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v Ï ìéêñüôåñïò äõíáôüò öïñÝáò ìéáò (ìç
ôåôñéììÝíçò) êõâéêÞò spline áðïôåëåßôáé áðü ôÝóóåñá
äéáäï÷éêÜ õðïäéáóôÞìáôá åíüò äéáìåñéóìïý, åßíáé
äçëáäÞ ôçò ìïñöÞò [xj-2 , xj+2].
Áðüäåéîç: ¸óôù [xï , xn] o ìéêñüôåñïò äõíáôüò
öïñÝáò ìéáò (ìç ôåôñéììÝíçò) êõâéêÞò spline S |[xï ,xn].
ÅðåéäÞ Ýîù áðü áõôü ôï äéÜóôçìá, áõôÞ ìçäåíßæåôáé
ôáõôïôéêÜ êé’ åðåéäÞ S º C2[xï , xn], èá ðñÝðåé ôüóï ïé
ôéìÝò ôçò æçôïýìåíçò spline óôá óçìåßá xï êáé xn üóï
êáé ïé ôéìÝò ôçò ðñþôçò êáé äåýôåñçò ðáñáãþãïõ ôçò íá
ìçäåíßæïíôáé. ¸÷ïõìå ëïéðüí ãéá ôéò äéÜöïñåò
ðåñéðôþóåéò:

1) Ôï äéÜóôçìá [xï , xn] áðïôåëåßôáé áðü Ýíá
õðïäéÜóôçìá [xï , x1].

Èá Ýðñåðå íá éó÷ýåé: S(x0)=0=S(x1) áëëÜ êáé
S´(x0)=0=S´(x1) , S”(x0)=0=S”(x1), ïðüôå ç S èá åß÷å
ôç ìïñöÞ: S(x)=á(x- x0)3 (x- x1)3 êáé Ýîé ñßæåò, Üñá äåí
èá Þôáí êõâéêü ðïëõþíõìï.

2) Ôï äéÜóôçìá [xï , xn] íá ðåñéåß÷å äýï
äéáäï÷éêÜ õðïäéáóôÞìáôá, íá Þôáí äçëáäÞ ôçò ìïñöÞò
[xï , x2].
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Ãéá íá åßíáé ç æçôïýìåíç S êõâéêü ðïëõþíõìï
óôï äéÜóôçìá [xï , x1], ëüãù ôùí ðñïûðïèÝóåùí ðïõ
ìíçìïíåýóáìå ðáñáðÜíù, èá ðñÝðåé íá Ý÷åé ôç ìïñöÞ :
S |[xï ,x1] (x)= á(x- x0)3 êáé ãéá íá åßíáé êõâéêü
ðïëõþíõìï

xï x1 x2 ÅðåéäÞ S º C2[xï, x2]
èá ðñÝðåé S |[x ï ,x 1](x1)= S |[x1 ,x2](x1)�
á(x1- x0)3 = â(x1- x2)3 � á = â (x1- x2)3

(x1- x0)3
(1)

Åðßóçò èá ðñÝðåé limS´ |[xï ,x1](x)=lim S´ |[x1 ,x2](x)
x� x1- x � x1++

ÄçëáäÞ 3á(x1- x0)2=3â(x1- x2)2 � á = â (x1- x2)
2

(x1- x0)2
(2)

ÅðåéäÞ x0�x1�x2 ïé ó÷Ýóåéò (1) êáé (2) äåí åßíáé
ãåíéêÜ óõìâéâáóôÝò ïðüôå äåí õðÜñ÷åé ç æçôïýìåíç (ìç
ôåôñéììÝíç) êõâéêÞ spline.

Ïé (1) êáé (2) óõíáëçèåýïõí ãéá á=â=0, ôüôå
üìùò Ý÷ïõìå ôåôñéììÝíç ðåñßðôùóç.

óôï äéÜóôçìá [x1 ,
x2], èá ðñÝðåé íá
Ý÷åé ôç ìïñöÞ:
S |[x1 ,x2](x)= â(x- x2)3
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3) Ôï äéÜóôçìá [xï , xn] íá ðåñéåß÷å ôñßá
äéáäï÷éêÜ õðïäéáóôÞìáôá, íá Þôáí äçëáäÞ ôçò ìïñöÞò
[xï , x3].

Ãéá ôïõò ëüãïõò ðïõ áíáöÝñáìå óôçí
ðñïçãïýìåíç

.
xï x1 x2 x3 èá Ý÷åé áíôßóôïé÷á

ôéò ìïñöÝò: S |[x ï ,x1](x)= á(x- x0)3 êáé S |[x 2 ,x 3](x)=â(x- x3)3.
¸óôù üôé ç ìïñöÞ ôçò óôï åíäéÜìåóï äéÜóôçìá

[x1,x2], åßíáé ç: S |[x1 ,x2](x)=ãx3+äx2+åx+æ.
ÅðåéäÞ SºC2[xï,x3] ðñÝðåé íá Ý÷ïõìå ïìáëÞ

ìåôÜâáóç óôá óçìåßá x1 êáé x2. ÐñÝðåé äçëáäÞ
S |[xï ,x1](x1)= S |[x 1 ,x 2](x1) êáé S |[x2 ,x3](x2)= S |[x 1 ,x 2](x2) äçëáäÞ

á(x1- x0)3= ã(x1)3+ä(x1)2+åx1+æ (3)
â(x2- x3)3= ã(x2)3+ä(x2)2+åx2+æ

áêüìá èá ðñÝðåé limS´ |[xï ,x1](x)=lim S´ |[x1 ,x2](x)
x� x1- x � x1++

êáèþò åðßóçò êáé limS´ |[x2 ,x3](x)=lim S´ |[x1 ,x2](x)
x� x1- x � x1++

äçëáäÞ: 3á(x1- x0)2= 3ã(x1)2+2äx1+å (4)
3â(x2- x3)2= 3ã(x2)2+2äx2+å

ðåñßðôùóç óôá áêñáßá
õðïäéáóôÞìáôá [xï ,
x1] êáé [x2 , x3], ç
æçôïýìåíç sp l i n e
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ÅðåéäÞ x0�x1�x2�x3, ïé (3) êáé (4)
óõíáëçèåýïõí ìüíï üôáí á=â=ã=ä=å=æ=0 êáé
åðïìÝíùò ïýôå óå áõôÞ ôçí ðåñßðôùóç õðÜñ÷åé ìç
ôåôñéììÝíç êõâéêÞ spline.

4)Ôï äéÜóôçìá [xï,xn] íá ðåñéÝ÷åé ôÝóóåñá
äéáäï÷éêÜ õðïäéáóôÞìáôá íá åßíáé äçëáäÞ ôçò ìïñöÞò
[xï,x4] (óôç ãåíéêÞ ðåñßðôùóç åßíáé ôçò ìïñöÞò
[xj,xj+2]).

Óôçí ðåñßðôùóç áõôÞ åßíáé äõíáôüí íá
ðñïóäéïñßóïõìå 16 ðáñáìÝôñïõò áðü 15 åîéóþóåéò ðïõ
ðñïêýðôïõí áðü ôéò óõíèÞêåò ðáñåìâïëÞò óôïõò êüìâïõò
xi, 0≤ i ≤ 4 êáèþò êáé ôéò óõíèÞêåò óõíÝ÷åéáò ôçò S´êáé
ôçò S” óôïõò åóùôåñéêïýò êüìâïõò xi, 0≤ i ≤ 3 êáé äýï
åðéðëÝïí óõíïñéáêÝò óõíèÞêåò óôïõò óõíïñéáêïýò
êüìâïõò x0 êáé x4.

Óôç ãåíéêÞ ðåñßðôùóç ìåôÜ ôïí ðñïóäéïñéóìü ôùí
16 ðáñáìÝôñùí áðü ôéò 15 åîéóþóåéò ðïõ ðñïêýðôïõí áðü
ôéò óõíèÞêåò ðáñåìâïëÞò óôïõò êüìâïõò xi, 0≤ i ≤ n
êáèþò êáé ôéò óõíèÞêåò óõíÝ÷åéáò ôçò S´êáé ôçò S”óôïõò
åóùôåñéêïýò êüìâïõò xi, 0≤ i ≤ n-1 êáé äýï åðéðëÝïí
óõíïñéáêÝò óõíèÞêåò óôïõò óõíïñéáêïýò êüìâïõò x0=a
êáé xn=b, êáôáëÞãïõìå óôïí õðïëïãéóìü ìéáò ìç
ôåôñéììÝíçò ôìçìáôéêÜ êõâéêÞò óõíÜñôçóçò ôïõ
C2[á,b] (á=x0,xn=b) ç ïðïßá ìçäåíßæåôáé ôáõôïôéêÜ
Ýîù áðü ôï äéÜóôçìá [xj-2 , xj+2]. (¼ëá ôá óôáèåñÜ
ðïëëáðëÜóéÜ ôçò èá Ý÷ïõí ðñïöáíþò ôéò ßäéåò
éäéüôçôåò.)
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Óôçí ðåñßðôùóç ïìïéüìïñöïõ äéáìåñéóìïý Ä:=
a= x0 < x1 < … < xn=b ôïõ [a,b] ìå âÞìá h=(b-a)/n, ïé
(ìç ôåôñéììÝíåò) êõâéêÝò spline ìå ôï ìéêñüôåñï äõíáôü
öïñÝá ïíïìÜæïíôáé B-splines.

Ãéá ïìïéüìïñöï ëïéðüí äéáìåñéóìü Äh ìå h=xj+1-xj ç
B-spline s j ìå êÝíôñï x j (2≤j≤n-2,) äßíåôáé áðü ôïí
ôýðï:

sj(x)=

(x-xj-2)3 , xj-2≤ x ≤ xj-1
6h3
2 (x-xj)2 (x-xj)3 , xj-1≤ x ≤ xj
3 h2 2h3
1 + xj+1-x + (xj+1-x)2 _ (xj+1-x)3, xj≤ x ≤ xj+1
6 2h 2h2 2h3
( xj+2-x)3 , xj+1≤ x ≤ xj+2
6h3
0 , x º [xj-2 , xj+2]

2
3

.
1
6

1
6

s j (x )

xj-2 xj-1 xj xj+1 xj+2
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v Ïé óõíáñôÞóåéò {ö j}, -1≤j≤n+1, ïé ïðïßåò
ïñßæïíôáé áðü ôéò ó÷Ýóåéò, ö j := s j |[a,b] := ðåñéïñéóìüò
ôçò s j óôï [a,b], áðïôåëïýí âÜóç ôïõ ÷þñïõ S3(Äh) ôùí
êõâéêþí splines ùò ðñïò ôïí ïìïéüìïñöï äéáìåñéóìü
Ä:= a= x0 < x1 < … < xn=b ôïõ [a,b] ìå âÞìá h=(b-
a)/n, üðïõ s j åßíáé ç B-spline ìå êÝíôñï x j (2≤j≤n-2,)
ðïõ äßíåôáé áðü ôïí ôýðï:

sj(x)=

(x-xj-2)3 , xj-2≤ x ≤ xj-1
6h3
2 (x-xj)2 (x-xj)3 , xj-1≤ x ≤ xj
3 h2 2h3
1 + xj+1-x + (xj+1-x)2 _ (xj+1-x)3, xj≤ x ≤ xj+1
6 2h 2h2 2h3
( xj+2-x)3 , xj+1≤ x ≤ xj+2
6h3
0 , x º [xj-2 , xj+2]

Áðüäåéîç:
Èåùñïýìå ôïõò åðéðëÝïí êüìâïõò x-1=a-h êáé xn+1=b+h,
êáé ïñßæïõìå ôéò n+3 óõíáñôÞóåéò ö-1, ö0, ö1,…, ön-1,
ön, ön+1 áðü ôéò ó÷Ýóåéò, ö j := s j |[a,b] := ðåñéïñéóìüò
ôçò s j óôï [a,b],.

Ïé óõíáñôÞóåéò ö -1, ö0, ö1,…, ön-1, ön, ön+1,
å ß í á é ã ñ á ì ì é ê Ü á í å î Ü ñ ô ç ô å ò ã é á ô ß ã é á C j ,
j=-1,…,n+1 Ý÷ïõìå:
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n+1

Ó C j ö j = 0 ⇒
j= -1

n+1

Ó C j ö j (xk) = 0, k=-1,…,n+1
j= -1

⇒⇒ c-1ö-1(xê)+ c0ö0 (xê)+ c1ö1(xê)+…+cn ön(xê)+ cn+1ön+1(xê)=0, k=-1,…,n+1 (1)

ÄçëáäÞ áíôéêáèéóôþíôáò äéáäï÷éêÜ ôéò ôéìÝò x-1,
x0,…,xn,xn+1, óôçí (1) ðáßñíïõìå ôï ðáñáêÜôù
ïìïãåíÝò ãñáììéêü óýóôçìá (n+3) x (n+3):

c-1ö-1(x-1)+ c0ö0 (x-1)+ c1ö1(x-1)+ … +cnön(x-1)+ cn+1ön+1(x-1)=0
c-1ö-1(x0)+ c0ö0 (x0)+ c1ö1(x0)+ … +cnön(x0)+ cn+1ön+1(x0)=0
c-1ö-1(x1)+ c0ö0 (x1)+ c1ö1(x1)+ … +cnön(x1)+ cn+1ön+1(x1)=0
……………………………………………………..
c-1ö-1(xn-1)+ c0ö0 (xn-1)+ c1ö1(xn-1)+… +cnön(xn-1)+ cn+1ön+1(xn-1)=0
c-1ö-1(xn)+ c0ö0 (xn)+ c1ö1(xn) + … +cnön(xn) + cn+1ön+1(xn) =0
c-1ö-1(xn+1)+ c0ö0 (xn+1)+ c1ö1(xn+1)… +cnön(xn+1)+ cn+1ön+1(xn+1)=0

Áíôéêáèéóôþíôáò óôï óýóôçìá, ôéò ôéìÝò ôùí
óõíáñôÞóåùí ö - 1 , ö 0 ,…,ö n , ö n + 1 óôá óçìå ßá x - 1 ,
x0,…,xn,xn+1 Ý÷ïõìå:

2
3 c-1+ 1

6 c0 =0
1
6 c-1+ 2

3 c0+ 1
6 c1 =0

1
6 c0 + 2

3 c1+ 1
6 c2 =0

……………………………………………………..
1
6 cn-2 + 2

3 cn-1 + 1
6 cn =0

1
6 cn-1 + 2

3 cn + 1
6 cn+1=0

.

1
6 cn + 2

3 cn+1=0
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Ôï ïìïãåíÝò áõôü óýóôçìá ãñÜöåôáé õðü ìïñöÞ
ðéíÜêùí: Á C = Ï, üðïõ :

Á, Â ôñé-äéáãþíéïé ðßíáêåò (n+3)x(n+3),

C =

c-1
c0
c1
…
cn-1
cn
cn+1

(n+3)x1 ðßíáêáò êáé Ï=

0
0
0
…
0
0
0

ï ìçäåíéêüò ðßíáêáò (n+3)x1.
ÅðåéäÞ Á = 1

6 Â èá åßíáé detÁ = ( 1
6 )n+3 . detÂ(1).

Áêüìá , ó ôïí ð ß íáêá Â=[â i j ] ìå i , j =1 ,…,n+3
ðïëëáðëáó éÜ æïíôá ò ôçí 1 ç óôÞëç ìå - 14 (= - 1

b11 )
êá é ðñïóèÝ ôïíôá ò óôç äåýôåñç óôÞëç êá é
åðáíáëáìâÜíïíôáò ôç ä éáä éêáó ßá áõôÞ
ðïëëáðëáó éÜ æïíôá ò ôçí ê óôÞëç ìå - 1

bk k êá é

Á=

2
3

1
6 0 0 0 … 0 0 0 0 0

1
6

2
3

1
6 0 0 … 0 0 0 0 0

0 1
6

2
3

1
6 0 … 0 0 0 0 0

……………………………
0 0 0 0 0 … 0 1

6
2
3

1
6 0

0 0 0 0 0 … 0 0 1
6

2
3

1
6

0 0 0 0 0 … 0 0 0 1
6

2
3

= 1
6

4 1 0 0 0…0 0 0 0 0
1 4 1 0 0…0 0 0 0 0
0 1 4 1 0…0 0 0 0 0
……………………...
0 0 0 0 0…0 1 4 1 0
0 0 0 0 0…0 0 1 4 1
0 0 0 0 0…0 0 0 1 4

= 1
6 B
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ðñïóèÝ ôïíôá ò óôçí ê+1 óôÞëç (ã éá ê=2 ,…,n+2 )
ðñïêýðôåé ï ôñéãùíéêüò ðßíáêáò Â´=[â´ ij] ìå äéáãþíéá
óôïé÷åßá â ´ 11=4 , â ´ 22= - 1

b11 +4 , â ´ 33= - 1
b22 +4 ,…,

â ´ (ê+1)(ê+1)= - 1
bk k +4 ,…, â ´ (n+3)(n+3)= - 1

bHn+2LHn+2L+4 .
Áðü ôïí ôñüðï ðïõ ðñïÝêõøå ï ðßíáêáò Â´=[â´ ij]

(i , j =1 ,…,n+3 ) Ý÷ïõìå üôé detÂ = detÂ´(2).
Ãéá ôá äéáãþíéá óôïé÷åßá ôïõ ðßíáêá Â´= [â´ ij]

éó÷ýåé: 3<â´mm�4, m=1,2,…,n+3.
ÐñÜãìáôé:
Ñ1 (ãéá m=1): 3<â´11�4 � 3<4�4 ðïõ éó÷ýåé
Ñê (ãéá m=ê): 3<â´êê�4 (3) Ýóôù üôé éó÷ýåé.
Ñê+1 (ãéá m=ê+1): 3<â´(ê+1)(ê+1)�4 èá äåßîù üôé éó÷ýåé:

(3) � 1
4�

1
bkk < 1

3 � - 13 <-
1
bkk �- 14 �

3<- 13 +4<-
1
bkk +4�- 14 +4�4 � 3<â´(ê+1)(ê+1)�4

ÅðïìÝíùò ç ó÷Ýóç 3< â´mm�4, éó÷ýåé ãéá êÜèå m üðïõ
m=1,2,…,n+3 êáé èá Ý÷ïõìå:

3 < â´11� 4
3 < â´22� 4
3 < â´33� 4
…………

3<â ´ (n+3)(n+3)�4
êáé ìå ðïëëáðëáóéáóìü êáôÜ ìÝëç åßíáé:

3 n+3 < â´11. â´22. â´33. … .â ´ (n+3)(n+3)� 4 n+3
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êá é åðïìÝíùò ã éá ôïí ð ß íáêá Â´= [â ´ i j ] å ß íá é :
3n+3<detÂ´�4n+3

êáé áðü ôçí (2) èá Ý÷ïõìå 3n+3<detÂ�4n+3
ïðüôå ( 1

6 )n+3 .3n+3<( 1
6 )n+3 .detÂ�( 1

6 )n+3 .4n+3

êáé ôåëéêÜ áðü ôçí (1) ðñïêýðôåé üôé ( 12 )n+3<detÁ�( 23 )n+3
¢ñá åßíáé detA� 0, êáé åðïìÝíùò ôï ïìïãåíÝò

óýóôçìá Á C=Ï Ý÷åé ìïíáäéêÞ ëýóç ôç ìçäåíéêÞ
äçëáäÞ C j=0, ãéá êÜèå j ìå j= -1,…,n+1.

Åð éðëÝïí åðå é äÞ ö j º S 3 (Ä ) �äçëáäÞ ï é n+3
ãñáììéêÜ áíåîÜñôçôåò óõíáñôÞóåéò {ö j}, -1≤j≤n+1
áíÞêïõí êáé óôï äéáíõóìáôéêü ÷þñï S 3 (Ä ) ðïõ Ý÷å é
äéÜóôáóç (n+3)� èá åßíáé ãéá êÜèå t º S3(Äh) (ïðüôå
êáé t º S3(Ä)) ö-1, ö0, ö1, …, ön-1, ön, ön+1,t ãñáììéêÜ
åîáñôçìÝíå ò . ÅðïìÝíùò èá õðÜñ÷ïõí óôáèåñÝò C i ,

i=-1,…,n+1ü÷é üëåò ìçäÝí þóôå
n+1

íá Ý÷ïõìå t = Ó C i ö i .
i = -1

Ïé óõíáñôÞóåéò ëïéðüí {ö j}, -1≤j≤n+1
áðïôåëïýí âÜóç ôïõ ÷þñïõ S3(Äh) ôùí êõâéêþí splines
ùò ðñïò ôïí ïìïéüìïñöï äéáìåñéóìü Äh.
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v Ãéá k,nº� èåùñÞóôå ôç óõíÜñôçóç ƒ,
ƒ(x)�cos(kðx), xº[0,1], êáé ôïí ïìïéüìïñöï
äéáìåñéóìü ôïõ [0,1], ðïõ ïñßæåôáé áðü ôá óçìåßá
x i�ih, i=0,1,2,…,n, h=1/n.

a) ¸óôù �º�n ôï ðïëõþíõìï ðáñåìâïëÞò Lagrange
ôçò ƒ ãéá ôá óçìåßá x i. Õðïëïãßóôå Ýíá Üíù
öñÜãìá ôïõ ìåãßóôïõ áðïëýôïõ óöÜëìáôïò

��� max
0 £ x£ 1|ƒ(x) - �(x)|

óõíáñôÞóåé ôùí k êáé n êáé äéáôõðþóôå ó÷Ýóç
ðïõ ðñÝðåé íá ðëçñïýí ôá k êáé n, Ýôóé þóôå
��� 0 êáèþò k� � êáé n� � .

b) ¸óôù s ç ãñáììéêÞ spline óôï [0,1] ðïõ
ðáñåìâÜëëåôáé óôéò ôéìÝò ôçò ƒ óôá x i.
Õðïëïãßóôå Ýíá Üíù öñÜãìá ôïõ ìåãßóôïõ
áðïëýôïõ óöÜëìáôïò

�s� max
0 £ x£ 1|ƒ(x) - s(x)|

óõíáñôÞóåé ôùí k êáé n êáé äéáôõðþóôå ó÷Ýóç
ðïõ ðñÝðå é íá ðëçñïýí ôá k êá é n , Ý ôó é
þóôå �s � 0 êáèþò k� � êáé n� � .
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Ëýóç:
Ãéá ôï a)
ÅðåéäÞ ç ƒ(x)�cos(kðx), xº[0,1], Ý÷åé ðáñáãþãïõò
Ýùò ôçí n+1 ôÜîç (ƒºCn+1[0,1]), êé’ åðåéäÞ ï
äéáìåñéóìüò ôïõ äéáóôÞìáôïò [0,1] åßíáé
ïìïéüìïñöïò, óýìöùíá ìå ôçí

�ƒ – �n��≤
hn+1

4Hn + 1L�ƒ(n+1)�� (1)
èá éó÷ýåé:

max
0 £ x£ 1�ƒ(x)–�(x)�≤ hn+1

4Hn + 1Lmax
0 £ x£ 1�ƒ(n+1)(x)� (2)

üìùò |ƒ(n+1)(x)|=
(kð)n+1 sin(kðx), n=2ë

ëº�
(kð)n+1 cos(kðx), n=2ë+1

êáé óå êÜèå ðåñßðôùóç: max
0 £ x£ 1|ƒ(n+1)(x)|=(kð)n+1.

¸ôóé ëïéðüí áðü ôç (2) Ý÷ïõìå: ��� max
0 £ x£ 1�ƒ(x)–

�(x)� ≤

≤ hn+1
4Hn + 1L(kð)n+1= I1nMn+1.HkpLn+14Hn+ 1L= HkpLn+14Hn + 1Lnn+1 = 1

4Hn+ 1L.JkpnNn+1
¢ñá Ýíá Üíù öñÜãìá ôïõ ìåãßóôïõ áðïëýôïõ

óöÜëìáôïò �� óõíáñôÞóåé ôùí k êáé n åßíáé ç
ðïóüôçôá :

1
4Hn+ 1L.JkpnNn+1(3)
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Ãéá íá ôåßíåé ç ðïóüôçôá 1
4Hn+ 1L.JkpnNn+1 óôï ìçäÝí

êáèþò k� � êáé n� � èá ðñÝðåé n>kð.

Ãéá ôï b)
ÅðåéäÞ |ƒ”(x) |=(kð)2 cos(kðx), ôï öñÜãìá ãéá

ôï ìÝãéóôï áðüëõôï óöÜëìá èá åßíáé:

�s� max
0 £ x£ 1�ƒ(x)–s(x)�≤

h2
8

max
0 £ x£ 1|ƒ”(x)|=

=H1nL28 .HkpL2=HkpL28n2 = 1
8JkpnN2

¢ñá Ýíá Üíù öñÜãìá ôïõ ìåãßóôïõ áðïëýôïõ
óöÜëìáôïò �s óõíáñôÞóåé ôùí k êáé n åßíáé ç
ðïóüôçôá:

1
8JkpnN2 , (4)

Ãéá íá ôåßíåé ç ðïóüôçôá 1
8JkpnN2 óôï ìçäÝí êáèþò

k� � êáé n� � èá ðñÝðåé n�k2.
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v Äßíåôáé ç óõíÜñôçóç

0, 0≤ x ≤ 1,ƒ(x)�
(x-1)4, 1< x ≤ 2.

a) Ðñïóåããßóôå ôçí ƒ óôï äéÜóôçìá [0,2] ìå ìéá
ôìçìáôéêÜ ðïëõùíõìéêÞ óõíÜñôçóç � ôçò ìïñöÞò

0, 0≤ x ≤ 1,
� (x)� á + â(x-1) + ã(x-1)2+ ä(x-1)3 1< x ≤ 2.

Ðñïóäéïñßóôå ôá á,â,ã,ä, õðïèÝôïíôáò üôé
�ºC1[0,2] êáé üôé � (0)�ƒ(0), �´(0)�ƒ´(0),
�(1)�ƒ(1), � (2)�ƒ(2), �´(2)�ƒ´(2).

b) Óõìðßðôåé ç óõíÜñôçóç � ìå ôçí ðáñåìâÜëëïõóá
êõâéêÞ spline s ôçò ƒ óôá óçìåßá {0,1,2} ìå
óõíïñéáêÝò óõíèÞêåò s´(0)�ƒ´(0), s´(2)�ƒ´(2);

Ëýóç: ÅðåéäÞ �ºC1[0,2], ç óõíÜñôçóç � èá åßíáé
óõíå÷Þò óôï óçìåßï 1 ïðüôå: limPHxL

x ® 1- = limPHxLx ® 1+

áëëÜ limPHxL
x ® 1- = pH1L= 0 & limPHxL

x ® 1+ = a

Üñá : á = 0
Åßíáé �´(x)� â+2ãx-2ã+3äx2-6äx+3ä

êáé åðïìÝíùò �´(1+)� â+2ã-2ã+3ä2-6ä+3ä = â
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Áðü ôçí Üëëç ìåñéÜ �´(1 -)� 0
êáé åðåéäÞ �ºC1[0,2] Ýðåôáé üôé �´(1+)� �´(1 -)

Üñá : â = 0

Áêüìç �(2)� á + â(2-1) + ã(2-1)2+ ä(2-1)3=ã+ä
êáé ƒ(2)=(2-1)4=1 ïðüôå ã+ä=1 (1)

Ãéá 1< x ≤ 2 åßíáé ƒ(x)� (x-1)4= x4-4x3+6 x2-4 x+1
Ïðüôå ƒ´(x)� 4x3-12 x2+12 x-4
åðïìÝíùò ƒ´(2)= 423-12 22+12 2-4= 4
Åðßóçò ãéá 1< x ≤ 2 åßíáé �´(x)= 2ãx-2ã+3äx2-

6äx+3ä
êáé åðïìÝíùò �´(2)=2ã2-2ã+3ä22-6ä2+3ä

=4ã-2ã+12ä-12ä+3ä
= 2ã+3ä

Áðü � ´ ( 2 )�ƒ ´ ( 2 ) Ý ÷ïõìå 2ã+3ä = 4 (2 )
(1) � ã+ä = 1 � -2ã-2ä=-2 � (2)

2ã+3ä=4 2ã+3ä = 4

ã+ä = 1 � ã+2=1 � ã=-1
ä=2 ä=2 ä= 2
¢ñá á=0, â=0, ã=-1 êáé ä=2 ïé ôéìÝò ôùí

ðáñáìÝôñùí.
¸ôóé ç æçôïýìåíç ðïëõùíõìéêÞ óõíÜñôçóç � åßíáé ç:
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0, 0≤ x ≤ 1,� (x)� -(x-1)2+ 2(x-1)3 , 1< x ≤ 2.

Þ áëëéþò:
0, 0≤ x ≤ 1,

� (x)� 3x3 -7x2+ 8x-3, 1< x ≤ 2.

Ãéá ôï åñþôçìá b) ðáñáôçñïýìå üôé:

Ç ðïëõùíõìéêÞ óõíÜñôçóç � éêáíïðïéåß ôéò ßäéåò
óõíïñéáêÝò óõíèÞêåò ìå ôçí ðáñåìâÜëëïõóá êõâéêÞ
spline s ôçò ƒ áëëÜ �ºC1[0,2] êáé üðùò äéáðéóôþíïõìå
äåí Ý÷åé óõíå÷Þ äåýôåñç ðáñÜãùãï óôï óçìåßï 1
ãéáôß:
ãéá 0≤ x < 1 �´´(x)�0 ïðüôå �´´(1 -)�0
åíþ ãéá 1< x ≤ 2 �´´(x)�12x-14 ïðüôå �´´(1+)�12-
14=-2 äçëáäÞ �´´(1 -) ��´´(1+).

¢ñá ç ðïëõùíõìéêÞ óõíÜñôçóç � äåí óõìðßðôåé
ìå ôçí ðáñåìâÜëëïõóá êõâéêÞ spline s ôçò ƒ óôá
óçìåßá {0,1,2}.
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v ¸óôù ƒºC2[a,b] êáé s ç ðáñåìâÜëëïõóá êõâéêÞ

spline ðïõ ðáñåìâÜëëåôáé óôéò ôéìÝò ôçò ƒ óôá óçìåßá
x i åíüò äéáìåñéóìïý a= x0 < x1 < … < xn=b ôïõ [a,b]
êáé ðïõ éêáíïðïéåß ôéò óõíïñéáêÝò óõíèÞêåò

s´(x0)=ƒ´(x0), s´(xn)=ƒ´(xn). Äåßîôå üôéà
a

bHf "HxL- S"HxLLS "HxLâx=0,
êáé óõìðåñÜíåôå üôéà

a

bJS "HxLL2âx £à
a

bHf "HxLN2 âx.
Áðüäåéîç:àa bHf "HxL- S"HxLL.S "HxLâx=âi=0n- 1àxixi+1Hf "HxL- S "HxLL.S"HxLâ x

(êáé ïëïêëçñþíïíôáò êáôÜ ðáñÜãïíôåò )

=â
i=0

n- 1Hf 'HxL- S'HxLL.S"HxLxi+1xi -âi=0n- 1àxixi+1Hf 'HxL- S'HxLL.Sn '''HxLâ x
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ÅðåéäÞ ïé óõíáñôÞóåéò f ', S' êáé S " åßíáé óõíå÷åßò Ý÷ïõìå:â
i=0

n- 1Hf 'HxL- S 'HxLL.S"HxLxi+1xi =@f 'HbL- S'HbLD.S"HbL-@f 'HaL- S'HaLD.S"HaL=0
ÁëëÜ êáé ôï äåýôåñï Üèñïéóìá åßíáé ìçäÝí ìéá êáé ç

Sn '''HxLåßíáé óôáèåñÞ áöïý seé 3 ( Sn '''HxL=Cm) êáé:àxixi+1Hf 'HxL- S'HxLLâ x=@fHxi+1L- SHxi+1LD-@fHxiL- SHxiLD= 0- 0= 0
Åßíáé:

(ƒ”- s”)2= ƒ”2-2 ƒ”s”+s”2

⇒ ƒ”2=(ƒ”-s”)2+2ƒ”s”-s”2 = (ƒ”-s”)2+2ƒ”s”-2s”2+ s”2

⇒ ƒ”2=(ƒ”-s”)2+2(ƒ”-s”)s”+s”2

¢ñá :

àabJf "HxLL2 âx=àabHf "HxL- S"HxLL2âx+2àabHf "HxL- S"HxLL.S"HxLâ x+àabIS"HxLL2 âx=àa b@f "HxL- S"HxLD2 â x +àa bBS "HxLD2 âx ³àa b@S"HxLF2 â x .
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v ¸óôù ƒ(x)�x5+x4, {-2,-1,0,1,2}Ýíáò äéáìåñéóìüò
ôïõ äéáóôÞìáôïò [-2,2]. Ðñïóäéïñßóôå, ãéá ôïí
äéáìåñéóìü áõôüí, ôç öõóéêÞ êõâéêÞ spline, ç ïðïßá
ðáñåìâÜëëåôáé óôçí ƒ óôá óçìåßá -2,-1,0,1,2.

Ëýóç:
Ãíùñßæïõìå üôé:

s(x)=
1
6h [ si" (x-x i-1)3- si- 1" (x-x i)3]+(

yi
h - si"

h
6 )(x- x i-1)

-( yi- 1h - si- 1" h
6 )( x- x i), x e [ x i-1, x i]. (1)

êáé si- 1" +4 si"+ si+1" = 6
h2 ( yi- 1 -2 yi+ yi+1 ),i=1,…,n-1 (2)

ÅðïìÝíùò ãéá ôçí æçôïýìåíç öõóéêÞ êõâéêÞ
sp l i n e èá Ý÷ïõìå ëüãù ôçò ( 1 ) ã éá ôá ôÝóóåñá
õðïäéáóôÞìáôá:

Ãéá x e [ -2, -1] s(x) = 1
6 [s”(-1) (x-(-2))3-s”(-2) (x-(-1))3]+

+( fH-1L1 - s”(-1) 16 ) (x -(-2)) - (
fH- 2L
1 - s”(-2) 16 ) (x-(-1)) ,

Ãéá x e [ -1, 0] s(x)= 1
6 [s”(0) (x-(-1))3-s”(-1) (x-0)3 ]+

+(
fH0L
1 - s”(0) 16 ) (x -(-1)) - (

fH- 1L
1 - s”(-1) 16 ) (x-0) ,
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Ãéá x e [ 0, 1] s(x) = 1
6 [s”(1) (x-0)

3-s”(0) (x-1)3 ]+

+( fH1L1 - s”(1) 16 ) (x -0) - (
fH0L
1 - s”(0) 16 ) (x-1) ,

êáé ãéá x e [ 1, 2] s(x) = 16 [s”(2) (x-1)3-s”(1) (x-2)3 ]+

+( fH2L1 - s”(2) 16 ) (x -1) - (
fH1L
1 - s”(1) 16 ) (x-2) .

üðïõ ôá s”(-2), s”(-1), s”(0), s”(1) êáé s”(2)
éêáíïðïéïýí óýìöùíá ìå ôçí (2), ôéò ó÷Ýóåéò:

s”(-2) + 4 s”(-1) + s”(0) = 6
12 [ƒ(-2) -2 ƒ(-1)+ ƒ(0)]

s”(-1) + 4 s”(0) + s”(1) = 6
12 [ƒ(-1) -2 ƒ(0) + ƒ(1)] (3)

s”(0) + 4 s”(1) + s”(2) = 6
12 [ƒ(0) -2 ƒ(1) + ƒ(2)]

ÅðåéäÞ:
ƒ(-2) = (-2)5+(-2)4=-32+16=-16

ƒ(-1) = (-1)5+(-1)4=-1+1=0

ƒ(0) = 05+04=0

ƒ(1) = 15+14=2
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ƒ(2) = 25+24=32+16=48,

Ôï óýóôçìá (3) ãñÜöåôáé:

s”(-2)+ 4 s”(-1) + s”(0) = -96

s”(-1) +4 s”(0) + s”(1) = 12
s”(0) + 4 s”(1) + s”(2) = 264

¼ìùò åðåéäÞ ðñüêåéôáé ãéá ôç öõóéêÞ êõâéêÞ spline
åßíáé s”(-2) = 0 = s”(2) êáé Ýôóé ôï óýóôçìá ãñÜöåôáé:

4 s”(-1) + s”(0) = -96
s”(-1) +4 s”(0) + s”(1) = 12

s”(0) + 4 s”(1) = 264

èÝôù: s”(-1)=á, s”(0)=â, s”(1)=ã êáé ôï óýóôçìá
ãñÜöåôáé: 4 á + â = -96

á +4 â + ã = 12 (4)
â + 4 ã = 264

¸÷ïõìå:

D=
4 1 0
1 4 1
0 1 4

= 56, Dá=
-96 1 0
+12 4 1
264 1 0

=-1224

.
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Dâ=
4 -96 0
1 +12 1
0 264 4

=-480 êáé Dã=
4 1 -96
1 4 +12
0 1 264

=3816

Ïðüôå á= DaD = - 1224
56 = - 1537

â=
Db
D = - 480

56 = - 60
7

ã=
Dg
D = 3816

56 = 477
7

ÅðïìÝíùò : s”(-1)= - 153
7 , s”(0)= - 60

7 , s”(1)= 477
7

¸ôóé ãéá ôïí äéáìåñéóìü áõôü èá Ý÷ïõìå:

Ãéá x e [ -2, -1]

s(x) = 16 [(
- 153
7 )(x-(-2))3-s”(-2) (x-(-1))3]+ .(0-( - 1537 ) 16 ) (x -(-2))-

–(-16–0 . 16 ) (x-(-1)) =
- 51
14 [(x+2)3-(x+2)] +16(x+1),

Ãéá x e [ -1, 0]

s(x)= 1
6 [

- 60
7 (x-(-1))3-( - 1537 )(x-0)3 ]+(0- ( - 607 )16) (x -(-1)) -

- (0- ( - 1537 ) 16 ) (x-0)= -
1
14 [20(x+3)

3-51x3-20(x+1)+51x],
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Ãéá x e [ 0, 1]

s(x) = 1
6 [ 4777 (x-0)3 - ( - 607 ) (x-1)3 ] + (2 - 4777

1
6) (x–0)–

-(0 - ( - 607 ) 16 ) (x-1)=
1
14 [159x

3+20(x-1)3-131x-20(x-1)]
Êáé ãéá x e [ 1, 2]

s(x) = 16 [0.(x-1)3- 4777 (x-2)3]+(48- 0 . 16 ) (x -1) – (2-
477
7

1
6) (x-2)

= - 1
14 [159(x-2)

3-672(x-1)-131(x-2)]

¢ñá ï ôýðïò ôçò öõóéêÞò êõâéêÞò spline, ç
ïðïßá ðáñåìâÜëëåôáé óôçí ƒ óôá óçìåßá -2,-1,0,1,2 èá
åßíáé:

--1
14 [51(x+2)3-51(x+2)–224(x+1)] , ã éá x e [-2,-1]

1
14[-20(x+3)

3+51x3+20(x+1)-51x], ãéá x e [-1, 0]
S(x)=

1
14 [159x3+20(x-1)3-131x-20(x-1)], ãéá x e [ 0, 1]

--1
14 [159(x-2)3-672(x-1)-131(x-2)], ãéá x e [ 1, 2]


