGOLUE €V GUGTHLO
(x(épw)udm)v TOL VO TEPLEYEL o aKplPpn Ko
TANPN  TEPLYPOPT TOV OCYECEWV UETOGL, TOV
G’COléSl,O)S(DV EVVOLMOV OTNG TNG EMOTHUNG. AVTO
TO OCLOUOTO EIVOL TOVTOYPOVA Ol OPIGLOT O
TOV GTOWEIMOMV evvolmV. Kavévac toyvpt
CYETIKAL TPOC TNV EMOTNUN m% OTC
sgatdgovus TIC apyeS oev Ba yivetal EKIOE
aKpPnec, €AV 0V TMPOKVLATEL VOTEPO IO
TEMEPAGUEVO TANOOC Prudtwv and to a&dmarﬁ




H MH ANTI®OATIKOTHTA TQN AZIQMATQN
THZ APIOMHTIKHZ

...Q01000, TPV amO OAw, UETOEL. OA®V TOV
EPOTNUATOV OV TIOEVTUL OO TNV EEETUCT TV
]0{;1(0“&1:0)\/, Oepd GNUAVTIKOTEPO TO AKOAOVOO:

o amoocyfei 0TI TO OCIOHATA  OEV. Eival

avTIPATIKG.  Ani00n  vo  QmoosLyTel

pooiloucvor o ovta TO  OCIOUOTO &;é
’ ’ OTIKO

UTOPETOVUE TLOTE VO, KATOANCOVUE OE QVTIQ
OTOTEAEOUOTO.  [IEGO. OO €VO.  TEMEPACHEVO

TAN00G AOVIK®WY GOVERAY W YDV. —



H MH ANTIOATIKOTHTA TQN AZIQMATQN THZ
APIOMHTIKHZ

LU OVTIQOTIKOTNTO TV S YEOUETPIKMV
AEIOUATOV  OVAYETOL GTNV  OTOOEIER. TNC UN
AVTIPOTIKOTNTOG TV OCIOUOTOV S, TNG
aPLOUNTIKNG. =
Oco yo v amOoEICn TS UN CVTIQOTIKOTITO
TV ocgm)udm)v TG OPLOUNTIKAG, VT TPETEL VO
apoypotomomOel  gv0émg ...ue  uebooovs
GUALOYIGHOD — TIG OTOIEG YPMOUYLOTOIOVUE GTE

Oswpicc TtV dppntov  aplOuov, aEov
EMECEPYAGTOVUE KATAAANAQL.




H MH ANTIOATIKOTHTA TQN AZIQMATQN THZ
APIOMHTIKHZ

...Av umopovue v amooEICOVUE OTL Ol 1OIOTNTEG
Tov 00Unkav ce pie Evvola oev. Do umopEGouv
TOTE, UE TNV EQPOPUOYN) EVOC TMETEPAUCUEVOL
tAnBovg kogu(d)v GLVALY®WYDV, VO, 00TYICOVV GE
avtipaon, Qo €leya OTL Ue TOV TPOMO. OLTO
£YOVUE ATOOEIEEL TN Iya()n OTIKN VTapPsnTng
gv Aoym Evvorog. ...l ggtdmarg CYETIK

TOVG TTPOLYUATIKOLG 0plBUODG, 1 aTOoEISn T
OVTLPATIKOTNTA, TOLG Do, MTov TOwTOYPOVO

ATOOEIEN TNG LOOMUATIKNC {)nap&n%rou GDVE
TOV  TPAYHOTIKOV — oplbpmv,  onAoom
GLVEYOVC.




[1pETTEl VO paBoupue
@a pyaboupue

To 1931 o Hilbert kAetvel o 01aAeEn ToL
comoe oto  Kéviykoumepyk e TN
CUYKIVNTIKN] OWOKNPLEN ¢ Pobivtepnc
nEMOBNONG TOL Yo TO ua@nuaru«x <
vVTapyovy  KoOoAov un  em 1)(%
apopuato. Avii Yo 10 TOPAA

ignorabimus, omavTNoN UOC  AVTIOETE

etvar: Ilpéner va nabovovpe, Qo udﬂovu£»=




TO NMPOI'PAMMA XIAMIEPT

To 1900 o XiAumept %:Kwd oo THV. AVTIATYN
KOWVTG AOYIKTG TOV LObNUOTIKOD Y100 TeL
noOnuotikd, wov givon BELoog OTL TOL GTOWYELDON
uépa TOVG gyaoouerp{oc Kot aplOuUnTIKr)) Vet =,
oAnon. Kabwg opmg n avtiAnym tov yio tee =
aClouatikd cvetnuoato Pabaivel vt N L ==
OVTIANYM KoWNG Aoyikng apyiCel ko kKAoviCetat. =
O Xilumept avapoTIETOL TL NTAY «OAN0E» Kottt =
«OTTOOEOELYUEVOY GTO GUGTNUA TOV.

T otV TPAYNOTIKOTNTO G| LOLVE OTTOOEIKVY
KATLS




TO NMPOI'PAMMA XIAMIEPT

To 1904 apyiCer va au@idArer av ot aptOuol
KOO0V TOMTOV UTOPOLY VO, TEPLYPUPOVYV LE
KoBopd  AOYUKOUC épovg Kt avtd.. 01011 n
npO(powng Bdon yia v £vvola Tov apleuougwou
n €évvowr 100 ovvorov. Ouwmg Unag
mpoPAuota  (mopddofn) pe TV £Vvolo, TOL =
GLVOAOV. Avocpcouewt v UITopouvV %
avantuyfovv tavtdypove 1 Oswpia opldudv Kar

N AOYIKY). f




TO NMPOIrPAMMA XIAMINEPT

To 1917 ot Zvpiyn onAovel: «a@ov 1 ECETAOT
TNG GLUVETELNC EIVOL EVA, EPYO TOL OEV UTOPEL VOl
amropevyfel  ,  upowdlel  amepaitnto  vo
OELOUOATIKOTOWGOVUE TNV 1010 TN AQYIKT] KOl VO
amooEicovue 0Tl N Bempia aprOumy Kol n.Oewpia
GLUVOAMV €ivol amA®g uepn s Aoyikne»Exet
Oétel Kot To TPOPANUO TNG EMAVGIUOTNTAG EVE
noOnuatiKov TpoPANUOTOS G Vo TETEPAO
minbog Pnuatov( umopel o mTPOTOON Ve =
amodeyel M va kotoppipbel 6to mAoictlo per .
6880},%3\/1]% gwpiag 1 eivol avecaptnn

aVTN;) vinta. KoL TNV OYECT  UETO
QOPUAAIGLOD KO TEPLEYOUEVOL GTO, LolOnUOTL

KOL TNV AOYIKT).




TO NPOIrPAMMA XIAMINEPT
Méypt to 1922 10 mpdyuoto

ETLOELVOVOVTOL. 2TOl noOnuoatTika
EKONAMVETOL 1 Agyouevn  «Kplom
Ocpuerimoncr. [IpoeLeyovoa

TPOCOTIKOTNTO GE QTN TNV TACH Eiven o
OALavOOC TOmoAOYOC Mmpdovep OV Yl
moAMG  ypOvie  KoAMepyovoe — vaw

TOAVT00 KAGOO 1TNC OLALOGOGING E

woOnuatikov (Ivrovieroviopog). —
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