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NANEAAHNIEZ EZETAZEIZ ' TAZHZ HMEPHZIOY FENIKOY AYKEIOY KAl ENAA (OMAAA B’)
AEYTEPA 2 IOYNIOY 2014
EZETAZOMENO MAGHMA:

MAOGHMATIKA OETIKHZ KAl TEXNOAOTIKHZ KATEYOYNZH2

Al.

A2,

A3.

A4,

‘Eotw pia cuvaptnon f oplopévn os éva dlaotnua A. Av
e nfeival cuvexnc oto A kot
o f'(x)=0 vy kaBe ecwTEPIKO ONUELO X TOU A,
tote va amnodeifete otL N f elval otaBepn o€ 6Ao to Sidotnua A.
Movadeg 8

‘Eotw pia cuvaptnon f cuvexnc oe éva Staotnuo A Kol opoywyioLUn 0TO ECWTEPLKO Tou A. MoTe A€é-
he OTL n ouvaptnon f otpédel Ta Kolha mPog ta KATw 1) €lval KoiAn oto A;
Movadeg 4

‘Eotw pa ouvaptnon f pe medio optopol A . MNote Aépe otLn f mapouvotalel oto x, €A (0AKO) péyL-
010, 0 f(X,);

Movabeg 3

Na yapaktnpioeTe TIC TPOTATELG TOU akoAouToUV, YpapovTac oto TETPASLO oac, SimAa oTo ypauua
7oV avtilotol el o kade mpotaon, tn Aeén Zwaoto, av n npotaon givat cwotr, n Addog, av n potaon
elvat AavBaouévn.

a) Takdabe zeC woxvel z—7z =2Im(z).

(novadeg 2)

B) Av lenQof(X):-mO A —oo, ToTE XILT:,Tlx)ZO

(novadeg 2)
v)  Av ua cuvaptnon f mapouotalel (oAko) péyLoto, TOTe auTo Ba eival To peyoAUTEPO
QIO TOL TOTILKA TNG YEYLOTAL.
(novadeg 2)

8)  Avnouvaptnon f eivat cuveyng os éva dtdotnua A kal a, B, y €A, Tote LoxVEL

B v B
J.a f(x)dx =L f(x)derIv f(x)dx
(novadeg 2)
€) ‘Eotw ouvaptnon f ouvexnc oe £va Staotnua A Kal KoL mopaywyiolun os KOs ecwTePLKO ON-

peio tou A. Av n cuvaptnon f elvat yvnoiwg dpBivouca ato A, ToTE N MapAywyog TG elval uTo-

XPEWTLKA QLPVNTLKI) OTO ECWTEPLKO TOU A.
(novadeg 2)
Movadeg 10
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Al. Oswpnua, oxoAko BLBAio oeAida 251.
A2. Oplopog, oxoAko BiBAio oeAida 273.
A3. Oplopog, oxoAko BiBAio oeAida 150.
Ad. o) A,  oxolko BLBAlo oelida 91.
B) =2 oeliba 178.
vY) 3, oeAiba 260.
8) 32, oeAiba 332.
g€) A, NpokUmrtel and 1o oxoAo otn oeAiba 254.

Alvetal n etlowon

~

2| +(z+7)i-4-2i=0, zeC
B1. Na AUoete Tnv napanavw sélowon.

Movabdeg 9
B2. Av z, =1+ikat z, =1—i elvat ot pileg Tng napandvw e§iowong, tote va anodeifete OTL 0 aplOpog

39
z2

B3. No Bpeite TO YEWUETPLKO TOTO TWV ELKOVWV TWV ULyadSKWV aplBwy U yLa Toug omoloug LoyueL

gival loog pe -3i.

Movabeg 8

|u+w|:|4z1 -z, =i
omou w,z,,z, oL pyoadwkol aplBuoi tov epwtipatog B2.

Movabeg 8

Bl. ‘Eotw z=x+vyi, X,yelR,
omnote

207 +(2+7)i-4-2i=0 2 +2y’ +2xi-4-2i=0&

X’ +y> =2 X +y> =2 y'=1 y==x1
& & & &
2Xi=2i x=1 x=1 x=1

Apa n e€iowon éxeLAVoelg z, =1+i, z,=1-i.

B2. Eivau
W3H ZS[ETg{(l(—li;(il);)J {lzz—i?zj 3@

=37 =32 =3i* )9 $£=3.1° . =37 =3

—4 -
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Eivau
lu+w|=|dz, -z, —i| = |u-3i|=|4+4i-1+i-i
< |u-3i=|4i+3|
< |u-3i=5,

OTIOTE O YEWMETPLKOG TOTOC TWV ELKOVWVY TOU U €ival o KUKAOG E KEVTPO K(O, 3) KoL aktiva 5.

ri.

ra.

r3.

ra.

Aivetaw n ouvaptnon h(x)=x —In(ex + 1), xeR.
Na peAetrioete TNV h wg mpog tnv KupToTNTA.

Movabeg 5
Na AUoete Tnv avicwon

h(2h'(x)) < e xeR

e+1

e

Movadeg 7
Na Bpeite TNV opllovila aoUUMTWTN TG YpadIkAG mapdotaong tne h oto +oo, KaBwg Kal Tnv MAdyLa
OCUUITWTA TNG OTO —0.
Movadeg 6
Aivetaw n ouvaptnon ¢(x)=e" (h(x) + In2), xeR
Na Bpeite to epfadov tou xwpiou mou neplkAeleTal amo ) ypadikr mapdotacn tng ¢(x), Tov afova

x'x ko tnv evBeia x = 1.

Movabeg 7

ri.

ra.

H h(x) eivou 500 dpopég mapaywyion oo R,

pe b (x) ==+

1) —e*
kat h"(x)= = <0 ywo kaBe xeR,
e +1 () ( j 2 Y

e"+1 (e‘+1)

omoTte oTpEPeL Ta KolAa KATtw (gival koiAn).

H aviowon ypdadetal .ooduvapa yla kabe x e R

Q") & oy In(eh(Zhr(x)))<1—ln(e+1)
e+1
& h(2n(x))<h(1)
Adou n h(x) eivat yviola av§ouca oto R (éxel mapdywyo Betwkr), Ba givar
2h'(x)<1@h’(x)<%c>h’(x)<h’(0)

Adou n h'(x) eivat yviota pBivouoa, eivar x>0.

—5—
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Elval
lim h(x)= |Lm (x—ln(eX +1)): ILm (IneX —In(ex +1)): ILm (In Xejtlj
X400 X—>+00 xX>+o X €
Av u(x)= ¢ , TOTe
e +1

X

e 1
lim u(x)= lim = lim =1,
X—>+00 X—>+00 ex +1 x—>+ao( 1 j
1+—
eX

onote lim h(x)=lui2'11(lnu)=0.

X—>+00

H euBeia y = 0 eival n opwlovria acvpmtwtng tng C, oto +o.

Eivat
lim M= lim [M]z lim [1_MJ
X X X X——0 X
Eivat
lim (In(e* +1)J=0,
X—>—00 X
adou
. X _ 3 ) ) ) . 1:
Jim (€ +1)=0+1=1= lim (in(e* +1))=0, lim * =0
omoTte
lim lez;\
X—>-0 ¥
Kol

XILrHO(h(x)—)\x) = —lerpw(In(ex + 1)) =0=8,

onmodte n y=x elvat n mAdyla acpmtwtn tng C, 0T0 —o©.

Elvat
X X 2
d(x)=e (h(x)+|n2)—e (x+|nex+1), xelR
Eivat
$(x)=0<=h(x)==In2=h(0)<=x=0
KOl

$(x)>0<=h(x)>-In2=h(0) <= x>0,
adol n h eivat yvnoiwg avéouvca oto R, omodte gival kot €va mpog £va.

Apa, To {nToupevo euPadov eivat ico pe
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dx=

2¢e* ﬂl .1[ e +12e (eX +1)—2ex-ex
0

e X 2
0 2e (ex +1)

2
-1 1)+In2= 1)In| — .
+e—In(e+1)+In2=(e+ )n(e+lj+e U

e p—
, , —, avx#0
Aivetal n ouvaptnon f(x)=1 x
1, avx=0
Al. Na amobeifete ot n f elval ouvexng oto onueio xo= 0 Kal, 0Tn CUVEXELQ, OTL £ival yvnoiwg avfovoa.
Movadeg 7
A2. Aivetat emutAov ot n f elval kupth.
a) Na amodeifete otL N e€lowon
2f'(x)
L f(u)du=0
£Xel akpBwWG pia AVaon, n omola ivat n x =0.
(novadeg 7)

B) Eva uAwko onueio M €ekva tn xpoviki otiyun t = 0 anod éva onpeio A(xo,f(xo)) HE Xo < 0 Kall
KLWVELTAL KOTA PUAKOG TNG KAUTUANG y = f(x), X = xo pe x = x(t), y = y(t), t = 0. Ze molwo onueio g
KOUTTUANG 0 pUBUOG LETABOANG TNG TETUNUEVNC X(t) TOou onueilou M eival Suthdolog tou pubuou
HETABOANG TNG TETAYHEVNG TOU Y(t), av umoteBel ot X'(t)>0 v kdBe t 2 0.

(novabdecd)

Movadeg 11
A3. Oswpoupe Tn cuvaptnon

g(x) =(xf(x)+1—e)2 (x—2)2 , x€(0,+0)
Na anobdeifete 6tL n ouvaptnon g £xel U0 BECELS TOTIKWY EAAXLOTWV Kal pia B€on TomkoL peyioTtou.

Movabeg 7
AYZH
Al. Eival
0
x _1l0 X

lim £(x) = lim limS-—1=f(0),
x=>0 1

x—0 x—0 X

apan f eivat cuvexng oto x,=0.
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, , xe*—e*+1 h(x) , X x
Mna x=0 eival f(x):—zzg,onou h(x)=xe* —e* +1.
X X

To mpoéonuo tg h kabopilel to npdonuo tne f'.
H ouvaptnon h sival napaywyiown os Ao to R pe h'(x)=xe*.

Emiong:

X -0 0 +00
h'(x)=0<x=0, ) I
h'(x)>0<> x>0 dpan h givat yvnolwg av€ovoa oto (0,+00), ') ) ? ’
h'(x) <0< x<0 dpan h sivat yvnoiwg ¢pbivouoa oto (0,+o). h(x) ™ {li of

Juvenwg yla X >0 €xoupe h(x)>h(0) < f'(x)>0.
Mna x<0 éxoupe h(x)>h(0) < f'(x)>0.

Tehwd, adou f'(x)>0 yia kdBe x € (—0,0)U(0,+0) kain f eivat cuvexrig oto x, =0, dpa eivat yvn-

olwg avfovoca cs 6Aoto R.

Oa Bpoupe apylka tnv mapaywyo tn¢ f oto 0 pe tn Xprion Tou opLopou.

(x)—f(O):”mex—x—l[g)l_ ex—1(gj e-1 1

f
lim > =lim =lim =—cR,
x—0 x—0 x—0 X x>0  2x x—0 2 2
. , , o1
apan f eival mapaywyiown oto x, =0 pe f'(0) :E .
Twpa, N x=0 eivat mpodavr¢ Abon tng doopévng €iowaong,
adou yla x =0 1o mpwTto HEAOG elval (oo pe
P
2 1
I f(u)du= If(u)du =0.
1 1
ex _ x<0 @X _

1
Mo x>0 givat e* >1= >0=>f(x)>0, evw yla x<0 elval e* <1= >0=f(x)>0.

X
Mna x=0 &xoupe f(0)=1>0.

Adou n f eival kupth, n f' elvat yvnoiwg avfovoa, cuVENwWE

ya x>0=f'(x) > f'(0) < 2f'(x) >1 kot adou f(x) >0 yia kdBs x>0, dpa

2f'(x)
j f(u)du>0

1
omnote Sev umapyouv AUaoelg tng Soopévng e€lowong ylo x>0.
Opota yla x < 0= f'(x) < f'(0) < 2f'(x) <1 kat f(x) >0 ywa kdBe x<0,
OmoTE

2f'(x)

1
j f(u)du>0 < j fudu<0
2f'(x) 1

apa Sev untdpyxouv AUoeLg TnG Soouévng e€icwong ya x<0.
JUVETIWCE N povadik Abon tneg apxkng e€iowong eivatn x=0.

—8—
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B) Av t, elvaln xpovikn otypn otnv onola toxUeL x'(t,) =2y'(t,) tOTE €X0oUpE SLadoxika

X'(t,)=2y'(t,) = x'(t,) =2f"(x(t,))x(t,) x’(:é):ﬁof'(x(to ) =%

T apal-1

< f(x(t,))=f(0) < x(t,)=0
Apa y(t,)=f(x(t,))=f(0)=1, ouvenwg to {ntovuevo onueio eivatto A(0,1).

A3. g(x)= (ex —e)2 (x—2)°. H g eivar mapaywyiotn oto (0,+90) WG YWWOUEVO MAPAYWYLOLHUWY UE
g'(x) =2(eX —e)(x —2)(xe* —e* —e)
:2(ex —e)(x—Z)r(x)
omou r(x)=xe* —e* —e.
H ouvaptnon r(x) sivat nopaywyiowun oto (0,+0) pe r'(x)=xe*.
Eivaw r'(x)=0<x=0 kat r'(x)>0< x>0 dpan r eival yvnoilwg avovoa oto (0,+x).
MdAtota eneld r(l)=—e<0, r(2)=e’ —e>0 kain r(x) eivat cuvexig oto [1, 2] dpa amoé To Bewpnpa

Bolzano umadpyxet x, €(1,2) wote r(x,)=0 kot emedn n r eivat yvnoiwg avfovoa n pila avth eival

pHovadLK.
TeAka
gx)=0<(x=1, x=x,, x=2). X 0 1 X, 2 0
[
. . . . . X-2 - } %= g &
JUVeEnwG ¢Tidyvovtag £va Tivaka TPOoHHUOU YL
v g' daivetat elkoAa dtL ofie -0 + g "
g'(x)<0 otav x€(0,1)U(x,,2) cxc-c = B ? ¥ i
EVW g'(x) - 0 + 0 - 0 +
g'(x)>0 otav xe(1,x,)U(2,+0). : .
; g(x) il 2| S| o

TE TM. TE

Apa n g elval yvnolwg ¢pBivouvoa oe kabe éva anod
ta Saotipata (0,1] kat [x,,2] evw eivat yvnoiwg av§ovoa oe kdbe éva amod ta Stactipata [1,Xx,]
Kal [2,400).

Apa teAka Onwce daivetal Kol amod Tov mivaka povotoviag, N g €xel 2 B£oelg Tomkwy eAayxiotwy ota

x=1 Kkat x=2 kot pio B€on Tomikol peyiotou 0To X =X, .
IXOAIA:

B1.
2"AYZH :

()
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2|z —4=0 2[’=2 Im(z) =+1
2|z|2+(z+7)i—4—2i=0<:>{ 2] = {I | @{ 2

2+7-2=0 Re(z)=1 |Re(z)=1 '

apa (...)

EVOANOKTIKEG AUOELG

1"1

2'1

B3.

1+i 1+i 1 i,
—= =—=—n=i,apa(...)

1—i —i(l+i) —i -2
1+i_in-i_
TR i,apa (...

EvoAAaKTIKEG AUGELG

1']

2']

r2.

Me Tnv avikataotoon u=x+yix,y € R, mpokumntet
X +(y—3)° =25
mou eivat e€iowaon KUKAOU ...
Me Tnv avikataotoon u=x+yix,y € R, mpokuntet
X +y*—6y—16=0

V100

o eivan e€lowon kUKAou adol 0° +(—6)> —4(—16)=100> 0 pe kévipo K(0,3) kaw axtiva R = - 5.

2" AYZH (v thv e€iowon):

Eivat
h(x)=x—In(e* +1) =In(e*) —In(e* + 1) =In—
‘EXOUpE OTL
h'(x) = >0 pe h'(O)—l Kol h”(x)——L<
e +1 2 (e* +1)

Kol n mpog anodelén oxéon

h'(x)

Qh2ne) _ z‘i ) ko e"enon — &
e +1 e+1

2x

Av Bewpricoupe tnv cuvdptnon A(x)=—- 1 ,xeR
e’ +
QUTH €XEL TOPAYWYO
2 2x
A’(X):%>O, XER,
(e™+1)
apa eival yvnoilwg avéovoa oto R.
. . 1 1
A < A0 = K (x) <h'(0) < <—
e"+1 1+1

sSe'>1aex>0

- 10—
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ra2.
3" AYZH (yia thv e§iowon):
Elvau
h'(x)zl— Xe _e J;l—e _ X1 ,
e +1 e +1 e +1
OUVETIWCG
2h'(x) =—>
e+l
EnMopévwg
h(2h’(x)): 2 —In e(e*z”j+1 ,
e"+1
apa
)
(o) _ €
SO EL,
e +1

OTOTE N aviooTnTa yivetal Stadoxika

2

el e ), &5 ) )
< Seett et V<ce e Vreset<e
2
(X j e+l
ee+1 +1
S——<lo2<e’+le e’ >1x>0
e +1
r3.
2" AYZH (yio To 6plo):
X
EvaAAaKTika yla to 6plo: lim .
x»+ooex+1
’ !
. . (é) , . e . (eﬁ . e
Emeldn unapyxetto lim ———, eivat lim = lim = lim —=1.
X401 4 x40 @ 4] x>0 " I x—oto @¥
(e +1) (e +1)

ra.
2" AYZH (yia Tov urtoAoyLopo Tou OAOKANPWLOTOG)

E= [ (e'h(x)+e" In2)dx=[ (e") hxdx+In2[ e" dx=

:[ex h(X)]: —J.oleX (h(x))' dx+|n2(e1 —e°)=

— 1‘ — 0. — 1 e — —
=e'-h(1)—e”-h(0) .[Oex+1dx+e|n2 In2=

* +1)’

1(e
=e(1—|n(e+1)+|n2—_|.0 1
e

dx+e-In2—-In2=

=e—e-|n(e+1)—[ln(ex +1)]: +e-|n2=e+(e+1)ln(eilj T
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ra.
3" AYZH (yto Tov utoAoyLopO ToU OAOKANPWLOTOC)
Me alhayn) petaBAntig t=e" €xoupe dt=e*dx, kat

= [ |obldx = b :Leln(ti—tl)dt:
=jfmzdt+j:|ntdt—j:|n(t+1)dt:(e—1)|n2+|(0)+|(1),

omnov I(a):zjleln(t+a)dt ylo a>0.
Me oAoKANpwon KOTA TTAPAYOVTEC yia o >0 €xoupe

|(a):jfln(tm)dt:j:(wa)’ In(t+o)dt =

=[(t+a)In(t+a)]=" —jfldt:

=(e+a)ln(e+a)—(1+a)in(l+a)—(e—1)
JUVETIWG,
(0)=1 kat (1)=(e+1)In(e+1)—2In2—e+1,
OMOTe 10 {NToupevo eupado elval
E=(e—-1)In2+1—-(e+1)In(e+1)+e+2In2—-1=

2
=(e+1)ln—+e T.u.
e+1

Al.
2XOAIO:
To {ntoupevo 6plo Iingf(x) gival n mopdywyog tou e* yiax =0 av XpnOLLOTOL|OOULE TOV OPLOUO.
X—>
A2,

2" AYZH (yia to mpdonpo tng suvaptnong f oto o epwtnpa)
To mpoonpo tn¢ f mpokUMTEL Kat oo T povotovia tnge.
Mpayuatt, adol n f eival yvnolwg avfouvoa oto (—wo,+0m) dapa

f((—oo,+oo)) = (XILrlwwf(x),XILrI\mf(x)) =(0,+x)

ot
. . x 1
lim f(x)= lim (" —1)==(-1)-0=0
X—>—0 X—>—0 X
Kol
0
. et -1 et
lim f(x)= lim = lim —=+w.
X—>+00 X—>+0 X x—>-0 1

A2,
2" AYZH (yio to a epwtnua)
Asixvoupe Omwg oTnV apxLkn mpoaoéyylon otLto 0 eival Abon tng Soopévng e€lowaong.

Eotw o,B pe a<PB Vo Stadopetikég Aoelg. Tote adol f kupth dpa f'(a) < f'(B) < 2f'(a) < 2f'(B) .
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Ouwg
2f'(a) 2f'(B) 2f'(B)
j f(u)du= j f(u)du(=0) < j f(u)du=0,
1 1 2f'(a)
mou eivat atomo SLOTL (N amodelEn opota pe tnv Avon napanavw) f(x)>0 yla kabe xeR .
A2,
3" AYZH (yia to o epwTnpa)
AdoU n f eivat ouveyngoto R dpa €xet apyikn, €otw F(x). Tote, F'(x)=f(x)>0 (n anddel&n yia to
npoéonuo tne f yivetal onwg €xeL Nén avadepbei). Apa n F(x) eivat yvnoiwg abouvoa oto R .
JUVENWC EXxoupe SLaboxLKA:
2f'(x)

j fu)du=0 < [F(u)]

1

2f(x)
1

=0 F2f'(x))—F(1) =0

& FRF (X)) =F(1) < 2f(x) =1 <> x =0
A2,
4" AYZH (yia to o epThia)
2f'(x)

Opiloupe tn ouvaptnon h(x)= j f(u)du, xeR, n omnolia sivat mapaywyiowwn oto R* wg ovvBeon tng
1

TAPAYWYLOLUNG CUVAPTNONG jf(u)du ue tnv 2f'(x) (n omoia eival mapaywyiown os 6Ao 1o R*) pe
1

napaywyo h'(x)=2f(2f'(x))f"(x). Ouwg 2f(2f'(x))>0 STt €xet amodelxBei mapandvw 6Tt n GUVAp-
tnon f elval Betikr) oto R . Apa apkel va pehetriow to mpdonuo tng f'' yua kdbe xeR™.

e (x* —2x+2)-2 _ kix)

f'(x)= . —5, 6mou k(x)=e"(x* —2x+2)-2.
X X

Opwg k'(x) =x’e* >0 pe TV LodtTa va LoxUeL uovo ya x =0 . Apa n cuvdptnon k eivan yvnoiwg av§ovoa

og oAokAnpo to IR . Emeldn to 0 eivat mpodavng pila tng ouvaptnong k, dpa eivat kat povadikr.

Eniong
x > 0=>k(x)>k(0)= k(x)>0 X ~c0 0 +o0
Ka |
k’(x) + 0 +
x<0=k(x)<k(0)=k(x)<0. I
, . ) , ) I
Apa ot k(x) kat x* eival opoonueg omote f''(x) >0 yia Ka- k(x) - _—0 +
||
Pe xeR". I
3
suverwg h'(x)=2f(2f'(x))f"(x) >0 yia kabe xR’ N : E +
Il
kot adov n h eival ouvexng oto x, =0, apa n h eivat p
" + ~ +
, . . . ' (x)
yvnoiwg avéouoa oto R pe mpodavn pila to x=0, apa ”

Kol povasikn.

A2.
57 AYZH (yio To o epwtnpo)
‘EOTw OTL N guvAptnon

T(x)= j.f(u)d u, xeR

—13—
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£XeL KAl AAAN plla p=1 kot ag umoBéooupe xwpig BAGPN otL 1<p.
Tote ano Oswpnua Rolle yiwa tn cuvaptnon T(x) oto didotnua [1, p] £xoupe otLumdpxel €<(1,p)

wote T'(§)=0<f(§)=0, mou eivar &romo (adou f(x) > 0) onéte to 1 givon povadikn pida.
2f'(x)

Apa amo v J. f(u)du =0 mpokUmTEL OTL
1

2f'(x):1<:>f’(x)z%@f’(x)zf’(O)@XzO,

adou n f eivar "1-1" wg yvnoiwg avouvoa edpodoov n f elval kupth).
A2,
6" AYZH (yia o a epwtnua)
2x
H ouvaptnon F(x)= J.f(u)du, xeR eival yvnoiwg abéovoa S0t F'(x)=2f(2x)>0.
1

Oewpolpe tuxaia x,,x, eR pe x, <x,.
Tote eneldn n f' elvat yvnoiwg avéovoa (wg kuptn) éxoupe f'(x,)<f'(x,)

Kal epocoov n F elval yvnolwg avfouoa apa
2f'(x,) 2f'(x,)

FF(x,)) <F(Fi)) < | fludu< | fu)du

2f'(x)
dnAadn n cuvdaptnon G(x)= I f(u)du, x e R eival yvnoiwg avéovaoa pe povadikn pilatnv x=0.

1

A2,
2" AYZH (yia to B epwtnpal)
Mo ekeiva ta t yla ta omola x(t)#0 £xoupe
x(t)
e’ -1

y(t)=f(x(t) = R

OUVETWG
y'(t) =" (t)x(t) - (e =1)x'(t)x’ (1
Ma t=t, woxveL
X(t)=2y(t,) < x'(t,) =2t x(t,) - — (&) — 1) X[, X’ (t,)

x'(ty)>0

o 2eMx(t)—2e +2-x*(t,)=0 (1)

Oewpolpe T ouvdptnon k(x)=2xe* —2e*+2-x> n

I , , « X -0 0 +20
onola sival mapaywyiowun oto R pe k (x):2x(e —1). I
Etval k'(x) =0 <> x=0. 2x - t? +
Eival e0kolo va SoUUE PE TIEPUTTWOELG 1 pTLAXVOVTAG I:|]
niivaka ripoorjpou ot k'(x) >0 yia kdBe x =0 . e-1 i | +
Juvenwg n k(x) elvatl yvnolwg avéovoa oto R wg ou- () + Ul +
vexne oto 0. Emiong n k(x) €xeL mpodavn pila tnv I
X,=0 n omoia eivat kat povadikn. Apa TpEMeL k() _,,/’T _

X(t,) =0 nmou anoppintetat.
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1 "(t
H povn nepimtwon mou pével eivat x(t,)=0. Tote y(t,) =f(x(t,)) =1 kot y’(to):E: X (20) .

Apa tehkd x(t,)=0 omote y(t,)= f(x(to)) =f(0)=1 ouvenwg to {ntoluevo onpelo sivatto A(0,1).

ZXOAIO (yia to B epwTnua)

Mapd to OtL oL SU0o TPOTOL AUGNG TOU EPWTHATOC £(val oL AVAUEVOEVOL yLa TNV EMIAUGK TOU, EVTOU-
TOLG UTTAPXOUV TIEPUTTWOELG KAUTTUAWY TIAVW OTLG OTIOLEG KIveltal n TeTUNUEVN X(t), oL omoieg evw -
KOVOTTIOLOUV TIC IpoUnoBéoelg Tou TpoPAnpatog 8 SLépyovtal Kapio Xpovikn oTyun t amod to on-

—-t

peio A(0,1). Mo mopddewypo ag Bswpricoupe x(t)=—e~ ywa TNV omoia x,=x(0)=-1<0 kot

x'(t)=e™" >0 yia kdBe t>0, aA\& Sev undpxel t tétolo wote x(t)=0.

2" AYZH

Napatnpolpe ot g(x)>g(1)=g(2)=0 yia kdBe x(0,+x), ondte n g £xet OMKO (Gpa Kot TOTiKo)
€AdyLoto ota onpeia x, =1 kot x, =2.

Ano to Oswpnua Méyilotng kat EAGLoTNG TLHAG yLa T ouvdptnon g oto [1,2] umdpxeL X, € [1,2] §-
T0l0, WOTE va LoxVeL g(x)<g(x,) ya kabe x€[1,2]. Av Atav x, €{1,2}, tote Bat ftav g(x)=0 vy

KaBe xe|1,2|, mpayua atoro. Apa, sival x, €(1,2), onote TLOPOUGLALEL TOTILKO MEYLOTO OTO X, .
3 3

3"AYZH

H Umapén tpitng pilag tng mapaywyou anodelkvuetal Kol pe epappoyr tou Oswpnuatog Rolle yia tn
ouvaptnon g oto didotnua [1, 2].



