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TAZH:

I'" TENIKOY AYKEIOY

KATEYOYNXH: OETIKH & TEXNOAOI'IKH
MA®OHMA: MAOHMATIKA KATEYOYNXHX

Hpepopnvia: M. Teraptn 11 Arprriov 2012

OEMA A

Y

AITANTHXEIX

Al.
A2.
A3.
Ad.
10090 TIGOPVANELS TOV 1 HEV = 3.
10 @cmpnua 1°.
(241 tov opiopud tov puOpov
o 261 10 6O 10 TOL OewpnHaTOg
O®OEMA B
B1.

(x)= f(g (x)) — et 2 —ehix =
e x €(0,+»)

TULEG TOV X, EYOVLE:

(gof)(x)=1nf(x)+2=lnex’2+2=(X—2)+2=X

Qorte (gof)(x)zx pe x €IR
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[Mopatnpovpe 6Tt 01 cuvaptioelg fog kot gof dev Exovv T0 1510 TEdIO

OpPIoHOY, ETOUEVAC OeV Elval 10€G.
B2. T'wkdBe x;, x,€IR €xovpe

X, EX, DX, —2#X%x,-2>e" T #e" T > f(x))# T

Emopévagn f etvan 1 — 1 xou €xet avtiotpoen. ‘Exovue
y=f(x)oy=¢e"

< x-2=Ilhy, y>0

Sx=lhny+2, y>0

Apaf '(x)=Inx+2, x>0

B3  ®cswpovue v cvuvéptnon h(

e H h eivan ovveync. pdyparn
TNG TOAVMOVLIKNG X 2<;©

e Fivan
Ko
Onote:
Epapudleron, emopévog 10 Oed tov Bolzano yia v h oto diotnpa

h(xy) = 0. Tote
h (Xo )

0 {nrovpevo.

B4. Eivaa =0, yati
1 1
Zm = ?~O =0 Kot lim
, ) . Inx+2 -
Axbépa, lim = lim . Emeidn lim (Inx +2) = +o0 ko
X—y+o0 (ng)(X) X—y+00 X X—y+o0

, , Lo ., . (Inx+2)'
&xovpe ampocdiopiotn popen —. Eivar lim ———
o0

t0 avtiotoryo Bedpnua tov De L” Hospital &yovpe:

hx,-2=0<e" " =Ilnx, +2
{ 7 =Inx+2 &ye1 g pila Tov apdud

lim x = -

lim x = 4+

X—>+00

.1 , .
= lim — =0, owotE OO

X—>+00 (X ) X+ %
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g(x) ~ lim Inx+2 ~ lim (Inx +’2)
X—>+00 (ng)(X) X—y+0 X X400 (X)

Qote lim f(x) = lim g _
xo-o (gof)(x) x>+ (fog)(x)

=0

OEMAT
rr.. i Eivar 1+3a? #0, omoTe: &
(1)
H ovvapmon 2tf(t) oLvVEYDV
ocuovaptnoewv 2t ko f ocuvaptnon wov opileToan amd TO
i - jl 2tf(t)dt
(t)dt ,
glvan
TOPAYOYICIUOV  GUVOPTICEMY,  TNG
+3a”’
j 24 (t)dt X
( [ 2tf(t)dt)
. , , 5 ~[Faa ,
il [Na kabe x € IR gival 0, apov 1+3a" >0 ko e ™ >0. 'Etol
@ﬁ:—b{@ 1 :(Xz),
£2(x) f(x)
Emopév
——=x"+c (2)
H x= 1 otvel f(1) = !
@ 1430
H O1VE e 1430 =14 e c=3a’
(1)
Apan (2) oiver f(x)=— ! -, 7o kdle x € R
X +3a
I'2. ’'Eyxovue
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o (> 1 (t +3a’ ) 1 5 .
[ thwdt _jo N [Zlnlt +30 Il

len 4a” —llnfioc2 :lln
2 2 2

H tyn avm elvan aveEdptnn toL 0.

I'3. Hf, ogpnt, givon cuveync kot d0VO POPES TOPAYM®YICIUN GTO m
, "

) X
f' = =
(X) (Xz 2)2 (XZ + aZ)
To npéonpo g " pe v povotovi aKpPOTQ, tvovtal 6ToV

1%
\ +o0

1307y —x[(x* +307)’]

(x* +3a?)*
B x’ +3a’ —4x’ _ x> —a’
=2 o 2 2N3 2 243
(x"+3a7) (x"+3a7)
To mpoonuo ™ totTa TG f Ko T onpeio Kapmng g
eaivovtot G’COV 0 u TivaxKo:
X -0 /Z|a| |af +00

AN S N N
N |

CcK CcK

H f eivon kupt) og kaBéva and ta dwactnuata (—oo, —|af], [|af, To0) Ko koiin
oto Stdotnpa [—ol, |af]. Exet onueia kapmic to (<af, 1/407) ko (o), 1/40)
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H f, ogovveyng oto IR, dev £yl KATAKOPLOES AGVURTOTEG. LTA +00 KO —o0

EYOVLE:
|
lim f(x) = lim =0
X x>0 x4 30 x’
lim f(x)= lim — = lim — =0
x>0 x> x? 430
Apa &gl oprlovTio AGOUTTMTI GTO 00 KOl GTO —o0 TOV AEOVOL X.
ZOUQOVAL LLE TA TOPUTAVED GLUTANPOVOVUE TOV ETOUEVO TIVOK OV:
X —00 —|a| 0

IS
N

P ‘o \\

I'4.

f 40c
0
H ’Yp(l(PlKT] napastry% SW GXT] L0
1.'3(1
= ;_.l"x:l ==
g “‘3
/ AN
/ ",
_ o : e ‘.:X
Jaf O e

f(-x) = =

(—x) + 30> =1x)

x? +3a?

enekteivovpe Ta cvpurepacparta oto R

To {ntovuevo epPadd (Bréne ™ ypagikny mapactacn g f ) elvan peyarlvtepo

I =
4o 4|

a6 1o gupadd E, =|a

1 , , ,
= oV opBoywviov mov opileTon omd TOLG
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. , 1 . . .
dEovec ko Tic evbeleg X = @, y= IR Kot pKpotePo amd 1o epPadd
a

1 1 , , , /
E,=|a| ke o] tov opBoywviov mov opileton amd Tovg AEOVES KO TIG
a a

<E< !
4o 3o

AMog: Me a > 0, enedn f(x) >0 eivor E = j [ f(x)[dx = j m ivat
yvnoing edivovoa oto ddotnua [0, a], ordte yio x<[0, VO 1

£(or) < F(x) < F(0) &> < £(x)
4o

, 1 .
gvbeleg x =0, y= R Emopévmg
a

OEMA A
Al.  O¢tovue
Tote
(1)
Ko
)= (x +2)g(x)+2e""?, x£2 (2)
2)+2e*?] = lim [g(x)(x +2)]+ lim 26" =0+2=2
hmzf(x) 2
H £, og mopaywyioyun oto IR, eivan cuveyng oto IR, dpa kot otox, = -2, €161
lim2 f(x)=f(-2)=>1f(-2)=2 3)

‘Eyxovpe, pe x # -2
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DI =: EITANAAHIITIKA @EMATA 2012 E_3.M)30T(q)
_ _ @),3) X+2 X+2 x+2
f(x)—-1(-2) . (x+2)g(x)+2e 2:(x+2)g(x)+2e 1=g(x)+2e
X+2 x+2 xX+2 xX+2 X+2
X+2 O
To 6pro lim glvan ampocdopiotn popen tomov —. Iopatmpevpue o6t
x>2 X+2 0

1' (ex+2 _ )1 e
im ————=lim(e y=¢' =1
x—-2 (X + 2) x—>-2

Emopévac, epapudleton o avriotoryog kavovag tov De L’ Hos
e 1o omoio Ppickovpe

Tote
£(-2) = lim L)~ 1C2) lim =

2 x+2 -2 x+2
21N GLVEKEID TTAPOTPOVUE. OTE . etvan KOtM], ywti £ '(x) < 0 oto R
Emopévag ta onpue i j OO TA OVTIGTOlYO. CMUEID TNG
EQATTOUEVIC T 6¢ TOV oNUEIOV ETOPNC TOV

Apa f(x) <
Hoapatipnon. H aTH TodeIKvVVETAL Ko e T fonBeta TG cuvaptnong
T(x) = f(x) —x—4 : =0.

ot0 (=2, 0), og mapaywyieipn.oto R . Eeapupoletan, emopévog, to Bempnua
X [-2, 0], ondte vrdpyer x, €(-2, 0) T€T010,
oote f'(x,)=0. X)<0 n £ eivan yymoimg pBivovsa oto IR, ondte
TO X( €lval HoV

2(x-5) 2(x-5)
f'(j0 f(t—x)dt)zf'(0)<:> jo f(t—x)dt =0 4)
Apxel va deifovpe, 0t N (4) €xet povaodikn piCa oto Ry x = 5.
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Ad4.

[Ipbypatt, yic x =5 1 (4) enrainBedeton, yrori yiveton J.Oof (t—x)dt=0.
[Mao va dei&ovpe v povadkotnta g pilag Bewpov e TV cuvaptnon
heo=[""f(t-x)dt, xeR

O¢tovpe t—x=u, omdtedt=du. [a t=0 10 u=—-x Koy t (x—+5
o u=x— 10, emopévag

heo =" fdu= [ fdu—[ “fu)du

(u)du eivon

Enedq n  f  eivar ovveyng,

Topay@yicun, ETONEVOS Kot 0,6uvhEsels Tov X — 10 ™mv @ givon

TOPAYOYIGIUES UE

210 gpwtnuo ATdeiEape 0TL

'(xvo oty (X,,+0) pe xXpe(-2, 0). Emopévmg n
f eivan ywmoiog @Bivo ot0 /owdotqua  [0,+0). Eivou |z+i| >0 Ko
2| +1>1> 0, ooV to pétp
ue z=x+1y,x,y € IR ot
f(jz+i]) <f (7 +

L1 ]2 x +iy | +1

Yo (y+1)7 2 4x> 4y +1
2
X2+(y+1)2)22(\/xz+y2 +1)
@ SxPHy 2y +12x7 +y? +24xP +y” +1
<:>y2wlxz+y2
2
< y20 ko yZZ(\/X2+y2)

&y20 kar x° <0

< y20 ko x=0, dpa z=1iy,y € R", pavtoctiKoc.
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