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IIpoAoYOC

Or onueiwoelg autég yedotnxay Y va Bonidhcouy Toug TpwTOETElC @ot-
mtéc Tou Tuuatog Awayelpiong IepBdiiovtog xar Puowmv Ilépwv tou Ila-
vemotnuiou Iwavvivwy, va xatavoricouv Bactxd onueio twv Madnuatixoy, va
CUUTATPOCOLY TN YVWoT Toug xou va Juundoly Baowég €vvotec. Emmiéov va
yenoworotnloly we €va Pacixd elcaywytxd PiBAlo yia exelvoug, mou Va yern-
cwornoicouy o Modnuatind yioa v enthuon mpoBinudtwy 1 11 dnuoupyia
HOVTEAWY TN EMGTAUNG TOUG XL VA TOUG UUHCOLY GE Evay Xavolplo TEOTOo
oxédng oe 6,1t agopd T Modnuatixd, mou eivon Uev eviaia, wWGTEGO LUTHEYOUY
TOMES OTTIXES Yo TIC EVVOLEC TIC OTOIEC DLATPAYUATEDOVTAL.

Y10 xelyevo yivetu tpoondiela ot uadnuatinég EVVoleg xan ot danuotixol
T0OTOL TOL YenowoTolVTUL Vo elvar YvwoTol and ta Madnuatixd tou Auxeiou.
‘Onou yeetdlovtar xdmoteg xavovpleg €vvoleg 1) tumol, Yo etodyoviar 1 Yo amo-
oevbovtal Tr otiyur| mou Yo yenotponotolval. 2ot6c0 Eugact Vo doVel oty
epappoyt) xa TN yeron Tov Madnuatixey. o v eunédwon tng OAng undpyet
evag aptiudg APEVWY AOXNCEWY 1| TUEAOELYUATOY xat €vag aptiuds dAuTwY a-
OUNCEWY XAl TEOPANUATOY 6T0 TENOC xdVe xegadatou. T'a tn Ador oplopévey
AOANCEWY, TOL EiVAL LUTOAOYIOTIXES, Vol amoaftnTy 1 YEHOoT EMCTNUOVIXAS o-
erduounyavrc (calculator, xoumoutepdxt), v omola o gortnthc VYo mEémet va
uder va yerpileton xahd. [a Tig ypagixée Tapactdoeic o gortnthc Yo Tpénet va
uder va yepileton To Tedypouua gnuplot. I Y10 xefyevo undpyet évac apriuog
TOQUBELYUATWY YPHONE TOU TUQATAV® TEOYLPUUUATOC, Tou Vo TEETEL VoL S0XIUd:-
Covtal amd TOV oVAUYVOOTY), WOTE VO ECOXELOVETOL UE T1) YENOT XU Vo EVEQYEL
xotd TEpiTTWOT).

!To gnuplot, Yo o Beelte otn dieduvon www.gnuplot.info. to apdptnua Tov Tapdvioc
eyyeptdlou Yo Peeite éva pxpd odnyd ya 0 Yeron Tou.



Eiocaywyn

1.1 To obvoho. Opiopol xou TEd&elg

H évvola Tou ouvohou Yo Vewpnlel mowtapyxr xau o Va optodel. Etot
oxoVyovTag 1 SlBdlovtag «alvoloy Yo vVooUuE autd Tou GAOL Yag xotahoPol-
YOUUE, O, Uit culhoyY| amd avixelyeva. To cOvoho arotehettar amd ototyela,
o onofa Peloxovtar pévo pla gopd péoa ¢° autd xou Aéue 6Tt T0 oTotyElo a
avixel oto cOvolo A ypdgovtac a € A 1 T0 clvoro A mepiéyel To oTolyelo
a ypdgovtag A > a. Avtideta Aéue 6Tt T0 oTOLYElD d BEV AVAXEL 0TO GUVO-
Ao A yedgpovtac d € A 1 t0 obvoho A Bev mepiéyel 1o oTolyeio d YpdpovTag
A Z d. To obvolo eivon duvatdéy va optoel Thfpwg B’ avaypaPhs Twy oTotL-
yelwy tov my. A = {a,b, c} f neprypdpovtac auTd Ye pror IOTNTE TOUS TLY.
A = {z/z a tplo mpdTo Ypdupata Tou hativixod akgdBntou }. To obvolo mou
0ev TepLEYEL oTotyela ovoudleTan XEvO UVOLo xou cuUBoLileTar Ue 0. To Thdoc
TwY oTolyElwy Tou cuvohou A ovoudletoar TAnddpriuog Tou A, cuufolileTon e
N(A), ondte N(A) =3, N(0) =0.

"Hon ebvar yvwotd to oOvola twv aptdumy ard Tt deutepodiuta exmai-
deuot), 6TwS T0 GUVOLo Twv Quoxwy aprduey N = {0,1,2,3,...}, 1o onolo eivar
XAELOTO WG TEOC TNV TEOGVEST] XAl TOV TOAAATAAGLACUS, ONA. AV TEOGUEGOUUE
1) TOAATAAGIAGOVUE BLO PUGLXOUS cELIUOUE TO ATOTEAEGHA Elvar TEAL PUGLXOS
aprduoc.  Ouwe dev ouuPaiver to Blo ue v agaipeor. Enexteivoue Aowndy
10 0UVOAO TwY PUCIXWY XAl BNULOVEYACUUE TO GUVOLO TwV axepulwy aptduwy
Z ={..,-3,-2,-101,23,...}, t0 onolo eivar TP XAEWOTH WS TPOC TIC
TEAZELS TNG TEOcUETNS, TNS APAPESTS XAt TOL TOMAATAAGLAOUOV, DEV EivaL OULS
XAEWOTO WS PO TNV TPALT TNE dlalpeong, YL auTO ENEXTEIVOUE TO GUVOAD TwV
oxepalmY X dNUOLEYARCUUE TO GUVOAO Twv pnTtwy aptiuwy Q. Ilpoxewévou
VoL €pYaoTOOUE G7 €va oUVoho, OToU UTdEYoLY xou agtduol Tou BEV YedpovTo



2 Ewaywyr

Yyfuo 1.1: Ydvoro — Trocivoro Guvolou.

UTO Lop@RV XAAOUATOC, ONULOULYACOUE TO GUVOAO TV TEAYUATIX®Y dptiumy R.
Téhoc, Véhovtac va €xel €vvola xar i tetpaywvixy| pila tou —1 (v/—1) dnuoue-
yhoaue T0 oOvoro Ty pryadixwy apriuwy C.

To cUvolo, YEWUETEXY, TApOTAVETAL UE Uil AmAY xAeloTY| Yoouur. Ta
otowyelor Tou Ye TeEAeleg xat TO GVOUd TOUG 1| UE XATAAANAY Otaypduulon o€ TE-
eimtwon mou Ta ototyeta etvar TOAAG 1) Oev evolagépouy. Ta dtaypdupata Tou
oynuatiCovtar ue autd ToV TEOTO AéyovTon dorypduuata Tou Venn.

Aéue 611 10 6Uvoho A eivor umoGUvolo Tou cuvdrou B xou cuuBoiilouyue
A € B, av xa uévov av o otoryeia tou ouvolou A eivar xor otoryeia Tou
ouvohou B. Autd exgpdleton Ue 10 OTL, oV xdTolo oToLYEl0 avXEL 6T0 GOVOLO
A, toTe avixel xa 6T0 cUvolo B. Xty (B nepintwon Aue 6Tt T0 clvolo B
eivar uEEGBVONO ToU Guvolou A xou cupBorilovpe B 2 A. To Sidypauuo
paiveton oto Lydua 1.1. T napdderyya N € I xar R 2 Q. To xevéd oivolro
eivor uTooOvolo mavtog cuvéhou (B & A). Eivar gavepd 6t av A & B 161

N(A) < N(B).

Avo clOvoha A xar B e 6t eivar oo xou ouufBoiiCovye A = B, av xa
uévov av A & B xou B & A. Av 1o Suo oOvoha dev eivar {oa, ypdgouue A # B.
Puoxd oty nepintwon e wdtnrag oyvet N(A) = N(B).

‘Evwor 000 cuvdrwy A xoau B héue 10 oUVOho Tou anoteheitar amd Oha
’ / / 7 /’ ’
ot oTotyelo Tou cuvdlou A xou Gha Ta oTotyela Tou cuvdlou B, cuuforileTon de
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AUB

Yyfuo 1.2: H évwon xot 1 tour| 0uo GuVOAWY.

ue AU B. Xe eninedo otoryciwy autd exppdleton Ue To OTL, €va oToLyElo elvon
ototyeio tng évwone AU B av xat pévov av etvan 6Tolyelo Tou cuvéiou A 1 tou
ouvéhou B. Av yio mopdderypa éyovue A = {1,2,3,4,5} xav B ={3,4,5,6,7}
t6te AUB ={1,2,3,4,5,6,7}.

Topy 600 cuvorhwv A xou B Aue 10 cOvoho Tou amoTeAeltal ond Ola
ToL x0Wd GToLyEld TV duo oLUVOAWY, cuuPoiiletoan de ye A N B. Xe eninedo
oToyelwy autd expedletar Ue o OTL, €va oTotyelo elvon oTotyeio tng évwong
AN B av xa pyovov av elvor ototyelo xot tou cuvolou A xou Tou GuVOLou
B. Av vy nopdderypa €yovue A = {1,2,3,4,5} xu B = {3,4,5,6,7}, t61€
AN B =1{3,4,5}.

H évworn xar 1 toun €youv TNy avTetadeTinr xou TNV TEOCETHUELOTIXY)
w1oTNTo Xt emimAéov emuepileTon 1) wlar WG TPOg TNV AT

AUB=BUA AnB=BnNA
AU(BUC)=(AUB)UC An(BNC)=(AnB)NnC  (1.1)
Au(BNC)=(AUB)N(AUC) AN(BUC)=(ANB)U(ANC)

Ac Yewpriooupe thpo Suo olvoha A xou B. Eivar Suvatéy o) A & B xou B)
A ¢ B. Tty 1t Tepintwon, To 6UVoho Tou TepLéyel o oTolyele Tou B tou
oev TepLEyovTal 6T0 A AéyeTal CURTARRWUA



4 Ewaywyr

Tou GuVOlou A w¢ Tpoc To 6Uvoho B xou Guy- A
Bohiletan Ag 1 oAl AC. bty To UTEEOUVOAO
B evvoeiton. Yt Ocltepn mepintwon Adyetan
Srapopd xot cupPoriCetoan ue B — A. 'Etot av
éyouue A = {1,2,3,4,5}, X = {3,4,5} xxu
B = {3,4,5,6,7}, t6t1e A— B = {1,2} xa
X9 ={1,2}, X§ ={6,7}.

Ané o Swrypdupata Tou Venn xdnotog unoget vo Tapatnerioel Tt

A=(ANB)U(A—-B)xu B=(ANB)U(B—A). (1.2)

Avo clOvoha Tou 1) Tour| Toug £lvat 10 XeEV6 oUVOho Aéyovtan EEva petagl
toug. [ duo clvola A xou B, Zéva yetald toug, elvon @avepd OTL 1 €veo
toug A U B repiéyel dha ta otoryeia tou A xon 6ha 1o otowyeior Tou B. Etot
1oy Vel

N(AUB)=N(A)+ N(B) (1.3)

Ilpotaon 1.1.1 I'a dvo ovvoda A ka1 B 10y ve

N(AUB)=N(A)+ N(B)— N(ANnB) (1.4)

Anodedn: H évwon twy duo cuvorwy A xar B teptéyet o ototyela Tou GUVOAOU
A mou dev avixouy oto B, Tta ototyeia Tou B mou dev avixouv 6to A xat Ta
otolyelor Tou avixouv xat oTo dUO GUYOAA, BNA. T oToyEld TG TOURC TOUS
AN B. Téte Yo woyter AUB = (A—B)U(ANB)U (B — A) xou eneds|
olvoho autd efvar E€var puetald toug, and v (1.3), Yo €youue

N(AUB) = N(A— B)+ N(AnB) + N(B — A) (1.5)

6uwc ond ty (1.2) woyvet N(A) = N(ANB)+N(A—-B) xa N(B) = N(ANB)+
N(B — A), ondte avtixadiotdVToc XatdAnia 6Ty TeonyolUevr) Taipvoude )
oyéonuag. HIlpbtaon 1.1.1 mailet éva omoudaio pdho o1r Ocwpia [Trdavothtwy.

IMoagaderypo 1.1 Ye pua atfovoa Ppiokovtar 120 droua, ek twv omoiwy 72 dto-
pa yrwpilovr Ayyhikd, 67 yvwpilovr I'eAdikd xar 39 yvewpilovr Ayyhikd kai
TI'aAdikd. Na BpeOei méoa dropa de yvwpilovy ovte Ayylird olte I'aAdikd, méoa
droua yvwpilovy uévov I'aAixd.
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Aven Av dewphiooupe Q = {z/x dropo g aifoucac}, A = {z/x dropo ¢
aidovoog mou yvwpiler Ayyhixd } xaw B = {z/x dropo tne aidovcos mou yvwpi-
Zet Tahhixd }, téte o dropa mou yvwpeilouy eite Ayyhixd eite Toadhixd Yo efvon
AUB. Ané v Ilpétaon 1.1.1 Yo éyoupe N(AUB) = N(A)+ N(B) - N(AN
B) =72+ 67 — 39 = 100. Ta dropa nov e yvwpillouv xaud yhdooa eivar 20,
aol N () = 120.

To dropa mou Yvwpilouy Tadhixd xou 8 yvwpeilovy Ayyhixd eivar (B —A) xat -
xetva Tou Yvwpeilouv xar Ayyhixd xon T'odhixd eivon (ANB), and v (1.2) éyouue
B=(B—A)U(ANB). Onéte N(B—A) = N(B)—N(ANB) = 67—39 = 28.

1.2 Awtetaypévo Levyoc—Koapteoiavo yivoue-
VO

1o 6OVOAoL OEY EVOLUPEREL 1) OELRY TV oTotyElwy. 201600, dev elvar Alyeg
ol QopEC TOL 1) GELPd TwV oTolyelwy Tailel omoudaio pdho, T.y. G’ Evay aywVA
100m, mew Tov ayva EYOUUE TO GUVOLO TwV AUATNTWY TOU Ta{pvouy UEEOC, HETY
TOV OYWVAL OUWS EYOVUE TOUG VIXNTEC TOU AYWVIGUATOS T.)Y. TE®TOE, 0e0TEROS
x.AT. Av mpoxerton yio Suo cTovyela a xou b Ue cay TEOGOLOPIGUG TOU TEMTOU
XL TOL BeVTEPOL oToLyElOL, WAGUE Yol DlaTeTAYUEVO LEDYOS Xl GNUELOVOUUE
(a,b). T ta Satetarypévn Lebyn oy vet

(a,b) =(c,d) ©a=cxub=d (1.6)

MEe 7oV iB10 TpOT0 UTOPOVUUE VoL WAUE Yior DIUTETAYUEVES TOLADES (ay, ag, as), Oto-
TETAYMEVES TETPADES (ay, ag, as, G4), oL YEVIXOTERA YLal OLATETAYPEVES V—AdEC
(ar,as,...,a,). To otoryeio twv Swtetayuévwy r—adwy ovoudloviar GUVTE-
TOYUEVES.

Oewpolue twpa duo chvola A xar B dagopetixd tou xevol. To chvoho
Tou amoteheitow amd Oho Tor BrateTaryUEva Ledyn UE TpTO 6ToLyElo amd To ahvoho
A xon de0tepo oTolyelo and To olvolo B AEYETUL XUPTECLAVO YIVOUEVO QUTKV
xor oupPoriletar ye A x B, my. av A = {1,2}, B = {3,4,5} t61¢ A x B =
{(1,3),(1,4),(1,5),(2,3),(2,3),(2,4)}. Eivor pavepd 611 pe xdde otoryeio ond
T0 TPWTO GUVOAO Gy NUATI(OVTOL TOGA GTOLEId OTO XAPTECLAVO YWOUEVO, 60U
elvon Toe ototyela oTo dedTEPO chvoro. 'Etot £youue

N(A x B) = N(A) x N(B) (1.7)
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Me avticToryo 1pdmo dnuoupyolvIaL XAPTEGLAVE YIVOUEVA TELOY GUVOAWY X.0.X.
v GLUVOAWY xalL TavTo Yo Loy el

N(A; x Ag x -+ x A,)) = N(A;) Xx N(Ay) x --- x N(4,) (1.8)

Or oyéoec (1.7) xou (1.8) avagépovtar we xavévee Tou molhanhootacpol. Al-
AES, OUWS, POPEC AVAPEPOVTAL X0 WG XAVOVEC TWYV ETLAOYWY, APOU OUCLACTIXY
woc Oebyvel mooeg duvatég ETAOYES €YOUUE, OTAY ETAEYOUNE oTolyela B avTixel-
UEVOL TPGOTAL amd €val GUVOAO, ETELTa amd xdmoto dAho x.0.x. 'Etot, yia mopddety-
uo, oy Eyouue vo Beolue 0 TARUOC TWY XOGTOUUIWY TOU OTNUoUpYOUYTOL ot
eval TAUOG TRLOY CAXUXIWY X0l TEGOHPWY TAVIEAOVI®Y, ATd TOV XAVOVL TV
eMAOYWY TEoYavws VYo Beolue BMOEXN XOGTOVULI.

IMopatrpnon 1.2.1 Ao mpoooyns €ivar to yeyovds on, evdy Ax B # B x A,
ndvta wyve N(A x B) = N(B x A).

Ioapaderypo 1.2 Na derytel 6T, ya tpia un xevd olvola, 10ydovy
i) Ax(BNC)=(AxB)N(AxC) it) Ax (BUC)=(AxB)U(AxC(C)

Adom Oewpolye éva tuyaio ototyeio (z,y) tou cuvéhou A x (BN C). Tote
1oy VEL

veA ved (2,y) € (A x B)
{oelone = Ve ~{lmeire
onote (z,y) € (Ax B)N (A x C). Anh.
Ax (BNO) S (Ax B)n(AxC). (1.9)

Avtuotpbdpnc av (z,y) éva tuyaio ototyeio Tou cuvéhou (A x B)N (A x C), Yo
1oy Vel

(z,y) € (A x B) ved r €A
{(x,j)e(AxC) T IEl ;‘{ye(BmC)
on6te (z,y) € Ax (BNC). Anh.
(AxB)N(AxC)S Ax (BNnCO). (1.10)

Or oyéoeic (1.9) xou (1.10) armodeiyvouy to {nroduevo.
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1.3 Meradéoelc

Tonodetdvrac to ototyeio evog ouvdhou oe wa oelpd (dnh. apadtdlovtdc
o) Onutovpyolue wa petddeon, my. wa HETAVEST TWV OTOLYEWY TOU GUVO-
v A = {ay, a9, a3, a4, a5} €ivou 1 (a9, as, as, ar, ag), o AN eivon 1 (aq, as,
as, az,a1). T va uetpriooupe 1o TAlog Twv mapandvew uetadéocwy Yo yer-
OLUOTOLACOUUE TOV Xavova Twv emthoy®y. ‘Etot yia va emiélouue 10 mpmTo
oTolyelo 0TO TUPAOELYUd Uog EYOUUE 5 BUVATOTNATES, Yio VoL ETAEEOUUE TO DeUTE-
e0 atotyeio €youue 4 duvatdtntes (apol Yon éyouue Tdpet To évol oToLYED), Yia
va emhéZouue To Tpito ototyeio éyouue 3 duvatdTnTeS (apol o Eyouue Tdpet
Tal OVOo omtxsioc), Yot v eTAEEOVUE TO TETUPTO OTOLYEID €YOUUE 2 DUVATOHTNTES
(opoly #B1 €youpe mdper Tar Tpiar oTotyEln), TENOC Yior Vo EMAECOUUE TO TEUTTO
ototyeio €youue 1 duvatdtnta (apol Hd1 €youue mdpet o TEoCERA OTOLYE(M), OU-
YO Aowndy €youvpe Mz = 5-4-3-2-1 yetadéoeig. Ievixd, yio vo ueTpricouue
10 TAHY0C TwV UETAIECEWY EVOC GUVOAOU UE ¥ GTOLYE(N, O TUQAUTAVL TEOTOSC UoC
Olvet
M,=v-v—=1)-(r—2)...2-1 =11 (1.11)
To v! BiaBdleton «v ToapayovTIXO» XAl OTUUVEL TO YIWVOUEVO OAWY TV QUCLXMY
amo to 1 uéypet to v, opillovtag 0! =1 xan 1! = 1. Exniong 1o v! unopel va oploel
XOlL AVAOPOUIXE. W
O=1lxuvi=v-(v—1)! (1.12)
To v mapayovtind auidvel mohl ypriyopa, m.y 10!=3628800 xar mpogavde ol

npdZelc (molhamhactaouotl) eivon ndpa Torhés xar dhoxohec. O enduevog Timog
Tou Stirling yio yeydAa v pog BIVEL TEOGEYYIOTIXY TO ¥V TAPAYOVTIXO

V!~ 2w (5) (1.13)
e
Me tov tino (1.13) Beioxouue 10! ~ 3598696, apxetd x0vtd 6NV mEOYUATIXN
TN,

IMoagdderypo 1.3 IIdoous mevtaypngiovs umopolje va onjoupynoovlLe ue ta -
pia {1,2,3,4,5}, naiprovtds ta pdvov pua gopd to kadéva;
Abor Ta ) dnuioupyio tevtadhgiwy aprduny Yo npénet ouotaoTixd vo Bpolue

’7 7, r
Tic petadéoerg autwy. ‘Etot

Ms;=5'=5-4-3-2-1=120
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T yetddeon op = (1,2,....7) T0V V TpOTOV GUOIXGY TNV ovoudlouue
puotxr uetddeon. Xtn guotxt, uetdleor xdle ototyelo elvar peyahltepo an’ OAa
o TEONYOUPEVE Tou. A€ cuuPaivel Ouwe To {610 xot 6TIC dAAeg pueTadéoelg. ‘Otay
xdmoo cToryeio elvan wixpdTepo amd xdmoo TEONYOUUEVS Tou, AEUE OTL EYOUUE
ot avaotpogn, Ty, ot petddeon (1,2,4,3,5) TV TEVIE TpOTWY QPUOIXMY, TO
3 etvar wxpdTepo amd 1o 4 mou elvon TEONYOUUEVH TOU, EROUEVKS €YOUUE WL
avaoteogr. Mia yetdleorn Aéue 6Tt elvon dpTiar 1 TEQLTTY, oV X0t UOVOV AV TO
mAflog Ty avaoTtpopwy civar avtioTtorya detio 1 mepitto. ‘Etot, 1 petdieon
(1,5,4,3,2) eivan dptia, agol €yet ouvohxd €€ avaoTpopés, evd 1) uetdieon
(1,5,2,3,4) eivon mepttty, aol cuvohxd éyet ubvov tpetc avaotogéc. H puoxd
uetdleon elvar dptia, Aol o TANY0C TV AVAGTEOPMY Elvar UNOEY.

Av Kk ané ta v otoryeio emavolauBdvovTar, 1) UETAVEST, UTMY Elval Uia hE-
tddeor pe emavddndn. Xe xdde tétoa yetdideon, n uetddeon onoiwvorroTte
amo o (Bl Kk oTtotyela dev mpoxahel xouid UETUBOAT oTr UETAVEDT) UE ERAUVAAT-
dn. Av mpog oTiyuny ta Yewpricouue dSlopopeTixd To K aUTA oTotyela, TOTE xdde
uetdieon pe emavakndn o pag dwoet k! anhéc uetadéoeic xan oheg wali Yo wog
0WooUY OAeC TIg amhég uetadéoeis. AnA.

V!
k'-My =M, & Ml’f:—‘, (1.14)
k!
6mou M}, etvor o aprdude twv pyetadécewy ye emavdhndn. O timog (1.14) yewi-
XEVETAL OTNY TEPIMTWOT TOL LUTAEYOUV L OUAOES UE K1, Ko, ... K, (Ot oToLyEla,
UE K1 + Ko + - -+ + K, = n. Xy nepintwon auty oy Ve
v!

MEv K2 s K — 0 1.15
v /ﬁ!/ig!---/iu!’ ( )

IMogdderypo 1.4 IIéoeg oxytddes pmopoUjie va oxnUatioove jie Téooepa aydpia
ka1 téooepa kopiroa, tonodeTdvtas ta o€ pa Ypauun;

Abon Ipdxertar yia petadéoeic ue emavdingn, apol o aydplo xat o xopitata
elvor Ta ototyela mou exavahauSdvovtar. ‘Etot

4’4 _ 8!
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Tonodetwvtac T otoryeio evoC GUVOAOU
o€ €va x0%ho, OTKS QAiVETAHL GTO BITAAVO Gy Y-
uot, OMUtoVEYOUUE Wiot XUXALXY petddeom. Ei-
vaL Qavepd 6TL, av x6oupe Tov xOxAo YeTal)
0LO OTOLWVONTOTE GTOLYEIWY, ONUIOURYOVUE [id
anhfy uetdeon. Mdhiota, and xdide xuxix
UETAUECT UTOPOUUE VoL OTULIOURYHOOUUE I UTAES

uetadéoec. Av ye K, nopaoticoude T0 TARUOC TV XUXMX®Y UETAVECEWY, Da
éyouue M, = v - K,, ondte

K,,:%: (v—1)! (1.16)

1.4 Awtdéelc

Emiéyovtac k and ta v ototyeio ye £ < ¥ EVOC GUVOAOU xot TOTOVETWVTOC
ToL OE Wi GELPd, ONploupYoUUe par Stdtadn” m.y. W dtdtaln Twy 3 and o 5
ooyl Tou ouvohov A = {a1, as, a3, as, as} eivon n (asz, as, as), wor A efva
N (as, az,a1). And tov xavéva v enhoyodv (1.8) Beloxouye 61t

KAV:V'(V_l)"'(V—/ﬁ}—‘—l):

O (1.17)

Ioagaderypo 1.5 IIéoous Tpuprgiovs umopolue va onuiovpyrjoovue e ta Ppneia
{1,2,3,4,5}, maiprortds ta pudévo pua gopd to kadéva;

Abon Tt dnuovpyia terdfglwy aprducy Jo mpénet vo emtAéyouue xdie gopd
Tpla and T mévte Yngia. Eto
5! 5!

=—=5-4-3=60
(5-3) 2

3A5 =

Emiéyovtac £ and ta v oTotyelor evOC GUVOAOL ot TOTOVETWVTAUC To O
Wt OELpd, UE TN SUVATOTNTO OPLOUEVA amd oUTA 1 xat Ghat vor eTavolopfBdvovTa,
loUEYOUUE UL SLdrTol € ETAVA Y. JLo OtdToL € ETAVA TWV

0 ) A , otdtol A
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3 ané 1o 5 otoryeio Tou ouvohou A = {ay, as, as, as, as} eivon 1 (ag, as, as), o
4 2. 4 4 7 7 4
G etvon 1) (ag, ag, ar). At tov xavéva twv emhoyodv (1.8) Beloxouye 61t

E,=v-v--v=0" (1.18)
—

K

elvot Qovepd TP €lvon BUVATOV VoL £YOUUE XL K > V.

IMapdderypo 1.6 IIdoous tpupnigiovs pumopodje va onuiovpyrjoovle jie ta Ppnegia
{1,2,3,4,5};

Abon Dot dnuiovpyia TeuhAgiey agriuny Yo tpénet va emhéyouye xdde @opd
Tpla amod T mévte Ynela pe ) duvatdTnTa To Pngla var emavaloudvovTar, T.y.
Yo dnuLovpyicouue Tov aprdud 324 ahhd xon tov 232. ‘Etot

3F5 = 5% =125

IHoapaderypo 1.7 IIéoeg otnAes IIPOIIO umopolje va dnuiovpyrjoovpe ue ta
otoiyeia {1,2,z};

Abon TNt dnwovpyia wag otiing ITIPOIIO dexatpuwy onueiwy Yo mpénet va
emAéyoupe xde popd dexatpla and ta Tela oTotyela, UE TN BUVATOTNTA TA GTOL-
yelo voemavahauBdvovtar, T.y. Yo dnuovpyficovue tn othin 11z|221|zrl|2222.
‘Etou

13F5 = 3 = 1594323

1.5 Xvuvdvaocuol

H emihoy?| k and o v ototyela VoG GUVOLOL, YWEIC Vo Uag EVOLUPEREL T)
ToT0VETNCY| TOUG OF OTOWONTOTE YPUUUT, AEYETOL CUVBLACWUOS TWY ¥ AV
k. O ouvduaouol Twv v avd k ouuBoiilovton e (:) f C.. Elvou gavepd 6Tt
Ol SLUTALEC TV ¥ avd K TPOXUTTOLY amd TIC UETAUECES TwY K OTOLYElWY Tou
emAECAUE amd TOUG GLVBUUCUOUS, BNA. A, = n!(:), OTOTE

<”> I P L (1.19)

K! Kl(v — k)!
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Ioagaderypo 1.8 IIéoeg mevtddes kapToy uropolie va ONUIOUpY)O0UHE and Ta
52 pUAAa piag tpdrovAac

Abor Tlpdxertar Tpogoavee Yo GUYBLAOUOUS, ool BE Hog EVOLUPEREL 1) OELRd,
ue tnv omofa Yo tomodetrdolv ot xdptec. Etol
(52) 52! 52-51-50-49-48

= = = 2598960
d 547! 1-2-3-4-5

O apriyoc Twv TeéTWY Tou Yo TdEoLUE T K and To v medydota vt
awxetBwg o {Blog pe TV aptiud Twv ¥ — Kk and Ta ¥ Tou Yo aghoouuE 6TV dxer,

-

Kdtt tétot0 mpoxdntel xou omod T npdlelC.

Adupa 1.5.1 T'a tovg ouvdvaoiols 1wy ver ndva

() ()= () 0 (L)) o

Anédeidn: Totny mpdtn (1 Seltepn agrvetan Yia doxnomn) xdvovtog Tic TedEels

-
(Z) N <H: 1) - m(yyi IR 1)!(:!_ 1)

v(k+1) (v — k)V!
(k+ Dl v—r)!  (k+1)(v— k)
V(ik+14+v—k)

(k+1Dl(v —kK)!

B v+1
N Kk+1

Ioagathenon 1.5.1 Ia va éovr évvown ta maparndvew mpéral < k < v. (2
otéoo ya Aertovpyrkovs Adyovs opiloviie (g) =1.
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1.6 Advpolopata - T0 >

Meydho mhfidog npociéoewy, ueydio adpolopata, eivon yevixd 60oxoha v
T yelptotolue. Oplouévee gopéc dume, 6Tay Ta adpoloaTta auTd UTAX0DOLY GE
AATOLOUE XAVOVES, UTOROUUE VOL TOL AV TIIETWTICOUUE Y OTCLLOTOIWYTAS XATIAAT AL
cOuPola, m.y. To d¥poloud TWV N TEGIWY PUOIXGY UPIIUOY UTOPOVUE VA TO
Yedhoupe wg e&hg

n
L4+2+4-4n=) i
=1

xou dto3dleTon To ddpoloua GAWY TV YUY ¢ and To 1 u€ypel To n. O TpdTOC
™G Yeapric authg 0ev elvon povooruavtog. To (B0 dipotopa Yo unopodcaue va

T0 Yedhouue xat wg
n—3

L424--4n=Y_ (i+3).
i=—2
Kdtw and 10 Y gaiveton 1 UETAfANTH, 0TNY TPOXEWEVN TERINTWON TO & X TO
x4t 6pto (dnh. amd mou exwd To i), xar Tévw and To Y Qouivetal To dvw Hpto
(Onh. mou @Téver to ©), N petaBoly (Bnh. to PAua) eivon Tévta éva. AxpiBde Ta
(ot 1oy douy, dtav ot puowxol apriuol elvar deixteg, m.y.
n
@ +ayt et ag =Y g
i=1
[ Aertovpyixole Aoyoug opilouue Zf:k a; = Q.

Aol xavoveg tou adpolopatog gaivovial oTny ETOUEVY] TEOTAGT.

ITeétaoy 1.6.1 I'a to oUpPoro tov Y wyvovr:

i) 2"21 =n
i=1

i1) Z(c-ai) = C-Zai
i=1 i=1
n n n

ZZZ) Z(az—l—bl) = Zai—ieri

=1 i=1 =1
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k
iv)iai = Zaﬁ—zn:ai , 1<k<n
‘ i=1

=1 i=k+1

Anédein: Xenowonotwvtac dueco toug tomoug yia T (i4) toipvouye

n n

Z(c-ai):c-a1+c-a2+---+c-an:c(a1+a2+---+an):c-Zai

i=1 i=1
U
H anédeiln wv (4), (4ii) xa (iv) agrveton we doxnon,.

Me rmapouoto tpémo optlovtar adpoicuota peyohltepne tdéng, m.y. OmAd
TOIMAL %.AT, {OWS Ye TNV TapaThENon 6Tl aUTd EVOAAAGGOVTOL XL, OTAY XATOLIG
UeTUBANTHC 0 DelxTng Oev maipver pépog oe xdmota ddpoton, 1 uetaBANnTY| cuuTe-
pLpépeTan wg otadepd.

Ilpotaom 1.6.2 I'a ta dimAd apoiouata 10y Vel

ID3) TS 3 91

3

i=1 j=1 7=1 =1

n m n m
Z’L) E E aibj = E a; E b]'

=1 j=1 =1 j=1

Anédeidn: Oa deifouye v @) xat 1 ) Vo Topapeivel we doxnon
Zzaij = Z (Zaij) = Z(ail +aip + 0+ i)
i=1 j=1 i=1  j=1 i=1

= (a1 +aip+ - +aim) + (21 + age + -+ +agy) + -+ + (@1 +ang + -+ + apm)
= (a11+ag + -+ ap) + (@12 +agn + -+ ap) + -+ (a1m + G + -+ + o)

:Zail+zai2+"'+zaim:Z<Zaij) :Zzaz‘j
i=1 i=1 i=1 j=1 1

i= =1 i=1
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Ioagaderypo 1.9 Na derytel ot

1
¢)1+2+---+n:@, i 14+34 -+ @n-1)=n,
i) 1 N 1 T 1 ] 1
217) —— J— N [ _
1-2 23 n-(n+1) n+1

Avon i) Ayeca €youpe

n n

QZi:Zi—i—Z(n—i—l—i):Z(i—l—n—l—l—i):Z(n—l—l):n-(n+1)

=1 =1
7 ’ ’ .. )
OTOTE TAUPYOLUE TO CT]TOUHSVO. Ta my ZZ) gYouvue

n

2(22'—1):im‘—ilZQii—n:n(nH)—n:n?
i=1 i=1 i=1

i=1
[ Ty 4it) €youpe

n n n n

;z’-(i1+1):;(%_iil):;%_;iil
:1+(Z%>_<Ziil>_nj—1

i= i=1

‘Opwe, o tocdTNTES, Péoa 6TIC TapevIETELS, 6To TeeuTalo ahyeBpd dipotoua,
etvar axp3mg ot Beg, ondTe TEOXUTTEL T0 {NTOVUUEVO.

IMogdderypo 1.10 Na derytel ot

n

) o nn+1)2n+1 B 3 n(n + 1)\ 2
)Y = (+)6( +1) “)ZZ:<%%

i=1 i=1

Aborn Kai otic duo mepintwoel Yo ypnowonoticoupe emaywyr. Ton = 1 1
i) oy let. Troldétouye 6Tt oy lel 6mwe etvor xar VYo deiloupe 6Tl toyleL xou yia
n + 1. Tpdyportt, tpocdétovtac xou oto duo péhn to (n + 1)% €youue

n

1)(2 1
S 4 (n 1) = 10 )6( D (1), ondee
=1
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n+1 2
D@2n+1) 6 1 1
Z,an(n+ )(2n + )+ (n+1)" n+ (202 4+ 61+ 6)
lel 6 6 6
1 1 2)(2n + 3
:"2: (2n? + dn + 30+ 6) = " )(nj; Cn+3)

Opolwg yian =11 i1) oy Vet. Trodétouye 6Tt 1oy let dnwe eivon xar Yo dei€oupe
61t oy et xau v n+ 1. Tpooétovtac néh xan ota duo uéhn to (n+1)3 éyouue
n
1)\ 2
Zi3 +(n+1)*= (@) + (n+1)°, onéte
i=1
g:llﬁ _ n*(n+1) +4(n+ 1)} (n+12*n*+4n+4) ((n +1)(n+ 2))2
N N 2

4 4 4

i=1

1.7 To diwvupo tou Newton

To dwwvugo tou Newton efvor yvwoté and to luuvdolo. Towg oyt ot
Yevix Tou pop@n, aAld eivor yvwotd. T mapdderypa, dhot Yupolvron v
tautétnTa (@ + b)? = a® + 2ab + b2 Tevixd éyouye 6t

Ocwpnua 1.7.1 Ia kdle a ka1 b € R ka1 i ka1 n € N, 10y ve
(a+b)" = zn: ") iy (1.21)
im0 \!

Anédegn: H anodeln Va yivel enayoywd. T'an = 1 n0étnta eivar tpogavic.
Aeyouevor e opf v wodtnta (1.21) xon todamhactdlovtac xor ta Suo WA
¢ ve (a + b) npoxintel:

1=0
n

— Z <7Z> Qi ;n; (7;‘) it

1=0

n n—1
— gty Z (?) A" Z (Z‘) Qi gt
i=1 i=0
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“/n - n
— n+1 n—l—l—ibi n—l—l—ibi bn—l—l
. +Z() +Z(_1) ;

n+1\ .. & n n iy n+1\, 1
n n ’LbZ bTL

(o e [0) + (2 e G
I AUE N A WU e W ATE N ) W n+1\ .0
= ( 0 )a +Z< ; )a b + na 1 b

O
Emniéov 10 i) and 1o Afupa 1.5.1 yag anodewviel ) oTeV oy€oT Tou €)ouv
Ol CUVTEAECTEC TOU EVOC OLWVOUOU PE TOUC GTEAEOTEC TOU embUevou. MdlioTa,
TOTOVETOUUEVOL XATHAATAAL, DNUIOURYOVY EVa TRlYWVO YVWOTH 0 TelYwvVo Tou
Pascal, to onolo gaiveton otov enduevo mivona Yéypet Tou n = 5.

1
1— 1
+
1l 21
+ +
1l— 3 3.1
+ + +
1w 46— A1
+ + + +
1 5 10 10 5 1

Eniong 1o i7) and to Afupa 1.5.1 poc Seiyvel tn otevi| oyéon mou €Youv 0 GuY-
TEAEGTHC Tou xde Gpou Tou atpoicpatog Tou diwviuou tou Newton ue exeivov
Tou mponyoluevou. Ilpdyuatt, av TOAATAAGIUGOVYUE TO GUVTEAESTY EVOS GEOU
ue tov ex¥€Tn NG 0OVOUNG TOU UELOVETOL XAl TO YLVOUEVO TO OLUPEGOUUE UE
Tov aptdud tne V€ong mou xatéyel o Opog autdg oTo dlpoloua, Beloxouye Tov
enbuevo ouvtereoth|. [o mapdderypa, o tétaptoc 6pog tou (a+b)° eivor 10a%b?,
0 GLUVTEAEGTHE TOU TEUTTOL HEOU (Tou enduevou) Beloxeton wg e€ng: 10-2: 4 = 5.
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IMoagaderypo 1.11 Na derytel ot
" (n n n
, _on y _
02 <2> DY (m) (2@' + 1)
1=0 1=0 0
dmou to [§] onuatver to axépaio jépos tou ;.

Abon TNa vy mpadTn and Tic Topandvew oyéoelg Vétouue a = 1 xa b = 1 ot
oyéon (1.21), ondte naipvoupe to {ntoluevo

= (14+1)" = <3)+<T>++<ni1>+<z)

"o ) Seltepn Vétoupe a = 1 xon b = —1 ot oyéon (1.21), ondte noipvouue

0=(1-1)"= (g) 1"+ (7;) 1 (1) 4t (Z) 1R (1) et (Z) (~1)"

XolL avadlATAGooVTAS auUTY, Takpvouue T {nToluevT).

Aoxnoeig

‘Aoxnor 1.1 Ocwpolue to otvorko A = {a,b,c,d,e, f,g,h}. Na BpeOel éva

ovvodo X C A ya to omolo 1w0yvel

Z) Xﬂ{d7€’f7g’h} = {a7f7h} Z/L) Xﬂ{d7eﬂf7g7h} = {f’g}
‘Aoxnor 1.2 Na deryrel n i) tov napadetypatos (1.2).

‘Aoxnon 1.3 Eye fpelel tepapatikd o, and évar mAnfuoud 150 atduwr evig

/! V4 / V4 /7 / 7
eidovs, 75 dropa avtdpolv Uetikd otny ovola A, 98 avtidpolv Uetikd otny
ovoia B ka1 42 avtidpovy Uetikd kar otis dvo ovoie. Na Ppelel méoa dropa dev
avtidpoly kaldlov otig maparndvew ovoleS, méoa droua avtidpoly Uetikd jovov
otny ovoia A ka1 méoa pudvov oTny ovoia B.
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‘Aoxnom 1.4 Na yivour o1 mpdéeig kai o1 atdomonjoes twy tapakdtw tapaotd-
o€wy
., 12124! . A B . (n+2)(n—1)!
i i) st o i11)

22!11! 314! 512! n!(n+1)!

iv) nl(n+3)—n?(n—1)!

‘Aoxnomn 1.5 Na derytel ot
’“221 n+i\  [n+k
—~\ m \m+1

‘Aoxnomn 1.6 Me ndéoovs tpdmous pumopoUje va Pdrovpe 20 BipAia otn oeipd,
WoTe dvo koKkKIva va eival tdvta dimAa-oitAa;

‘Aoxnomn 1.7 Na oderyel 6

ofi)u) o)

‘Aoxnor 1.8 Ocwpriote T tavtérnres (1+x)" ka1 (1+2)™. I'a j < min{m,n}
utodoyiote To ocurtedeoth Tou dpov 1 and to ywduevo (1 + z)"(1 + z)™. Tro-
Aoyiote to ourtedeatrj tov dpov 1/ ard tnr tavtdtnra (1 + )™, Anodeibe

e wevedenza (5) = i (1) (020)-
"Aoxnon 1.9 Xpnowornoidvas tn oxéon (1.21), va deyrel du
VO>0, (1+60)">1+4+nb, VneN

Xpnowporowdvras patinuatikn eraywyn, va oerytel 6t n tapandvew oyéon woyle
Vo>-—1



Axohouvlieg - 2elpeg

2.1 O oyéoelg

Y1y xonUEQYOTNTA Mo ToL GTOLYEN TV GUVOAWY GUVOEOVTOL AOYIXE UE-
Ta&V Toug, T.y. ot gortntég Tou Tpfpatog AIL®.II tou Havemotnuiou Inavvivwy
OLOAGHOVTOL ToL Lo AUTA TOU TEOYRAUUATOS 0ToLOWY Toug. O xavdvag, o vouog
ToU GUVOEEL BUO GUVOAAL PETAEY TOUC AéyETaL OYEDT).

Modnpatixotowwviag T mopandve Vo
umopoloaue vo €youue To clvolo A =
{x/z gortntic Tou twhuatoc AIL®.II} o
B = {z/x uddnua tou Teoyeduuatoc onou-
0wV TOL TUAUATOS ATLD.IT} xon wg oyéon
o NV €xppact <O gotnThc  SLddoxeTAL TO
udnua y». To chvoho A héyetar chvoho

agpetneiag xou o chvoro B Aéyeton olhvolo dpigng. Ta otoryeio Tou cuvolou
A Myovta apy€Tuna, Ve To ototyela Tou cuvohou B Aéyovta ewxdves. To
obvoho G' C A x B mou anotele{ton and to oTolyelol ToU GUYOEOVTOL UETAEY TOUG
ue v oyéon o héyeta ypdpnua tne oyéonc. H toéda (A, B, G) npoodlopilet
TAewe wa oyéon (1 ) oyéon). Ot oyéoeic nailouv omoudaio pdro ot Vew-
elor Twv Madnuatixay. Avdhoya Ue Tic 1BIOTNTES TOU €Y0ULY, Uag BIVOLUY EXEC
oyéoeic. H anewxdvion ebvan pio t€tota edixr oyéon.

Opiopodc 2.1.1 H anewxoévior f evds ouvvdlov A o€ éva otvodo B elvar jia
oxéon omov o€ kdOe otoryeio x Tov ourddov A avtiotoryiler éva povadiké otoreio
y tov ourdrov B kar oupfodiletar f 1 A — B, y = f(x).

19
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Yyfua 2.3: H anewévion f: A = B, y = f(z).
2.2 Axolouvdiec

M amewdvion yio Ty onofa €yovue A = N xar B C R, Aéyeton axolov-
Do mparypotixdv aprdumy. H axohoudia, avti tou oupPolioyot a(n), cuvidec
ouufBohileton ue 10 ay. Ot ag, ai, as,as, ..., ay, ... Eyovion 6potl Tng axohoudiag
o Oev efvan timote Ao, mapd ot a(0), a(1),a(2), a(3),...,a(n),.... Otbpot tne
axoloudiog eivar, Tpoavag, dretpot. Ot axoloudieg opilovtor and xdnoto TTO,
T.Y. oTi axohovdiec a, = % wue n # 0, b, = 2n + 1 ot 6pot Toug TEoxHTTOLY,
av otn Yéon tou n Yéoouye cToryelo and 1o cUvoro N. Kdmolor dpot yia Tic
axohoudiec autéc evau: ay = 1, ay = %, ayp = %, by = 3, bs = 11. 'Alote
Téh ot axohoudiec opiCovtar avadpoutxd and Uia oYEoT ot XATO0Y 1 XATOLOUS
TEWTOUG OPOUC, €TOL €YOUUE T.Y. TNV axoloudio Tou oplleTar amd TOUC TEWTOUS
bpoug a1 =1, as = 1 xou TNy avadpouLx OYEDN Gpto = Gpni1 + Apn, YEPXOL OpOL
auThc elvat: ag = 2, ag = 3, as = 5, ag = 8. To 6Tt oL bpoL Tng axoloudiag elvor
dretpol 0 onpaiver 6Tl xat oL TYES Tou mafpver uio axxohovdior elvar cuYyEOVLS
drepec. o mapdderypa 1 oxohovdio a, = (—1)" maipver u6évo duo Tipée, 1o 1
xor to —1.

Or twég g axxohoudiog yia cuyxeEXPUEVES THIES TOL N Efval TAPWS TROG-
OLoplotueg xat, wg ex To0TOU, BEV Eyouv eViLapEépov. To evdlageépoy Twv axolou-
VIOV EYXELTAL OTO TL XAVOLUY KTENXEY %0l OTAY AEUE TENXY, EVVOOUUE T GUUSULVEL
Yo x8Ve n ueyohhtepo and xdmoto ng (V' n > ng). Lyetxéc EVVoleg ue auto eivau
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7 €VVoLa TN HovoToviag, 1 €vvola ToU QEdyUaTos Xt 1) €vvotd Tng oOYXAoTG.

2.2.1 H povotovia

Opopdg 2.2.1 Ma axodovdia Aéyetar atvéovoa (yvnoiws avéovoa), av kar jud-
vov av
an S (<)a’n+1: VneN

Ma axodovlia Aéyetar plivovoa (yvnoiws ¢divovoa), av kar pévov av

ap > (>)aps1, YneN

IMogathenon 2.2.1 O1 évvown g avéovoas (yvnoiwg avéovoag) axolovdiag
oev aAddler ovoaotikd, av n oxéon mpoodiopiojol Tns avtikataotalel ané tny
dng € N : a, < (<)an41, Y n > ng. Avtiotoa kar yia tnr évvoia tns givovoag
(yvnoiwg gdivovoag) axodovdiag.

Ioagaderypa 2.1 Oewpolie Tig akokoviies
1\" 1\ nt1
ay = (1 + —) b, = (1 + —) (2.1)
n n
Na o€iéere 6t n ay, elvar pua avéovoa axkodovdia, evdd n by, pua gdivovoa.
Abomn Apywd mapatnpolye 6Tt xou ot duo axoloudieg €youv YeTixols 6poug

’ 7, 7 an+1 7 7 7. ’
Vn € N. Oewpolye topa 10 hMyo == xou Ya deiCoupe ot efvon peyaitepog
Tou €Val.

n+1 n+1

1 1

an+1_<1+"—+1> _<1+n_+1> (1+1)_<n2+2n)"+1(n+1)
“o (1+3)" (1) L n

n
_(n2+2n+1—1)ﬂ+1(n+1)_<1 1 )n+1(n+1)
B (n+1)2 n (n+1)2 n

‘Ouwe, and v ovtedtnta tou Bernoulli, Aoxnon (1.9), npoxintet

an+12(1_ 1 )(n+1):1
an n+1 n
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Oewpolye eniong o Aéyo b;;—“ xou Yo Bel€oupe OTL elvar UixpdTEROC TOU EVaL.
mn

n

1 n+2 1 n+2
bn+1_(1+n_+1) <1+n_+l) ( 1)_(n2+2n)"+2(n+1)

bn (1+%)n+1 - (1+%)n+2 (n+1) n

_( 1 )n+2(n+1) 1 (n+1)
— \n2t2nt1 - 2
nn2+72zn n (1+m)n n

Ané v avioétnta tou Bernoulli, Aoxnon (1.9), xou pe Sedoyévo 611, dtay yeya-
AOVEL O TOROVOUAGTAC EVOC XAJOUUTOS UE VETIXOUE OPOUC, TEOXUTTEL UXPOTEROD
xhdoua, €YouuE

bni1 < 1 (n + 1) _1
O
IMogdderypa 2.2 Ocwpotjie tny akokovlia
1 2
@ =2 an1=3 (an ¥ —) (2.2)

n

Na oetéete 61 n ay, elvar pna @Oivovoa axodovdia.

Abon Tlogatnpolye 61t 1 axoloudia €yer Vetixolg dpoug ¥V n € N. Eniong
ay = % < 2 = a1. Oewpolpe TOEA TN DPOEE Gyt — Gy xat Vo Oeilouye OTL
elvor uxpedTEEY TOU PNOEVOC.

1 2 2 — a2
an+1_an:§(an+a_)_an: 2
n n

Agol a, > 0, arouéver va 5o0Ue T TEGONUO Tou apriunth. ‘Etot

2_%211)2 —9_ 4_46;72121+ai1 _ _(2_%2171)2 <0.
a

2 —
n—1 4an—1

2_ai:2_<2(l 1
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2.2.2 To pedypota

Optopde 2.2.2 Aéje 6t pua axodovdia eivar ppayuévn, av kai pdvov av
ok ®PeR: ¢<a, <P, VneN (2.3)

Iogathenon 2.2.2 Mia axodovdia Aéyetar arodVtwg ppayuévn, avioyvel |a,| <
0. Ipogavws, ya pa arodUtws ppayuévn akodoviia Ya wyve ka1 —0 < a, < 0,
OnA. pa amoAVtws gpaypérvn axolovdia efvar kar gpayuévn. Ouws rkar avt-
oTpoPws, a gpayuévn arxokovdia eivar kar atoAUTws Ppayuérn, apov apkel va
ndpoupe 6 = max{|4|, |P|}

IMogdderypa 2.3 Ocwpoljie Tig akodovlieg
1 ; n?+10

an = — n — 3 o5
n’ 2n? 4+ n

Na oettete 6t1 01 axoloviieC avTég efval ppayuéved.
S

Aborn H axohouvdia a,, eivon goayuévr, ottt eixoha xdnotog napatneel ott 0 <
a, < 1. T v axoloudia b, mopatneolue apytxd 61t b, > 0. Enlong, pepuxol
opot tng axohoudiog elvon ot €€¥c: by = 13—1, by = 8 by = 1 5. Dafveton,

21
ooy, 6Tt éva mavé gedyua eivon to 4. ‘Eto

n? + 10

b, < 4 &
- 2n2 +n

<4 n?+10<8n%+4n< Tn?+4n— 10> 0.

H teleutaia dpwe aindeder V. n > 1.

IMopdderypa 2.4 Na detbete ot o1 axodovlies twv mapaderyudrwr (2.1) kai
(2.2) elvar gppaypéves.

Avor INa i axohovdieg tou Tapadeiyuatog (2.1) TORATNPOVUUE OTL
1\7 1\ n+1
2:m§%:@+—)g@+—) — by < by =4
n n

Eniong, yio tny axohoudia tou nopadeiypatog (2.2) toylet

2=ay2>ay, >0
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n?4+13n2417
2nA—10n+19 "

Yyfue 2.4: 'Oplo tng axorovdiog a, =

2.2.3 H olyxiion

H olyxhion twv axohovhov eivor o tAéov onuavtixd uépog auvtwyv. H
évvola efvon 10N Yoot and 10 AUxelo, woT600 Yo SWCOUUE TOV ETOUEVO OPIOUO.

Opiopode 2.2.3 Aépue 6t pa axokovilia a, ovykdiver oe éva apidud | kar ov-
Porilovue lima, =1 1 a, — [, av ka1 pévov av yia kdde € > 0 vndpyer ng € N,
éto1 dote |a, — 1| < e ya kdle n > ng (Yn > ng).

To | Myetar dpro tng axoroudiag xou amodelyvetar, 0Tt av wa axoroudio €yel
xdmolo 6plo, TOTE 10 Oplo auUTod efvon povadixo. Mo axoloudia Tou cuyxhivel
Aéyetan cuyxhivouoa axoloudia. Edo mpénel va mapatneicoupe 0Tt 1) ueToBANTY
n €YEL TN BUYATOTTO VL TEIVEL UOVOV GTO 00 X0l ETOUEVKS OE YpetdleTon va @ai-
VETOL aUTH x4Tw amd To lim. Ewwd, dtav I = 0, n axohouvdia Aéyeton undevixy.
Edxola umogel vo SlameT®WoEL xdmolog and Tov 0plopd Ot

lima, =0 <= lim|a,| =0 (2.4)
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O mapamdve oplouds ouctaoTixd pag AEet OTL «TEAXE » ot bpot TNng axoroudiog
Beloxovtal 010 ecwTteptnd TNg Touviag mou tpocdlopileTton and Ti¢ euleiec & = [—¢
xw = | +e. Autod unopgel xdmotog v 10 Oet oT0 Lyhua 2.4, 6mou yio TNV
/ _ n?413n2417 2 _ 1 _ / / ’
axorouda a, = J3=7—=5, €xovpe | = 3 xa e = 0.3. Ané tov oplopd mpoxinTel
OTL Yo €VOL GUYXEXPIIEVO €¢, toylel | —egg < ap < I+ ¢y ¥V n > ng. Etor, av
Véooupe ¢ = min{ay, ag, ..., an,, 1 — o} xw @ = max{ay,aq,...,an,, 1 + o},
éyoupe o1t ¢ < a, < @, Vn € N, 10 onolo onuatvel 6Tt o ouyxhivouca
axoloudia eivar mdvtote gpayuévr. To avtiotpogo dev 1oy let!

Ioagaderypo 2.5 Na derytel ot
lim— =0 (2.5)
Abon Tlpénel va dei€oupe Ot
1
Ve>0,dng:VneN yen>ny= —<e
n
‘Ouwc 1oy et % <e& % < n. Enoyévee apxel va ndpoupe we ng to [%]

IMogdderypo 2.6 Na derytel ot

2n+1 2
li = 2.6
M 297 3 (26)
Abon Ilpénel va dei€oupe ot
2 1 2
Ve >0, dng:VneN p€n>n0:>‘n+2 3
Opoc woyler [3145 — 3| < & [0 <o & |ggigy| < & n > [T

)

Enoyévwe, apxel va mdpouue e ny 10 [

H pelétn twv opiwv ye tov optoud eivor e€atpetind tohimhoxy dradixaocta,
OUWS, YLl TN HEAETY AUTAY, €Y0UV avarTUYVEl VewErUoTa xot XxELThota GUYXAL-
O™g, TOL DIELXOADVOLY GTUAVTIXS. 2TT GUVEYELD, Vo TopaEGOUNE OPIOUEVA ATtO
QUT, ATOPEDYOVTUC ATODEIEEC TOU OEV EUTITTOUV GTOUS OXOTOUC TOU EYYELQL-

dtou awTo.
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Ocdpnua 2.2.4 (Alyefea twv Opiwy) Eotw dulima, = k ka1 limb, = I.
Tére 10y Vel

lim(c-a,)=c-k 1 lim(c-a,)=c-lima,
lim(a, £b,) =k+xl 7 lim(a,=+b,)=lima, +limb,
lim(a,-b,) =k-1 1 lim(a,-b,) =lima,-limbd,
limcbl—:zé n limZ_ZZIIIiIr?l—Z’ pneb, #0 ka1l # 0
limla,| = k| 1 lim|a,| = |lima,|
lim\/ﬂ:\/g 1 lim@:\/m, pea, >0, Vn

Ti¢ meproodtepes popéc To Ocbpnua 2.2.4 dev e@apuoletar dUEca, ENEWDT BEV
1oy ouy dueca ol tpolnodéoelc tou. 'Etot 10 epapuolouye, agol xdVOUUE TIC
OYETIXES TPOTOTOIAGELS XAl ATAOTOL|OEIC.

Ioagaderypa 2.7 Na pedet o dpio twr akodovddy

) 2n% + 3n i) b V2n2 —1+n i) Van2 —1—2n
1) Oy = ———— U = i) ¢, =
" 3244 "+ vn2 2 " n—vn?+2
. 2 3 3
Abom i) a, = ?ijf = :Ogig; = 371, ondte and 10 Oewpnua 2.2.4 xar ™

oyéon (2.5) Peloxouye

_ lim(2+2) (2+lim2) (2+3limi) 243.0 2
hman: - Z _= - Z _= - ,T _= = —
lim(3+>) (3+1lm7) (3+4lm;) 3+4-0 3

ii) by = Y2ni=lin _ "V/2oyn _olvEin) _ vagn
TmEVETR2 a0 2 a(24y/142) 20143
enuo 2.2.4 xou ) oyéon (2.5) Beioxoupe

V2— 241 lim(y/2-1+41)

244/1+2  lim(2+/1+2)

/7 /7 7
ontoTe and T0 Ocw-

limb,, = lim

B 2—lim%—|—1_ /2_0+1_1+\/§

o4 Si4lim2z 2+VIFO0 3
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i1i) H TEYVIXT| TNG TROTYOUUEVNC TERITTWOTNG Oev eapuoletar dusoa Topa. ‘Etot,
— VAn2—-1-2n _ V4n®’—1-2n  V4n?>—142n ntvn42 _ -1 ntvn242
n—vn2+2 n—vn2+42 n+vn2+2 ViAn2—1+42n -2 V4n?—142n

n(144/1+ 3% 14, /14+5 , , , :
=1 ( ”9) =1. 7”9, on6te and 1o Oewpnua 2.2.4 xar 1 GyEon

Cn

-2 1 2 1
n( fi-% 2) 4-L 42

(2.5) Beloxouye

2
. R VR 1 1+yT¥0 1
lime¢, = - -lim——=... = = —.

fi_iio 2 Vi-0+2 4

To enduevo Oewpenua, Tou tapatiVeton ywpelc anddelln, eivon WwiTepa OTUAVTIXG
xou e autéd Vo amodeilouye mpotdoelg xou Poactnd Opta, WOWHTERA YEHO OTT
UEAETN TV 0xOhOLILOV.

Bewpnua 2.2.5 (Ocdpnua wov sandwich) Ocwpolpe tig akokovdies a,, by, ka
Cpn, Y10 TS oTole§ 10y Vel

lima, =1=1imb, xa a,<c¢,<b,, VneN

téte Ua wyva kai
lime, =1

Ieotaon 2.2.6 Av n axodoviia a, eivar undevik (lima, = 0) xar n b, eva
ppayuévn, tote n axodovdia a,, - b, eivar undevikny (lim (a,, - b,) = 0).

Anéde&n: Agol n b, eivor gporyuévn, tote IM € R : |b,| < M, Vn € N xa
agol lima, = 0 < lim|a,| = 0. Etot

0 < |ap - bu| = |an| - [ba] < M - an| — 0 & lim (@, - by) = 0.

ITeétaoy 2.2.7 (Baoikd dpa.)
Va € R pelal <1 = lima" =0
Va>0 = limVa=1 .
lim {/n = 1 (2.9)
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1

Anodedyn: oty (2.7), agot |a| < 1, tote o > 1, onére % 146, 6mou

al -
0 xdmotog Vetindg mpaypatinog apriudc. ‘Etot, €yoviac 0To JUokd pog xot Thy
aviootnta Tou Bernoulli

Ly" " 1 1
( ):<1+9) >14n0>n=0<l|a"<—=—-=-—>0
ng n

lal

S N

[t (2.8), Ya droxpivoupe duo mepintdoele, ™y i) a > 1 xa i) a < 1,
n nepintwon a = 1 eivar tetppévn. Av a > 1, t6t€ xu Ya > 1, ondte
Ja = 1+ 0,, 6mou 6, xdnow Jetxh, mpaypotxy oxohoudio. ‘Etor, ye
Boreia g avicotnTag Tou Bernoulli

Va=1+6,=a=(1+6,)"21+n, 26, =0, <~ =0
Onéte lim /a = im (1 +6,) = 1 +1limf, =14+ 0=1. Ava < 1, 161 x
{a < 1, ondte Ya = ﬁ, 6mou 6, xdmotar Vetxn mparypatixn oxohoudio. Lt
oLVéyELa, axohouYolue TNV TOpEid TNC TEONYOUUEYNC TEpintTwone (va yiver wg
doxnor)).
[ty (2.9), apyixd mapatneolue 6t X/n > 1, onéte X/n =1+ 0, 6mou 6,
xdmoto VeTnr| mporypotint| axohoudio. Etot (aviebdtnto tou Bernoulli)

1
Vn=1+0,<Vvn=01+6,)">1+nb,>nb,=60,<——0

NG

Ondte éyoupe (X/n)? = (140,) < /n=1+20,+6> -1+2-0+0*=101

Ioagaderypa 2.8 Na Bpefolv ta dpia twy axodovdidy

25
- 3l gn

Avon T my i) wylet a, = Vn?+3n = {n?(1+3) = In2{/(1+2).
Opoe, éyoupe im ¥n? = lim (/n)? =12 =1 xor 1 < {/(1+2) < V4 — 1,

oToTE

D) an=Vn2+3n i) by=V2"+3" i) e

n N 3
lima, =lim Vn? -lim{/(1+—-)=1-1=1
n
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Tty 41) éyoupe b, = Y27 +3" = {/3"(1+ (3)") = 3{/1+ (3)". Opwc,
éyoupe 1 < {/1+ (3)" < /2 — 1. Eton
2

limb, = 3lim {1+ (5) =3-1=3,
[ v i77) Taipvouye

45" 5()"+5] _ ()45 045

T s mEE)n 1 3+l 3-0+1

=5.

Yy opyh) TG Topayed@ou auTAC avapépaue OTL pal axohoudiot Tou ouY-
ahbver ebvan paypévn. Xtn cuvéyeta, Vo avagépouue Eva OEmETUo TOU GUVDEEL
) YovoTtovia, Ta gedyuota xat To 6plo. To mapadétouue ywplc anddelly, agou
oty EeQedYEL and TO GXOTO Y.

Ochpnua 2.2.8 Kdle povétorn kar gpayuévn akodovdia ovykAiver.

IMoapatrpnon 2.2.3 Mia dwpopetikn datinwon Oa frav n €€ns: «Kdde jovo-
tovn akodovlia ovykAiver, av ka1 pdvo av efvar ppayuévny.

IMapatrpnon 2.2.4 Ilpoooyn, n odykhion ovvendyetar pdvo to gpayuévo tng
axodovdiag ka1 éy1 ka1 Tn povotovia tng, Y. 1 akokovdia a, = _:l n, €va Tetvel
oto 0, Oev etvar povdtorn.

Ioagaderypa 2.9 Na deibete o1 01 axoloviieg

N

/. 7 4
ovykAivovy oo 010 dpio.

Aborn Eto Toapdderypo 2.1 dellaye ot ot oxxohovdiec autéc eivan povoToveg
(a€ouoa 1 TewTn xou pdivouoa 1) deltepn). Enlone oto Hopdderypo 2.4 61t eivan
ppayuévee. Amo to Oewpenua 2.2.8 énetar 6Tt ot axoAoudieg aUTEC GUYXAIVOLV.
Trodétovye ot lima, = [. Tote Yo €youue

lim (b, — a,) = lim [(1 + %)"H . <1+ %ﬂ — lim (1 + %)n-lim [1 _ (1 n %)]
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— 7 limL=1.0=0
n

Enopévwe lim b, = lim [(b, — ay) + a,] = 0+1 = 1. To xowé autéd bplo opileta
va gVl 0 YVewoTog uag dpentog apriudc e= 2.71828...

Mopdderypa 2.10 Na deiyel 6t n axodovdia a, = n(Y/2—1) etvar gpaypévn.

Abom Ipogavng ot Gpot g etvar Vetixol* malpvovTog Uepole TEWTOUS HPoUC,
TaEATNEOVPE OTL autol elvon pixpdTepol Tou €va. ‘Etot

1 1\"
0<an<1<:)n(€/§—1)<1<:)€/§<1+—<:>2<<1+—) (2.10)
n n
‘Opwe autd oyler and 1o Iopdderyyo 2.1.

IMogdderypo 2.11 Na deibete dnr n axokovdia

1 2
ap =2, Gpi1 = §(an+a—), Vn >1
n

ovykAivel kai va Ppelet To dpio.

Abon Ard o Iapdderypa 2.2 yvwpilloupe 61t 1 axohouvdia pag eivon gpiivouca
ue Yetixolg poug. Emniéoyv, and 1o Hapdderypa 2.4 BAémouye Tt auth elvor xou
peayuévn. Enopévwe, and to Osompnuo 2.2.8 énetar 6Tt 1 axohoudio cuyxAivel
xou UdAoTa To 0pLd TS elvon VeTindg aprude.

‘Eow lima, =1 = lima,, = [, onote £youue

1 2 1/ 2
liman+1:lim§(an+—) ;»z:i(zjuj) SW=P212=1=12
an

2.2.4 Ymroaxohouvdiec

A¢ Vewpricoupe, twpa, W axoloudia a, xo ag eivor A, 10 cOvolo Twy
bpwy authc, Sk A, = {a1, a2, a3, ..., ay,...}. Mo yvnolwe adlouca oxolou-
Vi puoxady apduwy, €0Ttw 1 k,, umopel va opioel wa ALY oxohoudior Tn-
v b, = ag,. Eivoau gavepd 611 1 xawvolpyla axohoudio anoteleiton and 6-
eoug NG apywhc. Av ue Ay, TopaoTRGOUPE To GUVOAO TV bpwV TNg, TOTE
A, = {ak,, ak,, Qpyy - .. g, ...} xou woyler Ay, C A,. H xouvolpyta axohou-
Vi, Tou dSnuoupyRinxe ue autdy Tov TEOT0, Aéyetan uoxohoudio TN aEYIXTC.
To yopoxtnetoTind Tng apytxic o xhnpovouel xou 1 uroxohoudio tne. Etou
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Ilpotaon 2.2.9 Av jua axodovOia eivar ppayuévn, tote to 00 gpayuévn eivar
ka1 kdJe vrakodovdia Tng.

Ilpotaom 2.2.10 Av pua akodoviia efvar povétorvn, tdte to o0 povdtorn eivai
ka1 kdle vrakolovdia Tng.

Ilpotaom 2.2.11 Av pua akodovdia efvar ovykAivovoa, téte kdUe vnaxodoviia
avtij§ ouykAiver oto 010 dpio.

H dpvnom twv mapamdve tpotdoswy etvar e€otpeTind Yoo yia vo del€ouue OTt
1 axohoudio Yag Oev €yEL XATOO AT TA TUPATAVG YOEAXTNPIGTIXE. A, yiol Vo
detCouye 6Tt Wi axoloudia O GUYXAIVEL, apxel va dei€ouue 6Tt Wi uTtaxoloudia
NG 0 cUYXAivel 1 6Tt Buo uTaxoloudieg auTrhg cuYXAivOLY GE DLUYOPETIXS GpLa.

IMogdderypa 2.12 Na derytel 6t1 de ovykAivour o1 akodovdieg

: . ™ g ™
i) a, = sin > i1) b, = cos >

’ 7 ’ ’7 7
Aborn Oewpolye T UTOXONOVIES Qant1 AU Agnig. [t QUTEC €YOUUE Gupyq

w(4n+1) w(4n+3)

. _ . T _ . T o ’ _ . _ . 377-
sin = sin (27n + 7)=sing = L, eV0 Gapyg = sin “=5= = sin (270 + 3")
=sin 5 = —1. A@o0 lim ayp 11 7# lim ayp, 3, 1 axolouvdia e cuyxrhiver. Avdho-

Yo X yLor TV ).

E&aipetind ypriown amodely vetow TOMESC QORES 1 UEAETT TwV UTaXoAOU LDV
TWY APTIWY XL TV TEQLTTWY 6pwY AUTAS, WOLUTECA, OTAY OL 6pOoL TNG OE dlaTNEOUY
TEOGNUO 1 GTAY OL SLUPOREC BUO BLadOY WY LELYUQRIWY GpwY BE BLATNEOLUY TEo-
onuo, onwe oto Iapdderyua 2.15. To enduyevo Oewpnua, mou elxoha xdTOWOG
uropel va amodeiler Ue Tov oploud g olYxMoNg xa €86 O Vo amodery Tet, eivon
eCaupeTIXG YpToLHO.

Ochpenua 2.2.12 Mia akodovdia a, ovykAivel, av ka1 jiévo av ovykAivovy oto
1010 dp1o o1 vraxodovdies twy dptiwy (as,) kar Twy TEPITTAY (Agnt1) dpwy avTri,
OnA.

lima, =1 <= limay, = = limas, 11 (2.11)
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Ioagaderypa 2.13 Na Bpedel To dpo tng akokoviiag

an = (1 + (_1)n>n<1 + (_1)"+1>”+1

n n

Abor Apyxd, Yo dei€oupe 6Tt lim (1 - 1)n = % Ipdryportt

n

lim (1 - l)n hm o lm et fm b
n ()" (2t t)” (1+:55)"

1 1 1

(1+ )" "1+ L) e1+0) @

OewpolyE, TWEA, TIC UTOXOMOVIES Aoy, XAl Aoy y1, OTOTE TOPVOUUE

1y — (1+ (—1)2n)2n(1+ﬂ>2n+1 _ (1+i)2n<1_ i)2n+1

= lim

2n 2n 2n 2n
1420 1\2n 1 1
— (1 —) (1——) (1——)—>—1 0) =1
( * 2n 2n 2n ee( + )
(_1)2n+1 2In+1 (_1)2n+2 o2n+2 1 2n+1 1
() e G )
@2nt1 <+ o+ 1 T m+ 1 o1

1 1 2n-+1 1 1 2n-+1 1 1 1 1 O 1
o — — — —
( 2n—|—1) ( +2n+1) ( +2n+1> Ze(1+0)

Agot lim ag, = limag,41 = 1, €youpe xa lima, = 1.

(161600, Oev TEETEL VoL UEIVOUNE UE TNV EVIUTWOY OTL Wi uTaxoioudia
TEETEL VoL €YEL CUYXEXEIWEVO TUTO 1) Yop@Y) umopel var dnutougyndel xon ye po
otodtxactior mou epeic Va oploovye. Evo mapdderypa Yo unopodoe va efvon to
elhic: Oewpolye wio axorovdio a, @eayuévr and duo apriyolc, Toug di xou
g1 (dv < ¢g1), ondéte di < a, < g1, Vn € N. And toug dmepouc dpouc tne
an, EMAEY® XAmOWY, €0Tw TOV ay,. Atyotou®d 10 Sdotnua [di, g1] xu and 1o
duo dtacThuaTa TOU dnutovpyoLvTaL, To [dy, dl;gl] Xl [dlggl , 1), EMAEYW exElvVO
Tou TepéyEL dnelpouc bpouc, (o€ TEPITTWON TOU Xt T BUO TEPIEYOUY GTELPOUS
6poug, ETMAEYW yweic BAABT g YevxotnTag, TO 0e€18) opilw de we dxpa Tou
SrrothAuatog T do xou go. Eivow gavepd 61t (g2 — do) = %(gl —dy). Arné Touc
dTmELPOUC GPOUS TNG Ay OTO OLAG TN [da, go] emAéyw TOV ay,, UE TNV TAEATAENON
6t ko > ky. EmavahauBdve tn Stodixacio ondte opileton to didotnua [ds, gs],
yio 0 omolo oylel (g3 — ds) = 3(g2 — do) = 55 (g1 — dh), xu 0 bpoc ay,. Meté,

) 2n+2
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ané n — 1 enavorfec, Yo €youpe 1o ddotnua [dy, gn], Yio To omolo 1oy ver
(gn — dpn) = W%l(gl —dy), xou 0V 6p0 ay,.

‘Etol éyw oploel duo axoloudiec Ti¢ d,, %ot g, xou TNy vnaxolovdia ag,. T'a
TIc duo axohoudieg and T dradacta dnuovpyiag Toug, €youue OTL auTEC v
ppayUEVES xau 1) UEV d,, elvar ab€ouoa | Oe g, @Uivouoa, onote Yo ouyxhivouv og
o6 6pio &, ool lim (g, — d,) = lim 7 (g1 — dy) = 0. Twat Ty uraxoroudio
g, , EYOVUE OTL g < ay, < dp, omOTE ambd 0 Opnua 2.2.5 xot limay, = &.
'Etot anodeifoye o Ocopnua twv Bolzano—Weierstrass.

Oewpnua 2.2.13 (Ocdpnua twv Bolzano—Weierstrass) Kde gpaypévn axo-
Aovlia éyer pua vraxokovdia tng, n omoifa ouykAiver.

To 6pto wag uraxohovdiac ag, , TS axorovdiag a,, Ayetal oNUeld CUCOWEELGTNC
authc (tne axohoudiog).

2.2.5 Avodpouixég axolovdieg

"Eyouue #o1 avagépet 6TL oL avadpouxés axohovdieg tpocdopilovton and
XATOLOV 1| XATOLOLE dPYIX0UE GPOoUS Xat antd wia avadpouxh oyéon. O apyixdg 1
ot apyxol 6pot Tne oxohovdiog eivar e€lcou ornuoavTixol Ye TNy avadpouxt| oyéon
xou TNy emneedlouy andhuto. o mapdderyua, oty axohouldio e avadpoutx
OYEON Upy1 = %, 6Twe Yo anodelfovye oTo EMOPEVa, €youue 6Tt lima, = 0,
av 0 <a; <1xwlima, =1, ava; > 1. Tevixd, otic avadpouxéc axoloudieg
amodelY VOUUE TO HOVOTOVO %ot TO GparyUévo xau Bploxouue To 6plo and tn oyéon
¢ avadpourc, 6mwe oto Tapdderyya 2.11, epdoov autd pog dWOEL ARAVTNOT).
"ot to povotovo, 1dn €yetl gavel and ta Tapadelypata, cuyxeivouue T0 AdYO a’;%
e o 1, 7 T BLopopd Gy 41 —ap, UE TO 0, QuUOLXE OV Tpénel va Eey Vape, wg pédodo,
T LadnuaTXn EToY WY R, oK xot TO OTL, AV TO TEGGTIUO SUO OLUOOYIXWY BLapO-
cwv etvar otadepd, ToTE AUTO Vo elvon (D10 YE TO TPOOTUO TNE BLAPORAC TWY BUO
TEOTOY 0pwWY, OTOTE EYOUUE axoun €va xpiThplo Yia T wovotovia. [ to gedyua
YETOWOTOLOUUE TNV TOQUTNENTIXOTNTA UAS, UM, XATOIEC QOpES elval YE OO
va Tpocdlopilouye To 6pto, umoléTtovTag OTL 1) axohoudior GUYXAIVEL, xou OTH
GUVEYELXL VO ETAVERYOUACTE YId TO PEAY UL

Iogaderypo 2.14 Acilte 61 y1a tnr akodovdia je avadpopukn oxéon any1 =
2a3,

1—|ila% ’
a; = 1,

wyvea lima, = 0, av a; = % kai lima, =1, av ay = 2. T yiverar av
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Abon i) a; = % Apyxd mopatnpolye 6Tt a, > 0. XN GUVEYEWL Gpy1 — Gy =
2a2 o — 202 —an—ad __ —an(a%—gan—l—l) _ —an(an—1)2
14+a2 n 14+a2 14a2 14+a2
elvan gdivovoa. Etot 0 < a,, < a; = 3, Onh. 1 a, @poyuévn. ‘Apa o ouyxhivel,
on6te av lima, = [, Yo €youue

< 0. Yvvenag 1 axohoudio

1
27

lima, — lim 2% = 2 ePrl=P . =0Fl=1
1man—1m1+a2 =1ir = =0%h1=1,

n

ouveng lima, = 0. [t i1) (a1 = 2) w6y Uouy axpBde to idla yia o povédTovo.

2
‘Ouwe, topa, av utoVéooude a, > 1, €youue %ot a,p1 > 1 & 1?3% > 1<

202 > 1+ a2 < a2 > 1, nou wyle. 'Etor, agol xa a; = 2 > 0, Yo €youye

212
<

1 <a, <a; = 2. Apa Yo ouyxiiver, ondte av lima,, = [, Ya €youpe | =
---l=0%1=1, ondte lima, = 1.

1

IMopdderypa 2.15 Na ppedei av vndpyer To dpio Tng akolovdiag

Vn € N

a1:1, an+1:1+a
n

Abom Eivor gavepd 611 0 < a, < 1, 0nA. 1 oxoloudia eivar gporyuévr. Eniong
TORATNPOVUUE OTL

1 1 o ldan i —1—a,  —(an—an1)

T 14a, ltans (Q+a)(l+an) (L+a)(l+an)

Qp4+1 — Qp

Onh. O dratrpeiton 10 TEOONUO PETAC) BUO BLAdOYIXWY BLIPOoPWY GpwY. AV GUKS
TdpOoLPE TNV uToxohouDio TwY TEPITTOV Gpwv auTAC (Tepttty uraxolouvdia), Va
€Y OUUE OLABOY X

1 1 1 1
a — _1 = — — J—
e et 1+ ag, 1+ asm—s 1+ 1+aln71 L+ 1+ain73
_ L+amy 1+ amg o (2p—1 — Q273
24+ agpm—1 2+ agm—3 (2 4+ agn—1)(2 + agp—3)

70 oTo{o GNPALVEL GTL 0L DLUPORES TV TERITTAOY OPWYV BIATNEOUY TO TEOGTUO, doa
1 umoxohoudior auth| efvan povotovr. Ouolng xot oL SaPogec TwV JETIOY GpwY
(Gottar umaxoroudia) Satneoly to meEdoNnuo. Aol autéc eivar ppayuéves, Va
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ouyxiivouv. 'Eotw limag, 1 = [ xou limag, = ly, 161 Yo €youpe [} = ﬁ =
I+ Uy =1 xon Iy = ﬁ & Iy + Ll = 1, ondte, agoupwvtag xatd PEAT,
nodpvouye U1 = ly. 'Etot n oxohoudia ouyxhiver, agol, and tny ayéon (2.11),
doTlor xat 1) TEELTTY| uTaxoloudia TG €Youy xowo Ogto.

‘Eva ebhoyo gpdtnua oTic avadpoutxéc axohoudieg etvar to e€rig: « T ndpyet
TUTOC TOU Vo pog Bfvel Toug (Bloug Opoug Ue Wia avadpoutxt axoloudia;y H
andvTnoY Oev elvor €OXOAT. X DLUQOPETINES LOPPES AVAYWYIXWY TUTWY EYOLY
avantuy el dagopeTinés TEYVIXES xan péYooor, ue apxeTy| wadnuatir Yewplo
xou yvoon!  Euelc Yo avantiloupe ot ouvéyeia TIC TEYVIXEC O BUO AmAEg
TEQITTWOELS, Ywplc anddelln, apol xdtt T€T0l0 EEPEVYEL Umd TO OXOTO UAC.

o) apt1 = kan, + f(n). Lty nepintwon auth avantioooupe xotdAAnha
Ohoug Toug bpoug PE N = 1,1 = 2, X.AT %0t TEOGVETOUUE XAUTA UET.

Ioapaderypo 2.16 Na Bpelel o yevikés dpos tng axokoviiag

1 1
aleR, an+1:§an—|—2—n
Abon
1 1 +1 @% 1 +1
n =1, a2—3a1 5 2 —3611 5
1 1 3
TLZQ, 032502—}—? = 3%3 :%2 +§
1 1 9 32
n =3, 4= 303+ o5 © 3%4 :37/3 + 5
1 1 n—2 n—3 3n72
n=n-—1, an:§an,1+2n_1 & 3" %a, =3 a/,1+2n_1

[Tpooétovtog xatd uéhrn tar Oe€Ld UEAT TwVY IGOBUVAULWY, TOlPVOUUE ULo OYET),
évay TUTO Yo Ty axohoudio yag, Xtot

g2, _ 1 +1 [1+(3)+<3)2+ +<3)(n2)} B B 1 1+<3>(n1)
tn = 31Ty 2)7\3 2 T TR 2
nalt
3
a, = (a —3) +

37171 21171
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B) anyo2 = kayi1 + la,. Lty nepintwon auth Yewpolpe v e&icwon % =
kx 41, n omola Aéyeton «yopoxtnetotihy. Eotw 6Tt pr xon pa elvar SlapopeTinég
uetaly Toug pilec authc, TOTE 1 axoroudia a, = c¢1p1 + capo ebvar 1 {nToluevy,
Aol TEOGOLOPICOVYE TA €1 XAl Cp ATO TIC UPYIXES TUIEC.

Ioagaderypa 2.17 Na Bpedei 0 n-ootog dpos tns axodovdiag

611:1, Cl2:1, a’n+2:a’n+l+a’navn€N

Abor Oewpolye T yopaxtneotixd, £2 = x+1. Ot pilec authc elvan py = 1+2\/5
XU Py = 1_2‘/5, OTOTE
1 5\ 1 — 5\
an =i J”f) + o f) (2.12)
2 2
[Nan = 1, nafpvoupe ¢ IJFQ—\/g‘f‘CQ% =1, eve yion = 2, nafpvoupe ¢ (—HQ\/B)Q"’

— 2 /7 7 7,
CQ(%) = 1. Advovtag 10 6UoTNUA TwV 0UO EEIOWOEWY WG TEOS T €1 XAl Cp

Tafpvouue TeEAXd T0 N—06TH 6p0 TNg axoloudiug, Htot

VB 1VEy VB 1By
In= "5 ( 2 ) 5 ( 2 )
H axohoudio auth Aéyetan axohovdio Fibonacci. Ov épol tng €youv oyéorn pe
1 Botaviry enione eygaviCovtor oto tpiywvo tou Pascal eve otov tino tng
epavileTon 1 yeuUoY| TouY.

‘Eotw topa 6Tt 1 p elvon  8umAy pila tne yopoxtnetotixic, TOTe 1 {NToluevn
axohovdia ebvon 1 a, = ¢;p" +ncyp” = (¢1 +mneg)p™, aol TpocdloplcouUE Ta ¢
XAl Co A0 TIC AEYIXEC THUEC.

(2.13)

IMogdderypa 2.18 Na Bpelei 0 n-ootog dpos tns axkodovdiag
1
a1 =1, ay = 2, an+2:an+1—1an, VneN

Abor BOewpolye 1 yapaxtnplotxh, 2 = x — i. H S piCa tng ebvon p = %,

on6te a, = (¢ + nCQ)2Ln. [Na n = 1, noipvouye %(cl +c) =1¢evd yian =2,

Tafpvouue i(ﬁ + 2¢y) = 2. Abvovtag 10 olotnua TV duo eElODOEWY WS TPOC

TOL €1 X0l C2, TAPVOUUE TEAIXA TO N—00TH 6p0 TNg oxohoudiog, Htol

a, = (6n — 4)2% (2.14)
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2.2.6 H axolovdia teivelr oto oo

H oxohouvdia twy guotxdv aprdudy (a, = n), divet dpouc, mou auidvouy
CLVEYWS o UTopoly va Yivouv 0codfmote yeydiol. Auty tn ouveyr adinon
WV Opwv WG axoloudiag xot To umopolv va Yivouv 0codrfrote peydhot, TO
6TL Onh. oTotov apriud Jetxd mpaypatind va VewpRoOUUE, oL ot TNG axoAou-
Viag tov Eemepvoly, to e «n axohoudia pog Teivel oto dnepo Vetidy. H
Lo NUoTIXOTONoY) AUTOU TEPLEYETAL OTOV ENOUEVO OPIOUO.

Opiopodg 2.2.14 Aéue éu ) axokovlia a, teiver oo dreipo Uetikd 1 anepiletar
Jetikd ka1 ovuporilovue lima, = +00, av ka1 pdévov av, yia kdle Uetikd mpay-
patiké apiud M, vrdpyer €vag ng uoikds, €tor bote, yia kdle n > ng 10yl
a, > M, Yvufotikd,

lima, =400 VM >0,dng e N:Vn>ny=a, > M (2.15)

Opotws Aépe 6t n axodovdia a,, teiver oo dreipo apvnuikd 1) areipiletar apyntiid
ka1 ovpporilovue lima, = —oo, av ka1 puévor av, ya kdle Oetiké mpaypatixd
apud M, vrdpyer évag ng QuoIkes, €tol wote, ya kdle n > ng wyve a, <

—M, Yuupolixd,

lima, = —c0c<= VM >0,3n e N:Vn>ny=a, < —-M (2.16)
Mopdderypa 2.19 Na derytel 6u n axodovdia a, = n* teiver oto 0o

Abon Tlpénel va dei€oupe Ot
VM >0, dng:VneN p€n>n0:>n2>]\/[

‘Ouwe 1oy let n? > M n> VM. Enopévwe, apxel va mdpouue we ny to
[VM].

Edxola xdmotog umopet va ot Ott, av ptar axohoudio ay, etvon undevixr ue Yetixoig
bpoug, 1 axohouvdio b, = i amelpileton VeTnd, VM UE apvnTXolg 6poug, 1
axohovdio b,, = i ametptleton apvnuxd. T va Steuxoluviolue otny apriuntixy
TV 0plwV BiVOVTAL Ol ETOUEVES TEEIC TPOTATELS, Ywplc amddelly).
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ITeétaoy 2.2.15 Eotw duwoyvel lima, =1 € R\ {0} ka1 limb, = +oo, tdre
éyoupe
i) lim (a, + by) = £o0 i1) lim (a, — b,) = Foo

Con s ) oo avl>0 o~ | Foo ari>0
i) hm(an-bn)—{$oo av 1 <0 w) hm(ﬁ)_{m)o ar 1 <0
v) lim (§*) =0

(2.17)

Ilpbtaom 2.2.16 Eotw dt1 woyve lima, = 0o kai limb,, = 0o, tdte éyovue

lim (a,) = +o0 } N { lim (a, + b,) = £o0
lim (b,) = +o0 lim (ay, - b,) = +00

(2.18)
lim (a,) = o0 lim (@, — b,) = £00
lim (b,) = Foo } { lim (ay, - b,) = —00

Trottfetar 6t1 o1 cvvovaouol Twy Tpdonuwy €lval TPWTO Ue TPWTO Kar OeUTEPO
i€ O€UTepo.

IIgoétaom 2.2.17 FEoww du woyve lima, = +oo kar limb, = 0 pe b, # 0
Vn € N, tdre éyovue

lim (a,, + b,) = %00
lim %2 — +00, av tehikd o1 dpor NS axolovdiag eivar Detikol (2.19)
bn | —o0, av teAikd ol dpor Tng axokovdiag efvar apyvntikol

Me v €vvora Twy TRdEewY TwY 0plwv, OTWC TEOXVTTOUY ATd TIC TURATAVK
TEOTAGELS, YopaxTNEilovTal e EMTEENTES TEALELS Xal Ol TPAEES 6TO GUVOLO R=
RU{—o00,+00}, n.y. 5 (—00) = —o0. IlpdEeic mou dev umopolv va optotoly
w¢ TpdEelc oplwy, yapoxtnpilovtor we un emtpentée, n.y. 0+ (oo) =7, yati, av
Vewphioouue O¢ axohoudies TS a, = % e lima,, = 0 xou b,, = n? e limb,, = oo,
éyouye lim (ay, - b,) = 00, eved, av Vewprioouye O axohoudiec TiC a, = n1—9 TN
ue lima, = 0 xat b, = n ndht ye limb, = oo, éyoupe lim (a, - b,) = 0.

Q¢ un emtpentéc mpdlelc yapaxTtneilovion ot ETOUEVES
0

oo
3 =?, c0o—o00=?, 0-00=2, — =2 1°=? 1°=?, 0 =?, o’ =7, 0" =?
oo
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2.2.7 Keuthpia odyxAiong

O oploude g olyxhiong Véher xatd xdmoto TeéTo va pavtédouue To 6pto
yioo va hertovpyfioel. O Caushy ovopace Baowxr) tnv axohoudio yio tnyv omola
yioo %xdde € YeTind umdpyet delxtng ng, WoTe Yl xdde QuUOIXOUC N xo M YE
n, m > ng WYVEL |y — Q| < € xou anédele dtu:

Ilpotaom 2.2.18 M axodovdia efvar Paoikr), av kar pdvov av ovykAiver o€
mpayuatiké aprpd l.

‘Etot 1 olyxhon xadictatar théov, aveldotnTr Tou opiou.

O Adyog duo Bradoyxwy Gpwy XaL 1 GUYXELOY TOU UE TO Eva HTay PEYEL
Twpa epyaieio yio Ty elpeon tng povotoviag. H edpeon tou oplou twv Adywy
0LO BLaBOYIXWY GpwV wag oxohoudiog Yivetal epyalelo yia TNy ebpecT Tou oplou
ewlixol. 'Etot

Ilpotaom 2.2.19 Av yia pia axodovdia ay,, je Uetikols dpous, éyouvpe lim ‘12—:1 =
[ téte lim #/a,, = L.
Ioagaderypa 2.20 Na mpoodwopioete to épo lima,, av a, = { 3;::?!
Abor Oétouye by, = % xat mofpvouue
n+2(p !
Cbe L o 3Rt 34 !
lim = lim ——~— = lim = lim
b, T 3ntin!(n 4+ 1)n (n+ 1) n+1)
3n" ! 1 1 1 1 3
(n+1) (1+ ) (1+) n e e

’ ’ ’ ’ ’ . _ §
OTEOTS ATTO TY]V TEPOY]YOUHSVT] TEPOTO(GT] TEPOXUTETGL lim Ay — p

To enduevo xpitrhplo, YVOo1d w¢ xpithiplo Tou Stolz elvor éva duvaixd
xerthpto, To omolo divel Opto e€eTdlovTag To AGYO SlIQop®Y.

Ilpbtaom 2.2.20 Eotww a, pa axodoviia kai b, pna yvnoiwg atvéovoa akodov-
Ola. Av limb, = 400 tdéte

lim 2L "% g e RU {400} = lim 2 = | (2.20)
bn+1 - bn bn



40 Axolouvdiec - Xewéc

’ / T _ 1HV24+ YB3+ VAt o+ ¥
IMoagdderypa 2.21 Na npoodiopioete to dprolime,, av ¢, = —

Abom Tlapatnpolye 6Tt o TogovouaoThc elvor i yvnolwg adgouca axoroudia,
ue 6pto to 0co. Amo tny Ilpdraon 2.2.20 €youpe

gy = _ VAT
1

lime, = lim — =

Omnéte xau lime, = 1.
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2.3 Xepecg

‘Eotww a,, n € N uo axoloudio mpoylotix®y aptiudy, 10T UTopolue Vo
oynuaticouye amd auth TNV axohoudia wa xarvolpyta axohoudia pe tov e€rig
TPoOTO:

o1 =
O9 = a1+ as

(2.21)
o, = a1+tax+---+ay

Zan = a+ay+t--+ap -+
n=1

o ap. Ouotootxd wylet Y oo a, =
limo,, wotdc0 YenowonolUE TOV 6p0 GEIRE XL Yl Vo ONAOGOUYE TNV a-
xohoulior mou yevvigtar, odpoilovTag PE CUYXEXPUEVO TEOTO TOUC GPOUC WIS
dAAne oxxohouvdiog.  ‘Otav Zzozl a, € R, Aye 6T 1 oeipd cuyxAivel, otay
> an = 400, Mpe 6Tt 1) oetpd ametpiletar Vetxd, eve dtav Y oo @, = —00
Mg ot 1) ogpd aneplleton apvnTixd. Ot emuépoug dpot Tng xavolpyLag o-
xohoudiag Aéyovtar «pepxd adpoiopatar tng ocpds. O xdie bpog an, e
apyxic axoroudiog pog AEYETan «6p0G TNG GELRACH Xat 0 6POC 0y = Z?:l a;
«YEVIXOS 6pog Tng oelpdey. Eivar gavepd ot wa axohoudion tpoodlopilel
TARPOC Lol GELRd, OUME Xat Uia OElpd Tpoadtopilet Thjpwe Wi axoloudia, apol

Aéye, howmdy, 6t éyoupe Tt GERS Y -

Qp = Op — Op_1 (2.22)

Hoipvovtac dpto oty tedeutaio oyéon (2.22) cuunepaivouye OTL

Mpbtaon 2.3.1 Ay pua oepd ovykdiva oe tpaypaticé apidud (> - a, = 1),
téte 1 akodovllia nag efvar unodevikn) (lima, = 0).

To avtioTtpogo dev woyveL, dNA. 1) celpd Tou TEOXITTEL and xGVE UNOEVIXT axo-
houdia 0e cuyxAiver ndvta oe mpaypoTind apiud. H mpdrtaon yenoonotetta
ouvidwe avtiotpoga, dnh. yio va del€oude OTL Wi oelpd O ouyxhivel oe mpay-
wotixd aprduod, detyvouue otL 1 axoroudia Tou yevixo) dpou Bev elvar Undevixy.
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[o oplopéveg oelpéc 0 yevixde Toug 6pog divetan péoa amd xdmoto TiTo,
%4TL TOU OLEUXOAUVEL TOl TEAYUATA XUTA XATOI0 TEOTO GTY) UEAETN auT@y. Ac
Yuunolue TIC YEWUETEXES TPoodouc and To Alxelo, TOTE Bivoviay 0 TewTog
6poc ay, €0G Ydpty euxoliac ac mdpoude a; = 1, xat o Aéyoc w # 1, ondte

UTOPOUGUE VO TEOGOLORICOUNE TOV N—06T6 6p0 Ay = aw™ = w" !t A xou
1—wn e
T0 dlpoloud TV N TEWTWY OpWY 0, = a(l-w?) _ 117“2) , T0 TEAELTALO Elval TO

1—w
uepd dpotopa NG OERAC 22:1 wk=1. H uehétn mhéov e oepdc (1 + w +
w?+ - 4w+ ) Tou Myeton yYEwPETEXY oelpd, xadicTator evxohn. ‘Etot

€Y OUUE

l—w" 1-0 1
' <1, 16 =l — = =
i) |wl , TOTE Zw m—— == T
n=1
@]
1—w" 1 1 1
>1’ n 1:1 — - n _ —
i1) w téTE Zw M= W 1_w+oo 00
n=1 N——
<0
o
1—w" 1 1
<1 , n_lzl. _ _ n_
i11) w , TOTE Zw = 7w
n=1 N——
>2
1 —00 AV N GETI0 | —00 AV N GETIO
1—w 00 av n MEPITTO | 00 av N TEPITTO

Ouuilouye 611, av duo uTaxohovdieg piag axohoudiag GUYXAIVOLY GE BLAPOLETIXA
oo, 1 axolovdia de cuyxhivel. ‘Etot 1 yewpetpinr| oelpd 0 cuyxAlver yia
w < —1. Yy tehevtaio tepintwor, TOMES QopEc amavtdTal 0 6pog T CELRd
«tohavtedeTany. O tepimtaoelc w = 1 xat w = —1 va yivouv wg aoxfoelc. ‘Etol
ouvoilovtag €youue

n—1

IMpbraon 2.3.2 a ) yewpetpikn oepd > >0 w" ™! wyle

av jwl <1=Y> w"!teR
avw>1=3" wl=00
av w < —1 = H oepd takavtevetar

Y10 Lyfuo 2.5 QoiveTal 1) YEWUETEXT EQUNVEIX TNG CUYXAIONC YEWUETPIXHC OEL-
edC UE W = %, oto 2. To ddpoloua Twv euBad®yY OAWY TWY TETEAYOVWY XAl TWV
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)

1/2

o

1/8
1/4

)

n—1
Yyfuo 2.5: Tewpetpnt| epunveio e oetpd 220:1 <%)

opvoywviwy mou oynuatilovtar €yet dpto 10 2, 660 dnh. eivan To euBadov Ghou
T0L opUoywviou.

O 6poc¢ oelpd ypnolomoteltal, EXTOS amd TO VoL ONAWGCEL TO OpLo ULag axoroudiog,
XOUL YLoL VoL Tpoadlopioel TNy Ota TNV axohoudia xon amd Twea xou 6o e€Hg ETOL
Vo ypnowwonoteltar. ‘Etot, dtav whdye yioo Ty YEWUETEIXY OELRY UE AOYO W = %,

’ / / 1 1 1 2

Yo evvoolue ag’ evog Toug 6poug o, = 1 + st1++-+ o xa ag’ €TEPOU TO
bpto auThC To 2.

M oepd we axoloudia, Tpogaveg Yo UTopoUUE Vo T UEAETACOUUE UE
Ta epyakeio TNe mponyoluevne Tapayedgou. o mapddetyua, To Ocwpnua 2.2.5,
TEOGUQUOCUEVO XATdAANAA Yiar axohoudiec mou amelpiovTan, UTopolue va 1o
0OUUE VoL EQapUOLETAL GTO ETOUEVO TORADELYUAL.

Magdderypa 2.22 Na deytel du Y o, ﬁ =00

Abor Ocwpolye Ty axohovdio o, =1 + < 4 % + -

= , OTOTE €Y OUUE

+
Sl

Op =1+ b= > — — e+

Sl -
L
Sl
L
Bl
Si-
Si= %
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Ac Yewphioouye tdpa TN GERA Y | @y, TOTE UTOPOUKE VA YEAPOUUE
i) Zkan =k- Zan, k> 0. (2.23)
n=1 n=1
00 k 00 00 oo k
DI YIRS SIS DRI S 918
n=1 n=1 n=1 n=1

H rpotn oyéor onpaiver 61, av noepd Y o | ka, ouyxhiver f anetpiletar Yetixd

1 apyNTxd, o (B0 xdvet xou n oepd k- > 0 | a, xar avticTpoga, Ve 1) delTEEN

ot av 1 oelpd Y o | a, ouyxhiver 1 anetpileton Yetind R opvntind, to idlo xdver
7 o , ’ k

XL M) GEWRA D7 Gy X0 ovVTIGTROGA, 0ol Y 1 a, =m € R

Téhog, eneldr| mpoxetTa Yo €WXES axoloutieg (oxohovdia Tou TpoxUTTEL
and axohoudia), €youy avantuylel tpdoleto Yewpruata, Tpotdoelc xou xpttipld
oUYxhoTg, Tou Yo T BOVUE 0TI GUVEYELX XL UEAETOVY T1| OELPA 0, UEAETAOVTOG
oty xadeauth TNV axorovdia a,.

2.3.1 Xepéc pue opdONUOLS GpoUG

Mo yeydin xatnyopior oelp®y eivon ot GeELREC Tou EYOUY TEMXE OUOCTILOUS
6poug. Emedr) wa oepd pe un Yetinols dpoug OLapépel amd UL GELRY UE UN
apYNTX00G 6POLS UOVO WS TEOS TO TEOCTIUO TANY (=), da UEAETACOLUE UOVO
TIC OELPEC ToU €Y0UY TEMXA UOVOY un apynTxols 6pous. Oo mpérel {owe va
TOQUTNENOOLUE OTL oTNY xaTnYopla auTh 1 oelpd efvar TAéov wa adEovoa axo-
houdia, agol xdde dpoc NG TPOXUTTEL ATd TOV TEONYOLUEVO TEOGVETOVTAS EVAL
un apvnTixd apriud omA.

Op =01+ 03+ "+ Qp1 + Qp = 0Op—1 + ap

Av hotmov auth ebvon ppaypévr), Tpopavmg Yo GUYXALVEL, EVG av eivon un @poy-
uévr, do omapi{sxou VeTixd.

H OLawEn TV opo)v dvo axohovhov (0 < ay,
avtioTotywy oelpdy autey (D07 a, <Y 7,
ETOUEVO Oewpnud

< b,) cuvendyeto ™) O1dTaly Twy
bn). To ouunépacua gaivetar 010
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Ochpenua 2.3.3 Av ya dvo akodovdies un apvntikcr épwv 10y Vel 0 < a, < by,
TOTE

Yool by ER=>"% a, €R

Yo ap =00 =y > b, =00

(2.24)

IMopathenon 2.3.1 And tn oyéon (2.23) gpaivetar dt to Ocddpnpa 2.3.3 1w0yva
kai yia 0 < a, < k-by,.

IMopdderypa 2.23 Na derytel duy -, ,%\/ﬁ = oo

Abon Agot

\/_<\/_<:>7_>7

To cuurépacua elvon dueco and 1o Oewpnua 2.3.3. Ilapduola anoterécpota
diver 1 Sudtaln Twv Aéywv, Acxnon 2.11.

TeonyoluEvo Oewpnua divel Thnpogopieg Yl T oOYXAON B un g
oepdc, ouyxpivovtag Toug yevixolg dpoug autwy. To endyevo Ocwpnua divel
TANPOYORIEC Yl TN OELRd, GUYXEIVOVTAC TO GPL0 TOU AOYOU TWYV YEVIXWY 00wV

Ochpnua 2.3.4 Av ya dvo axolovdies a, ka1 b, # 0 un aprnukdv épwv

wxVer 0 < lim §* =1 < oo, tdte
n

Yool ia, ERES Y b, €R
(2.25)

X ap =00 &Y b, =00

*Amodedy: Ao tov oploud tou oplou mpoxinter: Ve > 0,3ng € N : Vn >
no, |52 — 1| <e. Tére bpog, yo e = L &youpe

an l { an l ) 3l 2 2
|——1| < 5 5 < E_l <3® §-bn < a, < g-bn@ 770 < b, < 3
Ov duo Tedeutaleg oyéoelg, pall pe v Hopathenorn 2.3.1, anodewviouvy 1o
Ocwpnuo (yrati;). H onddedn tou mopandve Ocwphuatoc pag odnyel oto vo
Bydhouue xon GAROL CUUTERACUOTA GYETIXG UE TN CUYXAICT 1| U1 TWV OELRWY,
OTwe propet xdmotog va del oty ‘Aoxnor 2.10.
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Hogdderypa 2.24 Na deflete du )" | = =00

Abor 'Eow a, = \/n%, Yewpolue Ty axorovdia b, = in Agot

llmZ—:—llm n3+ —hm\/n3+2—hm %

xot Y"1 by, = 00, onb 10 @swpnpa 2.3.4 Do éyoupe xou Y| a, = oo.

‘Orwe gafvetor 670 Tapandve TopdderyUd, YeelalOUaGTE WUid osnpcx ag TNV TOUYE
Borndntue, yio vo amogavidolue i T olyxhion Tng oelpdc pag. Towe vo govel
woryx6c o tpémoc mou emhéZope Ty SN yac (b, = %) ‘Ouwe, oe éva yeydho

mfdog mpoBinudtey andvinon diver 1 appovixd oepd (Yoo =), ¢ omolag 1
uehétn Yo dovel oo Tapdderypa 2.28.

Méypet €d@ 1 peRETY Urag OELRdS YIVOTAY Ol HEGOU Ui SAANG OELRdS, dhho-
TE GUYXEIVOVTUC TOUC YEVIXOUS OpOUC aUT®Y Xt dAAOTE cuYxpivovTag AoYoug ¥
ORI YEVIXGY OpmY AUTWY. LT GUVEYELX, Yo BOCOUUE TECTERA LoYURd XEITHELY,
TOU YOS ETITEETOLY VoL ATOPAVIOUUE, GGOV apopd T GUYXACT) 1) UN TN CELpdC
xou Baoctlovto otny B T oepd. H anddeiln xon 1wv 1e00dpmv Yo mapakel-
@Uel, mapdho mou dev elvon tdwaiTEPa BUGKOAN (extéc fowe exetvng tou Raabe,
mou ypeetdleta eni TAéov Vewpla), enetdf EEPELYEL TWV OXOTWY UAC Xou TEPLE-
yetow ot TAY0¢ TAVETIOTAULAXWY GUYYpopudTny Madnuatixic Avaiuong w.y.

([2,[71,[5])-
Ochpnua 2.3.5 Kpitrjpio tov Adyov 1 kpieripio D’ Alembert.  Oewpolue T

oepd Y7, ay € ap, > 0, ToTe

lim“8 <1 = 37" a, €R
lim = > 1 = »""  a, = o0
ants _ =1 = dev éyouue ovurnépaopal

an

lim

qTL
n=1 n!"

Magdderypa 2.25 Na pedetniel wg mpos tn oUykhion n oepd y

n

Aborn Eotww ap, = 43, 161e
qn+1 qn+1
. Qpg1 . n+1)! . n+1)! . q
hmn—:hm%:hm( n) = lim =0<1
an I I n
n. n.

‘Etol ) oelpd cuyxhivel ev R.



MAOGHMATIKA I 47

Magdderypa 2.26 Na pedetniel wg mpos tn olykhion n oeipd »_ "n—T
Abor 'Eoww a, = ’;L—T, T6TE

(n41)nt!
! 1)+t 1\n
__mn(n+) :lim<1+—) =e>1
n

lim Ontl — lim D gy TS
an ne (n+1)nn

‘Etol 1 oeipd dev ouyxhiver ev R.

Ochpenua 2.3.6 Kpitrjpio tns pilas 1 kpirripo Cauchy. Oewpolue tn oeipd
> L an pe a, > 0, tote

lim ¢/a, <1 = > a, €R

lim y/a, >1 = > 7 a, = ¢

lim {/a, =1 = odev éovpe ovurépaoyal

Magdderypa 2.27 Na pedetniel ws mpos tn oykhion n oepd Y 2, (%"ﬁ)n

Abor 'Eoww a, = <2n+1

n n n 1
i o/ — 1 n( ):1' 1
e AT Mo 1T 2

’ 7 2.
Etol 1 ogpd ouyxhiver ev R.
[Tapdho mou Tor Tapamdve xptthpto efvar duvauixd epyaAela Yoo TNy eC€Taon TwV

GELPWY, BEV Elval AlYEC OL POPEC TTOL ATOTUYYAVOLY, OTWE Yo TAPADELY U GTNV
_1 yp

apuovIXT| GELRd, HToL TRY Do, (%)p, agol lim (ELI;E = lim {/ (%)p =1

Afvouyue o1 GUVEYELD T BLAPORETIXT, OPYAVWOT) TV GEWY WA axoAoudiag

ue @divovteg VeTixolc dpouc.

--+a14+a1§+a16+---

a;+ax+az+aqs+as+ag+ar+as+ag + -
N s N ~~ > N
<8ag

<2as <4a4
aj + Gz + a3 + a4+ a5 + ag + Ay + g +ag + Gyg + *+ + A5 + A+ 0
N s N ~~ g N g

~”

>8a16

>2a4 >4ag
Ytnetlopevog xdmolog oTny opYdvwor autr, Yo umopolce vo anodellel To end-

UEVO Oempruos:
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Oceoenpa 2.3.7 Eoww a, e gdivovoa akodoviia e Jetikols épous kat b, =
n n
agn @ vrakolovdia avtris, téte o1 oelpés > o ay, kat Y oo 2" - agn OCUUTEPI-
2 }1 '75: IO S n=1"" n=1 2n }l p
pépovtal o 10, dnA. ovykAivouy oto R 1 arepilovtar Detikd.

IMogdderypa 2.28 Na peketnlel wg mpog tn oUykAion 1 appovikr o€ipd dnA.
~ P
T’ Zn:l (%) .

Aborn 'Eotww b, = agn = (2%)1), t6t1e
Z 2" by = Z 2 (2_") o Z 2(p—1)n Z (2(P71)>
n=1 n=1 n=1 n=1

‘Opwe 1 televtato elvon 1 YEWUETELXT OELPA PE AOYO W = ﬁ, OTOTE Am6 TNV
[Tpbaom 2.3.2 mpoxinTel 6TL Yia

i) p > 1 éyoupe 61t w < 1 xau 1 oepd ouyxhivel ato R, dpo xou 1 appovixy
oelpd cuyxhiiver oto R.

i)y p<1 €youue 6Tt w > 1 xou 1) oepd aneplleton VeTNd, dpa xon 1 apuovixy
oetpd anetpiCetar YeTixd.

H oppovixd oepd ye p = 1, dnh. 0 > 07, %, Yewpeltar €va xahd TapddeLyua
¢ Tpdtaong (2.2.18), dnA. Belyveton OTL 1) appovixt| oelpd Bev elvar Baotxr xa
enouévwe 0 cuyxhivel oto R.

Tého¢ oe TEPIMTWOEL TOU AMOTUYYAVEL TO XeiThplo Tou D’ Alembert do-
xaudlouye To xpitriplo Tou Raabe.

Ochpnua 2.3.8 Kpitrjpio tov Raabe. Oewpolue tn oeipd 22021 an e a, >0,
TOTE

limn(l —2)] <1 = 3% a, = oc

limn(l —“22)] > 1 = 7% a, €R

2.3.2 'AN\eg xatnyopiec Xepwdv

Eletdotnxe ota mponyolueva 1 mepintwor, omou 1 oelpd elye Yetxoic
opouc. Ouwg v T oelpée, agod TpoxiTTouy and Tic axohoudie, Tinote dev
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Yo 2.6: Xynuatixd 1 evarrdocouca celpd

eyyvdton Ott awtég Yo €youy Detxolg A €0Tw un apvntixoug opoug. [evixd
Aowmdy, ot Gelpég elvar BUYVATOV Vo €y0uY Hpoug 0, TIToTE. ATd auTd 10 dTELRO
Thdo¢ oelp@Y Tou UTdpYEL, Wia evBlagépouca xatnyopla efvar exelvee, Twy omol-
Vv oL bpot elvar ool urag Yetixrhc @iivoucag undevinhc axohoudiog a, xal 6T
oetpd evahhdocouy 1o Tpdonud Tous. ‘Etot, ta pepd adpoiopata tng oelpdc
Yoo (=)™ a, tedixd Yo éyouv T popeh Tou Byfuatoc 2.6. Autd pac odnyel
GTO VoL OXEPTOVUE OTL OL dETIOL HROL TV YERXWY aUpotoUdTwy TNg oelpds elvar
war oxohoudior adZouoa xou ot mepittol par axohoudior @divovoa. Tlpdyuartt

Oont2 — O2p = O2pt2 — O2p41 + Oopg1 — O2p =
2n+3 2n+2 _
(—1) Aon+2 + (—1) Gont+1 = —(Gont2 — Gong1) > 0,
T0 omolo oNUAVEL OTL 1) Ty, Elvar Wit al€ouca axohoudia xou
Oon41 — O2p—1 = O2p41 — O2p + 02y — Ogpp1 =
2n+2 2n+1 _
(—1) aop+1 + (—1) agn = (Aon41 — Q2) < 0,

4 ’ /7 Ve 7 ’ 7 /7 14
TOU THAL GNUALVEL OTL 1) 09, Elvor i @divouca axxohouvdio. Eriong, dhot ot detiol
Opotl elvan BeId TWY TEPLTTOY, APOU

_ 2n+2 _
Oon+1 — O2n = (—1) 2p+1 = Aopy1 > 0
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‘Etot, ot duo axohoutiec w¢ HovoTOvES Xou @payPévee (as < 0g, < Oop11 < ay)
Yo cUYHAVOUY XL UIAIGTO OE XOWO OpLo, Aol
lim (O'Qn+1 - O'Qn) = lim Aop+1 = 0.

Anodeiloye hoimév 10 enduevo Oeprnua tou Leibnitz:

Oewpnua 2.3.9 (Ocdpnua tov Leibnitz:) Av pua axodoviia a, eivar Jetikn,
gOivovoa kar undevikn, tére n oapd > o2 (—1)"a, ovyrdiva oo R.

IMogdderypa 2.29 Na eetaotolv ws mpog tn oUykAion) o1 T€lpég

= 1 = 1
-1 n+1 -~ -1 n+l_ -

Adom Elxoha uropolpe vo deioupe 61t 1660 1 Wt (a, = +) 660 xau 1 dhAT)

(b, = 2n1——1) elvor Yetnée, @iivouceg xat undevinéc axoloudiec, onoTe oL EVOh-
AGG0OUGES OELEEC aUTWY cuYXAlvouy 6To R, Oa dolue, dtav avagpepdolue otic
oetpéc Taylor (4.18), 6t

o0

1 1 s
)" = =1n2 —1)n+t =

WE

n

Ioagaderypa 2.30 Na efetaotel wg mpos tn oUykAion n oepd

-1 TL+1L
Z( ) n+1’

n=1

Abon H oeipd autr dev mhnpol tic mpolinovécelc Tou Ocwpruatoc tou Leibnitz,

’ . n . 7 ’. 7 7
agol lim 15 = 1 xou enopgves o Oewpenua dev epopudletar. (Aoxtudote va
pudiete 10 avtioTtoyo Lyhua 2.6 v va deite T oupneptpopd c). Hpdyuatt,
e0x0ha %AmOL0¢ UTOpEL Vo BEIEEL OTL 1) 09y 41 EIVOL AOEOUCU X0 ENOUEVWS Top i1 >
o = %, EVQ 1) T2y, Elva @Uivouca xat CUVETWS 09, < 09 = —%, oTOTE oL OO
unaxohoudiec authc ouyxhivouv (va anodetytel we doxnon!) oe dlopopeTixd
Opta, TEAYUA TOU ONUoiVEL OTL 1) OELEd OE GUYXAIVEL.

M evotagépouoa €vvota etvar 1 €évvola Tng oOYXAMONE XAt  omOAUTY T,



MAOGHMATIKA I ol

an

2 7 o0 / / Z / o
Oplopoe 2.3.10 Av n oepd > 7 | |a,| ovykdive, Aéue é6u n oapd Y
efvar anéAvta ovykAivovoa 1 ovykAiver anéAvra.

H perétn tétouwy mepimtdoewy npogoves avdyetar oty mopdypapo (2.3.1).
Qd61660 LThEY oLV EVOLUPEROVTA GTOLYEld VoL OEL XATOLOG EOW.

i 7 7 oo 7 7 7 ’
Ac unoléooupe 6T M ogpd Y7 a, amoteleiton amd dmepoug VeTixolc o
dmELPOUC AEVNTIXOUE OpOUC Xal EMITAEOY €lvol ULol amOAUTA oLUYXAIVOUGH GELRd.
A¢ Yewprioouye emimiéov T axoloudlec Ue TOUG Un dEVNTIX0UC %ol TOUC Un

Uetixolg 6poug, TOoU UTOPOUUE Vo TEEOUNE o’ AUTH, TIC

+:{an,o¢van20 a_:{O,avanZO

2O
n Qpy AV Gy < 0

a
0,ava, <0 "

Do xdde pro an’” autée toyter 0 < af <la,| xu 0 < —a,, < |a,|, onéte and to

2 7 7 Z o.¢] ? ?
Ocwpnua 2.3.3 xa 10 YeYov6e 6t 1) oetpd Y ey |an| ouyxhiver, cuunepaivouue
ot xar ot oepée Y7 at xauw Yy o7 a, ouyxhivouv oto R Quoxd, agol Vn €
N, woylet |a,| = af —a,, , 1 olyxhon TV GepdY TV VETIXMY X0t TOV ARYITIXGOV
OpwY GUVETAYETAL T GUYXAIOT, TNG amdhuTng olyxhong tne oelpds. Emmiéoy,
agol Vn € N, woylet a, = |a,| — 2a; xou 1 oepd Y7 a, Yo ouyxhivet oto R.
‘Etol anodeiloue T0 endyevo Ocmdpnua.

Ochpenua 2.3.11 Av pa oepd ovykAiver anélvta, téte ovykAiver kar amAd.
EmnAéov o1 oeipés twr Jetikdy ka1 apyntikdy dpwy ovykAivouvy, av kai uévo av
n oeipd ovykAiver anéAvra.

O axolowdiec Twv onolwy ot dpot de datneoly 1o TEdoTUo Yeerdlovial
aitepn Tpocoyn, yiatl etvar duvatéd va 00Ny NUoUUE O TUPUAOYIOUOUS Xt dTo-
mo. o mopdderypa, ag dovue to Hapdderyua 2.30, 6mou detlope 6Tt 1) GELRd OEY
ouYxAveL. Av xdmolog xdvel To o@dhua xon TNV ECETAOEL OTWE TUPUXATL, ¢
OOUUE TOU XATAATYEL

o0

1 2 3 4 n
_1n+1L:___ R G I
;( ) n+1 2 371 57 + (=1 1
1 2 3 4 n n+1
-_Z -_Z —1)*tl _1”+2_) R
(2 3>+<4 5>+ +<( ) n+1+( ) nra) T
11 1 - 1
R IR ey o AR Sy ey e

n=1
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7, 7 ’ 7 ’ ’. 7 7 ’ 1

Ouwg auth, agol etvar uto oelpd VeTixwy dpwv xou eTTAEOV 1Y VEL (CECED) <
n%, and 1o Oedpnua (2.3.3) xar to yeyovée b 1 teheutaia eivon ouyxhivouoa,
Yo cuyxhiver dromo. T'evixd Aomdv oL opadoOTOIAGELS OEV EMUTEENOVINL GTOUS

4 4 7 4 4
OPOUC TWYV OELPWVY. ATEOBSLXVETOU. OoUwc OTL

Ocwpenua 2.3.12 Ay jua oepd efvar ouykAivovoa, téte omoiadrjmote ouadomoin-
on twr dpwv TNg, Ywpls aAdayn tng tdéng tovs, pag ofver oepd ouykAivovoa
oto 1010 dp1o pe Ty apxikn.

Ernionc oe tétola napdhoyo 001 YoUUaoTE, OTAY XAVOUUE AVODIATAEELS OpwY o
OOV AEUE AVOBLUTAEELS OpWY, EVVOOUUE YAl TOTOVETAGOUUE TOUS OPOUS TNE GELRAC
UE ot GAAT OLdTaly), eXTOC AUTHAC TOU Elval TWEA YWEiC Vo TpoGVEGOUUE 1 val
napaleidouye 6pouc. T'a to mapdderyud pag Yo mdpouue TV EVOAAAGGOUCY
apuovixY| oeled Tou 1o €youpe det, oto Tapdderyua 2.29, 6Tt cuyxAivel 1o In 2.
Ed® o mpadytog xou 8eltepog bpog Uévouv Omwe eivan, and exel xat mépa OAoL ot
opot mou Peloxovton ot 9éon 2k +1 mnyatvouv oty Véon 3k +1 xar dhot ot Hpot
mou Beloxovior otn Véon 2k mnyatvouv: autol mou elvon otn Yéon 4m, otn Véon
3m, evw autol Tou elvar ot Véorn 4m + 2 ot Yéon 3m + 2 . 'Etor dadoyixd
€y oupe

9 — 1 1+1 1+1 1+1 1+1 1+1 1+1 1+
n — — — - — - —_ — — - — - - ——
2 3 4 5 6 7 8 9 10 11 12 13 14
1 1 1 1 1 1 1 1 1 1 1 1 1 1
P Y (el B G G (I Y (I N —
( 2) 4+(3 6) 8+(5 10) 12+(7 14) 16 (9+18)+20
1 1+1 1+1 1+1 1+1 _1(1 1+1 1+1 )_
2 4 6 & 10 12 14 16 18 2 2 3 4 5 N
§ln2 dtoTo.

Fevixd Aowndy ot avadatdelc dpwv dev emTpénovto oTiC Gelpéc. AmodelyveTta
Ouwe OTL

Ocwpnua 2.3.13 Av uia oeipd ovykdiver anéAvta, tdte, onowadnTote avadidta-
&n twv dpwr tng, uag otver oeipd ovykAivovoa oto 1010 dpio e TNY apxIKr).

(d61600 10 eMOUEVO Oewpnua Tou Riemann, Tou avoagépetal G GELREC YE
Yetixolg xou apvnTixols 6poug, Yog Setyvel TNy Teocoy Y| Ue TNy onolo TEéTeL Vo
eCetdlovTol auTéC.
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Ocwpenua 2.3.14 Ay jna oepd ovykAiver aAdd de ovykAiver anéAvta, téte Yia
kdOe x € R, vrdpyer pa avadidraén twv dpwr tng, mov uag Oivel o€ipd ouykAi-
vovoa o’ autd o x € R

2.3.3 Avuvopooelpég

ITdpa moAAES opéc oL bpot TwV GELp®Y Efval CUVAPTAGELS TNG UETUBANTAC
T, X0 GTNV THO ATAY) HOE(T DLUVAUELS TOU HOVOVOUOU T — Tg, ONA. €Y0LV T1) LOPQN
> Lan(z — x0)", 6m0U @, ot bpot xdmowic axoloudioc xat Ty x4mOlC TEAY-
wotixog oprluoc. Tétoleg oelpéc Aéyovtal SUVALOOELRES 1) OELRES BUVAREWY
xou ebvar e€aupeTind yprowa epyoleia otny enthuoy pordnuatixwy TeoBAnudtwy,
T.Y. OLPOPIX®Y ECIOWOEWY.

[o xdie mporypotixny) T e ETUBANTAC & 1) SUVOUOCELRE HETATEETETAL
o€ oelpd xaL av 1) oeed cuyxAivel oto R, 10 2 Aéyetan onucio olyxhong. Elvou
pavepd OTL Yoo & = xo xdde duvapooepd cuyxhivel 6to 0, Onk. €yel Eva o
uefo oUyxAoNng, oUW x4t T€Tolo elvon TETEWUEVT TERITTWOT X OEV EVOLAPEQEL.
[ToA\éc duvapooetpéc auyxhivouy yia éva dtdotnua (2o — 7, 2o + 1) YOpw and 10
Zg, Tou Aéyeton OidoTnpa oUykA1ong To O T AEYETAL aktiva oUyKAI0T)S.

Ar’ boa einope péypt e oTic oelpée (Oedpnua 2.3.6), tpoxinTel 6Tt pla
duvauooelpd Yo cuyxAivel, av

lim {/|an(x — 20)"| < 1 & |z — 20| lim Y/ |a,| < 1. (2.26)
—_——
=p

av p = 0, 1 oepd cuyxhiver yio xdle tporypatid x, agod TAnpol Ty (2.26), av
0 < p < 400, 1 oetpd cuyxhiver yia xdide TpayUaTIXG T, UE

1 1
Tg——<x <o+ — (2.27)
p p

onA. 1 oxtiva cUYxAloTG Elvan 17 = %, EVQ AV p = +00, 1) OELEY GUYXAIVEL HOVOY
vz = 0. ‘Otav 10 2 Tadpvel TI¢ TWES TV AXPWY TOL OLAGTHUATOS GOYXAOTG,
n avieotnta e oyéone (2.26) dev toyvet. ‘Etot, npénet vo e€etdoouye ) oelpd
Waitepal 0Tl dxpa TOU SO TAUATOS. A GXLAYRAPHGOUUE OAAL TAL TURATAVEL GTO
ETOUEVO TOPAOELY UL,

oo ™
n=1 n2m°

IMopdderypa 2.31 Na fpedel to sidotnua oUykhions Tng dvvapooeipds y |
Na peretnlet 10watrepa ota dkpa Tov diaoTHATOS.
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» 7 ’ 7 _ 1 _ ’
Aborn Xty mpoxeuévn nepintwon €yovue a, = —= xot z = 0. 'Etot

. 1 1 1
= 11m = = —
P Vn2r = fim Vnan 2lim /n 2
1

Onéte r = ; = 2 x x € (—2,2). EWwd yo x = 2, n oepd yiveto

S Ee =3 L = 0o (oppovix| oepd). Tz = —2, 7 oepd yiveta
D (;;)Ln = Y2 (-1)"L € R (evarhdooouou opuovixt oetpd). 'Etot o

ddotnua olyxong eivar [—2, 2).

IMogatrpnon 2.3.2 Ilapduoa avtipetonion tov mpopAnjatos tng oUykAons
durapooepdy e to kprerpo tov D’Alembert (Oedpnua 2.3.5) 1) epappoyn tng

Ilpéraong 2.2.19 uag diver 6t1 p = lim L

lan|

o] x™
n=1 n!-*

IMopdderypa 2.32 Na fpedel to hidotnua olykhiongs tng duvapooepds y

» 7 ’ 7 1 _ ’
Aborn Xty mpoxeuévn nepintwon €yovue a, = -1 xat 2o = 0. "Eto

1
L 1
p = lim |‘|ZZ+|1| — lim ("f)' =lim —— =

n!

‘Etol 1 oepd cuyxhivel yio xde mpaypatixd z. Emmiéov xdmoog pmopel va
ouunepdyvet 6Tt lim, o é—n")‘ =0 (yoti;).

To mpdPinua twv oepnvy eivar e€onpetind eupl. EdM €yve udihov wa
eloaywYrh. Avdloya pe 10 TEOBANUd Tou o gortnThc Yo meénet vor xateuduviel
o€ BBMa TeploGOTERO EIOXG.

Aoxnoeig

‘Aoxnom 2.1 I'pdyre tous mévte mpdTous dpous twy akodovdiy
n+1 b n

ap = ) n — )

3 1+ /24 V224 V23 4 4 Y201

Aceitte on1 autés elvar ppayuéves.

cn =n(V3—1)
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‘Aoxnom 2.2 Eetdote ws mpog TN povotovia kar to gpaypévo ts akodovdieg
1 1 1

“TrE T )
IS S S 1
CVBHV2 VA+V3 NOEENG

I'pdipte avtés oe ankovotepn popen.

by

‘Aoxnomn 2.3 Ilpooapjidote kardAAnAa ka1 anodeilte To Occoypnua tov sandwich
(2.2.5) o anepilfueves axolovdie.

‘Aoxnomn 2.4 Ilpooappdote katdAAnAa kair anodeiéte tny Ipéraon 2.2.6 otig
areip1ldueves akodoviies.

‘Aoxnon 2.5 Na deytel 6n av lima, = a, téte (vné T mpoiinddeon du opi-
lovtai)

N 1. Q1 Fay+--+a SN 1

i) lim “=a, i) lim/a;-ag- - ay, =a
n
i13) lim = a,

1 1 1
a1+a2+ +an

[Hpoooyry! oo iii), o tapovopaotris dev avédvear ndvta yvrjoa.]

‘Acxnom 2.6 Bpeite ta dpia twy axolovddy

_ T 2" _onqon

=g g T i 9n — 9-n

‘Aocxnomn 2.7 Aiverar n axolovlia

U1 =V2+a,, a=V2

1) Aeibre 6 efvar atéovoa
2) Aeitre du elvar gpaypévn
3) Bpeite to dpid .
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"Aoxnon 2.8 Efetdote ws mpog ) oUykhion tn oeipd Y7 (an — an_1), av

lima, = 1.
‘Aoxnon 2.9 Na detytel 611 n axodovdia a, = n(V/3 — 1) eivar ppaypérn.
‘Aoxnon 2.10 A) Av ya dvo akokovdies a,, ka1 b, Oetikdy dpwv 10y el lim ‘;—: =

0, tote
Yoy =00=Y > by =00

Y by <00 =Y a, < oo

B) Av ya dvo axoroviies a,, ka1 b, Oetikdy dpwv 10yver lim ‘;—: = 00, TOTE
Yo ap <00 =Y b, < o0

Yo bp=00 =Y a, =00

an by
on‘qc‘q 2.11 Ay yia dvo axodovdies un Oetiky dpwv 1xve 0 < T < =8
ToTe

> b, eER=Y> a, €R
n=1 n=1
Zzozlan:—oo :>Z;°l°:1bn:—oo

[Anuoupyolpe Touc Aéyouc yio i = 1,2,...,n xa tolomiactdlovyue xatd ué-

N

‘Aoxnom 2.12 Eéetdote ws mpog t1) oUYKAION TIS 0€IpEg

=, 2" . p! >, 3" nl
ZE: nr j{: nm

n=1 n=1

‘Aoxnom 2.13 Eéetdote ws mpog t1) oUYKAION TIS 0€IpEg

o0

2 1-3-5---(2n—1)
Z\/T nz:; 2.4.6---2n
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‘Aoxnom 2.14 Eéetdote ws mpog tn) oUykAion tn oepd

oo

Z 1
“—~n-(In n)p’

xpnoonoiwrtas to Ocdpnua 2.3.7, 1) 6moov dAro tpdmo Dédete.

‘Aoxnom 2.15 Aeifte ot

o o
2 Qn,
E a, < oo = E — < 00,
n
n=1 n=1

Xpnoyonoirtas to yeyovos ot ab < %(a2 + b%), B drowv dAlo tpéno élete.

‘Acxnom 2.16 Eéerdote ws mpog tn) oUykAIonN TIS 0€ipég

ad n it 1—n\n
_1n+1 ( )
Z( ) nyn—1 z} 2n +1

n=1 n=

‘Aoxnom 2.17 Eéerdote ws mpog tn) oUykAion tn oe€ipd

(o]
n2

on

n=1

Ti ovurepaivere oyetikd pe tny oUykAion kar to @paypuéro twr akodovdoy
n‘_) n

an:—Kazbn:i—Q;

‘Aoxnom 2.18 Ytg napaxdtw dSvvapooepég

= lx™ = (20— 1)" = 3z —2)"

-1 n41 10l RS/ >
D D D T RRID Dhar v
n=1 n=1 n=1

1) Hpoodiopiote o xy.
2) Bpetre to idotnua ovykhiong.
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2JUVOETNOELC

3.1 Tevixa

‘Eyouye 0el 101 670 TEONYOLPEVO XEQPIAAO TOV OPLOUS TNG ATMEOVIGTS.
Mia areikérion, Tng onoiag ta ovvoda A ka1 B eivar vtooUroda twy mpayuatikaoy
apducov, Aéyetar mpaypatikny ovvdptnon juas mpaypatikng petapintnig. To
olvoho A héyeton medio op1oj10U evey To olvoho B otvodo dgiEng. H yetafint x
Tou Talpvel TiéS 0To ohvolo A elvor 1 ave€dpTnTr UETABANTY, EVG 1) ECapTNUEVY
UETABANTY ¥, 1 UETABANTH Tng omolag ot Tiwég elupTadvIAl and TIC TWES TNG
aveldptnTng UeTaBAnTrc, maipvel TWwée oto cUvoho B. Yuvidwg ol Tiwég g
ueTUBANTAC ¥ divovTon uéoa amd uio Expeaoct), Evay TR0, Tou AEyeTon TUTOC NS
ouVaETNoNS %ot SUUBOAMX YEdPETL

f:A—= B, y=f() (3.1)

To cOvoho TwY TWOY NS HETUPANTAC ¥ Aéyetar otvodo Ty aUTHC ot ouuBo-
AMZetow ye f(A). Eivon %01 yvwoté 61t 10 1edio optogol A urog ouvdptnong, 1o
cbvoho B xau o tOnog tng cuvdpetnorg elvor avayxaio yio Tov TAfen Teocdio-
ewoud authc. Ta Ti¢ mpoyuoTinég, OUws, GUVAPTACES w¢ cUVolo B Jewpeito
ohoxhnpo to R, eve) 1o nedio optopol A npocdlopiletar w¢ To upltepo UTOGUVO-
Ao tou R, vt To omolo €yel Evvola Tparyuatino agtdpod o TUToC TN CUYAETNONS
apevOS xaL dev €pyetan o€ avtideon e tn OO Tou TEOBAAUATOC APETECOU.

Ioapaderypa 3.1 Na Ppedel o medio opiopot
a) tng owdptnong f(x) =100 — 22
b) tng owvdptnong {iTnong p(q) = /100 — ¢?

99
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Avon oty mpa nepintwon éyoupe 6Tt Ay = {2/—10 < z < 10}, agol to1e
€yet évvola mparypatixol aptduol o Tinog Tne ouvdptnore. o tn debtepn, duwe,
nepintwon €yovpe A, = [0,10], agol ag’ evdc tOTE €yEl Evvola mpayUaTIXoU
aprduol o TOTOC NG GUVAPTNONG, AP’ ETépou OoF W cuvdpTnor (RTnong dev
UTOQOUUE VO ASUE YIoL EVNTIXEC TOCOTNTEC.

O téooepic mpdlelc Tng apriuntixic opilovion ¢ TRALES Xl GTIC GUVAp-
THOEIG, 0TO %06 TEBIO OPIGUOY TOUS, PE TOUS Tapandvw Teptoptopols. ‘Etot

fEg: Ay > R (f £9)() = f(z) £ g(z), oémov Apy=ArNA,
frg: A5 = R(f-g)(x) = f(x) g(x), bmou Ap,=A;NA, (3.2)
f(

i:Ai—HR,(i)() @) 6TOU AézAfﬂAg\{x/x:g(x):O}

9 9 g g

Mopdderypa 3.2 Av f(x) = Vo —1 ka1 g(x) = V4 — 22, va opioete tg ov-
vaptioe: f+g, f-g, 5.

Avor Eyoupe Ay = [1,00) xou Ay = [—2,2] xou

fig:Afig%R,(fig)(x):\/x—1+\/4—x2, ue App, =[1,2]
frg: A, =R (f£g)(z)=Vr—1-V4d—2a2 pe Ap,=][1,2]

—1 —1
£A1—>R(§)():\/4x_x2:\/j_x2, pe Az =1[1,2)

Hogatienon 3.1.1 H rnponyoluern ovvdptnon 4 L \éue 6u etvar évas mepopr-
ouds s h(z) = /2=, agov Ay = (—o0,—2) U [1,2) D [1,2) = A%'

Mmrogolye va cuviEcoupe GUVIPTATELC oL VoL ONUOVEYTICOUPE JAAES, (PU-
oxd mévta xdtw and xatdhinieg npobnovéoec. ‘Eotw f o g duo cuvaptioeig
xou Ay, Ay to avtioTotya medio optogol aut@y. Av 1o ohvolo Ty f(Af) e
[ €yel xowd onpeio ye to medio oplopol Ay Tne g, TOTE UTAEYOLY XdTOoLN GNUEiX
oto Ay ta omofo anetxovilovton ue v f 010 A, xar o1 cuvéyeia anewoviovta
ue tnv g oto R. Eivor pavepd bt autd eivar ta g(f(x)). Opowc €tor opiletar pa
véa 6uVapTNOT oL AéyeTtan oOviesT) Twv f ot g xou cupBoiiletoan go f. An.

gof:Agpr =R (gof)(z) =g(f()) ye Agoy ={x/x, v € Ay xar f(x) € Ay}



MAOGHMATIKA I 61

IMopdderypa 3.3 [a g owaptrjoes f(z) = Va +2 ka1 g(x) = V9 — 22,va
BpeVei n ovvdeon go f kai f o g.

Aborm Eyoupe A; = [-2,00) xuw A, = [-3,3]. Etor Ay = [-2,7], o-
ol z € [—2,00) xau vV +2 € [-3,3] = -2 <z < 7. Téhoc g(f(x)) =

\V/9—(Vx+2)? = VT—2z. Opoiwc Ay = [—3,3] agod © € [=3,3] xxu
VI—122€[-2,00) = -3<z<3ue f9(x)) = vV2+ V9 — 22

To ypdonua G, 6TIC TEAYHATIXEC GUVAPTAGELS HLUG TEAYUATIXAG UETUIAT-
The, amoteleitar and onueia tou emnédou (R?), To onolo onuaiver dt uropolye
va To amexovicovye o’ auto. H ameixdvion auth, mou eivon onuela ¥ ypouue-
¢, amoTENOLY TN Yeaur TopdoTacT Tne ouvdptnonc. Optouéva onueia elvor
YAEUXTNPLOTIXG YLoL TN YpoptxY| Tapdotaot. [ mopdderyua to onueio Tou ypo-
(GriuaTOg
(0, £(0)) eivor to orMueio mou N ypapxh TopEdcTa-
o1 TEUVEL TOV XUTOXOPUQO GZova, €V&) To OTuEeia
(2;,0), 6mou f(z;) = 0, eivon to oNueiar TOL 1) YpO-
@iy mopdoTaoT, TEUVEL Tov opllévtio dova. Emi-
orng, Tétow onuela efvon o onueia TwY dxpwy TV
OLUCTNUATWY, oV To TEDID 0pIGUOU AUTAG TEQLEYEL (4 (10)
TETOWL XTO OtmAAVO Oy fua OIvETAL 1) Yo To-
edotaon Tne ouvdetnone ¥y = 2v1 — z2.

3.2 H =suidceia

H yvwoty cuvdptnon
y=axr+b (3.3)

ue medlo opouol 1o R, maptotdveTon yeagixd pe por evdela ypauur, 1 onola
Tepvd and To onpeio b Tou xataxdpugou dEova xot el xhion a, dnh. tanw = a,
6moUL w etvar 1 UxpoTeEN YeTiny| Ywvia Tou oynuatiCet n eudeia ye tov opllévtio
dCova. ITo mpoxtind 1 xAhion pdc Aéet 611, 6TaY 10 T AUEAVEL XATA Lol LoVAda,
10 y auldvel xopd a. Eivar gavepd 6Tt Tov opilbvTio dlova Tov TEUVEL GTO
omnueio —g. YuvopThoelg e To Do a mopieTdvovtar and TapdAinieg eudeie,
ool €youv TNV {Blor xAioT, Ve CUYVAPTACES UE To {Blo b, ToploTdvovTal amd
0éoun eLVELWY TOU TEPVAVE OAeC amd To b Tou xataxdpugou dlova. H otadept
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Yyfua 3.7: H anewxovion f: A — B, y = az + b.

cuVdETNET Y = b €yEl we Ypapixy| TopdoTacT) W eudeia Tapdhhnhin we TEOg TOV
optlovTio dZova. Tt 10 oyEdloUS TS YRAPIXHC TURAGTACTC YIS CUVAETNOTC
N Yop@iic ¥y = ax + b, Aoyw tou o1t auTy| elvor Wi eudela, pog opxolyv duo
omotadrrote onueio. Yuvideg Beloxouye to onueia Touric auTthc Ue Toug doVeC,
EXTOC XOL OV TEOXELTAL YL TOV TEQPLOPIOUO AUTHC OE OldoTrua, onote Pploxouye
Ta dxEal TOU LG TAUATOG.

I'evixdtepa ta onuela tng e€iowong

ar +by+c=0 (3.4)

Beloxovton mdve oe wa evdeia ypouun, agol yio b # 0, 1 (3.4) ue anhéc tpdielc
uetotpéneton oty (3.3). Otav b =0, n (3.4) noipver ) pope

1 omola dev elvon eV oUVAPTNOT), OUWS TaELoTAvVETAL Ao o evdeiot ToEdAANAT,
, , / ’ , , c 7
TPOC TOV XATAXGELYO GEova Y'Y, ToU TEPVA amd 10 onueio —< Tou opldvTiou.
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3.3 TI'vwotég €vvoleg xau WOLOTNTESC TWVY CLUVOE-
TNOEWY

3.3.1 "Aptia cuvdptnon

Opwopde 3.3.1 Mia owvdptnon f opiouérn o’ éva tdotnua [—6, 6] Aéyetai
dpuia, av f(—z) = f(x).

Abyo e ougUeTpiog TV TWOY TS PETABANTAC © xou tne todtnrag f(—x) =
f(x), ot dptiec ouvapThoELC €Y0UY GZoVa GUUUETEINC TOV XATAXOEUYO SEoval.

IMogdderypo 3.4 Na derlel 6n1 n ouvdp-

mon f(z) = <5° evar dpria. .
Aborn Tlpdyuatt elxola Peloxouue ot
flmu) =2l — s — f(a),

H yeaguh tne mapdotaon gaivetar 610 OL-
Thavo oy, 6mou 1 cupueTpla etvon @a-

VERT).

Iagathenon 3.3.1 I'evikétepa, pa ovvdptnon pe medio opopol o R éyea
déova ovuuetplag ty evdela x = a, av wyvea f(a —x) = fla + x). Xy
TepinTwon wov n ovrdptnon éel ws medio opiopol to didotnua [a, b], tote éyel
d&ova ovupetpias tn pecokddetn tov tufpatos (v = ) av wyva f(z) =
fla+b—x).

H anédeiln tne napathipnong agrvetar we doxnom yiol ToV ovay VeoTY.

3.3.2 Ilepitty ouvdptnon

Opwopde 3.3.2 M ouvvdptnon f opouévn o’ éva tdotnua [—6, 6] Aéyetar
nepieen), av f(—x) = —f(x).

Abyo e ougUeTpiog TV TWOY TS PETABANTAC © xou tne todtnrag f(—x) =
—f(z), ot meprtTéc CUVOETAGELC €YOUV XEVTEO GUUUETEING TNY aEY N TwY 0EOVOV.
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Ioagaderypa 3.5 Na derylel 6T n ouvdp-

sinz

o f(x) = 555 etvar epiren.

Abom llpdyuatt edxola Peioxouvye 6T
f-a) = 202 = =dpe — _p() :
H yeaguh tne napdotacy divetar oto oOt-
AV GY AL, OTIOU 1) GUUPETEIA QatveTon Xo-
Yopd.

Iagathpnon 3.3.2 I'evikdtepa, pa ovvdptnon pe medio opopol o R éyea
KévTpo ouupetplag to onueio © = a, av wyva fla—x) = —f(a +x). Xy
TepinTwon mov n ouvdptnon éxel ws medio oprouot to Sidotnua |a, b], téte éyel
KévTPo oUUpETpiag To puéoo Tou TuRpatos (x = L) av wyde f(z) = —f(a+
b—x).

H onédeln tne mopathpnong aphveTal we doxnoT Yol TOV VoY VWGCTY).

3.3.3 Apgovoorpoavin B ’1-1’ cuvdptnon

Opglopog 3.3.3 Mia owvdptnon f opiopuévn oto A Aéyetar apugiprovoonuavn 1
'1-1° ouvdptnon, av ya kdle xy ka1 xy € A pe f(x1) = f(xg) = 21 = x9.

Me amhd Aoy, (Bieg exoveg mpogpyovton and B apyétuna. loodivoaua, Yo
UT0POUGE Vo TEL XATOL0G OTL OLUPORETIXG APy ETUTA BIVOUY DLUQPOPETIXES ELXOVECS.

Ye wa ouvdptnon f, oe xdde otolyelo Tou TEdlou oplouod TNg A avTtioTol-
y{leton xdmoto atoryeio tou nediov Tudy e f(A). ‘Ouwe étot xar o€ xdde oTol-
yeio tou mediov twodv f(A) avtiotoryiletar xdmolo ototyeio Tou TEdiou oploUOY
A. M’ autov tov tpémo opileton uio xouvolpyla oy€or. LNy TEpITTWoT Tou 1
f elvon auguuovoouavtn, n xouvolpyte auth oyéon eivon cuvdptnon (yatl;) xou
ouuPoMleTon ue 1 o ovoudletar avtiotpopy| tng f. Eivow mhéov yeyovog,
OTL 0TV avTioTpoYn cLuVAETNOT 1 eCuPTNUEVN UETABANTY YiveTar avedpTnTy Xou
1 ove€dptnTy yiveton eopTnuévy. XT0 EMOUEVO TUPADdELYUO QaivETOL O TEOTOG
OLATPAYUATEUOTC TETOLWY TEPITTWOEWY.

IMopdderypo 3.6 Na elevdoere av n ovvdptnon f e tino y = Vx + 2 éyea
avtioTpogn Kai o€ katagatikn andvtnon va Ppeite tov TUTO TI)S.
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Avon To nedio opropol authc eivar A = [—2,00). And tov Optoud 3.3.3 npo-
x0T TEL

Vay, 0 € Ape f(x1) = f(22) = Va1 +2 = V2 + 2 = 1142 = 19+2 = 71 = 19.

Agol 1 ouvdptnoT eivar au@ILOVOGTHUAVTY, UToRoUUE Vo Beolue THY avTioTeo)h
e, pe z € f(A) xar y € A we edic

r=\yt+t2er’t=y+2y=2>-2
‘Etot yio v avtiotpogn f1 éyouue

fh fA) = A f () =27 -2,

‘Onwe @dvnxe and o TponyoluUeva, 6Tay To Tuyaio °
Lebyoc (z,y) Beloxeton oo ypdonuo tne f, o Lev-
Yoc (y, x) Beloxetor 670 ypdgnua tne [, 670 €
Tinedo autd onpaivel 6Tt autd Tar duo onueio elvor
GUUPETEIXE WE TEOC T1) OLYOTOUO TOU TRMOTOU TETAP-
Tnuoptou. 'Etot, ohoxdnen 1 ypagix, tapdoTtaon
s f1 etvon 1) GUMMETEIXT TNS YPAPIXHAC TUPAOTI-
onc g f. X710 dimhavo oyfiua gatveTon 1 yeopxy| |
TAPAGTACT, TG CLUVAETNOTS TOU TEONYOVUEVOU Ta-
padetyyaTog xan NG avtioTpoghc g, S - : . !
OTOU QuiVETAL XAl 1) CUUPETELA.

3.3.4 ®Ppayuéveg cLUVAPTAHOELG

Opwopde 3.3.4 Mia ovvdptnon f(x) pe medio opiopol to orodo A Aéue éu

etvar dve gpayuévn (kdtw ppaypérn), dtav vndpyer évas mpaypatikés apiopds ¢,
bote ya kdle otoieio tov mediov opiopol tng va wyve f(x) < ¢ (f(x) > ¢).

Do nopdderypo n ouvdptno f(x) = 22 efvor xdtw paypévn, apol woyber 22 > 0.
Av yio T 6UVAETNOT UTEEYOUY @1 XL P2, TETOWO OOTE Py < f(z) < o, Nye 6Tt
n ouvdpTtnon etvan anAd geaypévr. T'a mapdderyua, 1 cLYVAETNCT TOU NULTOVOU
elvor gpaypévn, agol —1 < sinz < 1.
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Iagathenon 3.3.3 Av ouuPel to eAdyioto arnd ta dvw ppdypata Ttng ovvdptn-
ong va efvai otoryeio Tov oVVOAoU TINGY TNGS, AéyeTal HéYioTo, €va av ouupPel To
HéYIoTo and ta kdtw gpdypata avtig va €ivar otoiyeio Tov OVVOAoU TIHGY TN,
Aéyorvtar eddyroto. To péyioto kai to eAdyioto Aéyetar akpdrato.

3.3.5 Movotovia

Ogtopde 3.3.5 Mia ovvdptnon f opwopérn o’ éva alvolo A Aéyetar yvnoiwg
avéovoa (yvnoiong gdivovoa), dv VY, kai xy € A pe xy < 29 = f(21) < f(x9)

(f(z1) > f(z2)).

Opglopodc 3.3.6 Mia ovvdptnon f opiouévn o’ éva otvodo A Aéyetar avéovoa
(pUivovoa), av YV, ka1 9 € A pe 2y < 29 = f(x1) < fx2) (f(z1) > f(22)).

IMoagatrpnon 3.3.4 Eivar yeyorvds détt ya pua yvnoiws povétorn ouvvdptnon
(yrnoiwg atéovoa 1 yrnoiwg pdivovoa) ouufaivear to €€njg: o€ diagopetikd ap-

Yétuma avtiotooly 01a@opeTikés eikoves. AnA. pna tétowa ouvvdptnon eivar
71_17

3.4 H IlopafBorr, xou n YTrepBoAn

3.4.1 H ITapaBoAn

H IapaBolyy eivon yvwoty| and 1o T'uuvdotlo axdun. Xtnv mo anhf tng
Hop@t| €xEL Tov TUTO

y=ar’, z€R (3.5)

E/ 4 4 / 2.
fvou gavepd 6Tt Yoo a > 0 outh eivo
gOivouca 6To drdotrua (—oo, 0] xon alEou-

oo 610 ddotnpa [0, —00). O xataxdpupos | a>0
dZovac eivar dZovac ouppetploc (eivor dp- :
Tto) xat €yet ehdytotn uuf 10 0, oto x = 0. | ~a<o0

[apdyota cupPBaivouy yioa < 0 T@eo auTh
efvon avZouoa yta to drdotnua (—oo, 0]

xot @Oivousa ya to dtdotnua [0, —00). O xatoxdpugog dZovac ouveyilet va ei-
vai dZovag cupueTplag xat £yet uéytotn Tiur to 0, oto = 0.
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x=-b/a

(0.0

Sydhua 3.8: H anewxdvion e y = ax? + b + c.

Tevixd 1 mopafold €yel tn pope
y:ax2+bx+c, zeR (36)

UE amAéc MEdEelS auTY TalpVEL TN Lopg

b\2 b®—4dac
yza(x%—%) — (3.7)

OuuiCoupe 6T yapoxtneloTixd onueio T ivon ot pileg Tng (6tav b — 4ac > 0)
otov opill6vTio d&ova xot To onuEio ¢ Tou xataxdpugou déova. H eudela v = —%
elvor Topa dovag ouuueTpiog xouu oto onueio x = —% Tapvel TNV eNdytoT
Tiun, 6tav a > 0 xon péyiotn, otav a < 0. H ypoginr| tne nopdotooT mpoxinTel
ATO TN YEAPXT TAEAGTACT TNG ax? UETAXIVOVTAS TNV 0ptlOVTIO XUTd —% O
7 7 7, 4 Z, b274ac

OTY) GUVEYELDL PETOXVWYTAS TNV XUVOURYLAL XAToXOpuea xatd —>—#. Ta duo
Brivata gatvovtar oto Lyfua 3.8. "Evog dhhog tpémog Yo fitay vor UeTaxtv|cOUUEe

, ’ ’ b b>—4ac Z — 2
T0 GUOTNUA ACOVKY GTO ONUEiD (—%, _T) xo var oYeddoouue Ty Y = aX

070 xovoUEYLo GUCTNU.

IMapdderypa 3.7 Na oyedaotel n ypagikn) rapdotaon sy = x* — 5z + 6,
a@pov ONUEIDTETE Ta XaparKTnpiotikd onpeia Tns kal TS YapakTnpiotikés evleleg
Tns.
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(0,0) 2 3

o
-0.25

o 2.5

Sydhua 3.9: H anexdvion e y = 2% — 5z + 6.

Aborn To yapaxtnplotind onuela autrc etvar to 2 xon 3 tou optlbdvTiou dlova
xou 0 6 Tou xataxdpugou. H eudeio = 2.5 eivon dlovag ouppeTpiog xar 010
x = 2.5 madpver edyotn T Ty ¥ = —0.25. ‘Ola 1o mapandve @aivovtoar 6To
Syfue 3.9.

3.4.2 H YrnepBoAy

H Trepfolt, elvon xt auth yvwot and 1o ['uuvdolo. Ytny mo andf tng
wop@t| €yel Tov TUTO

y=_ x € R\ {0} (3.8)

Eivar gavepd o1t yio a > 0 autr etvan @Oi-
vouoa yta To Sdotnua (—oo, 0) xor eniong
odivousa v To didotnua (0,00). H apy# | a<0
TV a6V elvan x€vipo oupuetplog (elvar o= :
TEPITTY) ot TafpVeL OAeC TIC TIéC EXTOC omd |

v Tty 0. Topduola cuufBaivouy yioa < 0
Twea elvor alouoa yio To SIdoTHU

(—00,0) xou enione abouoa yia to ddotnua (0,00). H apyh 1wy afévev eivor
T x€VTEO CUUUETEIC.
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e cb/a I ———
(0,0)

-d/a

Yyfua 3.10: H anexdvion tne y = g;’fig
Tevixd 1 unepBoly éyel tn wopet,
y:giz xeR\{—g} (3.9)
ue amhéc mpdlelc auTr Tafpvel T popph
y:k+cx+d’ énouk:%xoumzbc_cad- (3.10)

7 , ’ ’ ’ ’ _ b
To onueia Tourc pe toug dCovee (yopaxtneloTtixd onueio tne) eivor t0 & = -

ToU 0pLlOVTIOU XA Y = g ToU xatoxopueou. Ot euleieg & = —% xony = ¢ elvat
AGUUTTWTEG TNG UTEEBOANG o To omueio (—%, %) TO €VTPO GuPPETElaC AUTY.
/7 4 4 / 14 4 m
H ypogur tne nopdotaon npodxumst and TN Yeupxl| TUEdoTACT TN T UETAXL-
VOVTag TNV 0plovTio XaoTd — ¢ %oL ot GUVEYELNL UETAXLVWVTAS TNV Xouvolpytd

AATOAOPUPOL XAUTY <. Ta duo Briwata gatvovton oto Xyfua 3.10. Evag dilog

TpdémoC Yo AToy Vo UETOXIVACOUPE T0 oloTnua aZévey oo oruelo (—4, %) xo
’ . m ¢
v oyedtdoouye Ty Y = T 6o xouvolpyto.

Ioagaderypo 3.8 Na oyedaotel n ypagikn mapdotaon g y = i—ﬁ, agov

ONUEIBTETE Ta XYapaKTnpioTikd onueia Tns kai Tis Yapaktnpiotikés evdeie Tng.

Avor To yapoxtnptotixd onueio authc eivor 1o —2 tou optlévuou dZova (pilo
AUTAC) XAt To 2 TOU XoToXOEUPOU (Topr TS ouvdetnone pe Tov dova yy').
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Aronpdvtag oprdunth pe nopovoyaoty (Siipeon tohuwvipmy), nafpvouue y =
1+ x—}rl H evdeio 2 = —1 elvar xataxdpugn acluntotn xo ny = 1 opllovtia.
‘Oha to mapamdve gatvovtar oto Ny fua 3.10.

3.5 H exdetinn xou n Aoyaprduixn

3.5.1 H exVetxn a”

Me a € R\ {1} éyet opiodel and to Alxeto, otadioxd, 1 dSOvaun a”, apyixd
Yior QuUOLXOUE apiuole, GTr CUVEYELX Ylo axepaioug, Yo enTolg xot TEAOC Yid
meayuatixols. ‘Etol yio a # 1 opileton 1 cuvdptnom

[PR—->R f(x)=d", (3.11)

n omoio ovoudleton exvetiny ouvdptnon a®. T a = 1 €youue 0 otadepy
ouvdptnon f(x) = 1, mou dev éyel evdiagépoy. XopaxtneloTtixd onueio tng
exdetixic elvar o 1 ToU xaTAXGEUPOU dEova, aPoD a’® = 1. Hpogave 1o
cUVOhO TGV aUTHG elvar R*.

['a a > 1 n ouvdptnon eivar yvnolwe avouoa, eve Yy a < 1 1 cuvdptnon
elvan yvnolwe @divovoa. H ypapixr tng mopdotacn gatvetar 6to Xyrua 3.11.
Y10 Ioapdderypa 2.9 €youue oploet tov mpayuatixo aptud e. Me Bdorn autdy
optlouyue 1 cuvdpTnon

['R—=R, f(x)=-¢", (3.12)

1 omofa elvon e€onpeTind yerotun oo Modnuatixd xar eggaviCetar oe ndpa TOMES
eQaEUOYEC TwV EMoTNU®Y Tou TlepiBdAiovToc Twv PuoOY ETGTNUGOY Xat TN
Owxovoulac.

3.5.2 H Aoyaprduxy In, x

H exdetxr| ouvdptnon f(x) = a®, wc yvnoine povdtov, eivon "1-17. Opi-
Ceton howmdy 1 avtioTpoP TNng fi, 1 omola ovoudleton Aoyaprduxy| ue Bdor a
xou ouuBohiCeton ye Ing, ONA.

'R 2R, y=1In,2 (3.13)
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a<1 a=>1
\

/—/\\\ 1

(0,0)

Yyfua 3.11: H anewxévion f: A — B, y = a”.

‘Evtot v duo aprduolc p € R xar 6 € RT xan yo xdde a € RT \ {1} oybet
=0 <= p=1In,6 (3.14)

Ané tov Oproyéd 3.14 twv hoyopiduwy uropolue edxola va deifoupe ([1]) T
ToEUXATR IOLOTNTES.

° ame? =9 xou In,a” =p

° In,1=0 xou Ina=1

. In, (61 - 63) = In, 6; + In, 6, o In, & = Ing 61 — In, 05
. In, 0% = k1n, 0 Xt In, V6 = +1n, 0

° Ing 0 = %

‘Otav 7 Bdon etvar 10 e, wAdue anhd yia 1oV Quoxd hoyderiuo In 6 xou yio
T AoyapWuixh ouvdetnon ¥y = Inz. H ypoagixy| napdotacn tne hoyoprduixrc
ouvdptnone y = In, x atvetar oto Lyfua 3.12.
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(0,0)

\u;a_E,ru_;_“;

o 1/a a

Yyfua 3.12: H arewxévion f: A — B, y =1In, 2.
3.6 O TplYWVOUETEIXEG CUVOETHOELG

Or TprywvoueTpXés GUVAPTACELS eivarl eCPETIXE YENOWES GUVIRTATELS O-
o0 W aUTEG UTOROUNE VO TEPLYPAPOUNE XAl VoL UEAETOVUUE TEQLOOXE TRoBAAuATY,
OTWE TO TEOBANUA TN TUALYTWOTS 1 Tat TEOPARUATA TOU £YOUY OYEDT UE TN E-
AETN xanptxwyv gouvouévwy oe ethiota Bdorn. O tptywvopetetxol aprduol xou ot
TELYWVOUETEIXEC OUVORTHOELC €Y ouv PEAETNUEL avoluTixd 6To Alxelo. Ed® amhd
Vo uteviupicouye oplopéves and TIc IO TNTES TOUC XL TIC OYECELC TOU TOUC (TIC)
OLETOLV.

3.6.1 H ovuvdptnon touv nuitovou
H ouvdgtnon tou nutévou opiletor mavtol 6T0 GUVOAO TWV TEOYUATL-
x@V oprduody, €yet g oOVoho TGV To didotnua [—1, 1] o efvon meprtt, oot
sin(—x) = —sin(z). Hro
sin: R — [—1,1], y = sin(x)
Enfonc auty| elvon meploduxr, onh.

Vee A3 T(=2r) e R\ {0}: f(z+T)= f(x)
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Yyfua 3.13: H anewxévion f: A — B, y =sinx.

xol w¢ meptodixyy apxel va tn yeletiooupe oto didotnue [0, 27). Efvar Aotndy
Yvnoloc abouoa oo draothuara [0, ) xau [2F, 27) xon yvnolwe gdivouoa oo
[Z,25). Y10 onuelo = % 1 ouvdptnon napovctdler péyoto (sin(3) = 1) evad
ot0 onueio x = 3 1 cuvdpTnon Tapoucidler ehdytoto (sin(3) = —1).

O©uuiCouye eniong 6Tt
o sin (71 — x) = sinz, sin (7 +2) = —sinz

° sin0 =0, sin(g) = %, sin (%) =

3.6.2 H ocuvdptnon tov cuvnutévou

H ouvdptnor tou cuvnuitévou opiletar mavtolh 610 GUVOAO TWV TEUYUATL-
XOV aptIU®Y, €Yel ¥ 6UVOAO TGOV Xt auTy| To dtdotnua [—1, 1] xat efvor dptia,
aol cos(—x) = cos(z). Hrol

cos: R — [—1,1], y = cos(z)

Eniong elvou meplodinry ue meplodo T' = 27 ot w¢ meplodixry opxel vou T UEAETY-
oouye ato ddotnua [0, 27). Eivar hotnév yvnoing giivouoa oto Swothua [0, )
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Yyfua 3.14: H anexévion f: A — B, y = cosx.

xon yvnolwg adZouca 6To [7,27). Y70 onueto & = 0 1 cuVdpTNON TUEOUGLALEL
uéytoto (cos0 = 1) evd oto onuelo x = m N cuvdptnon napouctdletl endytoTto
(cosm = —1).

Ouuilouye enlong ot

o sin*z+cos’r=1, cos(mr—ax)=—cosz, cos(m+x)=—cosx
o cos(f —x)=sinz, cos (5 + ) = —sinx
e cos0=1, cos(%)=%, cos(f)= ?, cos (%) =4, cos(%)=0.

To yeyovog 6t sina = cos (§ — x) = cos (x — §) pag odnyel oTo cuuTépo-
GO OTL 1) GUVAETNGT TOU NULTOVOU TEOXOTTEL OO T GUVIQETNOT TOU GUVTUTOVOU
e 0ptlOVTIa YETOPORS xATd 5 1 1 GUYVAETNCT TOU CUYNULTOVOU TEOXUTTEL UE O-
elovTiaL pETAQORd TOU NULTOVOU XATd — 7.
H ypogut tne napdotaon, yw z € [—2m, 27), goivetar oto Lyfua 3.14.

3.6.3 H ocuvdptnon tng spantouévng

H ouvdptnon tne eQantouévng, we xAAGUo TwY NULITOVOU XUl GUVHULTOVOU,
oev oplleTon TAEOV TaYTOU GTO GUVOAO TWV TEAYHATIXWY Apldumy, ahhd £YEL WS
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Yyfua 3.15: H arewxovion f: A — B, y = tanx.

nedio opiopol 10 A = R\ {#/x = k7 + 5}, wg obvoho ey 10 R xou eivon
nepttt, agol tan(—x) = tan(z). Hrot

tan: A - R, y = tan(z)
Ebvar s auty) meplodiny|, duwe ue meplodo T = T xou w¢ TERodtny| apxel va

TN UEAETACOUUE OTO OLAGTNUL (—g, g) H cuvdptnon tng egantopévng etvan
yvnoing abZouca 6’ 6ho 1o didotnua (=5, 7).

Ouuilouyue 6Tt

sinz

i tanx = cosz’
e tan(m—x)=—tanz, tan(m+z)=tanz,
o tan(j—z)= ﬁ, tan (5 + ) = —ﬁ,

o tan0=0, tan(Z) = tan(Z)=1, tan(Z)=+/3

H yeaguxh tne napdotoon, yo & € [—m, ), goivetar 6to Nyhua 3.15.
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3.6.4 Toirot xau TaLTOTNTES

‘Evag peydhog apriudg THTemv xat TauTtoThtwy cuoyeTi{ouv Toug TErYwVo-
UETEIXOUC aptduols YOOV xo TOZwvy, Tou eivon yerowo va yvwpellel xavelg,
otav enelepydleton Tétota TpoBAUaTA. X TN cUVEYELXL Vol DWGOUUE OPLOUEVOUC
Bacixolg tUToug, ot onolol €youv didaytel 6To Alxeo.

e ‘Adpotouo ot SLopopd TOEwWY
sin(a 4+ b) = sinacosb +sinbcosa, sin(a —b) = sinacosb — sinbcosa,
cos(a + b) = cosacosb — sinasinb, cos(a — b) = cosacosb+ sinasinb,

__ tana+tanb __ tana—tanb
ta’n(a’ + b) " l1-tanatanb’ tan(a - b) ~ 1+tanatanb”

o Amhdota - wod toa
sin 2a = 2sina cos a,
cos2a = cos’a —sina = 2cos’a —1 =1 — 2sin’a,

__ _2tana : __ _2tan _ l1—tan?a
tan 2a = T—tanZq> S 2a = 1+tan2a”’ cos 2a = 1+tan? a

e Metooynuatiopol yvopévwy oe adpoiouata
2sinacosb = sin (a + b) + sin (a — b),
2sinasinb = cos (a — b) — cos (a +b),
2cosacosbh = cos (a — b) + cos (a+b).

e Metooynuatiopol adpoloudteny ot yIvoueva
sin A + sin B = 2sin A;B cos 452,

sin A — sin B = 2sin 4=28 y: B o3 A;B
cos A+ cos B =2cos +B COS?
cos A — cos B = —2sin A+B sin =8,

2

e Néyot nuitévou xon ouvnuitévou (Ta a, b, ¢ eivar o1 Theupéc Tou TEIYOVOU
ABC)

sinA __ sinB __ sinC

a b c
a =b%>+ c® — 2bccos A.

3.6.5 AvTioTpOYPES TEIYWVOUETPIXEC CUVARTNOELS

H cuvdptnon y = sinz dev avtioteépeTo, ozq)o() auth Oev ebvar '1-17. -

01660, AV TEPLOPIOTOUUE XUTIAAN A 670 SldoTnua [—F, 5], 1 ouvdptno yiveta
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"1-17 xou umopOVYE Vo TALOUNE TNV avTicTEO) TNG

o1 T .1
sin=": |—1,1] = |[—=, =], y =sin
1) = 5,7y
Hy = sin 'z otPBaleton «T6ZOV NUITOVOU T» XL OTN

BiBhoypagia, (6m¢ TIC TEQIGGOTERES POPES, AVAYEAPETAL
y = arcsinz. OuclaoTXd ONA. 1 GUVIETNOT AUTY| YOG ETL-
i

oTpEQEL To TOL0 ¥, mou Peloxetar YeTall TOU —F XaL ToU ¢

2

/ ’ . 1 _ = , T |
xau €yt nuitovo 1o x, my. arcsing = %, agol sin§ = 7,
eniong arcsin(—?) = —Z, agol sin(—%) = _g‘ H

YeUQXT TNG TAEdCTAOT) QUVETOL GTO OLTAUVO Gy UL

7

(3.15)

[Tapduota 1oy boLY xat PE TIC GARES TELYWYOUETEIXEC ouvapThoelc. H ou-
véptnon y = cosx yivetar '1-1°, av teptoptotolyue oto ddotnua [0, 7] umopolue

val Tdpoude TNV avtioTeogn Tng, ONA.

-1 1

cos™ : [—1,1] = [0,7], y = cos™ " .

Hy =cos™ 'z otof3dletan «T6E0 CUYNUITOVOU T» XU oTY)

BBhoypapia, avayedgetar y = arccosz. OuclocTid, 7
OLVEETNON AUTH Uog EMOTEEPEL To T6Co ¥, Tou PeloxeTto

uetaCh tou 0 xou Tou T xou €yl ouvnuitovo TO T, T.Y.

1 _ = ’ N _V3y _ 5m
arccos 3 = %, 0ol cos 5 = 5 exlong arccos (—%°) = 7§,
5

apoy sin (F) = —?. H ypaguxh tne napdotaon gaivetar
07O OITAAVO Oy .

(3.16)

Télog, 1 ouvdptnon y = cosx yivetaw '1-17, av TEPLOPIOTOUUE GTO OLEGTNUA

(_7r s

z 5) XL UTOPOUNE VoL TdpouUe TNV avtioTpogn Tng, OnA.

7T), y = tan 'z

tan ': R — (—z,—
22

Hy=tan 'z oto3dleTon «TOL0 EQPUTTOUEVNC T» XAl OT)
BBhoypagio avayedgetar y = arctanz. Ouctactxd, 7

oLVAETNOT, AUTY Hog ETIGTEEPEL To T6C0 ¥, mou PploxeTtal
v s

ueTagl Tou —3 xoL Tou G xou €YEL EQUTTOUEVT] TO T, T.Y. -

2

arctan 1 = T, agol tan § = 1, eniorng arccos (—?) = —%,
oy sin (—%) = —@. H ypagur| tne mapdotact gaivetat

G7TO OITAAVO Oy .

(3.17)
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» / Z : . 1 2
IMopdderypa 3.9 Na vrodoyiotel n mapdotaon sin (arcsin 5 + arccos 3), av ta

7 . 1 2 A 7 7
‘CO§(Z arcsin 3 Ka1 arccos 3 avnkovy 0T0 TPWTO TETAPTNUOPIO.

Aborn ©étouue arcsin% = a xo arccos% = b, onbtE sina = % xou cosb = %,
€10l €youue

+ V1 —cos2b\/1—sin’a
1 2+\/§\/§_2+V4O
3 3 9Vo 9

ST

’ 7 7 : xT _ z
ITopddetypa 3.-10 Na Avdet n ebiowon arcsin § + arccosx = %, av ta tééa
arccos x kai arcsin 3 avijxovr oo [0, 5.

Wl =
[GVRI )

sin (a + b) =sinacosb +sinbcosa =

Abon Otouye arcsin § = a, ondte sina = § xou arccosx = b, ondte cosb = x,
€101 €Y 0LUE

=

d 5 1
a+b= % = sin (a +b) :sin%r = sinacosb +sinbcosa = 5

2

1 2 1
§x+\/1—cos2b\/1—sin2a:5:%+\/1—x2 1—%:§:>

cex? =1= 1= +l1,

‘Ouwe 1 = —1 amopeinteTon, SLOTL OEV TANPOL TNY 1IGOTNTA TN AoXNOTNC.

3.6.6 YmnepBoAxéc cuvaETHOELS

, ’ ’ ’ . T_e—T
To unepPolixd nuitovo tou z opileton Vo € R pe tov tino sinhx = %

xr -z
To unepBohixd cuvnuitovo tou x opiletan Vo € R ye tov tino coshz = <H—. H

/ 7 ’ ’ _eT—e T s
unepPolixn egantouévn tou x opileton Vo € R e tov tino tanh z = etz Eva
TA00¢ 1BI0TH TV, Tou UodlouY UE EXEIVEC TWV TEIYWVOUETEIXWY GUVIOTHOEWY,

1o 00UV X EUXONO ATOOEYVOVTIL, T.Y.

e cosh?z —sinh?z =1
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e sinh (z + y) = sinh z cosh y + sinh y cosh
e cosh (z £ y) = cosh z cosh y + sinh y sinh
e sinh z + sinh y = 2sinh mT“/ cosh *5¢
e cosh z + cosh y = 2 cosh :’:Qﬂ cosh %4
e coshz — coshy = 2sinh % sinh %5¥

OptCeton, hotmdy, 1 cUVAETNOY TOU UTERBOMXOU NUITOVOU

T -

. . —e
sinh : R -+ R, sinhz = —
H cuvdgtnon tou unepBolxol nuitévou etvar tepttty|, agou
sinh (—z) = £ = —¢=¢" = —ginhz, ye %xévipo
= 2z = 2 W e

ovuuetplag Ty apy’ Twv alévewy. Agol e’ > 1 > e7?
yioo z > 0, énetar 6t sinhz > 0 yioo 2 > 0 xan emoyéves
sinhz < 0 yio 2 < 0. H ouvdptnon auty| eivar yvnoieng
avgouoa, agol Y x1 < Ty woylel sinhxy — sinhzy =
sinh 1 + sinh (—z5) = 2sinh #5722 cosh 422 < 0.

79

(3.18)

yesinhly)

H ypagu tng mapdotaoy gaivetar oto dimhavo oyfua. §2¢ yvnoing adgovca ou-
véptnom elvon "1-17 xou emouévng €yel avtiotpon, tng omolag 1 epeoT) agrveTal

WS doxnoT.

H cuvdptnon tou unepfolixol cuvnuitdvou eivon 1

x —T
e +e
cosh: R - R, coshz = —
H cuvdptnomn tou unepfolxol cuvnuitdvou etvar dpTtia, o-
goU cosh (—z) = <5< = £4£= = coshz, pe dZova

ouupeTpiag Tov xatoxdpupo. Agol e® +e7* > 0, Vo € R,
énetow o1t coshz > 0 yia ok to . ot T ouvdpTrnon
auth 1oy Ve cosh zy — cosh 2y = 2 sinh #1522 sinh 422 10
omofo eivon opvnTxd (< 0) ya 21 < T3 xou 1, To VeTIXG
xon Vetx6 (> 0) yio z1, 22 apvnuxd. ‘Etor n cuvdptnon
etvor gdivouoa Vo < 0 xar adCouoa Vo > 0.

(3.19)

yecasi)

09

H ypapur tne napdotaoy gaivetoaw 6to dtmAavo oyfua. H cuvdptnon dev eivar
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"1-17 (yroti;) xon emopéveg dev €yt avTioTEORT, XATAAANAOG OUWS TECLORIGHOS
auThC Yag dlvel avtioTpogn, Tne omolag 1 UEAETN a@RVETL WS doxNoT).

H cuvdptnom tne unepPfolnic egantopévng etvon 1

er —e ®

cosh: R — (—1,1), tanhex = ———.
et +e?

(3.20)

H ocuvdptnorn tne unepolixic egantouévne etvor me-

et—e* . et—e™T __

ortth, ool tanh (—z) = e T T = o
—tanh z, ye xévtpo cuppetpiog TV apy’ TwWV a&oVWY.
Agol e + e > 0 Vo € R, énetn 6Tt 1 tanha ou-
umeplpépeTal Onwe 1 sinhx, dnA. tanhz > 0, Vo > 0
xu tanhz < 0, Vo < 0. T tn ouvdptnon auth ue

’ _ tanhxi—tanhxo
T1 < Tg, LOYVEL tanh (zl - 1‘2) ~ 1—tanhz;-tanhzo’

10 onofo cuvendyeton (yroti;) 6t oLVdeTnon eivar avZouca Vo € R, H ypapixh
¢ mopdotac goivetor 670 dtmhavé oyfua. H ouvdptnon eivon 1-17 (yrortl;) xou
ETOUEVLS EYEL avTIoTEOPT), TNG OTolag 1) MEAETT agrveETaL WS AoXNOT.

3.7 AN\eg xapmOAeg

Eivar yvwotéd 61t to onpeio Tou eminédou, Tou ol CUVTETAYUEVES TOUS TIAT-
colv 1y e&iowon f(z,y) = 0, eivor o onueio evoc YEWUETPIXOU TOTOU Xau
Beloxovtar yevixd oe wa ypouuy. ‘Hon €youue oet tnv eudeia, to onueio tng
omofoc Thnpoly v e&iowon (3.4).

3.7.1 O x0xAoc

To cOvoho Twv onueinwy Tou EMTEDOU TOU ATEYOUY OTAVERT ATOGTACT) Ao

4 7 2 /7 4 4 ’ 4 4

otadepd onuelo elvon to onueia evoc xixhou. Eotww howndv K (a,b) 10 otadepd

onueio tou emnédou xar M (x, y) o Tuyaio onueio autov, Tou onofou N aTboTAC
an6 to ornueio K(a,b) eivar otadepn xou ion pe r. Téte woylet

VE—a?2+@y-02=rs (x—a)?+@y—0?>=17% (3.21)

n omofa eivan xou 1 e&lowor| Tou. H xaunihn tne egiowone (3.21) npogavde dev
elvon YpapLxr) TUpdoTACT) XATOLUS GUVILTNOTNS, WOTOCO TUPVOUUE antd qUTH, UE
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amhéc MRAEELS, TIC EMOUEVEC BUO OYETELC

y=b+\r?—(x—a)?, y=b—+r?—(z—a)? (3.22)

x&e pior amd T omoleg elvar cUVAETNOT XAt 1) YRAPIXT TOEAGTACT), TNC YEV
TEAOTNG Elvat TO NUIXOXAL0 TOU xUxAou, Tou BploxeTton Tdvw amd TNy evdeia y = b,
TN¢ O€ DeUTERNC XATW.

3.7.2 H nopafoAy

O YewueTpO¢ TOTOC TWV oNueiny Tou aréyouy €€’ {oou and éva oTadepd
onueio P(p,0) xou ura otadepr evdeia, Ty = —p, ovopdleta topafors. 'Eotw
M (z,y) évo tuyaio onueio tou téTOU, TOTE Vot 1Y VEL

(z—plP+y?=z+ple(@—p’+y =(+p’ &y =4pz (3.23)

H xopnOin tne eiowone (3.23) eivor govepd ott dev elvar ypopixr, Topdotoon
AATOLOG GUVIPTNOTNG, WOTOGO TAUIPVOUNE A6 QUTY|, UE ATAES TRAEELS, TIC EROUEVES
0O OYEOELS

y=+\2px, y=—+/2pz, (3.24)
oL oTtoleg €lval GUVAPTAGELS XAl 1) YRAPIXT| TUPdCTACY) TNG UEV TPWTNG Efvar o
xhddo¢ mou Peloxeton mhvew and Tov optllovTio dova, TG O dEUTERNC XATW.
‘Otav 10 p elvon Yetind, n mopoforry elvar otpauuévn mpog ta 0e€ld v, OTay
T0 p elvon apvnTind, 1 mapaoly| eivon otpauuévn teog Ta aptoTtepd.  Puotixd,
EVOANEOOOVTAG To 2 Xat Y TodpvoulE T YVoTH pog tapafolf (12 = 4py) and
™V Tapdypago (3.4.1).

3.7.3 H 'EA\eum

O YewUeTpXOS TOTO¢ TwV GNUEiLY Tou To ddpoloud TWY ATOGTACEWY ATd
duo otadepd onueio Pi(—c,0) xou Ps(c,0) eivor otadepd, ovopdleton EMhedn).
‘BEotww M(x,y) éva tuyaio onueio tou témou xou 2a (a > ¢ > 0) n otadept
anootaoT, Tote Yo toy Vel

VE+ o2+ 24/ (x—e)2+12 =20 /(x+ )2+ 32 =2a—/(z — )2 + 12,

av/(x —c)2+1y2=a*—cx & (a* — )2’ + a’y* = d*(a* — &) &
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yr2=4px yr2=4px

p/2

X=*-p/2 X

=

,/A
7
@]

Sydhua 3.16: H anewévior) f: A — B, y? = 4pz.

x? y? P 2 2 2

Eivor gavepd 61t a > b. H xaunidhn tne e€iowone (3.25) ndht Sev elvon ypoupixt
TORACTAGT, XATOLUC CUVARTNONS, WOTOGO TAUPVOUUE amd AUTH, UE ATAEC TREELS,
TIC ENOUEVEC OUO GYETEIC

b b
y=+-Vvaz—12 y=——Va?—1? (3.26)

oL oToleg €lval GUVAPTAGELS XAl 1) YRAPIXT| TUPdCTACY] TNG UEV TEMOTNG Efvar o
xh&dog mou Peloxetar Tdvw and Ttov opllévtio dZova, Tre O SEUTEPNC XATw.
Enionc o yewuetpnds tOM0¢ TV oNuEiwy mou To dYpoloud TwY anocTAGEWY
ané to otodepd onueio Py (0, —c) xaw P5(0, ¢) etvor otadepd xot (oo e 2b eivo
1 €MAeuhn mou €yel TIC €0TiEC NG OTOV XATAXOEUYPO GEoVa Xt ToV (Bl TUTO UE
a’> = b? — 2. Hpogavie thpa b > a. Yto Lyfua 3.17 napouctdloviar ot duo
ehhelderc. Me a = b 1 élhewn €yel T eotie g oty dpy TV alOVWY X
ex@uAiCetar o xOxho axtivoc a.
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N

Yyfua 3.17: H areixdviorn trg EMherdne.

3.7.4 H YrnepBoln

O YewUeTPOC TOTOC TwV ONUEiWY TOU 1) BlPoEd TV ATOGTACEWY ATO
duo otadepd onueio Pi(—c, 0) xat Py(c, 0) eivar otodepn, ovoydletar unepBoly.
‘BEotww M(z,y) éva tuyaio onueio tou té1ou xat 2a (¢ > a) 1 otodepn andotaot,
tote Vo 1oy vet

VET P TP PP =20 0 T P = 20t P P

a/(x —e)2+1y2=cr—a’ & (¢ —a*)a’ — a’y’ = d*(* - d*) &

l‘2 2 2 2
LA N
a2 (CZ_GZ) a2 b2

=1, (P*=a*—-7) (3.27)

Oute n xopmOAn g e€lowong (3.27) givon YEAUPXT, TARAGTACT, XATOLUG CUVALTY-
O1¢, WOTHCO TAIPVOUUE amd auUTH, UE amAEC TEALELS, TIC EMOUEVES DO OYETELS

b b
Y= —|——m, Yy = ——m, (328)

a a
oL oToleg €lval GUVAPTAGELS XAl 1) YRAPIXT| TUPdCTACY] TNG UEV TEWTNG Efvar o
xhddo¢ mou Peloxeton mhvew and Tov optllovTio dova, TG O dEUTEPNC XATW.
O yewpetpixde 1OT0C TV ONUEiWY TOU 1) SlUPORpd TWV ATOCTIGEWY ARG OUO
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(0-0) (0-0)
AL hd AL

Yyfuo 3.18: H anewdvion tng unepPolic.

otadepd onueia Pi(0, —c¢) xon P5(0, ¢) eivon otadepr| xou {on ue 2b eivon eniorne
utor uTepBOMT ue tUmo L — 2 =1 (a® = b — ). Tpogavie thpa b > a. Tto
Yyfua 3.18 mapouctdlovtar ot duo unepBoréc. Me a = b 1 unegBolr| héue 6T

elvon par t6ooxeA g UTEQPOAY.

Yy napdypago (3.4.2) eldaue T cuvdptnon y = % & xy = a. Av otpé-
(houye Toug d€oveg TOL EMTEDOU GTO OOl TNV EYOUUE TARPAGTATEL YRAUPIXE XTd
ywvio 45, amodexvietar 6Tt ot xouvovpyleg ouvtetaypéves (X,Y) cuvdéovta
ue Tic maktéc (2, y) ue Toug Timoug

T = Cos ZX ~+ sin %Y

y = sin %X — cos EY

1 LoOBUVOA PE TOUG

V2., V2

= —X+—Y
’ IR
2 2
2 2
oToTE TEOXOTTEL OTL 0 TUTOG AUTHG TNG XAUTUANG UTopel vau EYEL T1) Lo
X2 y? X? Y?
rTYy=0 ———=a%& — =1

> 3 (Vaa)E  (Vaay
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OMA. ag Loooxehols unepPolfc, an’ OToU TalpVEL Xt T0 Gvoud Trg.

3.7.5 Ilopapetpixéc eElowoelc XAUTOAWY

Eidoe péypt €06 TI¢ xaUTOAES VoL TEQLYpAQoVTaL amd EEIGMOELS TN LORYTC
f(z,y) = 0. Téroec eliodroeg Aéyovioar avehuTiée EELOWOELS NG XUUTOANG.
QQ61600, Thpo TOMEC POREC OL XUUTUAES TEPLYPAPOVTUL XUADTEQ T UGAAOY T
UERETY) TOUS EVaL EUXONOTERT) OTAY AUTEC TEQLYPAPOLY UE BLapopeTind TedTo. Mia
GANT woppy ECLOMOEWY, UE TNV oTold UTopoluE va TeEptypdhoude utal xoumOAT,
elvan o1 TapaueTEIXES EELOWOEIS. AUTEC £Y0UV TN LoP®T

r=ux(t) xu y=y(t), te€A, (3.29)

6mou A €va BIAoTNUA TV TEUYUATIXGY apdu®y, oTo onolo maipvel TWWES 1) ma-
edueTEOC L.

Ané éva Ceuydpl TapaUeETEIXWY EELOWOEWY UTOPOVUE Yo TAPOUUE TNV o-
YOAUTIX Lop@r) TS xoumOANG, €QOCOV auTd eivon duvatod, amuAeipoviag Thy
napduetpo t. o topdderypa, ot cuvtetayuéves Tou xOxAou (O, ) urnopoly va
EXPPACTOVY PECA aTd TIG

r=rcosf xu y=rsinf, 0 €l0,2r), (3.30)

6mou 1 elvan 1 axtiva Tou xOxAou xou B 1 ywvia Tou oynuatiler n axtiva OM
ue tov oplévtio nudova. Ipdyuatt, uhdvovtag Tic duo mponyolueves 6To Te-
TEdYwVo xou TPooUETOVTAS xaTd UEAY TPOXOTTEL 1) YVWOTY e€lowon Tou xUxAou.
Exeivo mou Yo mpénel vou TovioTel €d® efvar 6Tl 0 TpOTOC ToU ExQEAlETAL Wid
XOUTOAT) UE TOUPUUETEIXES EELOMOELC BeV Elval wovodpouoc. 'Etot, o xixhog, mou
exppdleton pe e (3.30), unopel va exppaotel xou pe g e€Rg

1—¢ 2t

= % == teR
v 1+ ¢2 * Y 1412

ooy TdAL UPOVOVTAC TIC BUO TROTYOUUEVES OTO TETRAYWYO X0t TPOGVETOVTAG
x0Td PEAY TEOXUTTEL 1) YVWOTH e€l60OT ToU XOXAOU.

O ouvtetayuéveg g ENAewng (0, a,b) pynopolv va EXPEACTOVY PECA
and TIC
r=asinf xou y=bcosh, 0O €l0,2m), (3.31)
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6mou a xou b eivon o onueiar Touric g EMAELYNE uE Tov 0ptlHVTIO XL XATAXORUGO
d&ova avtiotorya xou 0 1 ywvia mou oynuotiCel n oxtivae OM pe tov optlovTio
dZova. Tpdypart, dranpdvrac Tic duo ellowoetc tne (3.31) ye a xat b avtiototya,
LWVOYTIC 0TO TETEAYWVO Xl TEOGVETOVTUC XUTA UEAY TEOXUTTEL 1) YVWOTY
ellowon e énhewdne. K eddd 1 élheu)rn umopel va exppactel xan ue Ti¢ €€n¢
eEloWOoEIC
1—¢2 2t
T=ay g X y:bm, t € R\ {0},
ooy TAAL YE TNV TEONYOVUUEVY) dladixacia TEOXUTTEL 1) YVwo T e€lowor authc.

Ov ouvtetayuéveg e UREPBOANG (0, a,b) uropolv va EXPEACTOVLY PECA
and TIC
x = *tacosht xou y=bsinht, t€R, (3.32)

omou a xot b ebvan ot otadepéc Tng unepPolrc xar T €vag TEaYUATINGS apriuog.
pdyportt, Sroupdvag Tt duo edlodaoec tne (3.32) e a xat b avtioTtorya, vhdvo-
VTOC OTO TETPAYWVO X0l APUEWYTISC TEOXVUTTEL 1) YVWoTY| €lowor Tng unepBoArc.
Ki €86 1 unepBoln umopel va exppactel xon Ye Tig €€h¢

2 +1 2 —1

= :b
r=a 57 xar Yy 57

ooy TEAL UE TNV TROTYOUUEVT SLadixacior TEOXUTTEL 1 YVWOoTY e€lowor authg.
Oa TEETEL VoL ONUEIOCOVUE €86 OTL 1) Exppacng TN uTepBohic uéoa and Tig e&i-
owoelc (3.32) ydptoe 10 GVopo 0ToUC UTERBOMXOUC TELYWVOUETEXOUS aptdUole.

teR,

Téhog, ot ouvteTayUEves TG TapaBoAng (O, p) unopolv va EXPEAGTOVY
uéoo and TIg
r=+2pt> xau y=2t, teR, (3.33)

omou p ebvar 1 otaepd T mapaBohric xou t évag mparypotindg aptiuoe. Tpdyua-
T, anaAelpovTag To t oTIC U0 EEIOWOELS TNG (3.32) mpoxintel N Yvwoti egiowon
¢ unegPolfc. Ilpw xheicouvye tnv moapodoa mapdypapo Vo meEnet va TOOUE
ot yioe éval TANYog SAAwY xauTOAwY 0 @ortnTrc Vo TEETEL Vo avaTeéder ot
BiBhoypapia, apol ueyahlTERT EXTUOT, TOU TAUPOVTOS CEPEVYEL TWV GXOTWY TOU.

3.8 'Oplo cuvaptioEwY

H €vvola tou oplou elvor (dN YvwoTh and T YEAETN TwV 0xxohoL KOy xal
TwY oelpwy. Exel yehetrooue 1o 6pto wag axoloudiag, xadog o n €Teve 6TO
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drepo. Edo Yo pehetAcouue 10 6plo TV GUVILTACEWY, T omolo, yevixd, Vo
OLOPOPOTOLELTAL WE TEOE TO YEYOVOS OTL TO Tedio optopol TAéov elval 10 GUVOAO
TWY TEAYUATIXOY aptdumy 7 dtaothuata autol. ‘Ouwe, Tev apyicouye vo acyo-
AOUUAOTE UE TIC EVVOLEC UTES, Vol DWOOLUE UERLXOUS AUt TOUS 0PLOUOUC.

Opiopde 3.8.1 Ovoudlovue mepioyn tov onueiov § kdle didoTnua tns popens
(a, &)U (&,0) SR, dnova,b e R

Av 7 mepoyy) tou omnueiou & eivor 1 (£ — 6,&) U (£,£ +0), 6mou § € RY, auth
xohefton d—meptoyr) Tou §. Eivar gavepd 611 67 auth Ty epinTtwon oy let 6Tt
0 < |z —¢ < 0. H nepoyr (€ —6,&) Myeton aplotepr nepoyy| tou &£, Ve
n (§,€ 4 9) héyetu delid meptoyh) tou €. 'Eva didotnue tne popehc (—oo, a)
xaheltar TEpLoy ) Tou —00, EVG éval SidoTnua TNS wop@hc (a, 00) xaheitar neployn
TOU 00.

Opiopodc 3.8.2 Eva onueio £ kaleirar onueio ovoowpeloews tov d1aoTApatos
A € R, av kdOe §-nepioyny tov onueiov £ mepiéyer otoryveia tov daotiuatog A.
Awagopetird, to onueio kaleftar pepovouévo onueto.

And Tov oploud xatohoPBaiver xavelc ott xdde onuelo £ e a < § < b evég
AAELOTOY, VO TOU 1) NUIEVOIXTOU DLIGTAUATOS TV TREAYUATIXWY dprdumy eivou
OTNUEID GUCOWEEVOEWS. X Tal EMOUEVA X0l OOES PopES YpeLdlETon Xdmolo GTuElo
va efvar onpeio GuocWEENGEWS, Vo Vewpeitar WG TETOLO, EXTOC XL AV AVAPEPETAL
XATNYORNUATING WG UEUOVWUEVO.

3.8.1 'Opio ¢ f(z) xadw¢ to z teivel oTo T

‘Eotw wa ouvdptnon f(x) ue tedio opopod A(f) & R xou zg éva onyeio
CUGOWPEEVGEWS AUTOU.

Opiopde 3.8.3 Aépue dui to dpio puag ovvdptnong f(z) éxer dpo ol € R kaldg
T0 X Telver 0to Ty kar ovuPoriloviie e

lim f(x) =1,

T—T0

otav yia kdOe € > 0 vndpyer pua d-mepioyn) tov onpieiov gy, mov eaptdral and to
g, vote ya kdle onueio tng mepioxns avtig va wyvel |f(z) — 1] < e.
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Me cupoliopoic o Tagamdve oplopog héet

lim f(x) =1 Ve >0,30(c) >0:0< |z —1x0| <d(e) = |f(x) =] <e.

T—T0
(3.34)

ArnodeixvieTa, OTwe %ot oTa GpLal TwY X0 AoUDIBY, 6TL To 6pl0 TNG CUYVAPTNONG
f(x), xodede 10 = Teiver 010 T, GTav UTpYEL, Eivan Povadxo.

IMopdderypa 3.11 Eotww n ovvdptnon f(x) = 2z — 3. Anodeilte dm

lim f(z) = 1.

r—2

A¥or Eotw tuyaio € > 0 yia 1o onolo oylet | f(z) — 1] < e. Oa deiouye ot
npdypott undpyet xdnoto d(e) > 0 oo wote Vo € A(f), |v — x| < 0(e) =

|lf(z) =1 <e.
f(x) =1 <ee [20-3-1|<ce |2r—4|<eo2ur—2<eo |z-2| < g

Apxel howmdy va mdpoupe we d(e) To 3.

Opwopde 3.8.4 Aéje du to dpio pag ovvdptnong f(x) éxer dpio to 0o (—oo),
katdg to & telver oo x¢ kar ovpforilovue e

lim () = oo (~o0),

T—T0

otav yia kdOe € > 0 vndpyer pa 0-repioyn tov onueiov xg, bote ya kdle onpeio
s meproyrs avtris va wyva f(zr) > L (f(r) < —2).

Me cupPoliopoic o Tagamdve 0plopog héet

lim f(z) =00 (—o0) & (3.35)
T—T0
1 1
Ve >0,30(e) >0:0< |z —x0| <) = f(x) > B (f(z) < —g)
Mopdderypa 3.12 Eoww n owdptnon f(x) = ﬁ Arnodeitre 6

lim f(z) = oo.

r—2
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Adon Eotww tuyoio ¢ > 0 yio 10 onolo wyler f(z) > 1. Oo delfoupe o

nedypatt undpyet xdmoto 6(g) > 0 tétoo dote Vo € A(f) = R\ {2}, |r—xo| <
o(e) = f(z) > 1.
1 2

f(iE)>g@m>é@($—2)2<28@|$—2|<\/%

Apxetl hotnév va tdpouye we d(e) to V2e.

‘Otav 6tov Oploud 3.8.3 avTIXATAGTAGOUPE TNV EVVOLX TG TEQLOYYC HE
TNV €vvola TNe aploteprc 1 Oedldc meploy e, TAlpVOUUE TOV 0pIoHO NG EVOoLag
ToU TAEUELXOU opiou, aploTepol 1) 6e€lol. ‘Etot

lim f(z)=1<Ve>0,301(e) >0:0<zy—z < d1(e) = |f(z) =] <e, (3.36)

CE—).’EO

lim f(z)=1<Ve>0,302(e) >0:0<z—m¢ < dafe) = |f(z) =] <e. (3.37)

+
I*}l’o

AvtioToyor optopol (mheupxdv opiwv) mpoxintouy and tov Optopéd 3.8.4 o
UEVEL GTOV AVAYVOOTY VoL TOUS DNULOVRYACEL WS doXNOT).

Ilpotaom 3.8.5 Av xy éva onueio ovoowpeloews oto medio opiojuol tng ov-

viaptnong f(z), téte

lim f(z) =1« lim f(z)=1= lierf(x).

%0 Ty T

Anédegn: O oxaypaicoulE TNV amOOELEY), agvovTaS TNV TAHEN (omo’SstEn)
o¢ doxnon. Av unodécouye 6t lim, ., f(2) = 1, 61 ¢ d1(€) xon da(e) Y
T TAEUPIXS Gpla UTOPOVUE Vo Tdpouue To (Bto o 4(g).

Av urodécoupe ot lim, _ — f(z) =1 = lim,_, .+ f(z), T61€ ¢ 0(€), Yot T0 Opt0,
umopoVUe va tdpouye to min {d1(e), da(e)}. O

3.8.2 'Opwo ¢ f(z) xadw¢ to z teivel 6T0 0

‘Otav 10 oo elvar onueio cuocwpeloew, TOTe opileTal T0 6pLO TNE GUVdE-
mone f(z) xadde to = teivel oTo 00, we e&Nc:
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Oplopde 3.8.6 Aépe dui o dpo tng f(z) eivar to l € R kallds to x teiver oo
00, kai ouuPodilove
lim f(z) =1,

T—00

drav ya kdle ¢ > 0 vndpyer M () > 0, dote ya kdle x oo medio opiojol tng
f(z) pe x > M(e) vawyve |f(x) — 1| <e.

Me cupPoiicpoig o Oploude 3.8.6 eivon

lim f(x) =1 Ve >0,3M() >0: Ve > M) = |f(z) =] <e. (3.38)

T—00

211 GuUVEYEL BIVOUUE X0t TOUG UTOAOLTOUG 0pIGHOUS UE GUUBONGUOUC.

lim f(z)=1 & Ve>0,3M(e)>0:Ve < —-M(e) = |f(x) =] <e.

T—r—00

lim f(z) = 0o < Ve>0,IM(e)>0:Va> M(N) = f(z) > %

T—r00

ml_i)r_noof(x):oo =3 V6>0,EIM(5)>0:Vx<—M(N):>f(z)>§.
lim f(z) = —00 < V5>0,3M(5)>O:Va:>M(N):>f(x)<—§

T—r00

lim f(z)=—-0c0 < V5>0,EIM(5)>0:Vx<—M(N):>f(:E)<—1.

T——00 g

Mopdderypa 3.13 Aeitre du, av f(x) = 2=
lim f(z) = 2.

T—+0C

A¥or Eotww tuyaio € > 0 yio 1o onofo toylet |f(z) — 2| < € xon yiot VewpmdvTog
6z > 0, agol & — 400, Yo deifovye dTL TEdyuatt undpyet xdnow M(e) > 0
o0 oote Vo € A(f) =R\ {1}, 2> M(e) = |f(z) —2| <e.

20 —1
z+1

1-—2x

20 — -2
If(z) =2l <e<s| —2|<5<:>|x |<es

z+1

3 3
|<ee —<eeoz>-—-1
z+1 €
3—¢

Apxel howndy va mdpoupe we M(e) to ==
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Ioapdderypo 3.14 Acite 6n, av f(z) =1

a) lim f(z) =0, b) lim f(z) =00, ¢) lim f(z)= —oc.

T—00 z—0t z—07"

Avom a) Eotw tuyaio € > 0 v 10 onofo toylet |f(x)] < e. Ou deiloupe ot
npdypott undeyet xdnoto M(g) > 0 tétoo wote Vo € A(f) =R\ {0},
x> M(e) = |f(x)| <e. Agol x — oo, Yewpolpe 6t & > 0, ondte

fa)<eorceoast,
T €
Apxel hotndy vor ndpouye we M(e) 1o L.
b) ‘Eotw tuyaio € > 0 yio T0 onolo wyver f(z) > 1. Oa deffoupe 6Tt mpdypot
undpyet xdmowo d(g) > 0 tétowo wote Vo € A(f) =R\ {0}, 0 <z < d(e) =
flz) > 1.
1

1 1
flz)>-e->-0<zr<e.
£ xz £

Apxel hotnév va ndpouye we §(e) to . To ¢) anodetxvieton TopodUoLa.

3.8.3 Ocewprpata xou WBLOTNTES TWV 0plwY

YTIC TPONYOUPEVES TUPAYRAPOUG EIDUUE To GPLOL GUVIRTHOEWY UECA ATO
Toug oplopolc. H elpeor| Toug xau 1 amddellr; Toug elvon Wiar dtadtxaota SUGXOAN
xou YU auto €yel Tpotalel Ul OELpd XAACIXWY OEWENUATWY Xal WBOTHTOY TOU
OLEUXOALYOLY T1) Bladtxacial AUTH.

IMeotaoy 3.8.7 Av n owdptnon f(x) eivar ppayuévn o€ pa mepioyri tov g
kar lim,_,,, g(x) = 0, tdre

lim (f(z)g(r)) = 0.

T—IQ

Anodedn: Agol v f(z) etvor gporyuévn oe wio neptoyy tou g, toTE Var efvan
xou amoAITWS Qporyuévn, omdTe yiol xatdhAnhn teptoyy) Vo toyler | f(x)| < M.

Eniong yio xatdddnhn meployry (moid;) Vo oydel [g(z)| < 7. Etor, tehxd
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undpyet Teptoyy) (towd;) mou wylel | f(x)g(x)| < e. O

To embueva Ocwpruata Tou divovial Yweic anddelln To €Y OUUE OEL X0l GTIC
oxxohovdiec. Efvar onuovtind xou yag emtpénouvy va Bydlouye cuunepdouaTo yid
TO OplO LG CLUVAETNOTC, MECA OO JANEC GUVIPTAOELS.

Oewenua 3.8.8 Eotw du lim, ., f(x) = k, limg_,, g(z) = | ka1 zy onueio
OUO0WPEVoEWS TTO KOG Tedio 0p1ouov TOUS, TOTE Kal €poooy o1 mpdels €mitpé-
Tovtal,

lim (h(z) +g(z)) =k +1,

)
lim (h(x) - (x))—k—l
lim (h(x) - g(x)) =
. h(z) Kk
Mmoo~ PO

IMogathenon 3.8.1 Eyorvtag vndyn déu lim,_,,0 k = k ka1 lim,_,,, x = xo (a-
nodeikvortal ToAU €Vkoda) kai e Bdon to Ocdpnua 3.8.8 pnopolie va Bpolue
Ta dpia TOAVwYUHIK@Y aAAd kai pntoy ovvaptrioewy. E&dAAov oyetikég pelo-
doloyles efvar yrwotés and to Adkeo.

Bewpenua 3.8.9 Fotww dvo cuvaptioes f(x) kar g(x) ya ts onoles opiletar
n ovvdeon (f o g)(z) av ya ug dvo curaptioes wyve éu f(x) # £ o€ qa
mepioyn Tov Tg, limy ., f(r) = € karlim, ¢ g(v) = I, tére

lim (fog)(z) = lim f(g(z)) = 1. (3.39)

T—T0

Bewenpa 3.8.10 Eoww éu f(x) < h(x) < g(x), x9 onueio ovoowpeloews ya
o Kkowd medio opopol tous ka lim,_,, f(z) =1 = lim,_,,, g(z), tdte

lim h(x) =I.

T—T0
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sinz
= -

Yyfo 3.19: Xyetd e to lim,g

IMogdderypo 3.15 Na derytolv o1 €mdjieves 100TNTES:

1) limsinz =0, limcosz =1,

z—0 z—0
2) lim sinz =sinz,, lim cosx = cos o,
T—TQ T—IQ
. sinx . x
3) lim =1, lim =1.
=0 z—0 tan x

A¥or 1) Edxoha dtamotaver xaveic (BA. xoa Lyhua 3.19) 61t —|z| < sinz < ||,
om6te andé 10 Owenua 3.8.10 mpoxintel lim, osinz = 0. And ) Yvwot

TELYOVOPETELCH TouTéTNTA cos T = /1 — sin® z xon t0 Oedpnua 3.8.8 Tafpvouye
lim,_,gcosx = 1.
2) Ao uc tprywvouetpixéc tautdTntee adpoiopatoc T6Ewy npoxUnTEl

lim sinz = lim sin (zg + h) = lim (sin xy cos h + cos g sin h) = sin x,

T—xo h—0 h—0

lim cosz = lim cos (g + h) = lim (cos 2o cos h — sin g sin h) = cos .

T—xTg h—0 h—0
3) Tw z > 0, 6nwc gaivetar oto Lyhua 3.19 EuB(OAB) <Eup(0.AxB) <
Eup(OAT), ondte 100dlvaya éyovye sRsinz < Rr < 1 Rtan z, anhonolvio-

¢, DLLEWVTAC UE Sin & %o AVTIGTEEPOVTAC Ta{PVOUUE Cos T < Sl% < 1 %ot and o
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sinx

Ocwpnua 3.8.10 tpoxintel limy o =7

=1. Tz <0, woydet

po SN sin (<o) . —sin(la) L osin(le])
=0 X 20 —|z =0 —|z =0 ||

’ 7 13 X _
Q¢ doxnomn vo amodely el lim,_,o =1

ITeotaon 3.8.11 Eotw dvo owvaptrioers f(x) kar g(x) ya Ts oroles wyve ot
f(z) > g(z) ya pua wepioyrj tov xg ka1 emmAéor vrdpyovr ta dpia lim, ., f(x)
ka lim, ., g(x), téte

lim f(z) > lim g(z).

T—TQ T—TQ

Anédein: Eow lim, ., f(x) =l xa lim,_,,  g(x) = o xu I} < Iy, t61€
1oy Vel

lo—l1 >e>0 = lg—l1+f($)—g($)>€>0:>
lo=li+ f(z) —g(2)| >e>0 = [f(z) —hl+|g9(z) —lo| >e>0 (3.40)

Enionc undpyer wa xows| teptoyy| tou zq (mowd;) mou Va toylet
€ €
|f(x) =l < 5 X 9(z) — 2] < 5= |f(z) = L]+ |g(z) = | <&,
10 onofo odnyel Ge dtoTmo. U
‘Ouwg xar and to 6o uTopoLUE Vo BYIAOUUE CUUTERIGUOTA YId TIC GUVIOTACELS.
‘Etot, av limy_,, f(z) =1 > 0, and tov optopd tou opilou pe € = [, naipvoupe

4
oTlL

30(1) >0:Ve € Ay, pe |z —x| <0(l) = |f(z) =1 <
= f(z) >0, VzeAp ue |v—x0| <),

70 onofo pog OivEL TNV ETOUEVY) TEHTACT).

Ieotaon 3.8.12 A lim,_,,, f(x) = > 0, tdre vndpyer pa mepioyn tov o,
émov n ovvdptnon f(x) evar Yetikn.
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‘Eva onuavuxd Oswenua eivoar 1o enopevo.  Ogefletar otov Heine xau
GUVOEEL TO OPLO TWV CUVIPTHOEWY UE TO 6pl0 TwY axohoudiwy. Xernotponoteito
Yior vo BpolUe To 6plo ULag ouvdpTnong o’ éva oruelo, oAAd xat yia Vo del€ouue
6T xdmota cuVAETNOY Oev €yel bpto ot xdmow ornuelo. oy duwe dcouye 10
Oewpnua, ag DOVUE To ETOUEVAL
‘Eotw wa ouvdptnon f(z) e nedio optopol A(f), xon , po axoroudia autod
(xn, € A(f)). H axohoudia

f(x1), f(za), f(xs), .. flzn)...

Aéyetou axohoudio TGV tTNg ouvdptnone f(x).

Ocwpnua 3.8.13 Eotw £ éva onueio ovoowpeloews ato medlo opiopol uiag
owdptnons f(x), téte lim, ¢ f(x) =1, av ka1 pévor av ya kdde axodoviia x,
tou mediov opopot tns f(x), pe limz, =&, wyda lim f(z,) = L.

Ioagaderypa 3.16 Aciéte 61 ta mapakdtw dpa dev vrdpyovy

o1 .
1) lim sin—, 2) lim cos —.
z—0t x z—0t x

, , , _ 1 _ 1 {
Aborn BOewpolye tic axorowdiec z, = T X Y = P Ov avtioToryec
ocohouvdieg Ty tval
sin —— = sin 2mn = 0, n=20,1,2,...
2mn
. 1 . T
s1nfzsm(27m+§):1, n=20,1,2,...
27rn+g

Eivar gavepd 6Tt ot duo axoloudieg TH®Y Tou SNUOVEYHGUUE O GUYXAIVOUY GTO
(B0 6pto. Xuvenwg 1 cuvdptnom O cuyxAivel. Me nopduolo TpOTo amodetxviETL
X 10 2).

IMogdderypa 3.17 Aciére ta mapaxdtw dpia:

1\
1) lim a” = @™, 2) lim (1 + —) =e. (3.41)
x

T—x0 T—00
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Abom Oa oxwaypagrcouue T hoon oTic duo nepintwoelg. H oloxhfipwon twv
anodeifewv Vo meénet va yivel and toug avayvwotec. 1) Apyxd deiyvouue ot
lim, ,a” = 1. Ocwpolue Tuyoloa oxohoudio z, — 0F. Agol limz, = 0, Yo

1oy VEL Xou L o0, onéte xa [L} — 00. 'Eotw m, = [i}, onoTE oy EL
Ty Tn Tn

T, < m%l e 1 < a < amn = m/a — 1, agol lim /a = 1. Elxola téhpo
nodpyouue Gt yevixd toylet lim,_,, (a® —a™) = lim,_,  a™ (e — 1) = 0,
onote lim, ., a® = a™.

2) Me Aiyn mpoooyn napondve unopolye vo Sodue xot to dhho dpto. Tdpa Yo
Vewphoouye tuyaia axohoudia x,, — co. I't authv oylel [x,] < z, < [2,] + 1
1 lo0d 0 VoA

1 1

1
< 1+ <l+—<%
[2n] +1 o 2]

1 (2] 1) % 1 \[zn]+1
<1+7) < (1+—) §<1+ ) =
[zn] + 1 o [n]

et e () <G

Ané o Oewprpota (3.8.10) xon (3.8.13) cuunepaivoupe 6Tt

1+

lim, o (1 + % =e.

3.9 3UVEYELL CUVOPTHOEWY

H évvowa tng ocuvéyetag etvar iowg and Tic AoV onuavixég, 1660 610
VewenTind, 600 %ol 6ToV TEUxXTXO Touéd. (26T600 elval UAAAOY TUPAUEATUEYT
OmO TOUG U UUTUEVOUS YEHOTEC Twv podnuatixwy. Eivar otevd cuvdedeuévn
UE TN YPUQIX| TUPdoTACY) TNG CUVIRTNONG Xl EROUEVKC UE TN YEWUETEIA xou
uetapedleton and TOAAOUC WS LOVOXOVTUMAL.

3.9.1 Opwopol xou IdtoTNTES

Opwopde 3.9.1 M ouvdptnon f(z) Aépe éu eivar ouveyris oto onpeio g, Tov
mediov op1ooU TN, av

lim f(z) = f(z).

T—T0
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‘Ornwe gotvetar and 10 0ploUd, Yo Vo WAGUE Ylow GLUVEYELX 67 €va oTuelo Tou
Tedlou oploUol NG ouvdETNoTG, TEETEL APEVOC Vo opiletal 1 cLUVAETNOY GTO
OLUYXEXPUWEVO oNuEio xon ageTépou Va uTtdeyet To 6pto. ‘Etot, ex mpoowlou ot
ornueia mou Bev opileTon 1) GUVAETNOY) BEV UTOPOVUUE Vol WAGUE Yio UVEYELa. Emi-
OTG OEV UTOPOVYE VoL ASUE YIa GUVEYEL GE HELOVWUEVA OTUEl. 1€ TEPITTWOELS
TOU €{UUGTE UTOYPEWUEVOL VAL TOfPVOUUE TAEURIXE OpLa, TOTE UTOPOVUE Vo ULAAUE
YloU TAEURIXY| GUVEYELX, OTOY XATOW0 Amd To TAEUPIXE Oplal tIGOUTAL UE TNV TIUY
NS CLVAETNOTK.

IMogatrenon 3.9.1 IloAdof ovyypageis divovtas évay € — 6 oploud, katalr-
yowv g€ evdiagépovta arotedéopata ([2]), euels duws Ba ovveyioovue tn pekétn
pas eupévovras otov Opioud 3.9.1.

IMogdderypo 3.18 Na pedetnlel ws mpog tn ouvvéyea oto onpeio g = 0 n

ovvdptnon
lfcgsm’ T 7& 0
f(x)—{ 5, x=0.
Avom H ouvdptnon pog opiletar oto 29 = 0 xou pdhota f(0) = % Enionc
1—cosx 1 —cos’x sin’ z 1 1

ilg(l]f(x):ilg(l) 22 :llg(llﬁ(l—kcosx) ::E:IE(I) z?2 (14 cosxz) T2

xon agoV lim,_,o f(x) = £(0), n ouvdptnon eivar cuveyric 6o xo = 0.

Opwopde 3.9.2 M ouvdptnon f(x) Aéue du efvar ovveyris ovvdptnon, dtav
etvar ovvexrs o€ kdle onueio tov Tediov opiouov T,

Me tov nopandve oploud yevixeboupe tov Optoud 3.9.1 xou enopévwe divouue
x4t TOAD o toYVed we gpyoleio pyerétne. Elxoha ymopolue vo amodeilouue
ot

Bewenua 3.9.3 Av dvo owaptijoes f(x) ka g(x) elvar ovveyels oto medio
op1opov toug, mov opilovtar o1 €mdueves mpdées, ToTE €lvar ovvexEls Kal auTég,
OnA. efvar ouveyelS o

f({L“):I:g({L‘), f(x) -g(fﬁ), Ve AfmAga
%, Veze ArnA,, peg(x)#0,

(fog)(x) = f(g(x), Ve Agpy
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H napoathenon (3.8.1) xar to napadeiypata (3.15) (3.17) detyvouv 61t ot Pacixée
amhéc GUVAPTHOEIC lvar GUVEYElC cLVaETHTELS, omdTe, pall pe To Owpernua 3.9.3,
UTOPOUUE VO CUUTEQAVOUUE YIO T1 GUVEYELNL TWV TOAUWYUUIX®Y, TWY PNTOY, E-
xTOC TV onueiwy Tou UNBeVI(ETL 0 TULOYOUUGTHS TOUG, Xat Yia éva TARYog
IV TEPLOGHTERD TOAUTAOXWY GUVIPTHCEWY.

Oewpenua 3.9.4 Av n owdptnon f(z) pe Ay = [a,b], efvar ouvexris kar po-
votorn, TOTE Kai n avTiotpogn auvtng undpyel Kai €lvar ouvexns kai jovotovn.

Anodeldn: H Omopln tne aviiotpogng xou tng povotoviae TeoxUTTEL and TNy
napothenon (3.3.4).

Aot 1 f(x) elvar ouveyhic 670 g, TOTE Yo xdde axohoudio z,, ye limz, = zg
Vo woyver lim f(2,) = f(x0). Eotw tdpa 61 1 f 1 (y) dev eivon ocuveyrhc oto
onueio f(zo). Aceivan y,, po axohoudio tou f(Ay) ve limy, = f(zo), e onofac
1 oaxohoudior Ty 1 (y,) 8 ouyxhivel oto fH(f(z0) = xo, TOTE, ETEWA O
npés [T (yn) avhxouv oto [a,b], auth Yo elvor gpayuévn. And to Oedpnua
2.2.13 undpyer wa unaxohoudio authc, otw 1 fH(yk) = xk, 1 onolo cuyxhiver
o€ xdnoto onueio, T.y. 10 &' # X.

Avtiotpoga thpa, lim x}, = o', agol n f(x) eivar cuveyhic o éyouyue lim f(x})) =
limy; = f(a), exiong, agol n y;: eivar uraxohoudio tne y, Vo toylet limy) =
f(xo) dromo.

3.9.2 XEnpavtixd YewpNUato TNG CLVEYELNS

EnuovTind Yewphuota OYETIXE UE T GUUTEPLPORE. LIS CUVARTNOTS Loy L-
ouv, Otayv auth elvon cuveyhc o xdroo onueio B xdnowo Sdotnue. o Topd-
derypa, av yvweiloupe 6t ) f(x) eivar ouveyhc oto onueio zg xa emnhéov 6t
f(zo) > 0, to1e, eqapudlovtag T ouunepdouata tng Hpdtaong 3.8.12 éyouue
TO ENOUEVO OEDETUAL.

Oewenua 3.9.5 Av n ovvdptnon f(x) eivar ovrveynis oto onueio xy kar €m-
mAéov f(xg) > 0, tdre vndpyer pa mepioyr) tov xo 6mov ) owvdptnon f(x) eivar
Jetikn.
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f(a)

(0,0)

(b)

Yyfuo 3.20: To Oewpnua tou Bolzano.

Ta duo endueva Oswpruata, €% TwY onolwy To €va eivar 10 Oewpenua Tou
Bolzano, eivou 1owg and 1o TALov onuavTind OEwpruata xot YVWwoTtd and 1o
Adxeo. Tty anddelr] Toug ypetalduaoTte UAT Tou EEQEVYEL amd TOUG GXOTOUG
TOL TUPOYTOS, 6GO0L, OUKS, ETIUUOUY Vo BOUY TNV ATOBELET), UC XATAPUYOUY OTA

([71,2])-

Bewenua 3.9.6 (Ocdpnua péyong kar eAdyong tuns). Av n ouvdptnon
f(x) elvar opiopérn kar ovvexnjs oo didotnua [a, b], téte n f(x) evar ppaypévn

oo |a, b ka1 emmAéov malprer uéyviotn ka1 eAdyiotn tiun o’ autd.
)

Bewpnua 3.9.7 (Ocdpnua tov Bolzano). Av n owdptnon f(x) eivai opiouévn
ka1 owvexns oo didotnua [a, b] ka1 emmAéov wyve f(a)f(b) < 0, tdte vndpye
zg € (a,b), dote f(zg) = 0.

Hapatneriote 6Tt TEAXS 1) GUVAETNOT TEETEL VoL EfVAL OPIOUEVT OTO XAEIGTO Ol
otnua [a, b] xar vo efvar suveyhc tavtol. H yovadixétnta tou oreiov zo € (a, b)
oev e€aogaiileton and o Oswpenua. T'o Tapdderypo oto Ny fua 3.20 undpyouy
TEPLOGOTERA omuela Tou UNOeViCouv T CUVAETNOT XoL ETLTAEOV 1) CUVAETNON
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Tadpver TNV TY| UNOEV Y OAOXATIP0 DLECTNUAL.

Ocwpwvtoc 6Tt 1 cuvdptnon f(x) eivar optopévn xon cuveyhc oto ddotnua [a, b]
xou emmAéoy oyver f(a) < f(b), tote yoo x&e ¢ € (f(a), f(b)) unopolyue va
VYewphoouye ) ouvdptnon g(z) = f(z) — ¢, n onola Thnpol t0 Oedpnua Tou
Bolzano xa enoyévwe undpyet zo € (a,b), wote f(xg) = c¢. 'Etot ynopolyue va
amodelEoulE TO ETOUEVO Ochprua

Oewenua 3.9.8 (Ocdpnua twv evdidueowr tudr). Av n ovvdptnon f(x)
efvar opiopérn kar ovvexng oto didotnua [a, b] kar tajprer dvo TipéS ¢ ka1 d oo
R, tére naiprer kdde upry ovo hidotnua [c, d].

Ynuavtixd Oewprpota e dAyefpac umopoly TAéov e0x0Ad VoL amOdELYTOUY O-
e gafveton otic aoxhoel (3.12, 3.13), xou wa onoudaior aprduntix| uédodog
ebpeorc e pllag mpoTeiveTal OTNY ETOUEVY TaEdYEAPO.

3.9.3 H pédodog tng diyotounong

H miéov amhy) uédodog elpeorng pilag ediowong eivon 1 uédodog tng dyo-
tounonc. H uédodoc autr otnpeiletar 610 Ocwpnua 3.9.7 tou mpoavagpépaue, YU
auTé %ot TOMAES opéc avagépetar w¢ UéYodog tou Bolzano. Oswpolye 1 ou-
veyh, ouvdptnon f(z), = € [a,b] C R, pe f(a)f(b) < 0. Anéd 10 Oehdenua 3.9.7
Vo undipyer pior Toukdytotov pila € € (a,b). Ta v teprypapy| Tne uedodou Va
unovécoupe emmiéov 6Tt 1) pilla auTh €lvar Yovadixy| 6To BIdcTNUA aUTo. Y€ a-
vtidetn nepintwor), yeetdletar Wialtepn TEOCOY T Yo TNV QapuoyY) TS pedodou.
Ex)éyoupe o onpeio zg = £ xon ehéyyoupe v Tiph e f(20). Avo mepinta-
oetc undpyouv: a)f(xg) = 0, otny tepintwon auth to npdBinua éyet Audetl, agol
Borpape v pila xon B) f(xo) # 0, oty nepintwon auth Yewpolye 6Tt 1 Tiu zg
elvan pia mpocéyyon g piag pog. Edv Beioxdpacte ot dedtepn nepintwor,
TOTE TO ONUElo Ty UE €va amd Ta dXpoL TOU TEOTYOUUEVOL BlaoThaTog 0pllouv
€va xouvolpYLlo didotnua, oto omofo PBeloxetar 1 pilo yoc. Trovétovtog 6Tt 10
dxpo autéd elvon To a xar Y€TovTag a; = a xu by = x, opiletan To SLdoTNUA
la1,b1] C [ag = a,by = b], o710 onoio Beioxeta 1 pila g ediowornc yac. Exhé-
YOUUE TP To oNuEio 7 = ‘“T““ xou €@apU6LOVUE TNV TEOTYOUUEYY, Sladxacia,
onbte opiletar ye autdy tov TEOTO évar xavolpYlo SideTua [as, bo] C [ar, b1,
oto omolo Beloxeton 1 pila § xar €va xouvolpylo Ty = % %.0.%.

H rmoapoamdve dadiascta opilet pa axoroudia x,,, 1 omolo cuyxhiver ot piCa &.
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Hpdrypott, eneldy| oy Vet

|xn _€| S _|an _bn|

(3.42)

ot lim &

5w = 0, ouurepatvouye 6Tt limz,, = &.

Ioagaderypa 3.19 Na yivour mévte emavakipes tng pueédov tng diyordunons
yia Ty elpeon s V5.

Abon H V5 etvar n Yett| pila tne e€iowone f(x) = 22 — 5 = 0. Eivou cxolo
va Stomotwiel Tt f(2.2) = 4.84 — 5 = —0.16 < 0, eved f(2.5) = 6.25 — 5 =
1.25 > 0. Enopévwe, 7 pilo pac Peioxetoan oto didotnua [a, b] = [2.2,2.5]. T'a
N uedodeuon g Swdixaoctauc e yopti xor PoAUPL TEoTEVOUNE TOV ToEAXETW
mivoxa. BTNy TN oTAAY Yedgouue Ta Bruota, oTn OeUTERT, ot TElTN TIC
TWES TV a; xat by, Téhoc oty TETOETN ot TEUTTN TIC TUES TV X; xa f(x;)
avtiototya.

Brpo | ai(=) | bi(+) | @y = g f(zi)
0 2.2 2.5 2.35 0.5225
1 2.2 2.35 2.275 0.175625
2 2.2 | 2.275 2.2375 0.00640625
3 2.2 | 2.2375 2.21875 | —0.077148438
41 2.21875|2.2375 | 2.228125 | —0.035458984
5 12.228125 | 2.2375 | 2.2328125 | —0.01454834

Oewphvtag cay Tpocey Yot Ty e pllag Yog TNy TeheuTtaio TN (& = x5),
Do éyoupe [€F — €] < 0.5+ |as —bs| = - - = 0.0046 < 0.5-1072, 70 onolo oryaivel
otL mpooeyyilouue TN pila uag oe 500 dexadd Yrnoia.

H pédodog tng diyotdunong eivon 1 povadtxy| uévodog yio Ty ebpeor pilog,
oTnVv onola UmopolUe Vo UTOROYIGOUUE amd TEWY ToV JEUd TwV ETUVIARPEWY
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yroo Ty emduunth npocéyyion. Ilpdypatt, av unodécoupe ot emuuolye vo
npooeyyiooupe T pila xdrowc e€iowone e oxpifeta €, and tn oyéon (3.42) Yo
€)OUUE:

& =& =z, — & < 2n+1|a—b|, apxet
1
2n+1|a_b| < €
bl o g (3.43)
9
a — b|
In(——) < (n+1)In2
&
)
(n+1) > (ln2)11n(|a€7|)
n > (2) 'mde=)
9

IMogdderypa 3.20 Na vrodoyiofolv o1 emavadijpes n, mov ypedletar n puédo-
dog tng dryotdunons yia tny elpeon s /5 pe axpiBaa 5 dexadixd Ppneta.

Abon H /5 etva n npaypatxy pila tne eZiowone f(x) = 23 =5 =0. Eivar
glxoho va damotwiel ot f(1) =1—-5=—-4<0,eve f(2) =8—-5=3>0.
Enopévac, 1 eflo uac Beloxeton oto Sdotnua [a,b] = [1,2]. Anb tnv (3.43) ue
a=1,b=2xuwe=05-10"" éyoupe 6Tt

o — 0]

n > (In2)"'In (
£

) — 1 ~ 16.6096
Enouévng, o axpi3ric apriudg enavaridewy etvar n = 17. Eivon govepd 61t yia

™V enihuoT TG e€iowong UE ToV Tapandvew TeoTo ypeetalopacte Théov Hiextpo-
vix6 TTOAOYIGTYH %o OTOLONTOTE YAWOGU TEOYEAUUUATIOUOU.

Aoxnoeig

‘Aoxnom 3.1 Yyedidote tig evlefeg:
a)y=—-2x+6, b)y=x-2, ¢)y=0.5z—-3, ue A=[-2,4).
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"Aoxnom 3.2 Bpeite tny evlleia mov teprd and ta onpeia Po(zo, yo) ka1t Py(z1,y1).
Na Bpeire tny evleia mov teprd and to onpeio Py(xo, Yo) kar éxer Adyo A.

‘Aoxnon 3.3 Aciéte éu ots kdleteg evieles o1 kAioeis Tovg éxyovv ywijevo
—1. AnA. ya nig evleleg

y=ar+b ka y=dr+b, éovucad =—-1.

‘Aoxnon 3.4 Acifte g tavtétnTes Twv vTepfodikdy ovvaptioewy. Na yivouy
01 YPaPIKES TapaoTdoei§ Twy avTioTpoPwy Twy VTEPPOAIKOY ouvapTioewy.

‘Aoxnon 3.5 Kdvte tn ypagikh napdotaon tng kauridAng x = acos®f,y =
asin® 6, xpnoyonoiras to Gnuplot. Ytn owéyea va Ppeite tnv avalvtikn
etiowon avtrg.

‘Aoxnor 3.6 Bpeite ua tepoyri 0 < |z — 3| < §, dote n arddvty tur g

7 ’ €T— /. 7 1
SIG(POIO(ZS‘ TwV Tiuwy o1 ka1 1 va eivai HIKPOTEPT) TOU 1000°

‘Aoxnom 3.7 Bpeite ta dpia:

, r—4 .2’ +4r+3 .2’ +4r+3
1) im ———, 2) lim —— i
212 —br+4 z——3 r—3 z——3 x4+ 3

‘Acxnom 3.8 Bpeite ta dpia:

—5 343 243210
1) lim ——2 9y fim L2 3) fim 2P0
:c—)ooaj2—2{17—[—4 -0 3 — 3 z—2t z+3
243210
g lim EE2E T sy g
T—2- T —2 z—2t x — 2

‘Aoxnon 3.9 Xpnowornoidvras tny Ilpdétaon 3.8.11 anodeiéte ér: 1) av n
f(z) > 0 oe pa mepoyr) wov g, tote lim, ., f(x) > 0, 2) av n f(x) evar
Ppaypévn o€ pua Tepoyn tov xo, tote ¢y < lim,_,, f(x) < ¢, dmOU @y ka1 o
Ta dvo gpdyuata.

"‘Aoxnor 3.10 Ocwpole t owvdptnon f(x) pe x € [a,00). Aeciére éu av n
f etvar avéovoa kar gpayuérn, téte lim, o f(xz) € R
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e’—1
T

‘Aoxnom 3.11 Agot anodetéete tny avicétnra 1 <

1 / 7
< 1=, arodeilte 6T

T —1 1
lime =1, lim il =1.
r—0 x m%lx—l

‘Aoxnom 3.12 Arnodeibte 6T1 kdOe moAvdvupo Tepittol Padiot éyer touddyiotov
pa pila mpaypatix.

‘Aoxnomn 3.13 Arnodeibte 6t1 kdOe moAvrupo dptiov Paluot e ovvtedeoti) tov
peywropdinov dpov Tny povdoa, éyer eAdyoto.

‘Aoxnom 3.14 Arnodeibte on1 ya kdle avveyn ovvdptnon f oylea

lim f(§) = f(wo), V€ € (x,20) 1 & € (20, 7).

T—T0



I[Topdywyog

4.1 Tevixd

Mo Tic ouvapThoELC elnoye OTL efvol VOUOL, XAVOVES TOU GUYOEOUY TA GTOL-
yela Suo cuvorwy. Extdc and tov TpdéTO Tou CUVBEOVTAL To GTOLYElN TWV GU-
VOAWYV, TOAEC POREC oG EVOLAPEREL XYTL TEPLOGOTERO, UOC EVOLUPEREL TO TG
cuumeplpépovtan autd, Twe YetaBdiiovtot. ‘Etot, Aoy, wa yetaBolr| Tng ove-
EdpTNTNg UETAPBANTAC & and o OF Ty xoTd AT = T — Zg, ETLPEPEL YLol UETUPOAT
oty aveldptnTtn petoAnth y and yo = f(zo) oe y1 = f(x1) = f(xo + Ax)
xatd Ay =y — yo. H mococtiala petaforr tne e€aptnuévne petaBintric ¥ 6To
onuelo xg, ONA. 0 Aoyog

AY Y1~ % _ f(@o + Az) — f(0)

Ar  x1— 2 Ax

€€l TOAG OVOUoTa, avdloya Ue To ToU yenotuonoteitar. Xtn Puour, yio mo-
eddetyua, OTay UEAETdE xivnom, Aéyetar péon ToyutnTa, ot Broloyia, otav
uehetdue TAnducpoilg, Aéyetoar puiude uetoforrc, oty Ouxovouia, otav uele-
TdUE TO %60TOC TAPAYWYTNS, UEOT, METABOAY xb6cToug, ota Madnuatind, dtoav
UEAETAUE TN oLVAETNOT, exPEdlel TNV xhion TN TEUVOUGAS TNG XaUTOANG OTd
onueiot A(zo,Y0), B(x1,71). Ouwe, 1o péyedoc mouv pohic eidoue eivor eonpe-
TIXE YEVIXO o UEANOV BeV eVOEixvUTUL W¢ UETEO NS ueTaPBolrc. Exeivo mou Ja
Tafprale w¢ PETEO, Yo TN AEMTOUEPELOXT| TEQLYPAPT TOU OTOWL Qouvopévou, Va
TeEmeL vau efvon xdtt Tou Va €yet va xdver e To otryiado, Ty, ottyptado Ty OTn-
T, otrydtadog pududg petaforric Tou TAIUGUOU, 0pLIXG XOGTOS XaL UGAIGTA 1T
oTiypr} mou Peloxoudote oto onuelo xy. Auto, axeBoc, Yo teprypddouue otny
ETOUEVT] TAUPAY QUPO.

105
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4.2 Oplopdg xou gpunveio TNg mapay WY ou

4.2.1 O Oplopdg NS TAEAYWYOL

Opwopde 4.2.1 I'a tn ovvdptnon f(x) mov elvar opiopérn o’ éva vrootvolo
twy Tpaypatikody apiudy A, étav o

o 1) = (o)

T—x0 T — xU
undpyel kai €ivar mpaypaticds apruds, tote Aéue ot n ovvdptnon tapaywyiletar
0T0 Ty Kai to dp1o avtd Aéyetar mapdywyos Ttng owvdpTnons oto onueio avtd,

oupporiletar de pe f'(xy).

Agot 7 mopdywyog elvon pto plag cuvdpTnoTc o xdmolo ornuElo, TEoAVKS Vo
elvor ovadixy oto onueto autéd. Enione agol eivon opto, Vo toydouy to oyetind
mepl mhevpx@y oplwy, dnh. Yo oplleTon 1 aptoTERY xou BeId TUPAYWYOS WG
cLVdETNONE 610 oNuEio Ty, £ToL
) x)— f(x ) z) — f(x
) = tim L= gy gy S =S G)
T3, T — Xg :L‘%mar T —Xo

Ané tov opioyd, Yo o ouVAETNon Tou mapaywyiletar oTo onugio T,

xdmotog Yo Unopolce Vo GUUTERAVEL OTL:

e H cuvdptnomn opileton 610 ornueio xo.
e To onuelo xy clvar onueio cuccwpeLoeng.

e To 6u f'(z9) € R ouvendyetar 61t n ocuvdpnon eivar cuveyric 6To T,
aol 1 oyéon lim, ., (f(x) — f(20)) # 0 Vo 0dnyoloe oe dromo (yrori;).
To avtiotpogo dev 1oy Uel, OTWS YAUVETOL GTO EROUEVO TOLUDELYUOL.

e Y10 tuyaio onueio x Vo 1oy vet

Ay

Ay = f'(z0) + s(z), oémou xlgilo s(x) =0 (4.1)
1 1o0d 0 VoA
Ay = (f'(wo) + s(x))Az, pe lim s(z) =0 (4.2)

T—IQ
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Ioagaderypo 4.1 Na derytel 6t1 ) ovvdpTnon

2, x<l1

fmﬁ:{(z—a% z>1

efvar ouvexris oto onueio g = 1, 61 Suws ka1 tapaywyiomun.

Abon Ilpdypatt, 1 ouvdptnoT eivar cuveyc, ooy

lim f(z) = lim 2° =1 = lim (z —2)*= lim f(z) = f(1),

z—1- z—1- z—1t z—1+
EV® 1) oLVEETNOY deV elvan Tapaywyiotur, ool

31 _92 1
Tl g gy @222

z—1- x — 1 2—1— x—1

().

‘Otay n ouvdptnon f(x) mapaywyiletu oe xdde onueio Tou nediov optoyo
e, AUe OTL elvar Topaywyion o’ auTO XAt UAAIGTA 1] CUVEETYNOY) TOU dNULOVE-
yeltar, 6tav oe xdle onueio xy avtioToylcOLUE TV TWY TG TARUYWYOU TNG,
Méyeta Topdywyoc tne f(z) xon ougBohileton ye

) Ty Ly

H mapdywyog prag cuvdptnong elvon GuvdpTtnom xot kg €x TOUTOU GUUTERLPERETAL
xou YereTdTon wg ouvdptnon. ‘Etot, eivon Suvatév va mapaywyileton €x véou,
OTOTE €YOUUE TNV TaPdYWYOo 0e0TeRNS TAENG, Tpltng TdENng x.0.x. Ot cuuBokiouol
¢ delTepng, Teltng TdEng x.0.x. elval:

d? d?
) Ty

d? d?
) D g

d* d*
0@ g T g,
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At (x1))

*"/)V//=f’(xO)*(x—xO)+f(xO)

A(x0,£(x0))

(0,0)

Yyhua 4.21: H egantopévn e y = f(x).

4.2.2 H Tewpetpixn spunveio Tng napaydyou

Ocewpolpe Wior Topaywyiown, oto medio optopol tne, ouvdptnon f(z) xou
duo onueia e M (o, f(x0)) xou N (21, f(z1)). H evdeia nou nepvd and o duo
autd onueia (téuvouca) elvar Yvwoto 6Tt éyer we eZiowon Ty

f(z1) — f(zo) (5—20) * y—flno) = f(zo +h) — flzo)

1 — X h

y—f(wo) =

(z—10), (4.3)
otayv Yéoouye 10 T = 29 + h. O Adyog

f(x1) = f(@o) _ flwo+h) — f(zo)

Tr1 — 2o h

elvat, Tpogavwe, 1 xAlon authe, dTwg Hor Eyel avagepiel.

Av Yewprioovye 6Tt T0 b — 0, 10T T0 T1 — T AU APoL VewphHouue OTL 1)
oLVAETNOY| Hag elvan Topaywyiotun xat emouévee Yo eivon xat cUVEY S, TOTE TO
f(x1) = f(zo). Etoy, 10 onuelo N — M, Yyhua 6.39, ondte 1o duo or-
uefo Tefvouv va cuunécouv. H eudeio nou opileton u’ autdy tov 1pémO AéyETon
EQATTOUEVY) TNG XoUTOANG xou 1) e€lowar] Tng elvan

f(xo+h) = f(xo)
h

y—f(fﬁo):’llig(l)

(=), 1H y=f(x)(x—20)+ f(20)
(4.4)
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Yyhua 4.22: H egontopévn ey = Vo — 1+ 1 xaw y = /[z] oto 1 o 0

avtiototya.

Eivar gavepd 611, 1 xhion tng eudelag autnc, Onh. TN EPATTOPEVNC TNG XAUTUANG
o710 onuelo xg, etvon f'(z0).

Y10 Yymiua 4.22 diveTon 10 oY HUd BUO GUYXEXPUIEVMY GUVEY WY CUVIPTHGCE-
WV XA 1) EPATTOUEVY) OTIC YRUPIXES TUPAGTACELC TOUC, UE TOV TEOTO TOU Oploaue
Topamdve. (26T600, Yo TNV TEWTY TER{NTWOT €YOUUE

o Jr—1+1-1 . 1
lim =lim ———— = o¢.

z—1 rx—1 z—1 m

Y1y meplnTwor auTy|, 0Twe xot 0Ty TepinTwor Tou Ya Beloxaue —oo, Adue ot
1 ouvdptnon f(x) napayoyiletar xatexdoyRy. o ) debtepn Peloxouye

lim@——oo limm—oo

b

z—0- X z—0t I

b

Onh. 1 ouvdpTnom dev Tapaywyileton 00Te xateXdOY V. Auo TEdypATA TEETEL
VOl TPOGEYOUUE G’ AUTEC TIC aXPAlEC XATACTAOEIC:

o And Tny xoTEXBOYNY TUPAYWYO OE GUVAYETOL 1) GUVEYEL, OTWC QaiveTo
otnv Aoxnon 4.2.
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o ‘Otav wAdue Yoo €QATTOPEVY] TNE YRAPIXTS TURACTAOTS HIAS CUVAETNOTNG
oe xdmoto onuelo, 1 ouvdptnon Vo meénel va efvar cuveyric o’ AUTod 1O
oruelo.

4.3 IdioTNTEC TWV TOEAY DY WY

Mepuxéc 1816TNTEC TWV TAPAYOYWY elvor 1OIiTERA YEROIIES Yidl TNV EVPECT)
TOQUYWYWY TWV CUVIRTHCEWY Ywelc 1 1|01 ToL 0pIGUoY, Tou deV elvon TdvTA
elxohog ot yeror. Ilodléc and autég €youv Seytel otic tdlec Tou Auxeiou
20 oamAG Vo TIC AVOUPECOUYE.

Oewenua 4.3.1 Ar dvo owaptrijoes f(x) ka1 g(x) elvar Tapaywyioijes oo
k0w medio opiooU Toug, TOTE 10) Vel
1) (fxg)=fx4¢, VeeAnA,
2) (f-9)=fg+[f-g, VeeAnA,
fY_f9-f4g

Anodedy: Ou deifoupe pévo v 3) xar Ya yeivouv ot dhheg we doxnon. Xto
Tuyaio zg, 610 onolo TANEoUVTAL oL oyETIXEC TPoUToVETEIS, £youpE

i (L) S0y, 1St~ Slooata)
z—z0 7 — 2o \g(z)  g(x0) a0 T — g 9(z) - g(z0)

i 1 f(x)g(xo) — fxo)g(xo) + fx0)g(x0) — f(20)9(T) _
T—x0 T — Tg g(:E) : g(Io)

: 1 . f(x) = f(wo) . 9(x0) — g(x)
lim s () S P ) T )
J'(®0)g(z0) — f(0)g' (20)

(9(0))? '

Oewenua 4.3.2 Av n owdptnon f(z) eivar napaywyioun ovo Ay kar n ov-
viptnon g(y) eivar tapaywyionun oto A, N f(Ay), téte eivar tapaywyioun kai
n(go f)(x) oto Ay N f(Ay) kar pdhiota wyve

(g0 f)(x) =g,(v) - fo(z) = 9,(f(2)) - f1(2).

O
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Anodedn: Agol 1 ouvdptnon y = f(x) eivor mapaywyiown oto Tuyaio onueio
Tg, and ) oyéon (4.2) Vo woylet

Ay = (f'(zo) + a(z))Az, pe lim a(z) = 0.

T—TQ

Eniong, agol xou 1 ouvdptnon z = ¢(y) eivar nopaywyiown oto onueio yo =
f(xo) pe Ay # 0, Yo 1oy et

Az = (g'(yo) +b(y))Ay, pe lim b(y) =0,

Y—Yo

AvtixahoTtdvTog TOpo and TNV TeWTN 6T OeUTERY, StonpvTac e Az xou molp-
YOVTOG 6pLol TEOXUTTEL

2 (y(xo)) = g'(yo) f'(x0) = g, (f (x0)) f' (o).

O mponyoluevog tOTog WwoyleL xar oty mepintwon mou Ay = 0, omdTte xou
Az = 0. Trnv nifen anddeln unopel xdroog va Beet 6to ([7]). 'Etor agol
oy Vel Yo To Tuyaio T, o toy Vel YEVIXA. OJ

Oewpenua 4.3.3 Av n owdptnon y = f(z) evar mapaywyioun oto Ay kai
undpyer ) avtiotpoen tns, TOTE kai 1) avtiotpopn eivar napaywyioun kai 10y vel

Anéden: 'Eotw z(y) = f Hy) n aviiotpogn e y = f(z), n onofo efvou
ouveyhc (Oewpnua 3.9.4). To 61 Az — 0 cuvendyetar 6t xou Ay — 0 xon
avtiotpégwe. ‘Etot, oto tuyoio onueio yo = f(xg) €youue

Ax ) 1 1 1

! = i —— =1 —_— = = .
() Ay Ay A0 L y(@) f(x(y)

Ipérer, iowe, va onueidoouue 6Tt 610 Téhog Vo TEENEL VoL EVAARGCOUYE TIC UE-
TafAnTée, av ypeetaotel, Vétoviag 6Tou x To Y xou OTOL Y TO . O
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4.4 TlopdywyYol OTOLYELWOWY CUVOPTHOEWY

Eivar %01 Yveoto odld xat exoha umogel vo amodely tel ot
() =0, (2)=1, (") =na"" étavn € Z. (4.5)

XpnowonoiwvTog x4molog T GyYEoT (4.5) xou T0 Ocopnua 4.3.1 unopgel va nopa-
YwYIlel TOAOVUUIXES CUVORTHOEIC UAAS Xt P1TES.

IMogdderypa 4.2 Iapaywyiote tig ovvaptrioes

2% — 3
1)f(z) =22"— 322 +2—10, 2)g(z) = %ﬂx

) fl(z)= (22" =322 + v —10) = 102" — 6z + 1
ooy (22 = 3x) (2 + 1) — (22° — 32)(2* + 1)
2) g (:E) - (1,2 + 1)2
(627 — 3)(2* 4+ 1) — (22° — 3z)(2z) _ 22" +92° — 3
(x2 4 1)2 - (x2 4 1)2 )

!

[t Aoyaprduixr| ouvdetnon y = In z, xdrolog Yo unopoloe va oxe@Tel
oc eghc: T to tuyaio onueio zg, (zo > 0) Tou nediou oplouol €youue

. In(zo+h)—Inzy . 1 .1 h
" _ - _ — _ _
Yy —}lll_r)r(l) - —}111_I>r(1]h(ln(:vg—|—h) In ) }111_I>r(1]hln(1+m0).
[Tolhamhootdlouue xot BIAEOUUE UE T XU TPOTOTOLOUUE XATIAATAL TO XAJOUAL
¢ mapévieorg, ondTe mafpvouue

1 h 1 1
y':—lim@ln(lqt—) :—lim@ln(lqt—).
T h—0 X ZTo h—0 h 2

Zo

/
Oétouye u = N

Taipvouue

xou mapatneolue oty otav h — 0, T6t€ T0 U — 00, ONOTE

y':ilimuln(l%—l):ilimln(l—i—l)u:ilne:i.
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1

‘Etol, yevixd, éyovye (Inz) = —, oxdurn yevixdtepa e amodewvieton (vo amo-
derytel) 61t toylel 1) oyéon
YV # 0. (4.6)

1
In|z]) = =
(nJol)’ = -

H exdetixn cuvdptnon y = e” eivar 1 avtiotpogn tne hoyoprduxhc, onote
y=¢€" < v =Iny. Ané 1o Ocwpnua 4.3.3, yio 10 Tuyaio ornueio o Tou mEdiou

0pLOUOU €Y OUUE
1 1
! x
y xT) = = = = y xT) = €.
®) = g7 = T =)
Yo B anoteréopata Yo unopolce va odnyniel xdrotog xdvoviag yehon 1wy

woThTey g ‘Aoxrnong 3.11.

Iogaderypo 4.3 Na amoderytolv o1 yevikol tumor:
1
2) (z*) =a-2*", 3)(a") =a"-Ina.

1) (In, z)' =
) (Ing 7) z-Ina’

Ilpoodiopiote yia kdle TepintTwon TS TEPIOYES TOU aviKowy Ta T Kai a.

Avom 1) And g 1016t tec Twv hoyapliuwy éyouue

(In, 2)’ = (E—Z)I - ﬁ(lnx)' T -ina
2) Ané 1c WOLOTNTES TV hoyoplluwy exiong €youue ¢ = en? onédte
(2%) = (e¥8%) = e?ln7 . (gIng) = xaaE — .ol
3) ‘Onwe xou mponyolueva a® = "% ondte
(a®) = (*™%) = ¢*™ . (ylna) =Ina-a”

(sinz) =cosx, (cosz) = —sinz, (tanz) = p
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H anédeiln twv duo mpodtenv otneiletal 0Toug PETAoyTUATono0S adpotoudtey

oE YWOPEVO xaou To Paoxd bpwo lim, o S2L = 1. H tpftn efvor mopdywyoc
bt e =0 " : et P

/. / /’ / 7
xhdoUATOC. (Na yivouv ot anodeielc and tov ozvowvcoorn.)

[t TIc avTIOTPOYES TWV TEIYWVOUETPIXGY CUYIPTRGEWY, TIC XUXAOUETEL-
%x€g, Va ypnowonotfcoupe To Oswpenua 4.3.3. 'Etot, yio T ouvdeTtrnon tou T6&ou
NUTOVOU T, TOU oY UEL i = arcsin o <> = = siny, €youue
, 1 1 1 1

: !
= (arcsinx) = — = = = :
v = ) (siny)  cosy \/1—sin’y V1-—2a?

'V autry, Tou T6ZOU CUYNUITOVOU T, TOU IoYVEL i = Arccos T <> T = COS Y,
€Y OLUE
1 1 1
y' = (arccosz)' = =— =

1
(cosy)’ Siny__\/l—COSQy__\/l—:EQ'

['a exeivn, tou 16lou egantoyévng o, mou wylel y = arctans & v =
tany, éyouue

, , 1 1 1
y = (arctanz)’ = = 5 = )
(tany)’ 1+tan’y 1+a2?

Téhog, ot mapdywyol 1wV VREPBOAX®Y cuVAPTHCEWY PoloxovTton and Tic
TOEAYWYOUS TwV exVeTixwy xat 0 Oewpnua 4.3.1. Afvouue toug TimOUC XU
UEVEL GTOV AVAYVWOTH VoL TOUG amodellel we doxnot:

1

cosh? z

(sinh ) = coshz, (coshz)' =sinhz, (tanhz) =1 — tanh?z =

4.5 Ilopdywyol dAA®Y CLUVAETACEWY

4.5.1 TIlopdywyol TEMAEYUEVE®Y CUVARTHOEWY

[Tdpa moAAEC opéc Wwia ouVdpTroT expedleTton Ye T Borfleta tag TETAEY-
WEVNE oy€ong pe TN peTaBAnTy TS popgric

F(z, f(z)) =0« F(z,y) = 0. (4.7)
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['o T tepntddoei, 6mou pnopolye va Acoude tny ediowon F(z,y) = 0 xou
va xatahhEoupe oe wa éxgpaot e wophic y = f(z), epapudloupe touc Tpor-
YoupeEVOoUS xavovee. ‘Ouwe, mohd cuyvd xdtt t€toto dev elvon e@ixtd. X auTég
TIC TEPLTTWOELG Ol GUVUPTACELS TWV BUO UEAWY TN (4.7) Tautilovtor xot w¢ ex
T00T0U Vo €youv TiC (Bleg TapaydYouc. Ao Tn oyEor Tou TEOXUTTEL, UTOEOUUE
VoL UEAETHOOUPE TNV TURdYWYO TNS GLUVARTNOTS.

IMopdderypa 4.4 Na Ppedel o pviuds petaporris g y = y(x) oto onueio
M(1,1), érav avtn tAnpol tn oxéon

2 —ay+yP =1

Abon Tupaywyilovtag xon Toduo PéAN we TEog T xat £@apuolovTag To Oewerua
4.3.2, nafpvouyue
(2 —ay+y*) =1=32> -~y —ay + 3%/ =0 =
y — 32?
—z + 3y
To onueio M(1,1) nhnpol tnv nemheyuévn oyéon xot, GUVETKOS, lvar onueio TNe
1-312
—1.

ouvdptnornc pac. O pududc uetafolfic o’ autd to ornuelo elvar y' = 3T =

(—2+3y°)y =y—32> =y =

IMogdderypo 4.5 Na deibere 6t n napaxdrw ouvvdptnon mAnpol tny oimAavn

rr)S‘O-XéO-r) I N2 !
y=In(l+e€"), ¢y +@)=y.

Abon Hapaywyilovtag xar Toduo PEAT ¢ Teog & Xt E@apuoloviag 1o Ocwpenua
4.3.2, maipvouyue

e.’,C

1+et

Y = (n(1+ 7)) =
Hapaywyilovtac x véou €youue

0 (14 €e") — e%e” _ e"(1+e”) (e*)? - )
(14 e)? (14+e7)2 (14 e)? ’

an’ émou maipvouue TN {ntoduevn. Puoxd Yo urmopolioe xdmolog Vo epYAOTEl
(NAOCIE. Xl Vo XUTAANEEL 070 {10 AmOTEAECUA, ).

)’:...:

x x

e
1+ e®

e
(1+ev)?

le:(



116 Hopdywyos

OTOTE AVTIXUNGTWOVTIC €Y OVUE
e e e 6256 e ,

//_|_ N2 _ 4 2 _ + — —
VA =G T e T e Tirer ixe Y

4.5.2 UVOPTNOELS UE TUQAUETEIXES EELIOWOELS

‘Eyouye #07 Oet 6TL, TOAES QOEES, Ol UETABANTES TV GUVAPTAGEWY Olvo-
vTon Ue mopopeTeixéc e€lowoelg. Enilong, eldaue ott anaheipovtag Ty mapducTteo
t umopoUue va UETUPBOUUE GTOUC %AVOVIX0UE TUTOUC TWV CUVIRTHCEWY 1| OTNV
TETAEYUEVT Hop@t Toug. ‘Ouwg, dev elvar Ayeg ot gopéc mou 1 anahotpr etva
0UOXOAT LTOVEGT), ahAS 2o GTay YivETAL, Ol WoPYES ToL TalpvoulE efvar TOAUTAO-
xes. 'Etot, elpacte avayxaouévol va axohoulicoupE TNy Tapaxdte dtadxacia
Ylo Vo UEAETRGOUUE TO pUUUO UETABOAAC TN,

‘Eotw n
T =x(t

, teA=]a,b] ER, 4.8
OLO LOVOGTUAVTA OPLOUEVES GUVIPTACELS, TOU TERLYPAPOUY GTO ENIREDD ULl XO-
umOAn, ONA. xododS To T ueTaBdAAeTar and To a péyet To b, Ta x xou y opiCouy oo
eninedo o onuela M (z,y) xt qutd ye T oelpd Toug TNV XxouTOAN. Av emtmhéov
urodéooupe 6Tt 1) ouvdptnon « = x(t) €yet avtiotpopn Ty t = t(x), t61E Opi-
Cetan 1 ouvdptnom wac vy = y(t(z)) = y(z). T my napdywyo e teleutaiog

Yenouloroloue to Ocwenua 4.3.2 ot talpvouye
d
,_dy_dy.dt_@ 1 zq;

(4.9)

y=-"= - “dx T dz -
dx dt dx dt & 5

Iogaderypa 4.6 Na fpelel 0 pviuds petafoAng tng kaumiAng pe mapapetpr-
Ké§ €gl10ao€g

x =r(0 —sinf) B
{ y=r(1—cosb) 0 € A=]0,2m).

Avor Xenowonowwvtag tov tono (4.9) éyoupe

@ =rsinf d_x
N Todt

—r(1—
o r(1 — cos @),
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OTOTE

. .9 0
, rsinf 2sin 3 cos 5 1
= = = , VO € (0,2
4 r(1 — cos®) 2sin® tan (0,2m) \ im}

Iagatrenon 4.5.1 O napauetpikés ebiodoeg oto mponyoluevo tapdoeryua,
etvar o1 €§1000€1§ TG KUKA0€100US, ONA. THS KaumUAng mou ypdger éva onueio
M tov kUkAou (O, 1), kalds avtds kuAd ndvew oe pna evieia. To 0 elvar n ywria
mov oxnuatiler n axtiva OM e tny katakdpugo.

Puoixd, unopolye va tafpvoule xar UYNAOTERNS TAENE TAPAYEYOUS GUVIR-
THOEWY, TOU BIVOVTOL UE TURUUETEIXES EEIOWOELS, UEXEL VAL XOUTHUE TOUS XAVOVES
Topaywytong mou uddaue. Etot Yo €youue

1.0 .1 !,

y// d /_i(y_g)_i(yé)ﬁ_yé’l‘;_ytl‘t i_ytwt_ytmt

== —y = = — = T
dx de zy” dtz,” dx (x})? do (x})3

4.6 To dlpopixo xou N epurnveia Tou

‘Eyouye o7 Oet ot o yetaBolr) Az otny aveldptnty UeTofAnTh 2, 670
onueio xg, mpoxahel o petoforh Ay oty e€aptnuévn yetaBinti y = f(z) xou
udhioTa

Ay = (f'(x0) + s(x))Ax = f'(x0) Az + s(x)Ax, pe Alirgos(a:) =0. (4.10)
O opoc s(x)Ax eivon eZonpetind uxpdc oe oyéon e tov 6po f'(xg) Az xon av
nopahetpUel, 0ev oAloudvel onuavTixd to anotéheopa. ‘Etot, éyoupe Ay =
f'(xo)Az, dnh. ) Swgopd Ay mepinou {on ye yio YROQWIXY TEOCEYYLON.
Avth ™ ypauuxh Tpocéyyior tou Ay xaholue Srapopixd xor cuuoAilouye
ue dy, onote dy = f'(xg)Azx. Edixd vy tn ouvdptnon f(z) = = éyouue dox =
f'(xo)Az =1 Az = Az. Agol, homdy, autd cuufBaivouy oto Tuyaio xg, Yo
elvar xan dr = Aw, ondTe, YeEVIXE, UTOPOUUE VA YpAPOUNE

dy = f'(z)dx.

Eivat, hoimév, o Slopopixd UG cuvdptnong, Wo ouvdetnon 1 onofa udMoTd
eCopTdTon and duo UetaBAnTéc, TV dx xar To onueio xo. XTo Lyruo 4.23 10
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N —
FCx A /
B
S
// dy
N
(XD - > A
- ‘ ~-
o — - A
/ Xo X o+AX
-
s

Yyfuo 4.23: H Tewpetoiny| epunveia tou dtagoptxoy.

Stapoptxnd etvon 1 thevpd AB tou tpry@vou MAB xat AB = tan (/W\B)MA
To twhua BN eivar 10 s(z)Az nou Yewpfooue ogelntéo xat 10 mopaheioye.
[ewpetpind dmA. 670 oMuelo Ty 1 xaUTUAT TpoceYYI(ETon and THY EQPATTOUEVT
™.

IMopddevypa 4.7 Bpeite to duagopiké s f(z) = Jx. Xpnoyoromjote to ya
va Bpetre ua tpooeyyotikr T ya tny a)v/27.054 B)v/63.052

Aborn Agot
f'(w) = (a3)' = za75 =

Yo oyvel dy = de. a) Yto onuelo zo = 27 ebvar Yvwoth 1 TR g
ouvdpTnone xot pdhota toyler f(27) = 3° enioneg, oto onueio autéd enépyeta
woe wxpr, yetoPory Az = dr = 0.054, ondte 1) petoSoAr| mou emépyETon 01N
ouvdptnor elvor

1

Ay~ fl(z)Az = f'(z)dx = dy = f'(27) - do = (W)QO.OM = 0.02.

w
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H Twr hotmdv tng cuvdetnong eiva
f(27.054) = f(27) + Ay =~ f(27) + dy = 3+ 0.02 = 3.02.

[opduota unohoyiloupe o B) oto anueio zo = 64 xa de = —0.048.

4.7 Tirog tov Taylor

O tinog (4.10) uropel va ypagel Aiyo Sapopetind, wg eZhc:

f(@) = f(xo) + f'(20) (2 — m0) + R(), (4.11)

6mov 1 mocodtnta Pi(z) = f(xg) + f'(wo)(x — o) eivor évo mohudvLPO TRd-
Tou Badpol Tov tpoceyyiler v ouvdptnon f(x) xou pdhioTa €yet TV Bror T
xou Ty (S mapdywyo ato anueio xy xou to R(x) elvon to o@dhuo authc TNe
mpocéyylong. H 1déa autr urnopel va yevixeulel yio cuvoaptoelc mou elvor mapa-
Ywyloweg o’ €va dIdoTNUA TEQIGGOTEPES POPES.

Oewpolye wa ouvdptnor f(x), n onola eivar n + 1 popéc Tapaywyiown o’ éva
odotnua A xou €otw T0 N-Baduo’ TOALGYLUO

Tn(l‘) = o+ Cl(l‘ — l‘o) + CQ(LL' — 1'0)2 + C3(£L‘ — 1'0)3 R Cn(l' - l’g)n, (412)

Tou €yel TNV {Bto T xau TIC BIEC TIWES TV N TAUPAYDYWY 0T0 onucio zg € A,
OMA. Loy VEL

To(x0) = f(20) xou T® (z0) = f®(20), k=1,2,...,n. (4.13)

Av egopudcouye dradoyixd Tic oyéoei g (4.13) o’ excivn e (4.12) noipvoupe

" m (n)
co = f(z0), c1 = f(x0), o = / ;170)’ c3 = / ?E!IO),..., cp = / n(!ivo)‘
(4.14)
‘Etot npoxintet o tinoc
" (n) (4
f(z) = f(zo)+ [ (m0)(z—m0)+ ( 0)(m—xo)2+---+f ( 0)(m—x0)"+R(m) (4.15)

2! n!
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P_3(x)

pi/4

TP_2(x)

0

Yyfua 4.24: H mpocéyyion tou nuitévou pe Taylor oto xo = 7.

O timoc (4.15) elvar yvwot6c we TOrog touv Taylor. To R(zx), mou eivar to
o@éhya mou yivetar xatd Ty mpooéyyton auth, arnodewvieton ([5],[7],[2]) ot
EYEL TNV T

(z — o)™+

R(x) = CFE FUHDE), pe € € (vg,2) % € € (7, 20) (4.16)

xau efval Yvwotd w¢ unéloito xatd Lagrange 7 tny tiu

(z — xo)(z = )"

R(z) = n!

FUDE), pe€ € (wo,0) HEE (w,m0)  (4.17)

xou efval Yvewoto w¢ urtohowno xatd Cauchy. Aieuxpvilouye 6Tt 1o £ oT0Ug
duo tumouc (4.16)xon (4.17) eivar Saopetind petalld touc.  Xto Nyfua 4.24
(paiveTow 1 TREOGEYYION TNG CLVEETNOYS TOU TUITOVOL GTo Onueio T = 7§, Ue
mohuwvupa Taylor deutégou xon tpitou Baduol.

IMopdderypa 4.8 Na npooeyyioete tn ovvdptnon f(z) = In (z) pe moAvdruuo
Taylor yUpw and to onueio xy = 1. Na Bpefolv ka1 va yiver n ypagikn mapd-
0taon twy ToAvwyiuwy 6euTépou kai Tpitov Paduol. Na Ppelel n) tpooeyyiotikn
uun f(e %) e wa dvo toAvdvupa.
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()

Yyfua 4.25: H npocéyyion tne f(z) = In(z) pe nohudvupa Taylor ylpw ané
T0 onueio zp = 1.

Abon H n-téd&nc mapdywyoc mpoxUnTel and dradoyixés Tapaywyloeg xou €yel
) wopgt, fM(z) = (=1)""Y(n — 1)!lz7". To mohudvupo Taylor t6te eivan 10
axdhoudo:

n k) (=1 ED(f —
7,(0) = £+ 30 -t 0 S B D e

i %(z —1)f=(2-1)- A -+(—1)‘"‘”u.

P 2 3 n

To Tolucyvuda deutépou xau teitou Boduol etvar:

x? 3 x® 32 11
H ypaguxd, toug napdotaocy gaivetor oto Yyfua 4.25. H axprc twr ei-
var f(0.5) = Ine(=% = —0.5. Ané 1o duo moludvupa maipvouue Th(z) =
—0.470878 xou T3(x) = —0.491184.

Trdpyouv cuvopthcelg Tou elvar dTEREC POPES TaPAYWYIGIES (m.y. n

ouvdptnon ¥y = €7). X’ auTéC TIC TEPITTWOELC UTOPOUUE VA oY MUATicOUUE Eval
mohuwvupo Taylor drelpou Baduol B omwe Aéue wo oetpd Taylor ylpw amd to
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onuelo xg. ‘Otav 10 29 = 0, 1 oepd Aéyetan oepd Maclaurin

— [P (20) !
T(z) = f(zo) + ) (@ = mo)". (4.18)
k=1

Q¢ oelpd, 1 oelpd auTY elvol BUVATOV Vo GUYXAIVEL 1| VoL ATOXAIVEL, OTWE €Y OUUE
ot o€ mponyolueva xepdhata. To epdtnua elvon av 1 oelpd cuyxhivel oe Wia
oLVaETNOT), 1 ouVdpTNoT aUTH etvar 1 apytxr); H amdvtnon elvon apvntixd, on.
OEV €lvor VIO 1) aEyIXh, OUMS X TA ATOTEAECUUTA OEV Efval amoYONTEUTIXG,
ONA. ot cuVNIGPEVES YVWOTES GuVapTHGEL £youy oelpéc Taylor tou cuyxAivouy
0’ AUTEC, TETOIEC CUVAPTAGELS OVOUALOVTOL AVOAUTIXEC CUVAPTHOELS.

Q671600 exeivo mou Yo mpénet va Tovicoupe elvon Tt uia oetpd Taylor Yo cuyxAivet
OT1) GUVAETNGCT TN, OF UL TEQLOYT| TOU Zg, OV XUl HOVO OV, TO UTOAOLTO Yia xdUe
T oTNY TEpLoy Y| aUTH, Telvel 6To undév xadwe To n telvel 6To dmelpo OnA.

lim R,(z) =0< lim (f(x) -

n—o0 n—o0

Vo € (xg — 1,20 + 7).

IMopddevypa 4.9 Na Ppedel n oepd Maclaurin ya tnv owvdptnon f(x) =
cos T

Avom Ac ypddouye apyxd Tic n mapay@youc e ouvdptnone f(x) = cos .
f'(z) = —sinx = cos (z + g), f"(z) = —sin (z + g) = cos (v + 2%),

f"(x) = —sin(z + 2%) = cos (z + 3%), ., f™(x) = cos (z + ng)

"Etot éyoupe 61t fEHD (1) = 0xon fP0) (2) = (—1)* vk = 1,2, .. .. Tlpogavec
1 oepd Maclaurin yi Ty ouvdptnon f(z) = cos x eivar 1

x2n 5172 .254 5176

f(x):1+§_:(—1)"(2n)!:1—§+I—a+--- (4.19)
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Oétovtoc 22 = z o1 oepd (4.19) maipvouye T oeLpd

f(fv)=1+;(—1)”(2n)!=1 STE gt (4.20)

OuuiCouye, yio TNV axtiva 6OYAMONE T TV OUVIHOGCELRGY Elyaue OEL OTL

r==, 6nou p=Ilim| "+1|
n
‘Etot éyoupue
p:lim| 1| = lim ‘M‘:lim ! =
Gn @n)! (2n+1)(2n +2)

Anh. 7 oeed (4.20) ouyxhivet Vz > 0, ondte 1 oepd (4.19) ouyxdiver Vo € R.
[ to undhotmo €youpe

2n 2n

< ‘(271)!

ot |cos (§+nf)| < 1 xou lim, o0 75 DI n) = 0 ané 1o [apdderypa 2.32.
Ané 10 TpornyYoluEVo Tapddetypa YivETaL Pavepd OTu:

|R,(2)| = ‘cos €+ nﬁ) il =2 0,

27 (2n)!

IMoagatrenon 4.7.1 Mia ocipd Taylor Ja ouykAiver otn ovvdptnon tns, o€ pa
TEPIOXT) TOU Tg, AV Kail Uovo av GA€§ o1 mapdywyor €ivar gpayuéves otny tepioxn
avtn, agov to vtéoino yia kdOe x oTny Tepioyn) avtn Ua telver oto unoév, kadwmg
o n Ua tefver oo dnepo arnd to Iapdoeryua 2.32.

IMogdderypo 4.10 I'pdipre vnd popgny oepds Maclaurin tn ovvdptnon
y = arctanx ka1 va Bpelei n axtiva oUyKAoNg Tngs.

Abom Oewpolye T cuvdpTno f(z) = arctan z, ondte Topoywyilovtag auéone
TolpVOUUE

/ _ 2\ gt _
f(x)—1+x2:>(1+x)f(z)—1, (4.21)
TopoywYILoVTag EX VEOU TNV TORATAVG GYECT) €)OUUE
2
20f'(z) + (1+20)f"(2) =0= f'(2) = ————f'(x).  (4.22)

1+ 22
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H npdt oyéon and v (4.22) napaywylouevn ex véou pog divet

2f' () +4f"(x) + (1 4+ 22) f"(x) = 0= (1 +2°) f"(z) = =2f'(x) — 41" (),
(4.2

ouveyiCovtog ouoiwe UmopolUE VoL OTUIoUEYHOOUUE XL Vo arnodetiouue Vn >
(n Snuoupyio xou 1 andderln agriveton we doxNomn) Tov ENGUEVO YEVIXS TUTO!

)
3

(n=2)(n = 1) f" (@) +2(n — 1) f"V(z) + (1 +2°) M (z) =0 =
1+ 2)f™M(z) = —(n—2)(n—1)f"(2) —2(n—1)f"V(z), ¥n >3 (4.24)
MnogoUtue téhpo va utohoyioouue tne twée f™(0). ‘Etot, ané e (4.21) xon
povY P Me e T
(4.22) nafpvouue f'(0) = 1 xon f”(0) = 0, eved and 1 oyéon (4.24), Vétovtac
omou x 10 0, enaywyixd TPOXVUTTEL
FEM(0) = 0 %o fED(0) = (=1)"(2n)!
Ano tov tino (4.18) ue xp = 0 €youpe
2! 4! 6! 3 5 7
arctanx—x—gx?’—kaf—ﬁz%— —x—%+%—%+--- (4.25)

Epyalouevor 6Twe xou 6To TponyoUUEVo TUpdOeEypa, Yia TNy e0pECT TS axXTiVaG
obyxAong TNe oetpde (4.25), dnutovpyolue T oelpd

2 gt 46 o0 on
t =z(l——+—=— = 4.26
arctan x = x( 3 + : + z::() (4.26)
x0 €YOUUE
i1, . |TerD . 2n—1
p=Ilim|—| =1 — | = lim =
n 1) 2n+1

H oepd pac howndy Vo ouyxhiver Vz € [0,1) Vo € (—1,1) xou yéver vo dolpe
Tt xdvet ota dxpa Tou Sothuartoc. T x = —1 Rz =1, n oepd (4.25) eivar o
evalhdocouoa oepd xa egopuéletor to Oewpernua 2.3.9 (tou Leibnitz), ondte
cuumepaivouue 6Tt xar 6T dxpa 1) oetpd cuyxhiver. To 6t 1 oepd auth elvor
avaAuTixh Yo Oty el o enduevo xepdhato.

[a 2 = 1 mpoximtel 6Tt

1 1 1 > 1
=l——4-———4...= —1)"
3+5 7+ Z( )

m
4
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O mponyoluevog timog eivan e€apeTind xoudog xar Ya uropoloe va eivar €vag
TUTOC UTOAOYIGUOU TOU T, OUwS efvan Thpa TOAD apyocC.

H cuvdptnon tou Aoyapiduou dev avantiooetu oe oelpd Maclaurin, agol) dev
opiletar oo undév. Avti authc ouvidwe avantiooeton 1) f(z) =1n (z + 1).

IMopdderypa 4.11 Na avantuyOel oe oepd Maclaurin n ovvdptnon f(z) =
In(z +1).

Abon TapaywyiCovtog dStadoyxd talpvouue ebxola 10 YEVIXO TOTO
1

F™(z) = (=1)"(n - 1)!m, n=1,2,...

Y10 onueio zg = 0 yevixd éyouype f™(z) = (=1)" Y (n—1),, n=1,2,..., onéte
n oeed Maclaurin efvou

n(x+1) i%r:_ n—l z"": "1x
n=1 n=1

H axtiva oOyxhone eivar 7 = 1 (vo amodeydel and tov avayvohotn), ondte
n meptoyry olyxhong eivor apyxd n meptoyn (—1,1). Thw oz = 1 éyouye Ty
EVOUAAEGGOUGH apuOVIXT| GELRY

1 1 1 1
ln(1—|-1):]nQZZ(_l)nfl_:1_5_‘_5_1_'_...7

3

mou and 1o Oedpnua 2.3.9 (tou Leibnitz) yvwpeilouvye ott ouyxhiver xar 1o dpLd
g etvor TA€ov In 2. Tz = —1 €youye TNy apuovixy celpd 1 omola efvar Yvwoto
OTL 08 ouYXMveL, OTwe lowg avauévape. 'Etot, n neptoyy| olyxhong authg elvor
tehxd (—1,1]. To 6t n oepd cuyxhiver o1 cLUVAETNGY| HoC ATOBEIXVIETOL WS
e€fc: Ané 1o undlotmo xatd Lagrange (4.16), yia ko to v € (0,1] pe € € (0, x)
€y oupE

" 1 z \r1 1

R, = ( ) < —=0.
[n () n (1+&n 1+¢ n

Ané 1o unéhono xatd Cauchy (4.17), vy éha o z € (—1,0) pye £ € (z,0)
€Y OUUE

(m-1)

jo(z — &) [ ‘I—§

|Rn(z)| = (n—l)! (n_ 1)!|1+§|n - (1+§) 1+¢
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|| ‘1—§<n1) lz|" | 1—6 (D) 3
- = — 0, omov ==0¢€ (0,1
(1+&11+& (1+&) 11+ 0x OOy €©.1),
apoU
1—0
1+9x<1<:>1—0<1+9x<:>—9<0:5<:>—1<x.

Ytov mivaxa (4.7) gaivovton ol teploadTeRo Yenotponotolueves oetpéc Maclaurin
woli ue Tic mepLoyéc oUYXAOTG TOUG.

ITpwv xheloovye v mapdypoago twv duvagooetpwy Taylor, Yo mpénel va
ToOUE OTL oL BUVAUOCELREC TOU GUYXAIvouv Tapaywyilovtow Eavd xar Eovd yw-
plc mpofAfuata xar yag dtvouv Tk cuyxhivouceg duvauoocelpéc.  Afvouue To
EMOUEVO Oepnua Ywplg amodelEn.

Ocopnua 4.7.1 Av n f(x) =D~ a,x™ éyer axtiva oUykhiong r, téte
o H > % naz™ ! éya axtiva ovykiong r
e H f(z) mapaywyiletar ovo (—r,1)
o H f'(z) =>"" na,z" ! oto (—r, 7).

4.8 InuovTixd OcwpUata TOV Uy WY WV

Or mapdywyol etvar €va e€epoutind epyaheio otal Y€ TOU ETOTAUOVA YId
TN UEAETT) TWV CUVAPTAHCEMY X YEVIXOTEQY Y1a TNV e€aywYr) cuutepaoudtwy. O
poltnTic eivar 1dN eCOXELWUEVOS UE OPIGUEVH OEWwpRUAT UEAETNG CUVIPTACEWY
and 1o Alxeo. Ed®, xdmow yvwotd Ocwpruata Yo enavaingdodyv yia tny
TANEOTNTA ToU XEWEVOL ahhd xou Yo cuumAnewioly ue arnodeiel, xaddg xou Ue
dAho Tou Bev €youy didoy Tel.

4.8.1 Axpoétoata cLVEETNONG

Opopde 4.8.1 Eoww y = f(x) pua ovvdptnon ue medio opopod to A kai
zg € A. Aéue du n ovvdptnon mapovoidlel oo xy tomiké péyioto (Tomikd
eAdyoto), av vrdpyer 6 > 0, éror dote va 10yvel

f(x) < f(wo) (f(x) > f(zo)) Vo€ AN (w0 — 0,20 +9).
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YEIPEY. Maclaurin YYTKAIXYH
ﬁ:1+x+x2—|—x3—|—---zzzo:0x" x € (—1,1)
m=l-cta? -4 =30 (—1)" " x € (—1,1)
n(z+l)=z-2+2 —...= 3% (—1)"1Z | pe(-1,1
=1ttt o =140 0 r€R
sinw =z — 4+ 5+ =0 (-0 (527:_11)! TR
Cosx:1—2—?+i—?+---:2f:1(—1)(”_1)% z€R
arctanz = x — %—3 + %—5 — =32 (—1)Y éj:__i) z € [-1,1]
tanh_lx:x—l—x—;—l—“’;—k---zzzo:l% z e (-1,1)

ivoxag 4.1: Xuyvd yenowonolotueves oetpéc Maclaurin

To tomx6 péytoto (T.0.) xou 10 Tomxd EAYIoTO (T.€.) AEyETOL TOTIXS AXPOTATO.
Agv TEETEL VoL GUYYEOVTOL TO TOTIXE XEOTUTOL UE TAL OXPOTATO TNE CLUVARTTNOTG,
Tou Yo vou Eeywetlouy amd autd xaholvar xon olxd axpdtoata. Ipogavae, to
UEYOAUTERO O Tal TOTUXS UEYIOTA ATOTEAEL TO OAMXO PEYIOTO XAl TO ULXPOTERO
amd Ta Tomxd ENdyIoTo anoTEAEL To ohxd ehdyioTo. H Umapln Tomxol axpdro-
TOU OE Lol ToRAYWYIoIUY CUVIETNOT Yog ETITEETEL VA BYJAOUUE CUUTEQAGUATA
YL TNV TURAYWYO TG CLYHPTNONS OTO OTNUEID AUTO, OTWS YOS AEEL TO ETOUEVO

YVWOoT6 Oprnuo.

Oewpnua 4.8.2 (Ocdpnua tov Fermat). Av pua ovvdptnon elvar tapaywyi-
OIUn O€ @ TEPIoYT) TOU Xy Kai oto Ty mapovoidler akpdrato, téte f'(xy) = 0.
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Anédegn: ‘Eotw ot 1) ouvdptnon mopouctdlel Tomxd UEYIOTO OTO T, TOTE
urdeyet 6 > 0, €tot Kote

f(x) = f(zo) <0, Vo e (zg—6, 10+ 0),

amo tov Optopd 4.2.1 ouwe €youue

limM:ﬂzO, limM:ﬂrSO.
T3, T — Ig mﬁm:{ T — o
H Omogln ouwe tne mopay@you anodetxviel T0 Oemprnuo. O

[ewpetprnd To Oewpernua Tou Fermat epunvedetar wg e€rig: Xe wa topaywylown
GLVEETNOT 1) EPATTOPEVT] O TOTUXO AXEOTATO Efvol TARIAATAT TEOC TOV 0L OVTIO
dCova. To avtictpogo tou Ocwpruatog 4.8.2 ducTuy®e dev toylel. O undevi-
ouOC TNE TopaywYou wdc diver miavd oxpdtata. o mapdderyua, 1 ouvdpTnon
f(z) = 23, 070 onuelo zy = 0 éyer f/(0) = 0, duwc dev mapouctdlel axpdtato,
ool aploTepd and To T = 0 elvor apvnTer xar 8edid Vet

‘Eva xprtiplo yioo Ty Omapdn axpdtatou 610 onueio o eival 1 YVOoT TNe Uo-
votoviog 0edid xar apioTepd amd 1o exmiyayo onueio xp. Av aploTeERd TOU T) 1)
ouvdptno etvar adlouoa xou €Ll elvon @iivouca, TOTE 6GTO Ty €YOUUE TOTIXO
uéytoto. Av aplotepd Tou xy 1 ouvdeTno etvar @Uivouca xar dedid elvon abEou-
od, TOTE 010 Ty TapoLCldlel Tomxo eAdytoTo. Eva dhho xprtriplo eivan 1 yvwon
NG TS TOV TapaydY®Y LYNAGTEPNE TAENS OTO oTUEio T.

Ocdpnua 4.8.3 Av ya jua ocwdptnon f(x), n f&(x) vrdpye ka1 etvar ov-
VeEXNS 0€ Jia TePioyn) Tov Ty Kai €mmAéoy 10y vel

F(wo) = f"(@0) = f"(z0) = -+ = FC"V(wg) = 0, xar f (z0) 0, n=1,2,...

ToTE

o ") (2) > 0= tomé eAdy10to 00 T

o [(z4) < 0= tomkd HEVIOTO TT0 .

Anodedn: Agol n f'(zg) = 0, oo zy éyoupe mdavéd tomxd axpdtato. ‘Eotw
ot f(zn)(xo) > 0, onh 1 Topdywyog doTioc TAENg 6To orueio xy etvon YeTiny
XL OAES OL TORAYWYOL WXEOTEENS TAENS OTO Ty lvar undév. Agou n f(2") elvan
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cuveyng, Ya elvar cuveyfic xou oe pa tegtoyY) Tou xo. T'a xdde = ot mepoy
auth Yo 1oy el To Oedpnuo Taylor (4.15), ondte Vo 1oy let

21 ) (1 o fen
)= s = X i g L)

(x — :1:0)2" >0,

agol ot bpot Tou adpolopatog eivon Ghot UndEv xat o Gpog Tou uToloitou o-
moteheltor and VeTnés TOCOTNTES (to & AVIXEL GTNV TEPLOYT TOU T, TOU L-
oyver f@(zg) > 0). Tlopbuorr amodetxvietar 1 deltepn TEpinTwOT, OTOU
f) (x0) < 0. O

IMopdderypa 4.12 FEorw n ovvdptnon f(x) = sin (22)+2cosx pe x € [0, 2.
Na Bpelovy ta axpdrata tng ovvdpTnons.

Avon Edxoha Bpioxoupe f'(x) = 2cos (2z) — 2sinz, f"(x) = —4sin (2z) —
2cosx, f"(x) = —8cos (2z) + 2sinx xa dhec eivon ouveyeic ouvapthoec. TIi-
Yovd axpotata £youue ota onpeio Yo To onola Loy Ve

5 3
f’(x):0<:>2cos(2x)—28inx:0<:>z:%, xz%, z:?ﬂ.

Y10 onpelo zg = I éyoupe f(Z) =0, f(Z) = —3V/3, etvar gavepd 611 Aoty
€)Y OUUE TOTIXO UEYIOTO GTO OUYXAEXPIWEVO onueio. Yto onueio z¢ = ‘%’r €Y OUUE
(3 = 0, f"(3F) = 3V/3, ondte éyoupe tomxé eldyoto. Lo 1o onueto
zo = 3 éyoupe f'(3) =0, f"(3%) = 0 xau f"(3) = 6, mou onuoiver 6Tt dev
elvor OLdpopn and To UNdey, deTiag TASNG TaEdYwYos, 67 auTO To oTUElo, OTOTE
0 Oedpnua (4.8.3) dev epopudletar. H ypapixn napdotaon authc goivetal 610
Yyfua 4.26. Bordoluevol and 10 oy va amogovieite Yo T yovoTtovia Tng

cLVAETNOTE 010 oNuEio Ty = 3%

4.8.2 'AN\a Oswprpota

‘Eva and 1o TAéovV YVwoTtd Oswprflota Tne avdAuoTg elvor 10 Oewpenud Tou
Rolle.
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(0,0) pPi/6 5*pi/6 3*pi/2

Yyhua 4.26: H ouvdptnon f(x) = sin (2z) + 2 cos x.

Oewenua 4.8.4 (Ocdpnua tov Rolle). Eotw f(x) pua ovvdptnon opopévn
ka1 OUveEXTiS 0To KA€l0Té didotnua [a, b] kai tapaywyioun oo avoiktd idoTnua
(a,b). Avioxva f(a) = f(b), tére vndpyer kdnoo onueio xy € (a,b) ya to
onoio wyve f'(xq) = 0.

Anodedn: Agol 1 ouvdpTnor elvar cuveyc, and To Oewprnuo 3.9.6 Yo undp-
YOUY Ty XU Tg, WOTE f(21) = maxzeq, f(2) = M xou f(x9) = mingeq, f(z) =
m.

Av M = m, téte 1 ouvdptnon eivar otadept| xou udhota f(z) = f(a), ondte
xou f'(z) =0, Vo € Ay,

Av M # m, t6te éva touhdytotov omd o duo Yo eivan StapopeTind and to f(a),
éotw Ot f(zog) = M # f(a) ye z9 € (a,b), ondte and 10 Oewenua 4.8.2 xou
f'(z9) =0. O
[ewpeTtoind, To mapamdve Ochpnua cpunvedetor wg e€hc: AV ol GUVEYTC GU-
vépTno f(x) cuuPatver va tafpvet Tig (Bteg TIHES 0Ta dxpa EVOC XAEGTOU DLUOTH-
uatoc [a, b], T6te LTEyEL éva TOUNG IGTOY onugio 6To avoixtéd didotnua (a,b)
TOU 1) EQPATTOUEVY] AUTAC Elvan TapdAATAN oTov 0pllévTio dEova, UTO TNV TEoi-
modeon 6Tl 1 ouvdpTtnon eivar Tagaywyion o’ autd. Ta mopandve @aivovto
oTo Lyrfuo 4.27.

IMopiopa 4.8.5 Mewaé dvo pilcyv puas mapaywyionuns ovvdptnong f(x) vrdp-
et tovddytotor a pila Tng Tapaywyov Tns.
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Yyfuo 4.27: To Oewprpata Rolle xou Lagrange.

Anéde&n: Agol v ouvdptnon f(x) eivar mapaywyiown, do eivar xar cuveyhc.
‘Eotww p1 xou py ot duo pilec auvthc. Téte f(p1) = f(p2) = 0, ondte 1oylet 10
Ocwprnua tou Rolle xou ouvende undpyet £ € (p1, p2), €tol wote f'(zy) =0. O

[evixevorn tou magamdve anotelel To enoOUevo Oewpenua, Tou eival YVwoTo
ws Oewpnua g uéong Twrg 1) Oswenua Tou Lagrange.

Oewpnua 4.8.6 (Ocdpnua wov Lagrange). Eoww f(x) pa ovvdptnon opi-
ouévn ka1 ovvexrs oto kA€wotd didotnua [a,b] ka1 tapaywyioun oto avoiktd
drdotnua (a,b). Téte vndpyer kdrow onpueio xy € (a,b), ya to onoio wyva

lag) = 10=I0) (4.27)
Anodedn: Ocwpolye T cuVdETNOT
F() = f(o) - g0 - 2T, )

H ouvdptnon auth eivar ouveyrhc oto [a,b], 6nwe xo v f(x). Erione, ei-
vau mapoywyiown oto avowxtéd ddotnua (a,b), énwc xu n f(x). Emmniéov,
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F(a) = F(b) = 0, onéte woylet 10 Oetdenua tou Rolle. Etor, undpyer xdnoo
onueio zy € (a,b) yio 10 onolo oyler F'(zg) = 0, and 10 onoio mpoxlintel 1
oyéon (4.27). O

[ewueTpxd, 10 Tapandvew Oewpenua epunveletal wg e€ng: Av Wia cuVeEYTig
ouvdptnon f(z) oupPaiver va eivar cuveyric oe éva xhewoté didotnua [a, b] o
TapaywYiowr 6To avoxté didotnua (a, b), T6TE UTdpyEr Eva TOUAAYIOTOV GTUEiD
TOU 1) EQATTOUEVY TNG Elvar TARIAANAN TN Y0pdn Tou evvel Ta dxpa. To mo-
eandve @atvovtar 6to Xyfua 4.27. ‘ANkn cpunveia Yo unopodoe va eivon 1 e€rig:
o€ Ut oLuVAETNoY Tou TANEo! T Teolro¥éoelc Tou Oewpruatog Tou Lagrange,
LTdpyEL xdmoto oNueio 6To avoixtéd ddotnua (a,b) Tou 1 péon Tun e cuVde-
mong yiveta (on ue 1o puiuod petaBolric avthAc. Tela onuoavtind Oewpruata
TEOXOTTOUY WG JUECEC GUVETELES ToL Ocwpruatog Tou Lagrange. To éva and
QT AVUPERETAL O LOVOTOVIOL TS CUVAPTNOTNC.

Ocwpnua 4.8.7 Eotw f jua ovvdptnon, opiopérvn kar tapaywyion oto A.
Tote

fl(x) =0, Ve e A < f(z) =¢, Vo €A,

omov ¢ évas otalepds mpayuatikds apiuds.

Anéden: 'Eow 61 oo onuelo zy € A éyouue f(zg) = c. Tote, yia xdde
onuelo z1 € A Yo toylel 10 Oewpnua Tou Lagrange, onote

f(x1) — f(z0)

Ty — Zo

= f(€) =0 f(x1) = flz) =0 & flz1) = f(z0) = ¢
xou enopévee f(z) = ¢, Yo € A. O

Ocwpnua 4.8.8 Fotw f kar g 6vo ouvvaptioels opioUéves Kal Tapaywyionieg
oto A. Tote

f(x) = ¢'(2), Vo € A <= f(z) = g(2) + ¢, Yz € A,

omov ¢ €vas otalepds mpayuatikés aprtouds.
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Anodedyn: Ocwpolue my F(z) = f(z) — g(x), y'' autiwoybe F'(z) = 0. Ané
10 Tponyoluevo Oemenua éyouue F(z) =c e f(x) = g(z) +c. 0O

To duo Tedeutaio Ocwpriuota etvon Wiaitepa onpavTixd yior Tov Oloxhnpw-
Tix6 Aoyiopo mou Yo yehetricouue oto enouevo Kegdhoro. To Oetpnua 4.8.8,
eMTAEOY, Hog AEEL OTL 1) IGHTNTU TWV TALAYWOYWY OUO GUVIPTACEWY BEV 0ONYEl
XL GE LOOTNTA TWV CUVILTHOEWY.

IMopdderypo 4.13 Na oerytel 6T1 ) ovvdptnon

2
f(z) = 2arctan x — arcsin 1 ° lz| <1

x?’
etvar otalepn) ka1 va Ppedel n tun .

Abon T va etvor otadepr; 1 cuvdpetnor, Yo TEEeL 1 ToEdYwWYOS TNS Vo efval
fon pe undév. Elvor #o1 yvwoté 6Tt

(arctan )’ = L (arcsinz)’ = !
1422 V1=
OTOTE
9 2 1 9
(2 arctan x — arcsin 7 ) = — ( . )I
1+ 22 1+ 22 9 1_(21‘ )2 1+ 22
1+22

2 1+ 22 2(1—|—x2)—4x2_0

S 1422 1—22 (1+22)22 7
Agot 1 mapdywyog tng cuvdptnong etvar uUndév, 1 cuvdptnoT elvor oTaERT| xou
apxel vo Bpolue Ty Twh e v & = 0. 'Etot éyoupe f(0) = 2arctan( —
arcsin(0 = 0.

Ocewenua 4.8.9 Mia ovvdptnon f(x) mapaywyionun oe éva idotnua A elvar

a) avéovoa o’ avtd, av ka1 uévov av f'(x) >0, x € A

B) ¢divovoa o’ avtd, av kar pévor av f'(x) <0, z € A
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Anodedy: o) ‘Eow 1 ouvdptnon f(x) xou duo onueio tne z1 xou T3 670
A. Eoww emnhéov 61 21 < g, t61€ 1 f(2) elvor cuveyhc oto [z, T2] %o
nopaywylown oto avoixtéd (1, 22), ondéte and 10 Oewpnua tou Lagrange Yo
undpyet € € (w1, x9) UE

f(z) — f(z1)

(&) = & flwg) = f(21) = f(E)(xe — 11)

xon ool f'(&) > 0 mpoxvnter f(x1) < f(x2). To B) anodewvieta napdpoto. O

To Oewpnua Tou Lagrange oe cuvduacud Ye T Lovotovia Tng cuvdpTnong
yivetar €va 1oy upd epyaleio Yo TNV AMEOELT] AVICOTATWY.

Iogaderypo 4.14 Na Oerytel n) enduern aviodtnta

a¥ — a*

(y —x)a” < <(y—=xz)a’, a>1kay>z.

Ina

Abom Avadlatdocovtag Ty avicOTNTo TROXUTTEL 1) ENOUEVT

Yy __ x

a’Ina < <a’lna, a>1xuy>z,

y—x
¢ omolog 1) peocaio Tapdotact) Hotdlel TohU ue exelvn TG oyéong Tou Ocwpriua-
toc tou Lagrange ye f(t) = a’, n onola elvan ouveyhc 670 [z, y] xon noporywyiown
oto (z,y) wdhota f'(t) = a' Ina. Ondre, woyler 10 Oedenua Tou Lagrange étot
a;%im =a*lna pe £ € (z,y). Agol a > 1, éneton 61 1 f ebvon adEouoa, étol
r<&<y=a"lna<a‘lna <a’lna, dnh.

Y _ gt
=a‘lna < a’Ina.

a“lna <
y—

H yvoon tou mpoctuou Tng Topay@you TN CUVEETNOTS GE GUVOUACUS UE
10 Oewpnua 4.8.2 yac AOvouy 10 TEOBANUA TWY UXEOTATOY TNS CUVILTNOTG.

IMogdderypo 4.15 Na peketniel wg mpog Tn povotovia kai ta akpétata n ou-
vaptnon f(x) = 27" pe x € (0, 00).
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Abom H cuvdptnot| yag etvan mapaywyiowrn 6to nedio oplopol g xou pdMota
oy Ve

@)= () = (™) = (e ™) (~Inz — xé) =—2 "(lnz+1).

Onéte f'(z) = 0 & = = 1/e, ouvende oto onueio xg = 1/e 1 ocuvdpetnon
Tapouctdlel axpdtato. Agol z < /e & Inz+1 <0 xou z7% > 0, apéonc
nofpvoupe 6t n f eivar adovoa oto Sdotnua (0,1/e). Eniong, agod z >
l/e & Inz + 1 > 0, apéowe maipvoupe 61t 1 f eivon @iivouca 6To Sdotnua
(1/e,00). Etot, oto onyeio xy = 1/e 1 cuvdptnon tapouctdlet Tomxbd Yéyloto.
H nponyoluevn yehétn ouvodiletar otov emduevo mivaxa

z |0 1/e 00
f! + 0 -
7 u

/\

To Oetpnua tne uéone Twrc tou Lagrange, yia cuVAPTAGELS BOGUEVES UE
napopetpixés eClowoeic (z = g(t) xaw y = f(t)), nafpver Ty napoxdte o yevixy
Hop®T xat elvar YVwoTo wg Oewpnua tng uéorng turc tou Cauchy.

Oewenua 4.8.10 (Ocdpnua tov Cauchy) Eotw dvo owvaptrioes f ka1 g ov-
veXels oto kAeloté idotnpa [a, b] kai tapaywyioes oo avoiktd didotnua (a, b)
pe g(b) # gla). Av ¢'(x) # 0V € (a,b), tdre vndpyer € € (a,b) e

f(b) = fla) _ (&)

g(b) —gla)  g'(&)

Ano6dedyn: Ocwpolpe tn ouwvdptnon F(z) = f(z)(g9(b) — g(a)) — g(z)(f(b) —
f(a)). H ouvdptnon auth mhneoi tic cuviixec tou Oewpruoatoc tou Rolle xa
ouvende undpyet £ € (a,b) ue F'(§) = 0. Agol ¢'(z) # 0 Vx € (a,b), t61e %t
9(b) # g(a), onére

F'(§) =0 < f(©)(9(b) — g(a)) = g'()(f(b) — f(a)) &

f) = fla) _ ['()
g(b) —g(a)  g(&)

O
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Ioagaderypa 4.16 Ocwpolue tn ovvdptnon f mov divetar e TS TaPapHeTPIKES
ebiowoeg
r=2t+1, y=t*-2, tekR

Na Bpedei onueio M(zo,yo), oto onolo n epantopérvn elvar tapdAAnAn mpos tn
yopdny AB, énov A(—3,2) ka1 B(3,—1).

Aborn And T ouvteTaypévee Ty onueiny A xou B, utopoUue Vo BTG TWGOUUE
6t € [—2,1]. Eto ddotnua autd, oL GUVOPTAGELS T Xat i TANEolV 1o Obpnua
tou Cauchy. Etot

y) —yla) _y'(§ . -1-2 2 1

W) —alw) € T3-(3) 2 Ty

LUVENWE, 1) TapdAATAY eQantouévn npoc TN yoedh AB eivor oto anueio M (0, —7/4).

Mopdderypa 4.17 Eoww n f nepaywyioun ovo [a,b] pe f'(a) = f'(b). Na

dery el 0T
3 €€ (a,b) pe f1(€) = 7f(§§:£(“).
Abom Oewpolye TNy

f@)S@ .
g:la,b] > R g(x)= { f%az) ’x :72 )

2. / 4 4 ‘ Z Z
H g eivor ouveyrhc oo [a, b] (amodewxvietar elxoha!l) xat emouévwe €yet

uéytoto otoryeio (M) xou eldytoto (m).

1°) Av m = M, npogoavwe 1 g eivon otodeph xou 1 f eivon evdeia. Téte ol
1oy vetopol yog oy vouy.

2°) Avm # M, t6te 3 & xu & € [a,b] pe g(&1) =m xa g(&) = M .
Av & K& € (a,b) tote mpdypatt (Oedpnua tou Fermat)

JE€(a,b)pe g'(€) =0= f'(§) =
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Y ouvéyeta Vo del€ouue GTL Bev elvar BUVATOV VoL €yOuUE Ta &y xon o OTA
depa. Eotw ywelc BAAEN tne yevixdtntog & = a xot & = b. 'Etot €youpe

m = g(&) = g(a) = f'(a) = f'(b). (4.28)
Enionc
O (U R (O U NI R WS

g’(b)—b_a— (b—a)? T b—ua (b—a) b—a(

‘Opwg tote 1 g 670 b ebvan yvnoiwe giivouca, ondte 3 o e wa wepLoyr Tou b,
étol dote g(x) > g(b). Atoro.

4.9 Kavovog touv De I’ Héspital

Y10 Oswpnua 3.8.8 YeAeTACAUE TNV €UPECT 0L TNV AVTWETOTIOT 0plwV
OLVORTAOEWY, OTOU Ot TEAEELS PETAL) TwV 0plwV EMITEETOVTAL.
Qo1600, auéong petd, oto Hapdderyua 3.15, ldaye 6Tt UTdEYOLY bpLa, To oTolx
OeV elvol BUYATOV VO AVTIUETWTLOTOLY UE To Ocwpnua 3.8.8, €ncidr ol mpdlelc
oev emitpénovtan. Ilpdlelc mou dev emtpénovtar xot cuVHYWS avagépovTal WS
AnPOGCdLOPLOTES LOPYES Eivan oL eCHC:

g, 0- oo, %, 00 — 00, 0%, 1%, 00?, 0.

Towe, exeivo mou mpénel va Lexadapioouye eivon 6Tt o€ 6,1t axoloudel de Vo opi-
COUPE XAVOUPYIEC TTRAEELS, WOTE AUTEC TOU OEV ETTEENOVTOL VO ERLTEETOVTUL GTO
uEhhov, oute Va Tpocdlopicouue autég TIc nop@és. Exeivo mou Ya xdvoupe elvor
ot Yo mpoteivoupe pedddoug yia TNV VPECT) 0plwY TWY OTOIWY 0 TEOGOLOELEUAS
XATAANYEL OE TRAEEIC TOU BEV EMTRENOVTAL.

Ochpnua 4.9.1 Eotw dvo ovvaptioes f kai g, opiojéves kar ovvexels o’ éva
odotnua [a,b] pe f(a) = g(a) = 0 ka1 mapaywyiojes oo (a,b) pe ¢g'(x) #0 o’
avté® ToTe ’

i 7@ _ (@)

oot g(x) st g'(z)
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Arnédegn: Ilopatnpolye 61t or cuvdnixeg Tou Ocwprpatog eivor ot GUVITiXES
Tou Oewpriuatog 4.8.10. Oewpolye, Aotndy, Tuyaio onueio x € [a, b], ondte and
0 Oedpnua tou Cauchy, agol f(a) = g(a) =0, éyouue

f(x)  f(z)— f(a) _ f'(€) ue € € (a, ). (4.30)

g(xz)  glz)—gla)  ¢'(&)

Enedh 2 — a® ouvendyeton £ — at, té1e and v (4.30) Vo éyovye bt

(5 N (3 B (5 I ()

ot g(€)  avar §(€)  eoar g(€) et g'(2)

Iagatrenon 4.9.1 Oa unopoloe kdroiog va napatnpnioer ta e£nig:

o Ta maparndyvw 10yVovy akpiBdC ta ida Yia dpia arnd apiotepd.
X S

o 16 tny mpoiindleon ot1 01 TUVaAPTNOES €lval TEPICTOTEPES POPES Tapayw-

yioues, to Ocdpnua epapudletar ki dAAe§ Popég av ypelaotel.

o To Ocdpnua wyler ka1 Yia owvaptioels opIoHEVES Kal ouvexels o’ éva
ddotnua (a,b] pelim, o+ f(z) = lim, .+ g(z) = 0, apoV tére unopoljie
va opiooupe TS ovvapTioes

F(z) = { f(x), avx #a ki G(z) = { g(x), avx #a

0, avx =a 0, avx =a
ka1 va epappdéoovue to Ocdpnpa.

o To Ocwpnua wyde ka1 otnr mepintwon mov to dotnua opiouol €lvar
S pHop@nis (—oo, b], agol aAddlovtag tn petafAntr kar Oétovtag x = %,
onuiovpyolue ovvinkes katdAAnAes yia tnv epapuoyn tov Ocwpnpatog

tou De |’ Hospital.

IMogdderypo 4.18 Na Bpedei To dpo
. T —sinx
lim ————.

=0 r —tanx
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Abon Hoapatneolue ot TAnpolvtar ot tpolinovécelc Tou Ocwpriuatog 4.9.1, o-
ToTE TolpVoulE

. x—singx . 1—cosx . sin x
lim —— = lim ———— = lim s~ =
250 —tanx  2—0 —tan?z  2—0 —2tanx(1 + tan® )

COST 1

—lim ——— .

20 2(1+ tan?z) 2

[ TN mepinTwon mou 1 anpocdoEloTY pop@r elvar 22 1oy UeL To BEUTERO
Ocewpnuo tou De I’ Hospital, to onoio divetar ot cuvéyela ywplc anddeln (o
avoryveetne mou evdtagpépeton Yo umopovoe va det v amddeln ota ([2], [5],

[71)-

Ochpenua 4.9.2 Eotw 6vo ovvaptioes f kal g, opiojéves, ouvexels kal ta-
paywyioes o’ éva adotnua (a,b) pe lim, o+ f(z) = lim, .+ g(z) = oo ka1
¢ (x) #0 0’ avté” av vrdpye to
/
PAC))

z—at g’(.ZU)

=1, [€R,

ToTE ,
lim _f(x) = lim —f (x)
z—at g(fl?) z—at g’(.ZU)

Iagathpnon 4.9.2 Oa uropoloe kdmroios va napatnpnoer ta €ng:

e H mapatijpnon (4.9.1) wyver tponomonuévn kar yia tovto to Ocdpnua.
f'(z)

e Tol pnoplez’ va efvai ka1 to 0o, agov av lim,_, .+ 7@ = O TOTE
limy, a0+ %5 = 0.
o H vUnapén wov opiov lim,_,,+ % =1, | € R etvar onuavuixn), apov

dapopetikd mpokUTTOUY «dTomay, otws Ua dolue apéows.

Iogaderypa 4.19 Eéetdote av wyvel to deltepo Oecopnua tov De I’ Hospital

yia to dpio.
) x
lim ——
z—o00 L 4+ SIn T
Na to vroloyioete!
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Avon Av Véoovye f(z) = = xo g(x) = z + sin(z), mpogavde xor ot duo
elvan ouveyeic xon mapaywylotwes tavtol oto R xou ta 6pto eivon lim, o f(2) =
lim, o g(2) = 00. ‘Ouwe, 10 bpto

lm L) L

T—00 g’(x) z—oo 1 4+ cosx

OEV UTAPYEL, oo oUTO TUAAYTEVETAL A0 % uéyet +oo. 'Etot, to debtepo Ocwpn-
uo Tou De 1" Hospital yio to épto dev egappoletar. Edxola ouwe unoroyilouue
oTt

. T . 1

lim —— = lim ——— =1

z—oo I 4+ Sinx z—oo | 4 _51256

Or dhheg ampoodLOploTeES YOPPES avTINETOTIlOVTaL Y€o amd T dUO TEO-
nyovueves. 'Etol, yia mopdderyyo, av €Y0UUE BUO CUVILTHOEIC Yol TIC OTOLES
ovuBaiver lim,_,, f(z) = 0 xou lim, o g(z) = 00 %t epeic Yéhouye va umo-
Aoyioouge to 6pto lim, ., (f(x)g(x)), TOTE EXPETAAAEVOUAOTE TO YEYOVOC OTL

: 1 : 1 , L , ,
lim,_,, roke 0 xou lim,_,, @) = +00, ondte €youye va unoloyicouue To Gpto

fla
1.lmf(lrv)_o’ Ol g@[
T—a m T—a m

TOU TO TEWTO €fvart NG LOPPNS % xaL To OEVTERO %

Av éyouue Suo ouvapthoelc yia Tic onofec oupPaiver lim, ,, f(z) = oo xa
lim, o0 g(x) = 00 %t eyeic Véhouye va unoloyicouye 1o doto lim,_,, (f(z) — g(x)),
TOTE, av Yivovtan Tpdlelc, auTég cUVATWS Mg 0dNYOUY GE Wid amd TIC TEONYOoU-
UEVES UOPQES”  ETIONG EXUETAMAEVONACTE TO YEYOVOC OTL limy, ,, ﬁ = 0 xo
lim,_,, ﬁ = 0, onote €youpe va unohoyicouue 1o 6plo

‘H

1
1 1 T @
lim (T - T) = lim 25/,
T—a \ —— — T—=a ——
) g(@) (z) 9(z)

Tou glval TNS LopPric %.
Or dhhec poppéc etvar exdeTinég xon avTiueTwTIlovTal e TN YVOOTH 0T T TV
Aoyapliduwy, agol eacpuiicovye 6Tt TANEOVUVTUL Ol TEQLOPIOUOUS TWV hoYdptd-
uoV,

f(x)g(:v) — I (F@)7®) _ g(@)In(f(2))

Y

OTOTE €)Y OUUE TAVTOTE VA AVTIUETWTICOLYE TN HoppH 0 - oo.
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ITpw xhetcovye authv TNV Tapdypapo, Yo meénet va tovicouue ot o Ko-
vovag tou De I” Hospital etvar éva toyupdtato epyaheio yio tny elpeon oplwvy,
WOTOCO UTARYOLY TEPITTWOELS, T.Y. OF TMEQINTWOEIC PE EI(IXd, TOU TEETEL VoL
XATAPOYOLUE OTIC XAAGGIXEG UEDOOOUE, ool auTdG OE Bivel AUoT).

IMopaderypo 4.20 Na vrodoyioete to dpio

Va2 +1-+2z

lim :
=122 +1— Va2 +2

Abon TlpoomadwvTag, Twea, vo egapudcoupe Tov xavova tou De 1" Hospital
xatahfyouue oe adiéZodo, agol Vétovtac f(z) = Va2 +1 — V2x xa g(z) =
V2x +1— V1?2 + 2 éyoupe

fi@) _ V22 +1Va2 +2(Va? +1 - V)
9 (@) V2V +1(v22 +1—Va? +2)

[olamhactdlovToag GUmS, YE XUATIMNANAES TOQUOTAGELS AELIUNTY Xal TOROVOUO-
oTh Tafpvouue

f(x) _ (22 +1-22) (Va2 +1++2z +1) _ (Va2 +1+ 21+ 1) .

g(x)  Qr+1-22-2)(VaT+2+V22)  (Va2+2+v22) o1

4.10 AocVuntwteg

H ouuneptgopd evéc onueiov M(z,y) woc ouvdetnone y = f(z) yipw
ané évo onueio M(zg,yo) ToU mpaypatixol emnédou, dnh. evoc onueiou pe
GUVTETAYUEVES TEAYUATIXES, EUXOAA 1} DUOXOA UTOEEL, EV YEVEL, VA TEOGOLOPIGTEL
1 va xataotel yvwot. H cuunepipopd tou duwe 6to dreipo elvon xdtt mou dev
elvon edxoho va ametxoviotel. Exelvo mou, {owe, Yo pag €dve yio txdva oyetixnd
UE T1 CUUTEELPORA TOU Elvol TO %xaTd T6C0 10 oruelo uag TANoLdlel ota onueio
wag evdelag, apol 1 cuurepLpopd g eudeiag oTo dnelpo elvon YVWOTY.

Teewg xoatacTtdoelg elvor BUVATOV VoL EUPAVIGTONY YOl TIC CUVTETAYUEVES TOU
onueiov M(x,y):

1. Tox »>xp € Rxwy — o0
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2. Tox sooxxawy -y €R

3. To x — o0 xou y — oc.

Y1y mpoTy TEpitTwo, xong To & — T XAl Y — 00, 1) GLUVAETNOY| Hag Telvel
oty evdela x = g, YU auTd opiCouye

Opiopog 4.10.1 H evlefa x = x elvar kataxdpugn aoUuntwtn s ovvdptn-
ong f, av lim,_,,, f(x) = o0 1) —o0.

Yy nepintwon auty xoopiletar xon 1 TAeLpd and TNy omoio Thnotdlouy Ta
onuela TG ouvdpTnohc uag Ta onueia g evdelag, agol eival YVWoT6 TO TS
Telvel 10 & 070 xp. [Idavd onuela yia €eyyo eivon to onueior Tou undeviCouy
TOV TOROYOUIOTH Xt YEVIXS To onueiar ot onofor Bev opileTon 1 cuVdpTNOT).
[ tig dhheg duo nepintwoelg Yewpolue ) cuvdptnor tng eudelag y = ax + b
xou Yo TpooTadicouUE Vol TEOGDIOPIGOVUE TOUC GUVTEAECTEC @ ot b, 6Tay TO
bpto e draopds f () — ax — b telvel oTO UNdéy.

C}Lralo(f(x)—ax—b):O:>C}Lr£10x(@—a—g)zoégirg@:a,
mli_)rg)(f(x)—ax—b)zﬂéjirg(f(x)—ax):b.

‘Etot divouye tov enduevo oploud

Oplopog 4.10.2 H evlela y = ax + b elvar tAdyia aoUpuntwtn tng ovvdptn-
ong f, av lim, . @ = a ka1 lim, , (f(x) —ax) = b. Owar a = 0, tdte

lim, o f(x) = b ka1 n evleia Aéyetar opilévnia aoUpuntwn.

Ioagaderypa 4.21 Na Bpefolv o1 aoUuntwtes twy ovvaptioewy

B Si%,zséo _xr 42

Abon T tny mpwtn ouvdeTtnon 1o onueio © = 0 elvon onuelo Tou meénel va

TEOGEZOUYE Y1d XATAXORUPY AoUUTTOTN. Aol duwe €youye lim, o f(x) = 1,

OEV €YOLUE %ATOXOELYO acLUTTWTN. Elxoka xdnotog Beloxe
f(x) sin x sin

lim ——= = lim =0xu lim f(z)= lim

=0.
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a(x)

f(x)

Yyfua 4.28: Ov ouvapthoeic f(z) xon g(x)

‘Etol nevdela y = 0 eivan opllévtia acOUTTOT.
[t dedtepn ouvdptnon to onueio x = —1 eivar ornuelo 6mou dev opileTon 1
CLVAETNOT XL YU AUTO TEETEL VAL ECETAGOVUE Y10 XATAXOPUGT, AOUUTTWTY. Aol
éyoupe lim,_,o g(x) = oo, éyouue xoataxdpupn aoluntwtn Ty evdeia x = —1.
Eniong, ebxoha xdroog Peloxe

f(z) 7?42 —r+2

lim —= = lim =1xu lim f(z) — 2= lim
T—00 I z—v00 2 +x T—00 z—oo T — 1

—1.

‘Etol 1 evdeio y = 2 — 1 elvon mAdyto actuntotn. Ot Ypopixéc TopaoTdoels Twy
0O CUVOPTHOEWY UE TIC ACUUTTWTES TOUS QaivovTal oto Ny fua 4.28.

4.11 Kupteg xou x0IAEG CUVARTNOELG

H xoumuhodtnta otn ypapixnf) TopdoTacT tag cuvdptnong etvar €va dhho
YAEaXTNELOTIXG Tou EVOlaQEpeL. Eivar oTevd GUVOEDEUEVT) UE TNV EVVOLAL TNE XUE-
TG X XOIANG GUVAETNONS, EVVOLEC TOL Elval GTEVA GUVOEDEPEVES Ue T1) Vewpla
¢ Bedtiotonoinone. O mpwtoethg ortnthc elvor eoelwpévog Ye TNV €vvola
¢ xVpTOTNTAG antd To T'upvdcoto, agol and Tohd vwplc €yel axoloeL Yo xup-
Té€¢ yovieg, xuptd oyfuata x.At. Ta xuptd cOvoha €youy TNV BIOTATA OTL, AV
EVOOOUYE dUO 0TmoLadmoTe onueio Toug e Eva eudUypouuo TUHUA, OAOXANEO TO
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K*f(a)+(1-K)*

f(k*a+(1-k)*b)

a k*a+(1-k)*b b

Yyfua 4.29: H nopdotaon tne xupthc ouvdetnone f : [a,b] — R

Tuhua Beloxeton péoa oto oyfpa. Av 9 € (0, 1), 16t 0 ypapuxds cuvduacude
Yz + (1 — 9)xy exppdler xdde eowtepxd onueio tou evduypdupou TuRuaToC
zox1. (BN "Aoxnon 4.13).

Opwopde 4.11.1 H owvdptnon f : [a,b] — R, Aéue éu eivar kuptij oo [a, b]
av ya kdOe xo ka1 x1 oo [a,b] ka1 kdde ¥ € (0,1) wyla
Of(zo) + (1 = 9) f(z1) > f(Pzo + (1 = J)a1). (4.31)
H f kalefrar koidn, drav n —f elvar kvptn).
Edxola dtamotover xavelg 6Tt yio Ty xoihn cuvdeTnom 1 aviooTnTA Loy UeL

ue avtidetn gopd. O xupTOC CLUVBUUCUOS TWV Ty XAl T1 VoL TEOPAVAS EVal
ECWTEPINO ONUED T TWV TpZ; %ot Yog OiVEL

T — Xy

r=vrg+ (1 -V, &9 = (4.32)

T — Xg ’
Divetan, mAéoy, goavepd 6t 1 oyéorn (4.31), cuvduaopévrn e v (4.32), yac divet
f(@1) = f(xo)

1 — Zo

f(x) < fz) +9(f(21) — f(20)) = f(21) +

(x — zg).

H tehevtala, yewuetpind, Aéet 6Tt xdle onueio tne xounving Peloxeton xdtw and
™) yopedn AB, 6nou A(xo, f(x0)) xou B(xq, f(z1)). (Bh. Syhua 4.29).
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IMopdderypa 4.22 Na derytel du n owvdptnon f(x) = |z| elvar kupth.

Abor Ipdypatt yio xdde xp xar z1 10y le
fWzg+ (1 = 0)xy) = |[Yzo + (1 — )| < [Dzo| + [(1 —D)aq| =

V|wo| + (1 = D)|z1| = I f(w0) + (1 = D) f(21),

ool ot tocotnTeg ¥ xou 1 — ¥ elvon Yetixéc.

2

IMopdderypa 4.23 Na derytel du n ovvdptnon f(x) = x* elvar kupT.

Abor Tpdypatt yio xdlde xg xar 1 1oy Ve
Uf(zo) + (1 =) f(71) > f(P20 + (1 = F)71) &

Irg + (1 — 9zt > Wao + (1 —9)ay)? &
dag + (1 — )T > Pxp + (1 — 9)%2] + 29(1 — 9)apr; &
I(1 =) (20 — 21)* 20,
Tou oy VeL, agol J(1 — J)(xg — x1)? > 0.

Or xUpTég GLVRTYOEIC £Y0UYV DUO GTIOUBAIES WOLGTNTES, TIC omoleg Vo ava-
pépoupe Ywpelc anodelln. O gortnthc mou evOlapépeTal Yo UTOPOUCE VoL XOITALEL
oe Pifhia Madnuatxic Avéhvone my. ([2],[7]).

o Kde xupth ouvdptnon f optouévn o’ éva Sidotnua [a, b] eivar cuveyhc.
e T xde xupth ouvdptnon f opopévn o’ éva didotnua [a,b], oe xdde

oruelo TOU BACTARATOSC TNG, UTAEYOUV Ol TAEUPIXEC TORAYWYOL.

Ocwenua 4.11.2 Eotw n ovvdptnon f mov eivar opopérn kar mapaywyionun
oto sdotnua [a,b]" n f evar kupt) oto mapandvw GidoTnua, av kair udvov av
yia kdle © ka1 y pe x # y oo [a,b] wylea

fy) = flz)+ (y —2) f'(2). (4.33)
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Anodedy: Ou deilouye, apyxd, 6t av woyler 1 oyéon (4.33), n ouvdptnon
elvar xvpth. Eotw y xa z duo tuyaia onueia oto [a,b] xou x € (y, 2), ondte
="y + (1 —=19)zpe ¥ € (0,1). Apol wyler n oyéon (4.33), €youye

fly) > f@)+ @y —=2)f'(x) < 9f(y) >9f(x) +9(y —z)f'(2)
f(2) > f@)+(z—2)f'(z) & (1=9)f(2) > (1 =9)f(z) + (1 —9)(z—2)f ()
[TpocVétovtog xoutd p€hn TIC BUO TEOTNYOVUEVES €YOUUE
Of(y) + (1 =9)f(z) = Jf(x)+ (1 —-79)f(z)
+ [Wy+ (1—=19)z =z — (1 —9)z]f (x)
= f(a)+(x—-2)f'(z) = f(z) = f(Iy + (1 = 9)z).

Avtiotpdpng, Yewpolue topa Ott 1) f elvar xupth xat 2,y duo onueia oto [a, b]
ue x # y, to1e yioo xde ¥ € (0,1) Yo 1oy Vet

(A =9z +y) = flz) _ (A =9)f(z) +If(y) = f(z)
Y - v,
To mp&T0 YENOG TN TROTYOUUEVG OYECTC AVAOLUTACGOUEVO UG OiVEL

f(1 =)z +Jy) — f(=) :(y_x)f($+19(y—x))—f($)
9 Iy — x) ’

= f(y) — f(2).

OTOTE TPOXVTTEL 1) EXOUEVT AVIOOTNTA

fle+9y — =) — flz)

95— ) < fy) = f(x).

(y — )

H tehevtaio ye ¥ — 0 odiver
(y—2)f' () < fly) = f(2) & fy) > f(@) + (y — 2) f(2),

mou eivon 1 {nTovuevT). O

Avo oTUOVTIXES, DIAPORETIXES YEWUETPIXEC TPOCEYYIoES Unopoly va yi-
YOUV GTO TEONYOUNEVO Ocwpmnua.

o H mpotn ebvar 1 e€ric: Kde onuelo tne xaunving Peloxeton mdvew and
OTOLUDHTOTE EQUTTOUEVT TNC.
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Yyfuo 4.30: H epunveia tou Oswprjuotog 4.11.2.

o T tn delrtepn ypetdleton wa wxet| Tpomonoinon e oyéorne (4.33). Av
y > x pog divet

1) 2 1@+ -0 @) & L0 S
eve av Yy < x, Taipvouue
1) 2 @) + - o) & I <y )

Exeivo mou yivetar, topa, @avepd etvor 61t 1) xhion onotaodrhrote yopdric
NG XxAUTUANG efvar peyokltepn and TV xAlon TN eQanTouévng Tne, 6To
APLOTEPS TNG dxEO, XL IXEOTEEY) Amd TNV XAIGT) TNG EQPATTOPEVNS TG, OTO
0e€Lo NG dxpEO.

To magandve gatvovtor tapactatixd oto Xyhua 4.30.

"Hom €yer gavel 6Tt n xupTdTNnTa TG YRaPIXHC TAEdGTACTS TNG CUVALTNOTS
€yel otevh oyéon pe v topdywyo autrc. To enduevo Oewpnua emPBeBaimver
ToU AGyou To aAnUEc.

Ocwenua 4.11.3 Eotw n ovvdptnon f mov eivar opopérn kar mapaywyionun
oto oidotnua [a,b] n f evar kuptr} oto tapardvew Sidotnua, av kai udvov av
n f' etvar avéovoa o’ avtd.
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Yyrua 4.31: H epunvela g anddelne tou Oewpruatog 4.11.3.

Anodeldn: Ocewpolue apyixd ot 1 f elvon xvpth. Eotw tdpa x xar y duo
onueiot Tou [a,b] ye © < y. And 1o mponyoluevo Oewpenua 4.11.2 xou Broitepa
and T oyéoec (4.34) xou (4.35) maipvoupe

fly) = ) _ f@) = fy)

fla) <« FEZRE = B2 < ),

Avuotpdgue, av 1 f eivor abZouoa xar z, y duo onueia tou [a, b] pe = < y, tote,
anéd 10 Oeodpnua 4.8.6 (Oedpnua tou Lagrange) xou to yeyovog ot 1 f' elvan
avgouoa, Yo undpyel xdmoto ornueio § ue x < { <y, €10l WOTE

! ! - x !
) < e = LW =10 g
y—x
To eud0) xon To avtiotpogo anewoviCovtoar 6to Lyfua 4.31. O

Ané 10 Oewpnua 4.8.9 npoxtntet 61t 1 f' alouca tooduvoyel pe tn f”
Vetr), und v tpolnddeon 6t 1 f napaywyileton. Etor, aflacta, mpoxintel
70 enoyevo Ilépioya.

Ilépiopa 4.11.4 Eotw n ovvdptnon f mov efvar opiouévn kar dvo gopég ma-
paywyloiun oo didotnua [a,b]® n f evar kupt oto mapandve Sidotnua, av
ka1 povov av n f" etvar Oetiny o’ avto.
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‘Oca mpoavagépaue Yo TIc XUPTES CUVILTNOELC Loy UoLY XaTdAAnha TEo-
odpuoouéva xat vl Ti¢ xolhec. 'Etol, oto mponyoluevo moplopa pe TiC (OlEg
npotnoVéoelc n f’ < 0 wooduvauet ue xolhn cuvdptnon x.An. AZilet va Ttovi-
OOUUE OTL To oTueio 6To onoto Ut uvdpTNoN f aAAdlel xaumUAGTYTA, BNA. omod
xueTh yiveton xofhn B and xothn xvpth, Aéyetou «onueio xapmhicn (o.x.). ¢
miavd onueia xaunhg EAEYYOUPE To oTela oTa omola undeviCeTon 1 1, EQPOCOV

undpyet 1 6ev opileton v f' (my. fL# fL).

Ioagaderypo 4.24 Na Bpefolv ta onueia kaunns kai va peAetniel wg mpog Tny
KaumuAdtnTa, onA. mote efvar Kuptr) kai mote Koidn, n ovvdptnon

sinz, x€ (=, =]
T

f(x) = { sin ( — ),

3

Abom H deltepn nopdywyog tne cuvdptnorg eivor

v —sinz, x € (—%’r, 27)
filw) = { Csin(z—T), e (% 2m)
Y10 onuelo zy = 2?” auTy| Bev opiletan, agol dev oplleTon 1) TEWTN TAUEdYWYOC

oto onueio autd. Ipdypatt xdnotog evxoha unopel va urmoloyioet (va Bpevet!)
o1t ) L1
T
fE==5#5
3 2 2
Eniong, f"(x) = 0 poc diver to onpeia 27 = 0 xa z9 = %’T, T omolar efvan xplotua
ornuela yio onueta xaunrc. H perétn tou mpooruou tng Seltepng Tagoywyou xa
NG XOPTVAGTNTAC TG GLVAPTNONG QYAUIVETOL GTOV TAUPAUXATO Thvoxa:

= 1),

27 27 A7
T =5 0 3 3
" — 0 + I + 0

f TN TN

2T

EVQ 1) YPUPIXY| TopdoTaoT auTrc diveton 6to Lyfuo 4.32.

ITpw xAeloouye TNy Tapdypapo auth, Yo dOcouUE Eva Oempnua avticToyo
Tou Oewpruatog 4.8.3, 6mou 1 Unapln onueiov xaunhc eCacpaiiletar and T
YOO TS TIRS TNS Topay@you uhnhotepng Tdéng.
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Yyfua 4.32: H ypagud napdotact tne f tou nopadetyuatog (4.24).

Oewenua 4.11.5 Av ya e ovvdptnon f opwouévn oto idotnua [a,b], o
2n + 1 mapdywyor Tng f undpyovr kai €ivar ouveyel§ kai emimAéoy

f(@o) = f"(wo) =+ = f(Qn)(xo) = 0 xai f(2n+1)(150) #0 pen > 1,

TOTE 0TO Ty €YOUHE ONUEID KAUTTS.

Anédegn: Avanticoovtag v f oe oepd Taylor yipw ané to onueio xg
€Y OUUE

_ / (x — xo)" (k) (z — ) (2k+1)
f(w) = f(wo) + (z—0) f'(wo) + kz ) ey )
N Br >
‘Eto, av f+D(24) > 0, n tocéTnToL % 0e1d Tou xg elvar VeTxy), onOTE

f(z) = fzo) + (. —z0) f'(x0) > 0 x0n n f eivar xvpt (and 10 Oedpnua 4.11.2),
ah?

% elvow apvnTied xou 1) f etvan xoldn. Xu-

VETOC, 0T0 To AAAGCEL 1 povotovia. TTapduola cupPBaivouy, av f(2k+1)($(]) <0.0

EVE APLOTERY TOU T 1) TOGOTNTA



MAOHMATIKA I 151
4.12 H Melétn tng ocuvdptnong

Yuyxevtpwvovtag Oha doa avagpépaue u€y et Twpa Yo umopolcauE, YeEVIxd,
VoL TOOUE OTL YIo VoL HEAETHOOUUE Uiol GUVAPTNOY) UTORPOVUE 1) TEEREL VAL XAVOUUE
TIC EMOUEVEC EVERYELEC!

e Bpioxouue o medio optopol g f xon e€eTdlOVUE TNV TEPLOOIXOTNTA Xl
TIc ouupeTpieg (dpTo-TEPITTH) AUTAS, EPOCOV ElVOL EPIXTO.

e Evtoniloupe doa yapoxtnplotind onueia tne cuvdptnone (onueia Topnc ye
TOUG GZOVES) UTOpOUE.

o EZetdlouye Tn ouvEyEl auTAC oTa BlaoTHaTa Tou opileTor, divovTag Tpo-
COY1} OTAL dxpd AUTWV.

e Bploxouye Ti¢ acUUTTWTES AUTAHG, AV UTERY OLV.

e Bpioxouue v napdywyo authc xou ye tn BorRield tng pehetolue 11 Yovo-
Tovia xou evtorniCoupe o axpoTaTo e€eTALOVTAC TN CUVAETNOT 0T Xplotd
oruela Tre.

e Bploxouye tn deltepn mapdywyo f”, av undpyet, xou ye ) Pornded tne
UEAETOVUE TNV XAUTUAOTNTS TNg %ot evToniCoupe Tor onuela xounic eEETd-
Lovtag T cuvdptnon ota xpiowo onueio tne f.

IMopdderypo 4.25 Na pedetniel n ovvdptnon
_ [l 2 #0
ro={ 50

Abom Q¢ medlo opiouol g cuvdptnong Yewpolye 10 R, agol auth opileta
TovToU Yoo 67 aUTO. MUUUETOIES X0l TEPLOOLXOTNTES OEV UTGOYOLUY %Ol WE EX
To0tou Yo pehethoouue Ty f(x) we mpog t ouvéyeta. H ouvdptnon uropel va
Yeape! we |z|” zinfzl ye x € (—00,0) U (0,00). Etot, unopodue va dolue
6T auth eivon ouveyric xau oto (—oo,0) xot oto (0,00). H f eivon ouveyrc oto
onuelo xg = 1, 6oL TEAYUAUTL EYOUUE

= €

:}JI_I)I(I) |f17|$ — ii—r)%exln|m| — elimm_,oxln\x\ — 60 -1 = f(O),
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apol madpvovtac unddm yag T oyéon (4.6) unopolue va Bpolue

1 In |z|)’ p
lim z In |z| = lim n1|a:| = lim (n1|a:|) = lim % = limz = 0.
z—0 z—0 p z—0 (5)’ z—0 - z—0

O opildvtiog dovag elvon AcOUTTWTY TS XAUTUANG UG, Aol EUXORA TEOXUTTEL
6t limy o |2]" = 0, eved TAGyLeEC eV UTdE)OUV.

H nopdywyoc ota Stwothuata tne ouvéyelde tne eivan f'(x) = (|z|*) =
|z|*(In |z| + 1), eved o010 onueio zg = 0 €youue

el 1 [ (In || + 1)

! = LS — b - —
=i = >
Me f/(z) =0 < In|z| = -1 & |z| = e7'. To xplowa onpeto, lotwdy, etvor
29 =0, 1y = —1/e, x5 = 1/e. To TEOOTUO TN Tapay®You e€apTdtal and 1o

mpbonuo tne nocdTntoc In |z| + 1, agot |z|* > 0. ‘Etot, npoxinter o mopaxdtw
Tivaxag, 6Tou QuivoyTol ToL TOTIXE UEYIOTA, EAGYLOTA XAl 1) LOVOTOVIA.

00 —1/e 0 1/e 00

NN

['a ) Seltepn napdywyo €youye 6Tt 010 onueio x9 = 0 autr dev opileTar xou
¢ ex T00TOL T0 onpeio autod elvar xpictpo ornuelo. Xta SLAGTHUATA 0PLOUOY TNG
éyoupe 6t f(z) = |z[*[(In]z| + 1)* 4+ 1]. Ebvor gavepd o f”(x) > 0,Vz > 0,
eved Yo ¢ < 0, ool |z* > 0, Yewpolye tn ouvdptnon g(z) = (In(—z) +
1)% + T xau evxoha umopodye v amodelfouye (1 omdderln pével yio doxnon) ot
€yel wovadur pila Ty T 23 = —1. Etol, ynopolue va dnuiougyioouue Tov
ToEUXATR TV, GTOV OTol0 QAiVETOL 1) XAUTUAGTNTA AUTAS.

T 00 —1 0 00
[ (@) + 0 — I +
f(x) ., Ox T ox

H ypaguh e mogdotacT galvetar oto Ny fhua 4.33.



MAOGHMATIKA I 153

T 1
-1/e o} 1/e

Yyfua 4.33: H ypogwt| tapdotaon e f(z) = |z|*.
Aoxnoeig

’ / Vé V4 /. /7 /
Aoxnon 4.1 Acilre 6n, av jna ovvdptnon dev eivar ovveyns oto onpeio xg,
tdte dev mapaywyiletar o’ auTo.

‘Aoxnomn 4.2 Eéetdote ws mpog T owvéyela kai Ty tapaydyion oto onueio 0
™ ourdpTnon

Jr+1, >0
fz) = 0, z=0

Jr—1, <0

‘Aoxnomn 4.3 Aciére 6n, av dvo ouvrvaptijoes tapaywyilovtar n Qopés, ToTe 1-
oxve

1) (f-9)"=fg"+2f'g+f"9, 2)(f-9)® = f-gD+3fg"+3f"g+fg.

(Mnrws pavtedete o yevikd timo;)

‘Aocxnomn 4.4 Na Bpefolv o1 mapdywyor twv TemAeyuévwr ouvvaptioewy
1)3"=3=3""Y 2 z4+y=In(x+y), pex+y >0,

3) Va2 +y2 = ey, pey # 0.
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‘Aoxnor 4.5 Bpeite to dagopixd twv f(r) = cosz kar f(x) =sinz. Na ypn-
oporomBotv, ya va Bpelel (na tpoocyyionikn tun yia ta a)cos g5 f)sin 0.0012.

"Acxnon 4.6 Na Bpeolv pe duvapooepés ta € kai cosz + isinz, drov i =
V—1. Na ovykpioiv.

‘Aoxnomn 4.7 Aciére én1 01 napaxdrw ouvvaptrioes dapépovy katd otalepd, a-
@ov pddta evtomioete to kowd medio opiopov Tous (a # 0).

1) fi(z) = Largtanh 2 %) gi1(z) = argsinh 2
fo(z) = 5 In 442 ga(x) = Injz + Va? — a?|

a—2x

4 7 /7 7 7 7 7
Aoxnom 4.8 Eva kouudri olpua képetar o€ dvo koupdnia ka1 kataokevdloviie
éva tetpdywro k1 évav kUkAo. Bpeite o€ moio onueio tov tpémel va komel o olppua,
wote to dipooja twy €upaddy twr dvo oxnudtwy va eivar éyoro.

‘Aoxnon 4.9 Yo timkavé oxripa o tapatnpntis (1)
Tpénel va Tdel TO TUVTOUOTEPO OUYATO OTO
tapatnpntipo, €vtés tng Alpvns (X). Yo
édagog o mapatnpntis Tpéyel e tayvTnTa
6Km/h, evdd otn Auvn pe tn uon. Na
BpeVet, ypnoyonoiwrtas tn pédodo tng oi- . L
xotounons n oéroo dAdo tpdmo UéAete, to V
onueio (M), av elvar yvwotd étt IIA=100m,

YB=60m ka1 AB=200m.

=

‘Aoxnon 4.10 X’ éva kvhwvopiké doyeio aktivag R = 10cm, o€ vypd 1kavot
Uhous h puddooovtar 10° udpia ogaipikot opyarionot axtivag r = 0.0lem. Na
Bpelei 0 pvOuds petaforns tng aktivas twy opyaviopuwy, av to Uihog tns otdiung
Tou UypoU avePaivel ue tayvtnta 0.2em/sec.

‘Aoxnon 4.11 Ocwpdrtag 6T1 To wpiaio kK6TTo§ €V6§ TkdPous, ToU Kiveltal e
otalepn) tayvTnra, divetar and tov timo a + bv™, n > 1, énov a kai b otalepés,
va Ppedel n tayUtnta mov mpénel va Kiveltal, auvto dote va éOoUrE To eAdY10TO
Kk60TOg.
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‘Aoxnor 4.12 Na Bpedel to opfoydvio (e TAeupés mapdAAnAes tpos tous déo-
V), pe To péyioto €uPadov, mov €yypdgetar otny éAewhn

22

) + 2= 1.

‘Aoxnom 4.13 Av ¥ € (0,1), va deryOel 61 o ypapuikés ovvovaouds Yy +
(1 — D)y exgpdla kdbe eowtepiké onueio tov eviuypdupov THANATos o,
a)rg,x1 € R B)rg, 11 € R?.
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Aopioto ONoxAnpwpa

5.1 Tevix&

To avtictpogo medBAnua Tng tapaynylong etvan 1 ohoxhhewor. Oloxir-
ewo™ OnA. etvar 1 Srodtxaoio, ue Ty omola, 6tay pag divetar Ya GUVETNOT), €-
ueic Beloxoupe and mowa cuvdpTtnon tponhde auTh Ye TapaywytoT. AlagopeTixd,
otav yvwpilouue 1o pulud petofolrc utag cuvdpetnone Peloxoude T cuvdpTnoN
otnv omola avtuistoryel. To mAfdog Twv TeayuaTX®OY TEOBANUATOY GTIG OLdpo-
eeC emOTAUES elvan axpBwe autod Tou eidouc. ['vopilouue 1o puIUS peTafolfc
WG GUYEPTNONG xou Oyl TV Bar T cuvdpTnon 1 yvweilouye pa oyéorn mou
OUVOEEL TN GLVAETNOT UE TO PUIUG YeTaBoATC auTrC xou hdyvouue vo feolue
ouvdptnoT. Xe avtideon pe 1o TEOBANU TNE TUPAYDYLOTS TO TEOBANUA NG OAO-
xMpwong elvar ueydho xar tohimAoxo. 201660, GYeTIXd Ye TO TEOBANUL AUTO,
€youv yiver mhpa TOAAL péypt orucpa xot G €val PeYdAo aprdud TEoBAnudTeY
yeL dovel Moo

5.2 Opiopol %o oTOLYELDON OAOXANPOUATA

Opwopodc 5.2.1 FEoww n owvdptnon f pe Ay C R av vrdpyer pna dAAn ov-
viptnon F, dote ya kdle v oto Ay va 1wyvel

Fl(z) = f(x) 1 dF(z) = f(r)de, (5.1)

téte n ovvdptnon F' ovopdletar apyixn g f.

Y10 Oewpnua 4.8.8 eidoye 6T, av dUO CUVIPTHOEIC DLAPEPOUY XUTH OTO-
Vepd, €youy Tic {Bleg mapaywyous. Autd onualvel 6Tt wa cuvdpTnor utopel va

157
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€yel TOMNEG apyLxég cuVapTHOELS ) xohlTepa, av F' etvar wia apyxr g f tote
10 GUVORO TV apyx®V auThc divetar and tov tino F(z) + C.

Ogtopodc 5.2.2 Eoww novvdptnon f ue Ay C R av n ovvdptnon F efvar pua
apyikn tns f, tére n yevikn popen F(x) + C ovoudletar adpioto oAokAripwpia
S f kar ovpforiletar

/f(x)dx =F(x)+C. (5.2)

Q¢ dueoec ouvénetee Tou optopol xor Tou Yeyovotog ot F'(x) = f(x) éyoupe
TIC €CHC OTOLYELWMOELS LOLOTNTES:

o [f(x)de = [F'(z)dx= [dF(z)=F(x)+C.
& [ f(w)dr = F'(z) = f().
o d[ f(z)dx = F'(z)dx = f(z)dx.
Oa UnopoloE, (oW, XYoL VoL TAPATNENOEL OTL Ot HUO TEALEIC, TNG TARAYWYIONS
xou NG ohoxhpwong, elval xatd xdmoto Tpono avtiotpoges, e e€aipeot fowe
10 otadepd Tpocvetéo C. AT TIC OTOLYEIWOELS WOIOTNTEC TNC OAOXATPWOTS %ol

TN YVOOY) HAG OYETXY PE TIC TUPAYDYOUS, UTOPOVUUE VO €Y OUNE TOV TURAUXUTW
Tivaxo 0hoxARpwong, YE TN cupguvia 6Tt oL cuvapTHoElC opilovTal.

['veyotd ohoxAnpewuota ['veyotd ohoxinpwuata

f0d$_0 fcosl2$d37:tan$—|—c
fa:“dx—aH 2 4 Ca+# —1 [e'dz ="+ C
[ldz =In|z|+C [a*de =& +C

[ coszdr =sinz + C [ sinhzdx = coshz + C

[sinzdz = —cosz + C [ coshazdz = sinhz + C

[ (1+ tan*z)dz = tanz + C fmqh2 dxr = tanhz + C

lewueTpxd, 10 adEloTo OMOXAIPWUA EXPEALEL U0l HOVOTUQUUETEIXT| OIXO-
YEVEL XAUTUA®Y, ONA. TO A0ELoTO OAOXApwHo OEV efvon utor xaUmOAT oAAd Eva
TA00¢ xaumOAWY, TopdAAN ALY YeTadh TOuS, OTwS Qaivetal 0To Ly hua 5.34.
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0,0)

Yyfua 5.34: Adpioto ohoxhipwuo: Mia yovomapaueTteiny| otxoyévela XoaumiAwy

Av anoutoouye 1 xodnOn va epvd and ouyxexptuévo onueio M (zg, yo),
t67€ 1) otadepd C' mpocdopileTan xon 1) xoumOAY opileTon TAHEWC.

IMoagdderypo 5.1 Ilpoodiopiote Tnr kaumiAn, n omoia d1épyetar and to onpieio
M(1,2) ka1 éyer pvdud petaforns 3z — 2z + 1.

Abon
/ (32> — 2z + 1)dz = / (2% — 2° + 2)'dw = /d(zB—z2+z) = 2*—a2’+a+C.

Agol 1 xaunOhn diépyeton and to onueio M(1,2), éyouue

2=1P-1’4+1+C<=C=1.

5.3 Idwotnteg tou OAoxAnpwUATOg

A6 TIC OTOLYEIOOEIC WOLOTNTEC TOU OMOXANEOUIATOS TEOXUTTOUY EUXOAA
TEGOERIC PACIXEC WOLOTNTEC TOU OMOXATIOWUATOC, TG 0Toleg cuvodhilouue UTO pop-

@1y OwphuaTog.
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Ochpnua 5.3.1 Av dvo ouvaptiioes f ka1 g eivar odokAnpdoyues o’ éva Oid-
otnua A ka1 F' n apyxixn s f, tote oy ver

/)\f(z)d:v = )\/f(x)dx, A#£0 (5.3)
/(f(x)+g(x))dx:/f(x)dx+/g(x)dx (5.4)
/f'(fﬂ)g(fﬂ)de:f(I)g(I) —/f(x)g'(fﬂ)dfﬂ (5.5)

/ g(2)df(x) = f()g(x) - / f(x)dg(x)
/ F(9(2))g (x)dz = / fo(@)dg(x) = Flg@) +C.  (5.6)

Exeivo, owg, mou Va énpene va nopatnericouue eivon 61t 10 A # 0 otny
(5.3) Tou mponyolpevou Oewphiuatoc eivor ouctddes, agol yia A = 0 dev toylet,
eve TV (5.5) v cuvavtdue otn Pifhoypagio we ohoxAhipwon xatd napdyovTES.

Ioagdderypa 5.2 Na vrodoyotoly ta oAokAnpauata:
1
1)/(2:55 + 32% — x)dx, 2)/(\/54— Vr)dz, 3)/(cosx— T)dx
x

Adbon

2)/(\/E+€/:E)dz:/x%dz+/x%dz:%+T+C:§z5+%z§+0,
2 3

1 ; > ;
3) / (cosx — T)dx = /cosxdx—/x%ix = sinx—xT+C’ = sinz—2x2+C.
1‘ =

2

Ioagaderypa 5.3 Eniong ta olokAnpdpata:

1)/xcosxd:ﬁ, 2)/6mCOSl‘d$, 3)/lnxd:ﬁ.
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Abon
1) /xcos xdr = /x(sin x)'dr = zsinx — /sin x(x) de =

rsinx — /sinxdaj =xsinx —cosx + C,

2) /e‘” cos xdx = / (€*) cosxdr = " cosx — / (cosz)'e®dx =

e’ cosx + / sinz(e”)'dx = e cosx + e"sinz — / (sinz)e’dx =

e’ cosx + e’ sinx — /cos ze'dr & 2 / e’ cosxdr = e® cosx + e sinw,
4 x 1 x T L3
onéte [ €’ cosadr = 5(6 cosx +e"sinz) + C

1
3)/lnxda:::Elnz—/a:dlna::xlnx—/z—dz:zlnm—z+0.
x

IMogdderypo 5.4 Emions ta olokAnpdpara:

Inz T
1 —d dz.
)/(ax+b / . /1—2x2x

Avor Ouyilouye Tic W6TNTES TOL Sraoptxol d(ax) = adx xa d(x +b) = du.

1)/(;3dz:1/(%d(az+b):—;+0.

ar +b) a) (ax+0b) 2a(azx + b)?

2
/ln—xdx—/ln:vdln:v: (Inz) + C.

2

z 1 1 1
) [ —L dr=—= [ — 41— 22%) = —=In|1 — 222 + C.
)/1—2:523“" 2/1—2:52( v) =gl =2+
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5.4 Teyvixéc ohoxArpwong

"Hom, €yer avagepel 6TL 1) ohoxhfpwor etvor €va 80ox0ho TEOBANUL GTA
Modnpotixd xon UIMGTA UEQIXA OAOXANEMUATA, OXOUY) XUl OTADY EXPEACEWY,
0V 0ptoUV GTOLYELOOELS GUVIPTAGELS Xol EiVal adUVATO VOL AVTIUETWTIGTOVY UE -
TAG TpOT0, OTIWC YL TORADELY UL wfe*""’de, i %dm, i ﬁdm i Si%dx, i “Edx
x.o. ([8]). Lt ouvéyewa, Va 50000V 0ploPéves TEYVIXES Yol TNV AVTIUETOTLON
TOU TPOBAAUATOS, OUWS OE PLA0BOZ0VUE Vo ECAVTAHCOUNE OAES TIC TEQITTAOELC.
[Ma mAéov eWdIxéc TEPITTWOELS 0 avayvwotng Yo meénet va avalntroet Boriela
o€ TEPIoCHTERO EWIXS ouyypedupata ot BiBhoypapia m.y. ([2],[8],[5]).

5.4.1  AMoyh petaBAnTAc

Ocwpolye Tt ouvdptnot f : Ay — R xou éotw wo cuvdptnon ¢ : I — Ay
UE oLVEYT TEMTY Tapdywyo xot Tétowa Wote ¢ (1) # 0 v xdde t € 1.
Av Yéooupe x = ¢(t), t6te avtl tou ohoxhnpapatoc [ f(x)dr mpoxinter to
oloxhpwua
[ remsa,

10 omolo TOAES Qopég elvan To EUXOAO GTOV LTOAOYIOUS TOU AT’ §,TL TO UEPYXO.
Aol 1 cuvdptnon ¢ emAEYTIXE €TOL HOTE VoL UTAPYEL 1 AVTIOTEOPY) NG, TOTE,
av ®(t) wa napdyousa g TeonyoluEVNS, Va toy Ve

/ﬂ@wz/ﬂﬂmd@ﬁzﬂW%m+G (5.7)

Q07600 0TV TEIEY UEPIXES Popéc VEwPOUUE T GUVARTNOT o1 xa GTY) GUVEYELL
Beloxouue 1N ¢.

IMopdderypa 5.5 Na Bpedel to ookArpopa [ xv/2x + 3dz.

Avorn Oétoviag t = 22+ 3, t > 0 nodpvouye = (2 — 3), ondte dx = tdt
XU €Y OUYE:

1, 1 A 5 1t 3¢
TV 2z + 3dx = 5(t —3)ttdt:§ (t* — 3t )dt:i(g—?)juc
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- L (Var ) - (VarTe) O

To mowo petacynuatioud Jo yenotuonoliooupe eivan Bactxd Véua eunetplag xou
eCowelwong ye Ty ohoxhfipwor. (261600, OploUévol YeTaoy nuatiopol eivar xha-
oxol xou 0TV TpooTdled pag OEV TOUG Ay VOOUUE, Y’ auTd Toug OlVouuE GTov

€MOUEVO Tivaxa:

‘ ToPAGTAOT, H UETUOY NUATIONOS H

OLopopInd

Ioagdderypa 5.6 Na vmodoyotoly ta odokAnpauata:

D[ ratn 2 [ e 3 [
a2+ a2 JE—2 " 2

1+ 22 x = tanf dx = (1 + tan? 6)df
a’ + r =atand dz = a(1 + tan®6)df
V1+ a2 x = tan6 dz = (1 + tan? 6)d6
Va? + a2 T =atand dz = a(1 + tan® 6)df (5.8)
V1— a2 x =siné dzx = cos 0d6
Va2 — z? T =asinf dx = a cos 0d0
VS N T R [
Noer A IR S MR

Abom 1) Ané Tov mivoxa (5.8) ¥étoupe © = atand xu dz = a(1 + tan?6)do,

OTOTE €)OUNE

1
/a2+m2dm_/a2(

1 + tan?0)

1 1
a(1+tan? 0)do = = /dH S

a a

1 x
—arctan —+C
a a

I18At and tov mivaxa (5.8) Vétouye = = asiné xa dr = a cos 0df, ondte éyoupe

1 1 1
2) | ——=dz = 7acos0d9:/—
)/\/GQ—x2 /a\/l_SjHQQ cos 6

Eriong, ané tov mivaxa (5.8) 9étovye © = =% xau dz = =258, onde éxoupe
1 1 —acosf 1 1 a

3) | ———=dx = df = —— | df = —— arcsin —+C.

)/xvx?—aQ /CLL cos:zﬂ sin20 Cl/ a x

sin 6 sin? 6

cos 0d0 = /d9 = arcsin §+C
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Me a = 1 ot duo mpwteg elvar avaevoueVeS, agol xdmotog mou Yugdtar T
TOPAYWYOUS TV XUXAOUETOIXWY CUVIRTHCE®Y OO TO TEOTYOUUEVO XEQIANLO
Yo umopoUce Vo TI TAPEL AUECAL.

IMopathenon 5.4.1 Kdnoeg popés, ovov nivaka (5.8), e€vnnpetel avti twy sin §
kai cos 0 va Oérovue sinh 6 ka1 cosh 6 tpororowdvtag katdAAnAa ta dagopikd.
5.4.2 OAOXAMPOUATA TELYWVOUETEIXWY CUVAQTHOEWY

Mot ueydhn xatnyopla OAOXATPOUATWY EVOL AUTH TNE 0 OAOXAHIPWCNE TWY
TRLYWVOUETRIXWY CUVIRTACEWY. X aut Yo Tpénet xdmotog va €yel uToYN Tou T

TOLYWVOUETPIXEG TAUTHTNTES TNG Topaypdpou (3.6.4). ©a ddhooupe Tig OLdpopeg
UeB600US LT LOPPTY TAUPABELYUATOY X O POITNTAC a¢ TEOGEEEL T1) uedodohoyia.

IMoapdderypa 5.7 Na vrodoyiofolv ta odokAnpdpata:

1) / sin” x cos zdz, 2) / cos” x sin zdz.

Abon Eyovtag unodn 6t dsinz = cos zdx, Talpvouye

sin”t! g
. . . n+#—1
1) /sm”xcos rdr = /sm” zdsinr = { n¥l 7

In|sinz|, n = -1

Avtictorya evepyolue yia to 2). (Na yiver w¢ doxnon.)
IMogdderypa 5.8 Na vrodoyiofoly ta odokAnpdpata:

1)/tanzdw, 2)/tan2 xdx, 3)/tan"a¢da¢ 2<neNlN

sinzx
Ccos T

s 1
/tanxd:ﬁ:/ mzdx:_/ dcosx = —In|cosz| + C.
CoS T cos T

Avom 1) And Ty Yveot tautétnta tanx = €y oupe
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2) IpooVagarpdvtac o 1, naipvouye
/tan2xdx = / (1+tan*z — 1)dz = tanx — 2 + C.

3) Hol\éc gopéc, oty mpoondetd pac va Bpolue xdmota ohoxhnpoduata S1-
WOVEYOUUE avay®YIxolg TUTOUS, OTWS OTNY TEPITTWOT TOU TOEA DLompory ho-
TEUOUAOTE.

/tan" xdr = /tan"‘2 rtan® xdr = /tan"‘2 z(1+tan’z — 1)dx =

tan" ! x
/tan”2 7 (1 +tan®z)dr — [ tan" *adr = 1 /tan"2 xdx.
N— n—

dtanz
Eivar @avepd 6tt, Ue tov avaywyixd tOmo mou dnuovpyrioaue, do mnyaivouue
TEO¢ TA oW, YEWWVOVTAS ToV eXVETN xatd 600 xdie @opd, xon Vo xataAEOUYE
 oto 1), av 10 n eivor mepLTTo 1 010 2), av auth eivar dpTto.

Ioagaderypa 5.9 Na vrodoyiofolv ta odokAnpduata:

1 1
1)/sin2"+1 xdz, 2)/(:os2"Jrl xdz, 3)/de, 4)/ —5—dx
cos*" x s x

Abom Ieprttéc SUVAPELS TOU TUITOVOU Xl GUVIUITOVOU OAOXATROVOVTOL GYETIXA
APAIN

1) /SinQ"J“1 xdx = /sin%xsinxdm = —/sin2” xdcosz = —/(1 — cos® z)"d cos .

To Teheutaio, duwe, elvar oloxAfipwud TOAUGYOUOU, apol auTé UTOEEl v a-
vantuyVel we dwvupo tou Newton oe dpoug Tou cos? r. Hogduota w0 2). (Na
Yiver w¢ doxnon.)

Atyo mo dUoxola eivar tar TEdypaTal 0ToL GAAAL BUO OAOXATPOUATA'  GTO

/ 2 02
TEMTO an’ aUTA TafpVouUe UTOYT pag 6Tt 608121, = Cf):;s;n Z —1+tan’z. 'Etol
€Y OUUE

1 1 1
= — 1 2\n—1 )
3) / cos2n :de / cos2(n=1) g cos? xdflf / ( + tan ) dtanx
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‘Orwe ot ponyolueva, To Tekeutaio eivar 0AoXARPWHN TOAUWYLHOL, apo) AUTO
umopet va avamtuydel we diwvugo tou Newton oe dpoug ng tan®z. Yto do
1 1+tan2z

Talpvoupe Lo pog OTL r = tan?n Etot €youpe

1 1+ tan? z\» 1 4 tan?z\7=1(1 + tan?
4)/‘% dx:/( +a2n x) dx:/( +3;n LE) (+a2n z)dx:
sin“" x tan® x tan” x tan” x

1+ tan®z\n-1 1 1 n—=1 1]
dtanz = (1+ ) dtan .
/ ( tan®x ) tan® x / tan® x tan® x

To teheutaio uropel va avamtuyvel we diwyuuo tou Newton e 6pouc Tou an%
xo €UXONA, TAEOY, VAL TO UTOMOYIGOUYE.

Ioagaderypa 5.10 Na vrodoyiotoly ta odokAnpduata:
1)/(:082 xdx, 2)/sin2 xdx, 3)/(:082xsin2 xdx.
Abom T Tig dpTieg BUVAPEIS TV NUTOVWY X0l CUVNUITOVWY YETOWLOTOI0UUE

Toug TOnoug sin® z = (1 — cos 2z) %ot cos® z = (1 + cos 2z).

1 11 1
1) /cos2 xdr = / 5(1 + cos 2z)dx = 33 / (14 cos2x)d2z = Z(2x+sin 22)+C

1 11
2)/sin2xdx = / 2(1 —cos2zx)dr = 22/(1 — cos 2z)d2x = ~ (2z—sin 2z)+C

1
4
3)/(:082:Esin2 xdx = /cosza:(l — cos’ x)dr = /cos xdx — /cos xdx =
1 . 1 2
Z(2x+sm2x) — / (5(1 +cos2x)) dr = - - - =

1
— —sindx + C.

. 3 1 . 1 .
(2x+s1n2x)—<§x+—sm2x+—sm4x>+0—g 3

1
4 4 32

Ioagaderypo 5.11 Na vrokoyiofotv ta o OAokAnpauata:

1) /sin Adrsinbxdr, 2) /COS 4z cos badzr, 3) /sin 4z cos bxd.
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Abon TNo ) hon Yo ypnotonoticoupe oYeTX00¢ TOTOUS amd TNV TuEdYEApO
(3.6.4). Oa Bpolye 10 TEdTO OhoXAApLUL Xt To UTOROLTO Vol TUPOUENVOUY ©OC
AOXNOELS.

1
1) /sin 4z sin bxdr = / §(cos (4dx — bx) — cos (4 + 5z))dx =
1 1 . 1 .
3 / (cos (—z) — cos 9z)dx = §(s1nz — g sin 9z) + C.
5.4.3 OAoxAMpwoT eNTOY CLVAPTHOEWY
H yédodoc mou mpotetvetan elvor yevixr, xou AOVEL T0 TEOBATUA TNG ONOXAT-
EWONE TWV PNTWY CUVAPTACEWY, WOTHGO, AOYw Tou 6Tl oTreileTar otny elpeoy

OAwV TV EW®Y TOU TOAUGYUUOU TOU TUROVOUUOTH, DEV UTOPEl Vo EQUQUOCTE
OTaY xdTL T€T00 OEV EMTUY YAvETAL. 'Eotw Aomdy 10 oloxifipwua

Qm (1)
/ P(2) dz, m <mn. (5.9)

Yy éxppoon (5.9) xotohyoude Téva, 6Tay €YOUUE Vo OAOXANEMOOoLKE ENTY
GLYAETNOT), APOL Yol TIC TEPITTWOEL OTOU M > N UTOPOUPE va xdvouue Euxhei-
OLoL BLalpeoT) xoU VoL EYOUUE VAL OAOXATPOCOUUE EVa TOAUWVULO Baduol m —n xou

ot éxgppoon tne wopwhc (5.9).
Iopaderypo 5.12 Na ypdipete to kAdoua #1_1 w§ dOpowopa €vég ToAvwYU-
Hov ka1 €v6§ kAdopatos tns popens (5.9).

Abon Kdavovtag Euxheidia Swaipeor) Tou apriunts Ue ToV TopovouaoTH, Taipvou-

UE
x3 o 3r—2
- =7 EE——
2 -2z —1 2 —2x+1

Apytlouye v avamtudrn tne Yedodou Ue TI¢ ThAEoY amhEC TEQITTAOOELC.

Ioagaderypa 5.13 Na vrodoyiotoly ta odokAnpduata:

1)/ﬁdx, 2)/@&@ 3)/%(1&
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Abon
1 1 Injz—r|+C, k=1
1 — dr= | ———d(z —1r) =
)/ (x —r)* ! /(95—7")’“ (w =) { _(k—l)(:cl—r)kfl , k#1

2) H nepintwon k =1 éyet yehetniel oto [apdderypa 5.6° Vo yehethicouvye tny
nepintwon k > 1.

1 22 +1 -2 2 +1 x?
I, = —dx = - dr= —  _dr - — " dr =
g / @ / @i / @ / @ E

/;d _/Ld _/;d _/ N
@+ @ T ) @y T T @ e
N >y N 4 N s

~” ~”

Tp_1 Tp_1 dA(z)

‘Ouwe dA(z) = —dm, OTOTE 10 BEUTEPO OAOXAPWUA TNS TEOTYOU-
uevng oyéong yiveta

1 T
/f”dA(f”) N _/xd2(ls D@+ DFT 20k - 1)(a? 4 )R

1 1
NPT / @ )T

. J
'

Iy
'Etol homov €youde TNy avadpouxt; GYEoT

1 T 2k — 3 x

Iy =1 41—

D T T D@ T T D T e D@ T T

3) T v teheutaia nepintwon unopolUe va tdpouyue

x+b x b
" _de= [ ———d —d
/(m2+1)k ! /(m2+1)k x+/(:c2+1)k !

1 1 1
== ———dz*+1)+b | ————dx.
2 / (x2 4+ 1)k (=" + 1)+ / (x2 4+ 1)k v

.

~” ~”

1) mepintwon 2) nepintwon

’ 4 7 4 Z Z
e 'Eotw 61t 10 tokudvupo tou napovouaoty, P, (), éyet n ankéc nporyuat-
x€¢ pileg, T 1, oy« .oy Ty
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Qm(z)
P, (z)

OOl GTOYEIODV XAACUATWY, 6Tou o aprduntic eivar wa otadepd (TohuGVUUO
undevixot Porduo) xaL 0 TAPOYOUASTAC HOVWYUUO, SNA. oTN Hop®Y

Yy mepintwon auty, anodetvieTaL OTL T0 Xhdoua

YedpeTon wg dipot-

Qm(r) @ ay as o an
Pr) w=m) =) w—r) T @=m)

Or aprduntéc tou deutépou uéhoug unohoyilovtar xEVovTug TIC OmUAOLPES Xa
eZlonvovtag Toug aptiuntég, ondte dnuloupYolue cUGTNU N EEICWOEWY UE N
AYVWOOTOUE, ELTE ATAUTOVTAC VOL £)0OUV TOUC {BLOUC GUVTEAEGTEC TOL BUO TOAUWVUUAL
elte Olvovtag 1 SlaPopeTnés TIES oTN UETABANTY, ouvidwe Tic dleg Tig pileg.

IMogdderypo 5.14 Na vrodoyioete ta odokAnpdjata

20+ 1 x—1
1)/(x—2)(z+3)dx 2)/(2z—1)(:r+2)dx

Abor Oa yeNoHIoTO COUUE XAt TOUC BUO TEOTOUC TEOCOLOPIOUOU TWY GUVTEAE-
OTWY TOU TROAVUPEQOE:

2z + 1 ai a9 ar(z+3)+ax(z—2) (a1 + a2)z + 3a1 — 2a9

Vo213 -2243" @-2@+3) ~  G-2)@+3

‘Etot €youpe a; +as = 2 xaw 3a; — 2a; = 1, ondte Advoviag 10 GUoTNUA TEAXS
mafpvouue a; = 1 xu ag = 1. T T0 ohoxhpwua €youpe

2 1 1 1
/( T )dx:/( + ——)dz =In|z — 2|+ In|z + 3| + C.

x—2)(x+3 r—2 x+3
r—1 ar as ar(z +2) + a2z — 1)
2) = + =
2z —-1)(z+2) 20-1 x+2 2z —1)(z +2)
'Etot éyovpe ai(z + 2) + ax(2z — 1) = 2 — 1, ondte yo ¢ = —2 xou & = 5
Tofpvouue a; = —% %Ol g = g [t to ohoxdfipwua €youue

dr = - di = —(—=1n|2z—1|+31 2)+C.
/(2m—1)(w+2) v 5/(2$—1+$—|—2) 7= (=5 2r-1+3In]z +2)+C

e Eotww 61t 10 modudvugo P,(z) éyer wa pilo nparyyatixy) tolomAdTnog
ny TNV 71, Xt 1 — Ny ICeC AmAES TEAYUATIXES TIC T2, T3, -+ oy Thony+41-
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Y1y TeplnTwoT auTh amodEXVOETL OTL TO XAdGUA %;"(%) YedpeTon oTN Lopt:

Qm(x) - ai + a2 + + anl + bl + + bnfn1
Po(z)  (x—r1) (z—1r)? (x—r)™  (z—1r) (T = Tneny41)

OMA., TWEA, OTA OTOLYELDOY xhdouata €youv tpooteldel Oha Tol XAJGUATA TOU
TEOXUTTOLY, oY VETOUUE 6TOV apLiunTr oTaEPES XAl OTOV TUEOVOUAOTH SLadOo-
Y& OAES TIC QUVBPELC TOU HOVOYVUOU, TOU avTIGTOLYEl TNy ToAAanAT pila, amd
™V TeWT P€yet TNV 1y —ooTH. Ot apriuntéc Tou deutépou uéhoug unoloyilovto
AAVOVTIG TIC AmahOLpé o ECLOMVOVTAS Toug aptduntés, omdTe ONuLoupYoUyE,
UE TOUS YVWOTOUC TpOTOUS, GUOTNHA N EEIGMOEWY UE N Oy VWO TOUG.

Ioagaderypa 5.15 Na vrodoyioete ta odokAnpduata:

20 +1 2?41
=Y ey

20 + 1 a; a  a(r—2)4+ay  a1x —2a; +ay

Voo 72 G woor o2

‘Etol éyoupe a; = 2 xou —2a; +ay = 1, ondte nalpvouue a; = 2 xat ay = 5. Tt
T0 OAOXAPWHA €Y OUE:

2¢ +1 o 2 5 . Al _L
/mdx_/((z—2)+(z_2)z)d =2z - 2| - — +C.

[ o Beltepo ohoxhfpwua TaipVouyE:

2 +1 o asy b a(z—1)(z+2)

S P T vy e Sl P e Sy T oS
as(z + 2) b(z—12 az—1)(@+2)+a(z+2)+b(z—1)
(z—1)2(x+2) (r—1)2(x+2) (x —1)%(x +2) N

(a1 + b1)£E2 + (a1 + a9 — le)ZE — 2(11 + 2(12 + b1
(x —1)%(z+2) '
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‘Etot éyovue a; +b; = 1, a1 + az — 2by = 0 xauv —2a; + 2a9 + by = 1, ondte

Tolpvouue a; = %, ay = % ot by = g. o t0 ohoxAfipwua €Y OUUE:

22 —1 1 4 6 5
/($—1)2(I+2)d$:§/(z—1+(z—1)2+x—2)d$:

1 6

Iagathenon 5.4.2 Me avdloyo tpino avtipetwnilovtar kar A€ o1 TEPITTH-
o€§ Tov €yowy ToAAaTAES pileS meproodTepes and uia.

e Eotww 61t 10 nohudvupo P, () éyer pilec amhéc wryadixée Ti¢ rq, ra, - ..,
Tm, X0t n — 2my plCec mpayUaTIXEC.

Y1y nepinTtwon auty, T0 TOAUWYLUO P, (z) Yo éyer pilec xa g ovluyeic v
T15 T2, < vy Trnys TS TT T2, <oy Try. Et0l, dT0v 10 P, (2) ovahletan o€ YIvOUEVO
TaEAY VTV, Vo UTERYOUY GTO YIVOUEVO Xal TETpAYVIXol bpol TN popdhc a2 —
S +p;, © = 1(1)my, 6mou s; = 1;+T; xou p; = 1;-T;. Lol GTOLYEWDOT xhdouata,
Twea, epgaviCovtar 6ha exeivol To XAAOUATA, TOU €Y0UV GTOV dpLiuNTH TOUg
HOVOVUUA XL GTOV TUROVOUAGTY TOUS TIC TETPAYWVIXES UOPPES, ONA.

Qm(z)  ax+0bl P A, T+ by

P,(x) 2 — s1x + py 22— Sy, T + Dy

Z (oToLyEdn xhdopata npoypaTiX®y eldv ).

IMoapaderypo 5.16 Na vrodoyiotoly ta odokAnpduata:
212 1 242042
1)/ ¥ +r+ dv, 2) /( x°+2x + A

B+ +r+1 22+ +1)(22+2)

Avom 1) O nopovopacthc Tou TptdTou xhouatoc yedgeTtal 2P+ +r+1=
(z +1)(2% + 1). 'Etot, 1 avduon etvau:
202+ + 1 a br+c (a+b)*+(b+c)z+a+ec

P e+l il Pl (z+1)(22+1) ’
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OTOTE TPOXUTTOLY oL €€looelc a +b =2, b+ c =1 xu a+ ¢ = 1 xau tehxd
a=1b=1xunc=0. To70okoxifipwud, YETE ATO TIC AVTIXATAOTICEL,

€y oupe
212 1 1
I:/ T dx:/ dx—i—/idx,
»+a24+x+1 z+1 2 +1

T omofor utooyilovtar Ye Ty TEYVIXT Tou avartOyUnxe oto Hapdderypa 5.13
€Tot

I:ln|x+1|+/ ——d(z* +1) =In|z + 1| + In(z* + 1) + C.
2+ 1
2) O napovopaotic Tou Seutépou xhdopatog dev avahletal ot TpwmToBdiutous
TOEAYOVTES OPOU Ol TETPAYWVIXEC UOPQES Eyouv myadixéc pilec. Etot, yio ta
OTOLYELDOT XNAGUATA €Y OUNE:

72+ 23 + 2 _ar+b cx+d
(22 +2+1D)(22+2) 22+2+1 2242

(a+e)®>+(b+c+d)a*+ (a+c+d)x+2b+d
(x+1)(22+1) ’
omote mpoxUTTouy ot edlowoec a +¢c =0, b+c+d =1 a+c+d = 2 xu
2b4+d =2 xou tehxd a = 2, b= %, c=—-2yud=2% Two ohoXMpwuaL,

3 3 3
UETE amd TIC AVTIXATAOTAGELS, €Y OUUE:

/ 22+ 22+ 2 J / 2r+3 y +/—§x+§d
= r= | 2—3_dx ——3dx
(242 +1)(22+2) ?+x+1 ) 2?+2

‘Ouwe
3) 22+zx+1  3) 22+ax+1
1 20— 4 1 2x 1 4
L=—| —do=— | ——d 2 — dr =
2 3/z2+2x 3/x2+2 x+3/$2+2z

1 1 4 1

—= d(z>+2)+ - | ——d

3/x2+2($+)+3/x2+2$
—_—

I3

1 2 1 1 1 1
[1:_/de— /7d(x2+x+l):§ln(x2+x+l)

ot
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‘Opwe 10 I3 ohoxhpwua €yel pehetniet oto Iopdderyua 5.6. 'Etol éyouue
V2

1 1 22
I:gln(x2+x+1)—gln(x2+2)+T\/_arctanT+C.

e 'Eotww 61t 10 mohudvupo P, (x) éyer pilec pryadixéc amhéc xon ToAAmhéc
xo ptlec mpaypaTnéS amhég xot TOAATAES.

Y1y mep{ntwor auth), 1oy Uouy Oha ToL TEOTYOUUEVO X0l ETITAEOV OTO GTOLYELRD-
01 xAdoyata tpocTidevion GAo ToL XAAGUATA TOU TEOXUTTOLY, av VETOuNE GTOV
aELIUNTY| LOVWYUHO XL GTOV TOROVOUAOTY Dladoyxd OAEC TI DUVANELS TWV TE-
TEAYWVIXWY HORPKY, TOU AVTIGTOLY0UYV 0TIg ToAMATAES Uryadixég pileg, and tny
TeOTN YEYEL exeivng Tou Baduol ToAATAOGTNTAS TTC.

IMogdderypo 5.17 Na avaAvlel o€ otoewdon kAdopata n pntn tapdotaon

23 — 2 +3x—2
R R

Abon

20% — 2?2 +3x — 2 ay a9 as bz + ¢ bow + ¢

-~ + + :
(=132 +2+2)?2 z-1 (z—-1)2 (z—-1)3 2242+2 (22+2z+2)?

OTOTE UETA amd TIC oyeTiéC Tpdlelc Ppioxouue

25 1 1 3 14 25 18
~Toa = = =—05 =15 b=—/ =_—.
32 128 128

IToAAEc @opéc Yl TNV OAOXAHPWOT] TELYWVOUETELXWY TAPACTICEWY, XAVO-
vTog Yerion v Tinwy

) 2 tan % 1—tan®? 2 tan 2
1+tan 5 1+tan b} ].—tan 5

NG Tapayedpou (3.6.4) ot UETAGY NUATIOUDY, XUTOARYOUUE OE OhOXARewoT 1
TWV TOPACTAGEWY.
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Iogaderypa 5.18 Na vrodoyioete ta odokAnpduata:

1 1
1) / —dz, 2) / dx.
sin cos T

Abor Oa o uToloYioOUUE UE BLPORETIXG TEOTO Xot Vol APTICOUUE WS AN O
TNV EVOALAYT| TWV TEOTWY GTOV UTOAOYIOUG.

1 1 1+ tan?Z
1)L = — dr= | ——dr = | ——2dx
sin x 2tan 5 2tan 3

1+tan? £

Oétovtog u = tan £, éyovyue du = (1 + tan® £)idz, ondre
1 x
I, = —du:1n|u|+C:lntan|§|+C.
u

1
2) 12:/ dx:/ cost dx:/%dx
COoS T COS* & 1 —sin“zx

O¢tovtac u = sinz, éyoupe du = cos xdx, ondTE £yoUuE

1 1 1. 1+4sinx
L= ——du= du=---= =1 C.
? /1—u2u /(l—u)(l—i—u)u 2" T—simz |

5.4.4 OloxApwom deenTwy TUEACTACEWY

Exgpdoeic tng popprc § % OTNV UTO OMOXATRWGTY) TAUPdOTAUCY) AVTIXA-

VioTavton amd o HETUBANTH u xat TOAAES @opéc pog Bydlouvy amd To adté€odo.

Ioagaderypo 5.19 Na oOetéete 6T Ta odoxAnpouata

1) I, = / i Sjglldx, 2) I, = / Y+ 1)z — 1)2dz

exgpdlovtal pe atAég alyefpikés tapaotdoe.
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Avon 1) XpnoyonoudvTag ToV TUpandve UETOOYNUATIONS €Y OUUE

./8r —1 g 8x—1<:)> w1
z+1 z+1 ud — 8

Haipvovtag dagoptnd 6Ny TeAeuTaio TEOXUTTEL

20,3 _ 3 1 3 9 2
dp — C3uf(u’ = 8) — (v +1)3u du— Tu .
(u? — 8)2 (u—2)2(u? + 2u + 4)?

‘Etol xdvovtag Tic avTiXataoTAoE €YOUUE

27u3 u?
I = du = 27 d
! /(u—2)2(u2+2u+4)2 B /(u—2)2(u2+2u+4)2 B

.

R(u)

‘Ouwe, 1 enth éxgpacn R(u) unopel vo avahulel o€ oTOLYEWDON XAdoUAToL Xol
UGAloTa UETE amd TIC OYETIES TPALEELC €)Y OUNE

1 N 1 B u+6 N u+2
36(u—2) 18(u—2)2 36(u2+2u+4) 3(u?+2u+4)?

R(u) =

Eivat gavepd, hotmdy, 6Tt 1o OTOLYEWWON XAAGUATA OAOXATPWYOYTOL Xl TAUiEVOUUE
Y TEMXT €x@pact, ool avTixataoThoouue T YeTaPAnTY u. KotahoSalver
xdmolog OTL ol TETOL €XPEAGT), TOU GTNY TEAEN elvon 1Wtaitepa TOAUTAOXY), UOVO
Vewpntiny olio umopet va €yet. o tn yeron tng ot oplopévo oloxAnpmuaTd,
yeewlouaote T Bofleia NAEXTEOVIXOU UTOAOYIOTH X0t (PUOIXE UTONOYIOTIXEG
uedéooug.

2) Tloramhacidlovtag ue v — 1 apriunty| xou mapovoyaoth otny unoetlo
TOCOTNTA TAUPVOUUE

i/(x +1)(x —1)3

/T +1

=(x—1) :

x—1

r—1

Me 10 YeTaoy NUATIONS TOU TEOUVUPECUUE X AXONOUVWVYTAS ULol AvahoYT TOpEld
UE TNV TEOTYOLUUEVT TERITTWOT) £Y0UYE

s +1 o o d 6u? d
= U e €Tr = — Uu.
r—1 (u—1)2(u?+u+1)2
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Kdévovtac tic oyetxéc avtixataotdoeic Tehxd nalpvouue

+1 u?
L= ¢t == —12 du.
2 /(x ) x—ldx /(u—1)3(u2+u+1)3 "

Eivon qovepd 61t xou t0 0eUTEPO Ohoxhfipwua exppdleTtal, TOMNOTAOXA UEY, UE
amhég ahyeBpxés TapaoTdGELS OE.

[ pilind pe tprovupo (Vazr? + bx + ¢), eExToC WV TEIYOVOUETOIXDY [E-

TACYNUATIOUWY, TeoTelvovTal xat ot yetacynuatiopol Euler, étot

e 6tav a > 0, ¥étouue Vax? + bxr + ¢ = Jax +t, ondte

? —c
ar’ +br+c=ar’+2ta+tP o= ———"

b—20/a

e 6tav ¢ > 0, ¥étoupe Var? + br + ¢ = ot + /¢, ondte
2t\/c—b

ar? +br+c =2+ t\/ec+ce ax+b=at? + 2\ /c & 1 = —
a

® OTAY TO TEUOVUUO €YEL BUO TEaYUATIXEC PICEC DIUPORETIXEC UETALY TOUC TIC

r1 %ot 9, Oétovue Var? + bx + ¢ = t|lx — rq|, ondte
J )

ary — 112

ar’+br+c = t*(z—r1)? & alz—r)(r—r) = (2—1)° S 1 = v
a j—

Kot o7Tig Tpelc TepInTWOoELS TEAXS XATANYOUUE OF PNTEC EXPEUOELS TOU T.

Iagaderypa 5.20 Na vrodoyioete ta odokAnpdpata

1)1 / L i 91 / ! d
= _— LL" = xZ.
! Vaz+x—1 ? V=224 3z -2

Avon 1) Agob a=1> 0, Vétouge Va2 +z — 1=z +1, onodte

?+1
1— 2t

Viltr—l=aos+t=>2>+r—-1=2>+t>+2t &z =
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, t?+1 —t2+t+1 2(—t*+t+1)
srotx/x2+x—1:1_2t+t:ﬁxwd:ﬁ: e dt.

Kévovtac tic avtixatactdoeig €youue

2t—1 2=t +t+1) 2
I = dt = | ———dt=In|2t — 1 :
! /—t2+t+1 (2t —1)? /(2t—1) | +C

O¢tovtac t = —z+Va? + v —1éyovue [} =In| — 1 — 22+ 2vVa?2 + 2 — 1|4+C.

2) H unépwloc nocdtnta eivar detinr) noocdta vy © € (1,2), agol 7 = 1
xou 79 = 2 elvon ot pileg Tou TELVOUOU Xt UETAED TwY pIl®Y, TO TEOGNHUO TOU
TetwvOUoL ebvar eTepdomuo Tou a = —3 < 0. Me Tov Tpito yetaoynuaTtiond tou
Euler €youue

2+ 2
V-r?+3r-2=tz—-1)& --x= *

241’
€10l \/m—t(izii 1) = v i 7 e dx = ﬁdt.
Avuxatotdvrog Taipvouue I = —2/ " i ldt = —2arctant + C.
O¢tovtoac t = :25:313 €youue Iy = —2arctan i:f + C.
Aoxnoeig

‘Aoxnomn 5.1 Na vrodoyotoly ta olokAnpauata:

1
1)/32m+1dx, 2)/3m62xdx, 3)/6%de, 4)/$(1+tan2(1—z2))dx.

‘Acxnom 5.2 Eriong va vtoAoyiotolv ta oAokAnpduara:

i |
1)/3mmcosxdx, 2)/tanxln (cosz)dz, 3)/3“" sin xdw, /ﬂd:ﬁ

5)/sin (3x) sin (7z)dz, 6)/005 (3x) sin (7z)dz, 7)/sin3xsin7 xdx.
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‘Aoxnomn 5.3 Na vrodoyotoly ta odokAnpdpata, xpnoiponowsrtas Tovs avti-
OTOWOUS HETATYNUATIOOUS.
2+Vx+3

dx

1
1 dr, F=trhe=Int, 2) [ X2 % Vit3=t.
)/\/e$+1 o =tije=lnt, 2) [ === !

‘Aoxnomn 5.4 Na vroloyiotoly ta okokAnpouata:

”/Mﬁﬁdfﬂ’ 2)/(x—1)fzx2+2)dx’ 3)/(em—1§z:m+2)2dx

‘Aoxnomn 5.5 Na vrodoyotoly ta oAokAnpdpata, xpnoiponowsrTas Tovs avti-
OTOIYOUS ETA0YNHATIOOUS.

1
1) / mdm, a)Euler ka1 B)tpiywvopetpiko

Ccos T .
2) — - dr, sinr=t
sin“x —sinx — 2

sin x cos T T
3 —d 4 —d tan — = t.
)/1—sinx . )/1+cosx T Ay




Optopevo OAoxAnpwpa
6.1 T'evixd

A6 to Tupvdoto oxdun etvar yvootd 61t 10 eufaddv Tou xixhou elvan 7

6mou m = 3,14159. ... Y10 Alxelo éyve YVOOTH OTL 1) TARATAVG UETENOT) TEOE-
xue TafpvovTag To 6pto 6To EUBABOY EVOC XAVOVIXOU TOAUYWYOU EYYEYQUUUEVOU
(h meptyeypoppévou) 6tov x0xho, SITAACLAlOVTUC GUVEYWS TIC TAEUPES TOU Xol
ot ogeiletan oToug opyaiouc ‘EAAnvee xat pdhiota otov Apywrorn. BéBaa, ol
apyadot "EAAnveg utoldyioay 1o gu3addy xat GAAWY XUUTUAGYQOUUWY Gy NUATLY
yenowonowwvtag 1 uédodo mou yernowonoinoe o Apyndrg, 1 onola ofucpa
xoheltan «uédodog tne e€dvTtinongy. Xtn uédodo autr otnpelydnxay, Tohholg
awveg apYotepa, ot Eupwralol podnuatixol xon dnutoteynoay tov OhoxAnpw-
Tix6 Aoyioud, ue tov omoio Yo acyorndolue oTo ETOUEVAL.

Oewpolye TN ouveyh ouvdptnon f oto xhelotd ddotnua [a, b], Yo Ty
omola oybet f(z) > 0, Vo € [a,b], n onola pali pe tic evdelec v = a, v = b
xou Tov opllévtio dova y = 0 mepehelouy Wi EmLpAvELDl (610 Yo 33 €va
xopmuhoypauuo teamélo). [a tov umoloyiouéd tou eufudol auThc TN EmLYd-
vetag ywpiloupe to euddypauuo Twhua [a, b] oe n TuhaTa U To EVOLAUETH GTUELN
L1, T, . .., Tn_1 xot 0pilovue Tic evdelec ¢ = x;, 1 = 1(1)n—1. Luvolixd, ot n+1
xdeteg eudeiec otov oplldvTio dlova, ot n — 1 tou oploTnxay and To EVOIAUESH
onuela z;, i = 1(1)n — 1 xar ot d0o exeiveg mou opilovton and ta onuela zo = a
xou T, = b, opiouv n Awpldeg mopdhinies petald Toug. Metagepdpacte ot
Awpida mou opileton amd Tig Sadoyixés evleieg & = ; xat Tiq1, €0TW TNV A; xou
6,1 oy et v’ auth Yo toyel yio OAeC. XT0 SIGoTNUA [, Titp1] 1) CUVARTNOT LS
madpvel peylotn Tpn, €otw v M; xan ehayiotn éotw v m,;. Av E; elvar to

179
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7
Lya L+l [ a Lalg41 0

Az T

Yyhua 6.35: H egantopyévn e y = f(x).

euPadoV Tou oToLYEWWdOUS XAUTUAGYpaUUou Teareliou, i’ autd Vo toy Vet

Adpoilovtac dha tor otoryetddn euBadd e oyéorne (6.1), malpvouye
i=1 i=1 i=1

To euPBaddv L, avuctoryel ota oploywvia Tou eival 0T0 ECWTERIXO TOU GYY-
wotodg pac xon U, avuotoryel ota oploydvia mou givar 010 e€wtepnd Tou. Oa
eCumnpeToloe 10 oXx0T6 Woc 1) Uelwon tne dugopdc tou U, — Ly, xou av elvor
ouvaTo, va yiver auth undév. I to oxomd autd otevelouye TIC hwpldeg ue Tov
e€hc tpémo: AuZdvoupe Tov aptlud TV ECWTEPIXWY CNUEiWY xal Ta{pVOUUE Td
2, §=1(1)n' — 1, éro Gote

!

b < max Ar; = max |71 — 7.
1 1

max 2%, — 2] = max Ax
Pafvetor, tpa, (BA. Lyfua 33) 6t n redhoouévn tou oynuatiler 1 dve TAELRE
TV 0pVoYOVIWY, TANCLALEL TEPIGGOTEPO GTNY XAUTOAN xat 1 Swigopd U, — Ly,
UELOVETAL.
Arnodewvieton 0T, 1 anodelln oTnEIlETon oTNY EVVOLo TNC <OUOLOUOPHNE CUVE-
YELGY XAl WS €X TOOTOL CEQEVYEL TOU GXOTO) TOU TUEOVTOC EYYEIRLD{oU, YioL TIC



MAOGHMATIKA I 181
ouveyelc ouvapthce f, xadwg To max; ALE; — 0 10 n — o0 xu 7 Sapopd
(Up, — L) = 0. Enopévee, lim, o L, =1lim, o U, = E.
Agol Yewprooue tn ouvdetnon f ouveyr, oto ddoTtnua [xi_1, ;] Vo toylet
TdvTa

m; < f(Cz) < Mi,VCi € [l‘i_l,l‘i] (63)

X0l ETOUEVOC

To yeyovoe (U, — L) — 0, yac Aer 1L 10 6plo
n

lim Z flci)Az; =S (6.5)

max; Ax;—0 < T
1=

umdieyeL xou elvor ave€dpTNnTo TNG EMAOYHS TWV ¢;.

Opwopde 6.1.1 Av n owvdptnon f eivar opiouévn ka1 ovvexns oo |a, b], tde
o dpo g oxéons (6.5) ovopdletar olokAnpwpa Riemann tng f oto [a,b] 1
op1oévo odokAnpwua tng f ard to a oto b kar ovuPoliletar

n b
nh_)Iiloz;f(Cz)sz = /a f(z)dx. (6.6)
Opwopde 6.1.2 Av n ouvdptnon f elvar opiopérn ka1 ovveynis oto [a, b], tdte
a b a
/ f(z)dx = —/ f(z)dz ka1 / f(z)dz = 0. (6.7)
b a a

[ivetar @avepd 6Tt T0 OPIGUEVO OMOXATIPWUA EIVAL BUVATOV Vo TOHPVEL XU dEVT
TiXéC TWEC, mou onpalvel 6Tt Twpa 0 Vo exppdlel Eva eUSaddy, e TNV Evvola
mou To yvwpeiloupe and to Alxeo. Ou exppdlet eufaddy Ye 0 YVWoTr évvola
uévoyv, otav f(z) > 0 xou a < b, dopopetind Vo exppdler éva mpoonuoouévo
euPadov.

Ioagatrenon 6.1.1 H petapAntn) x oto opiopuévo olokAnpoua dev mailer ka-
véva péro. Mmopel va efvar omoiadnmote dAAn. AnA. ta oupora

/abf(x)dx, /abf(t)dt, /abf(u)du

Taplotdrovy to 1010 0p1oUéVo OAOKATIpwUa.



182 Oprougvo oroxrpwua

IMogathenon 6.1.2 Anodaxrvietar dti n oxéon (6.6) tov opopov (6.1.1) w0y Vel
ka1 otny mepintwon tov n ovvdptnon f elvar ppayuévn kai éxer €va menepaciiévo
mAnog onueiwy aovréyeias.

Ioagathpnon 6.1.3 Ia pua Aentouepn peAétn tng katd Riemann odokArnpw-
ong o avayvaotng Tov evolagépetar uropel va katagUyel o€ fipAia Mainuatikris
Avdivong n.x. ([7], [5], [3], [4]).

Ioagaderypa 6.1 Na vrodoyioete ta opiouéva odokAnpdpata

2 2 1 1
1)/ xdx, 2)/ w2dz, 3)/ Vadz, 4)/ e*dx,
1 0 0 0

xpnoonoiwrtas e€wtepikd 1 eowtepixd opoywria, apol tpata daipetoly ta
oyxetikd dlaoTiuata o€ n 1WCOUNKN TUNMUATA.

) / , 7 7 7 1
Abom 1) To didotnua [1, 2] to yweilouye oe n 1copfxn Tuhuata wixoug Az =
ue twonueln 1 =z, =1+ 2,00 =142 .. ;=140 ..., 2, =2. Az
Tov Optloud 6.1.1 xar yenolonotvTag EcwTeRtxd optoywyvia Vo Loy VeL:

peose=Sas = iS50 = o1 )

2) To oldoTnua [1,2] To prtloups oE N Loowp{n Tpnpaw urxoug Az = = ps ol
onpstaO—xo,zl 2 x2—2— RN —z— ey, = 2. Ao TOV OptopoGll
XL YEYCLLOTOLWDVTAG siwrsptxoc opﬁoywwa 1‘)0( toxua

> fla)ar =" i2p2_ 3% N 8 n(n+ 1)6(2n+ 1)
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3) To didotnua [0, 1] T0 prtloups oE N Loopnxn qmpocw ufxous Az = 1 ue o
ansmo—xg,xl x2—2 ey T —2—... n = 1. ATcorovOpLopo611
X0 YETCLLOTOIWVTOG siwrspma opm‘)oycowoz Dot lOXUEl

. ~ [11 Vi
OIS M e

VIt\Bt ot

‘Ouwe and 10 xprthpo tou Stolz (2.2.20) Ya éyouye

1
onétE /\/de:lim
0

/lﬂdx—lim vn+1 _lim\/n+1[(n+1)\/n+1+n\/ﬁ]_”‘__
0  (+OVnrl-nyn 17 —n? ==

4) To &ocompa [0,1] o prtloups o€ n wwouhxn Tufuata phxoug Az = L ue
Ta onuelo 0 = 29,21 = %, = 2 ce T = 21 , T, = 1. Ané Tov Optopo
(6.1.1 %o YETOULOTOLOVTUC sccorsplxcx opﬂoycowoz 1‘)0( 1oy Vet

n—1 n—1
1
Zf@ Ax—Ze —hZe Fétovtoe — = h
n
=0 i=0
1 n—1
€Y OUUE / etdr = }lllII(l)h eh = hm h(14e" + e 4 ... 4 =Dy,
0 I

H mponyoluevn oyéomn, to yeyovig 6t nh = 1 xou o xavévag tou De I’ Hospital,
TeEAXE, Olvouy

! nh—1 h
/ exdz:limheh = lim (e — 1) =e—1.
0 h—0 e —1 h—0 eh—1

6.2 Id0TNTEC TOL OPLOUEVOU OAOXANPWUATOS

Mo oelpd and Bactxéc IOTNTEC TOU 0PLOUEVOU OAOXATIPOUATOS ATOPEEOLY
amo TOV 0ploud, TIC omoieg Yo OWCOUYE 0TO ETOUEVO OEWENUAL.
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Oewpnua 6.2.1 (Iodtnteg) Eotw o1 f kar g dvo ouveyels ouvaptioes oto
odotnua [a,b]. Tére 1wyovy:

/ab (f(z) £ g(z))dz = /abf(x)dx + /abg(x)dx, (6.8)

/bkf(x)dx - k/abf(x)dx, (6.9)

a

f(z) > g(x), otofa,b] = /f(x)dxz/ g(x)dx, (6.10)

min f(x)(b—a)g/ f@)de < max f(z)(b—a), (6.11)

z€[a,b] z€[a,b]
av n f etvar owveyris oto [min{a, b, c}, max{a, b, c}|

/acf(z)dz + /be(x)dx = /abf(x)dx. (6.12)

Ané g Baoctiéc 10OTNTEC UTORPOUUE VoL AV TANOOUUE GANES OTUAVTIXES 1OLO-
TNTEC TOU OAOXANEwTIX0U Aoytopol. T napdderyua, and v idtnta (6.10) xou
10 yeyovog 6t —f(x) < |f(x)| xar f(z) < |f(z)| ouunepaivoupe 6Tt — fab f(z)dx <
fab |f(z)|dz xon f: f(z)dz < f: |f(z)|dz, ondte éyoupe

[ swa| <[5,

Av Yewpriooupe Tic ouveyeic ouvapthoels f xat g 6to ddotnua [a, b] o
évay apdud k € R, tote ool (kf(z) + g(z))* > 0, o toylet xou

b b b b
[ ttta)+ g@)ds =12 [ (G@)Pdo 2k [ folg@do+ [ (g)2do >0

‘Ouwe o teheutalo efvarl €val TELOVUUO ¢ TPO¢ k, UOVIUN UT) ApVNTIXT TOCOTNTA
7 7, ’ b 2 , 2 2
6nwe axpBag evor 10 a tou, dnk to [ (f(x))?dz. Ttny nepintwon auth npénet
va €yel un Vetixn Stoxpivouca. ‘Etol anodeiloue to enduevo.

Bewpenua 6.2.2 (Cauchy-Schwartz ya ovvaptijoeas) Av o1 f kai g elvar dvo
ouveExels ouvaptioes oto fidotnua [a, b), téte 1wy e

(/abf(:r)g(:z)dac)2 < /ab (f(z))*dx /ab (g(x))2dx.
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Me dedopévo bt b > a, n Wdtnta (6.11) ypdpeton wg elhc:

(x). (6.13)

min
z€[a,b] f

T z€la,b]

Agol 1 ouvdpnon eivor ouveyhc oto [a, b], and to Oewpenua 3.9.8 (twv evdid-
UECWY TLOV) TEOXVUTTEL TO ETOUEVO.

Bewpenua 6.2.3 (Méons nung ovveyols ovvdptnons.) Av n f elvar yua ov-
vexnis ouvvdptnon oto didotnua [a,b], tére vndpyea éva onueio & € [a,b], dove

1 b
= b—a/a f(z)dx. (6.14)

To 8e&i6 péhoc e (6.14) exppdler ) péon T e ouvdptnone f. Iewuetpxd
T0 Oewpenua auTéd epunveveTal w¢ e€nc: Metald Tou a xou Tou b umdpyet xdmoto
ornueio &, Y To onoio To opoywvio Tou €yel Yia UYog TNV TN TS CLUVAETNONS
010 onueio autd xou Bdomn to A [a, b] €xet To Bl eufaddy ue 1o optouévo
ohoxMpwua e f oto [a, b].

And v wotnra (6.12) xaw Ty mopathenon (6.1.2) unopel xdmotoc va
CUUTEPAVEL OTL O OPIGUOS TOU OPLOUEVOU OAOXANEWUATOS tGY UEL 0XOUT) XAl Lo EVaL
TenepaoUévo TAYoC onueiwy aouvéyelag. Ot cuVURTACEIC UE EVA TETEQPAGUEVO
Ao onuelwY AGLVEYELNS, ETELDT| axEIBWS YL AUTES TIC CUVOPTACELS UTdpYEL
TO 0PLOUEVO ONOXATIPWUAL, AVAXOLY GE ULaL EVPUTERT) XATN Y0P CUVAPTAGEWY, TOU
XAROUVTUL KONOXANPWOCLULESY CUVAPTHCELS.

6.3 To Vepehddeg OcpnUd TOL OAOXANEWTL-
%00 Aoylopov

H elpeom tou 0plouévou ohoxAnemuatog oo JEGOL Tou 0pIeUoU Elvat YEVIXE
0UOXOAT xat 0UTE oL WLOTNTES, Ttou eldaue, Bondolv wiaitepa. H cbvdeoT duwg
TOU OPIGUEVOL OAOXANPOUATOS UE TO AOPLOTO ADVEL XURLOAEXTIX ToL yEplal TOU
ETULOTAUOVOL XAl XAVEL TOV OAOXANEWTIXO AoYIoud €va duvato epyaheio yio TNV
ETLOTAUY TOV.
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f(x)

Yyfua 6.36: H nopdyovsa F(z).

‘Eotww f wa oplopévn xon cuveyrhic ouvdptnon oe éva dtdotnua [a, b] xou =
éva tuyaio onueto autol. Opiletar ToTE 1) CLVAETNOT

Pla) = / o (6.15)

H petoint t tédnxe yio va unyv undpyet olyyvorn ye tn yetaBAnty| z. lewye-
Towd 1 ouvdpTnon F exppdlel To euPadov xdtw and T cuvdptnot f oTo SLdoTY-
ua [a, z], 6nwe gaiveton oto Lyhua 6.36. Mdhota eivar gavepd 1t F(b) tooltan
UE TO 0plopévo ohoxhipwua tne f oto Sidotnua [a,b], donh. F(b) = fabf(t)dt
xou F(a) = [ f(t)dt = 0.

Ochpnua 6.3.1 Eotw f a opiouévn kar ovvexyns ovvdptnon oe éva oid-
otnua [a,b]. Tdre n owdptnon tng (6.15) evar a mapdyovoa tng f, dnA.
Fi(x) = f(x).

Anodedn: Aol n ouvdptnon f eivar cuveyrc, tote Yo xdde € pe € € [z, z0)
1 € € (wo, x] Vo toyler limg g0 f(&) = f(zo) (Bh. Aoxnon 3.14).

‘Eotw tdpa éva tuyaio onueio 2y € (a,b). H nopdywyoc tne F(x) oto onueio
o elvan

Fag) = tim DO F@0) oy S S04 7O

T—xo T — X T—2x0 T — Xg
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mnéi@ﬂ:hmi@glﬁﬁzhmﬂa:ﬂmy

T—=T0 T — X T—T0 xr — X T—Tg
agol and to Oewpenua 6.2.3 toylel f;}ﬁhf(t)dt = f(&)(z — zo) ye £ € [z, 2]
Enedy| to 2o 1o mipaue Tuyada, To (oo Yo toyletl yio xdde onuelo Tou daoTrhua-
to¢ (a,b). O
Me o nponyoluevo Ocwprnuo ouctactixd Berixaue dAec Tig mapdyouces g f,
ool yvwpeiloupe OTt autég drapépouy xatd otadepd onh. av G elvar o Topd-
yovoa tne f, auth Ya eivar G(z) = F(z) + C, enedf G(a) = F(a) + C xa
F(a) =0 éyoupe G(a) = C. Emnéoy

b
/f@sz@:G@—czmm—m@
‘Etol anodeilope T0 endyevo Ocmdpnua.

Bewpnua 6.3.2 (Ocuelicddes Ocdipnua tov oAokAnpwtikol Aoyiopov). Av n f
efvar opiouévn kar ovvexris o€ éva didotnua [a,b] ket G e wapdyovoa avtris,

"2 G - Gla).

a

/ ' fla)de = G()

Ioagaderypa 6.2 Na fpefotv ta odokAnpdpata:

2 1 1 eq
1) / 2’dr 2) / Vzdz, 3) / edx  4) / —dx.
0 0 0 1z

Abo
! 2 2 2% 0% 8
. 300 3 3 3
1 3/2 1 9
x
2 dr = —| = -.
) | Vede 320 3
1 1
3)/6md$:6m =e—1
0 0
1

Duoixd, 1 xavolpYLa SLadtXAcio TOU EPAPUOCTNAE €D OEV EYEL XUULL CYECT| UE
exelvn tou napoadelypoatog (6.1), extdc and To AROTEAECUN TOU EIVAL, TEOPAVEC,
10 (B10. Eivar mo xoudn, mo €0xohn xow okl mo yeryoen.
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6.3.1 Meédodol ohoxAewong

Ochpenua 6.3.3 Lotw [ kar g dvo ovvaptioeg oplouéveS kal ouvexels ato
[a,b], pe ovveyels napaydyovs o’ avtd. Téte wyva

' [ s

/ f(@)g(@)dz = f(2)g(z)

Anodedn: Na yivel and tov avayvoot. OJ

Ioagaderypa 6.3 Na vrodoyioete ta olokAnpauata:

3 3 b
1) / zcoszdr, 2) / sin® zdz, 3) / sin® zdz.
0 0 0

Abon
5 Ld z Ld Ld T
. 2 - . 2 2
1) rcosxdr = xsinz| — sinzdr = xsinx| +cosx| = - — 1.
0 0 0 0 0 2
3 ) H ian—1 : ran—1 3
2) I, = sin" xdr = sin" " xrsinxdr = —sin™ T cosx| +
0 0 0

[NIE]
[NIE]

sin"? z cos? zdx = (n — 1) / sin"~? (1 — sin® z)dx
0

-1 |

-1
onote I, =(n—1)1I, o —(n—1I, < I, = n

I, ».

Egapuélovtoc tov teheutalo TOTO avodpopnd TaioVOUPE Tol ATOTEAEGUATE O,

Bewpenua 6.3.4 Fotw n ovvdptnon f(x) opiopévn kar owvexrs oto didotnua
[a,b] ka1 = g(t), émov g e ovvdpTnon opiopérn kai e ouvexn napdywyo ato
ddotnua [o,7]. Av g(0) = a ka1 g(T) = b, téte

[ stangwa= [ sy
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Anéden: Av F(x) wo nopdyouvoa tne f, tote F'(z) = f() xou fab f(z)dx =
F(b) — f(a). Emm\éoy, and v nopdywnyo cOvietne ouvdpetnong toy Vet

(Flo(®)) = F'lo(t)g'() = F(a(t)g' (1)
€10l €youue

/Urf(g(t))gl(t)dt _ /U (F(g(t)))'dt = F(g(r)) - F(f(o) =

b=g(7)
F(b) — F(a) = / f(z)dx.

=9(o)

O

Edw Yo mpémet var topatnericouue 6Tt o TOnog Tou Oswpriuoatog 6.3.4 eqap-
uoletan xou avtiotpoga. Ac Yuundolue v ahhayr ueTaBANTrC and To AdEloTo
ohoxhfipwpa. Xty mepintwon auth, Vétovtac z = g(t) xoa uné Vv Tpolindleon
6T 1 g elvan avTioTeéUY), e€unnpeTel 1 wopYH

b g~ 1(b)
/fwm=/ Flo(t)g (1)t

~!(a)

Ioagaderypo 6.4 Na vrodoyotoly ta opiouéva odokAnpduata:

1)/0

[NIE]

a
sin® z cos zdz, 2)/ va? —2%dx, a>0
—a

Abon
L ud 1=sin T 4
2 2 . 2 U 1
1) / sin® 2 cos xdx = / sin® z(sinz)'dz = / wdu=—| ==
0 0 0=sin0 4 1o
2) ©¢étovtac & = acost, éyouye dr = —asintdt, onéte t = cos™! Z €10l

0

av'1 — cos? t(—asint)dt = —a2/ sin? tdt =

™

O0=arccos ¢
a

/ va? — x2dx :/

—arccos =2
a
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€vol amoTEAEGUN TTOU PAAAOV Dot ETPETE VoL TEPUUEVOUUE, 0o TO TUPATAVE ORO-
xhfpwuo eival o0ucLao TN TO EPPadOY EVOS NUIXUXAIOU oxXTIVAC a.

duoxd, xdmoto TpoPAfuato unopel vor €youv o ueYahOTeERT duoxOAia,
OUWS AUTO BeV TEETEL VoL xaToPBdAel Tov gottnTy. E&dhhou o onuepvoc gortntic
xou auptavog ETeTovag tdvtote Yo npoonatel va emtAloel xdmoto TedBAnuaL.

IMopdderypa 6.5 Eotw n f ovveyns ka avéovoa oo [a,b]. Na derytel o

/bxf(x)dx > a;b/bf(x)dx.

Avorn Edxoha unopel vo det xdmotog (he odhay? yetafintic) ot

/abf(x)dx:/abf(a+b—x)dx

"Etot

/abxf(x)dx:/ab(a+b—x)f(a+b_x)dx:
/ab(a+b)f(a+b—x)dx_/abxf(aer_x)dz
:(a+b)/abf(a+b_x)d$—/abxf(a+b—x)dx:

(a+b)/ f(x)dx—/ rf(a+b—2x)dx (6.16)

Apxel va del€ouye 6TL

/abxf(x)de/abxf(a+b—x)dx (6.17)
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f(a+b-x)

a (a+b)/2 b

Yyfua 6.37: H anexévion v f(x) xa f(a+b— ).

‘Ouwe toyver (1o otadepd mpdonuo vy duo cuvapTAGERY, EUXOAA TEOXVUTTEL and
0 61t ) f(x) elvar adovoa, e€dhhou gaiveton xou oto Lyhue 6.37,)

a+b

/x[f(x)—f(a+b—x)]da: _ / o[f (@) = fla+b—a))de

1 S
-~

<0

+/a_+b z[f(z) — f(g+b— z)]dz.

2 >0

Amé 1o Oewpnua tne Yéomng Tiurg Tou Ohoxdnpwtixol Aoyiopol €youue

a+b
2

/ (@)~ flatb—a)ldr = & / (@) — fla+b—o)]d

a

+ 52/(1_% [f(z) = f(a+b—x)]da.

Me adhory?) petoBAnThic TdAL 6T0 TEKMTO OAOXATPWUN TOU BEUTEPOL UENOUC Tallp-
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VOUUE

[ alt@) = farb-alds = & [ 1fa+b-n) - fo)da

Vv
o

6.3.2 Apuiuntixn ohoxAewon

Ocwpolye Tt ouveyY| cuvdptnon f oto Sidotnua [a, b]. Ta euxohia Vétou-
UE @ = X, b =21, Yo = f(x0), y1 = f(x1) xu h = 1 — xo. Hpooeyyilovtoac
ouvdptnom f ue tnyv eudeia

y=2"2 0 20) + g0
Tr1 — 2o
Yo €youue
b 1 T
. ~ Yyr— Yo, L ﬁ
| swae= [ gien [ ) e = = St

Aronpdvtag to didotnua [a, b] o n wwouhxn draothuata pe to onueia a = xg, 1,
T2, ..., Tn_1, Ty = b, TPOXVTTEL 0 ENOUEVOC TUTOC, TOL EfVAL YVWOTOC WS YEVL-
XELVUEVOCS xavOvas Tou tpaneliov

1 h
/ f(x)dr ~ §(yo +2y1 + 2y1 4+ + 2Yn_1 + Yn), (6.18)
zo
b—a

6mouv h = &4,
n

Ioagaderypa 6.6 Na vrodoyioete to OloxAnpwpa

2.5
/ 333 dx
15 T°—2

xpnoyonowrtag o yevikeuuévo kavéva tov tpaneliov (6.18), ywpilovtag to
oidotnua oAokAnpwons o€ 10 vrodaotiuata
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Abon Agol Va yenotwonoticoupe Tov xavéva tou tpaneliou yia 10 StouothuaTa,
Va €youue n = 10 xou h = 0.1, ondte zo = 1.5 xu x; = 1.5+ 4 - h, ¢ = 1(1)10.
[N tic Tée v z; Beloxouye tic avtiotoryee y; dnhadh yo = 0.763359,y; =
0.583591,yo = 0.469729,y3 = 0.391027,y, = 0.333333,y5 = 0.289216, ys =
0.254394, y; = 0.226222, yg = 0.202977,y9 = 0.183486, 110 = 0.166923. And
Tov t0mo (6.18) Beloxouye

2.5
0.1
/ 3x 3dx 7(0.763359 +2-0.583591 + 2 - 0.469729 + 2 - 0.391027
15 L7

2-0.333333 +2-0.289216 + 2 - 0.254394 + 2 - 0.226222
2-0.202977 + 2 - 0.183486 + 0.166923)
0.415105.

+ +

6.4 Egopuoyeg Tou OpIOUEVOU OAOXANPOUATOC

6.4.1 To euPadov

"Hon €youye Bet 6T UE TO OPIGUEVO OAOXAREWUOL WIS UT) AeVTTIXTHC OUVEY0US

ouvdptnone f oto Sdotnua [a,b] urohoyiloupe to euPaddéy Tou ywelou, oL
meptéyeton UETAEY TG XAUTUANG Tou oplldvTiou dfova xon Twv evdelwy T = a
ot x = b.
‘Otav 1 cuvdptror eivar un Yetixr, TOTE To Yweio Tou opileTor and TN GLUVAETNOT
f elvon oupueTeind, w¢ mpog Tov optlovTio dZova, ue Tto ywelo mou opileTo
amo T cuvdptnon —f xa w¢ ex TouTou Yo Exel To Bro epPadov. ‘Etol, otny
Tep{nTwor auth To euPBadov Yo utoroyiletar amd To fab —f(x)dz. Tevixd, hondy,
T0 eUfadoV TG mEpoYTic Tou TEpxAeieTal and wa ouvdptnoT f, Tov optllovTio
&Zova xar Tic eudeiec x = a xar x = b Yo unohoyiletar and tov TUTO

5= [ @

Puowxd, hauPBdvovtoag LTEYN LS TN YEWUETEIO TOU GYRUATOS UTOROVUE VoL UTO-
AoyiCouue euPadd meploy @Y PETAEY BUO XAUTUAWY X0l TV EVVELDY T = a %ol
z = b.

IMopdderypa 6.7 Na vrodoyioete to €pupaddr petald twv ovvaptrioewy f(x) =
72, g(r) = Vx ka1 twr evdadv x =0 ka1 v = 2.
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Yyrua 6.38: H meployt| uetald duo cuvaptioswy. Elkeun

Abom ‘Onwg umopel xaveic va det oto Lyrua 6.38, aploTtepd, ot uo XaUTUAES
téuvovta ota onueia (0, 0) xou (1, 1) xar 670 ddotnua [0, 1] éyoupe g(z) > f(x),
eV oto Sidotnua [1, 2] éyoupe f(x) > g(z). Etol, 10 {ntodyevo euPaddy eivon

_E:A%¢E—ﬁmx+[?ﬁ—V@mﬁruzlg%ﬂé.

LTIC TEPITTAOEIC TOU Ol XUUTUAES divovTal YE TIC TUpAUETEIXES EEICOOELS
TOUG, OUCLUGTIXS TEdXELToL Yoo ahhayh) METOPBANTAC, OnA. eve elyoue Ty y =
f(x), Véoope x = z(t) xo npoéxude y = f(x(t)) = y(t). Etor oyler n dewpia
e ahhay g UETUPBANTAS, OTOTE EYOUUE:

to
t1

Ez/f@ﬂz/y@ﬂwt (6.19)

IMopdderypa 6.8 Na vrnodoyioete to eufaddv tns éNewpng (3.31) tov Xyrjua-
t0¢ 6.38 x = asind, y = bcosV ka1 Y € [0, 27].

Avorm Xpnowornowhvtag tov tono (6.19) xou tic mopauetpiéc e€lodoelc g
ENNeELYNC 6TO TPWTO TETUPTNUOELO Bploxouue

%E = /2 y(t)x' (t)dY = /2 b cos Ya cos ¥dl) = ab/2 cos? Odi) =
0

0 0

us us
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Yyfua 6.39: H egantopévn e y = f(x).

% abm
0

[NIE]

1
ab/ —(cos 20 4+ 1)d29 = azb sin (299) + 29
0

‘Etot éyouue 6Tt 10 euPadov g Enherdng ebvan B = mab.

6.4.2 To unxog xaunLANC

[o var oxtorypapiGOVUE TOV UTOAOYIOUO TOU UAXOUG ULoG XOUTOANG OXE-
PTOUaoTE ¢ €€ Owpolue OTL 1 xoumOAY pag yweiletow o€ n TuRuaTaL %o
x&e éva amd autd ol TpoceyyiCoupe Ye TN yoedY| Touc. ‘Etol yio o turue PQ)

Yo €youue
LPQ ~ L = \/(A.ZE)Q -+ (Ay)2,

OTOTE Y10 ONOXANET, TNV XOUTUAT, X UTS TNV Teolnd¥eon 6Tt 10 6plo UTHPYEL

x0¢ T0 1 — 00 €tol wote xou To Az — 0, Yo 1oy Vel

(Ay;)? (6.20)

Lip = lim ZL = lim Z\/Ax,

n—oo n—oo

Troétouye twpa 6Tt 1 ouvdptnon y = f(x) eivor Topaywyiown ue cuveyy
nopdywyo. And 1o Oedpnua Tne péomne Tuhc tou dagoptxol hoylopol (4.8.6)
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Va €youpe 61t Ay; = f(wiq1) — f(z5) = (@ip1 — ) f'(&) = Az f'(&), ondte 0
(6.20) ypdpeTo

Lap = hm Z\/ (Az;)? + (Az; f1(&))? = hm Z\/ 11(&))?Ax;

1 TEAXA

LAB:/ JIF (@) da (6.21)

Troétoupe TodRA OTL 1) XAUTOAY BIVETOL UE TIC TOPUUETEIXES ECLOWOELS T =
x(t) xar y = y(t) pe t € [t1, to] xou x&de onueio P(x,y) tne xauniine toipveto
uévo wia @opd, xadie to ¢ Staviel To [ty, to], xou enl TAéov oL cuvapThoels & =
z(t) xou y = y(t) eivar Toparywylowee Ye GLVEYEIC Tapay@youc” TOTE TEAL and
10 Oewpenua e uéone Thc Tou dtagoptxol Aoytouol (4.8.6) Va éyoupe

Lap = lim Z\/ ))2At; + (1 (£")) 2At1_/ V(@ "()2dt. (6.22)

n—oo

IMopdderypa 6.9 Na vnodoyioete to urjkog tov kUkAov (O, 1) ypnoiponowdrtag
a) wov tono (6.21) ka1 B) tov tino (6.22).

Abon 1) 'Eotww 22 + y* = r? 0 xixhoc (O, ), ondte 10 uhxoc tou nuixuxhiou

f(z) = /r? — 22 anb tov tino (6.21) Yo eivar

:/:\/Wdz:---:r/:iﬁdx:---:mi

2) 'Eotw, topa, © = rcosv, y = rsind pe ¥ € [0,27] o xdxdoc (O, r), ondte
T0 uhxog tou Nuxuxiouv (J € [0,7]), and tov timo (6.22) da eivor

/ V(! ))zdﬂ—r/oﬂldﬁ:m“,

on6ote L = 27r.
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Yo 6.40: Xtoryetddng xOAMVOpog EX TEQIOTROPTG.

6.4.3 Emgdvela xot 6Y®0G OTEREWY EX NERLOTROPNG

‘Otav pror suveyic xoaunodn y = f(x) neprotpagel Ylpw and tov dova z'r,
onuovpyeltar €va oTERES, TOU ovoudleTal GTEREO ex TEptoTEoc. «TepoyiCo-
VTOC» TO OTEPEO Ue enineda xdleta otov dZova o'z elvor Suvatdy, ue uedodoug
Tou TEPLYpddouE o YOUUEVWLS, Vo Bpolue xar var arodetEouue TOTOUC Yol TOV
UTOAOYIOUO TV OYXWY X0l TWV ETLPAVELDY TV CTEPEMY AUTMY. XTT GUVEYELX
Vol OXLYPAPTIGOVUE TNV EVPEDT) TWV OYETIXWY TUTWY X Oyt TNV ATOOEET TOUC.
O goutntig mou evdlagépeton Yo mpéner var xataguyet o BiMa Avdiuorng m.y.
([4])-

A¢ Yewprioouue TNy xourOin AB tou yfuatog 6.40 xar Suo enineda mou
Sépyovtan and tor onuelar P oxon @ xar elvon xddeta otov opilovtio dZova 'z
To oToyewdeg auTd OTEPES TO VEWPOLUE OTOLYELWDN XVAIVORO®  UE OEDOPEVO
OTL 0 OYX0g EVHC xLAIVOPoL diveTtar and tov TUno V = mr2h, da €YOLUE OTL O
OTOLELOONG 6Y*0g Tou Va elvor

dV = r[f(x)])*dz.

And tn oyéon aut Talpvoulde Tov TUTO TOU GYXOU TOU GTEQEOV EX TEPLOTROYNC,
oM.

V= 7T/ [f (z)]*da. (6.23)
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Av Tdh T0 GTOLYEIOOES AUTO OTEPED TO VEWPHOOUUE XGROUEO XWVO, UE DEDOUEVT
™) ayéon (6.20) xat 10 6Tt 0 Gyx0g ToU x6hoUpou xGVou eivar V = (1 + 12)l,
6mou 11 xou To eivor ot axtivec twv Pdoswy xon | n yevwhTpta (Yo T0 oploud
TOU XWYOU TdAL ypnowlonoteiton 1 neptoteo@t), Yo €youue 6Tt 1) oTOLYEWONG
empdveta Yo ebvou

AS =7 (f(zi) + fz:) Al = 7[f(zi1) + f(z:)]V/1+ [f'(&)P Az

AT T oyéon auTy| xaL YeNOHIOTOIOVTAS TNV EVVOLA TNE OUOLOUOPYTC CUVEYELIS
amoOELXVOETUL OTL TO EYPUdOY TNG ETLPAVELNC TOU GTEPEOD EX TERIGTROPNS Elvan

B=an / F@) T+ [ (@) Pde. (6.24)

IMogdderypo 6.10 Na vrodoyioete tov dyko kai Tny empdrea pnag opaipag jLe
axtiva 7.

Avom H ogaipa Snptoupyeitar and tny teptotpo@h Tou nuixuxiov y = Vr? — x2
YOpw and tov optlovtio dZova. ‘Etot and touc tinouc (6.23) xar (6.24) éyoupe
"9 4 4

V:ﬂ'/ (\/W)dezw/ (r —xQ)dx:§7rr

E:27r/:f(x)\/de:27r/_: m\/H[\/%de:

27r/ rdx = 4mr?.

6.4.4 'AN\eg spoppoyEg

Evowgégov anoxtd o tinog tou Taylor ot p€cou tou oplouévou ohoxAn-
ewuatog. ‘Otav hotndy 1 cuvdptnor f elvor tapaywyiown, €youue

/ ")t = f(@) — flao) & F(2) = flxo) + / "yt
: - R(z)
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Av 1 ouvdpTnon eivon duo Qopéc TapaywYiowr, OTWS xat TEONYOVUEVA, Talpvou-

T

P.E
/”fmaz—/’m—Wf@az—u—wf@

x
Zo

) + /m (x — 1) f"(¢)dt,

x g

OTOTE UE AMAT, AVTIXAUTAOTAUCY) GTNY TEONYOUUEVT GYEGT) TROXUTTEL

(@) = f(zo) + (& — 20) ' (o) + / o= (1)t

Zo
~ 2

R(z)

Ouolwe av etvar Teelc @opéc mapaywyion

/m (z — 8)f"(t)dt = _/m <($_t)2>lf”(t)dt: _($—t)2

0 0 2 2

: +1 /m (z —t)2f"(t)dt

o 2 [,
XU TWOAL UE AVTIXATAGTAOT) €Y OUUE

(v — mg)?

@) = ) + = 'o0) + S5 + 3 [ @ =20,

Enoywymd unopodue mthéov va ndpoupe, und tny teolndlest) 6Tl 1) cuvdptno
elvon n Qopéc mapaywyiowun, Tov tUno tou Taylor
(z — zo)" !

f(@o)++ -+Wf(”*1)(x0)+R(x),

(z — z0)?

f(x) = f(xo)+(x—m0) f'(z0) + 51

/7 /7 7 7
OTIOU TO UToAoLTo Tou TUTou Tou Taylor elvon

R(z) = — ! /m(x—t)"_lf(")(t)dt. (6.25)

(n - 1) Zo

Axébur, 1o oplopévo ohoxhipwua uropet va yenowonomiel yio va dei€ouye
OTL X4MOLEC GUVUPTAGELS Elval AVOAUTIXES, OTIWG OTO ETOUEVO TAPADELY L.

IMopdderypo 6.11 Na derytel 61 ) ovvdptnon arctan x efvar avaAvtikr).
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Avon e nponyoluevo napdderypa, otn oyéon (4.25) eidaye 6t 1 cuvdptnon
arctan x €yet T popo

2 b Al

arctanr =or— — 4+ — — — + -

3 5 7
Eniong eidaye 61t 1 oelpd tou Seutépou uéhoue ouyxiver yla xde e |x| < 1.
Oa doluE 6T GUVEYELXL OTL AUTH CUYXAIVEL GTY) GUVdETNOT) arctan .
Ocwpolye T oyéon
£2n+1
1+t2

OPEOL IOV ATOUEVOUY

1

Ohoxhnpidvovtac auth ato Sidotnua [0, 2], tpoxintet

P I I P2+
arctanr =r — —+ — — — + -+ (—-1)" R
tany =z = o4 o = e (S g R
61OV
x +1t2n+1d
R = )" ——dt
/0( ) 1+t

‘Opwg agold 1+ 2> 1, v TNV amOAUTY THY auTtoV Vo Loy Ve

x t2n—|—1 x x2n+2
|R|:/ dtg/ 2t =
0 0

2 n—aco 0 ’
1+1¢ 2n+ 2
10 omolo anodexviel To {NToUUEVO.

ITohhéc etvan ot egapuoyéc mou Peloxel To oplouévo ohoxhfipwua oTic Puct-
*€C EMOTRUES T.Y. eoTh, x€vipo udlag, €pyo dUVaUNS, LUDEOOTATIXY TEGY) AAAY
XU OTIC GANES EMMOTAUES, T.)Y. TAEOVAOUA TOU XATAVOAWTY 1§ TAEOVOOUO TOU To-
eaywyol otny Owovopla x.An. H Aborn divetor, agol Adfouue unddn tn Oswpla
XU TS TEYVINES TOU avamTOy U3y oARd ot T QUOT TOU TEOBAAUATOC.

Ioagaderypa 6.12 Na Bpelel to kévtpo pdlag €vds opoyevols mAakidiov mov
optletar aré tny mapafoln y? =4 — x ka1 tov op1ldvtio déova

Aborn Y10 Eyfua 6.41 gaiveton to mhaxido. Aol to mhaxiolo elvon oyoyevég
xot 0 optlovTiog dZovag etvar dovag cupueTplog, To xévtpo palac Vo PeloxeTtar
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ds

\4 —

T > S ™
/

— dx

Yyfua 6.41: Kévtpo palac: OptldvTieg xar xatoxdpupec Awploeg.

o’ autdy, onh. § = 0. T Tov mpoodloplond tou T yweiCouye o Thaxido 1 ot
0ptloVTIEC hwpldeg 1) o xaToxopUpES hwpldec. Xtn ouvéyela, Yo AOCOUUE 1O
TEOBANUA YeNOHLOTOIOVTIC TIC 0ptlOVTIEC AWPIBES X0 WS AGANCT O AVAY VWG TG
aC YPNOWOTOLAGEL YL TNV ETEAUCT) TIC XAUTAXOPUPES.

H otoyeiwone pala pag otoyeiwdoug Awpidac e otadepr muxvotnta 0 %o
OTOLYELDOT) ETLPAVELX Elvan

dm = dds = dz(y)dy (6.26)
OTOTE 1) GUVOMXT) uélo tou mhaxtdiov Yo eivon
2 2 32 328
M = /5ds _ 5/ +(y)dy = 5/ (= yy =ty -5 =22 (627)
S —2 -2 —

To xévtpo palag Tng oTotyEldoUS Awpldag, agol auth eivon opoyevic, Bploxeto

z(y)
2

0710 X€VTPO TN, Onh. €yet ouvtetayuévee (54, v). ‘Etot, n ponr| tne Awpidoc o

TEOS TOV XATAXOPLYO dCova Do ebvon

dM, = @dm

xou 1 poTr) OAWV TV Awpldwy pall etva
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Agol wg xévtpo pdlac Yewpolue to onueio mou, av Beioxdtay OAn 1 udla cuy-
AEVTPWUEVT Vo wag EBVE T GUYOALXY) poTth, Do £youue OTL
M, 8

Aoxnoeig

‘Aoxnom 6.1 Na vroloyioete ta opiouéva odokAnpdpata

2 1 1
1)/ xdx, 2)/ i du, 3)/ 2idzx
0 0 0

xpnoonoidrtas eocwtepikd ka1 €€wtepikd opfoyinia, agol mpwta dapeloly
Ta oyenikd dlaoTHUATa o€ N 1I00UNKN) TUNMATA.

‘Aoxnom 6.2 Agot mpdta daipedel to didotnua [a,b] oe n tunuate, ta on-
Je€la Tov omolov €fvar dpo1 YewpeTPIKNG TPodooy, T.X. To = Q,T1 = AW, Ty =

2 — n __ /, _ n/b 3 _ /
aw?, ..., x, = aw" = b (Tpogardis w = \/; pe lim, oo w = 1), ypnoiyonoic-
rTag eowtepikd opoywra, va detéete ot

b bm+1_am+1
/xmdz:{ m+l 7 m# —1
a

Inb—Ina, m=-1

‘Aoxnom 6.3 Epunretote to Ocdpnua 6.2.3 Uewpavtag tny f taydtnta ka1 to
x Ypovo.

‘Aoxnom 6.4 Av n [ elvar opiopérn kai ovveyiis oo [a, b], n g tapaywyioiun
ka1 opiletar n ovvleon f o g, va deytel ot

9(z)
%/ f)dt = f(g(x))g'(x).

‘Aoxnomn 6.5 Na Bpelel to x mov pueyotonoel to oAokAnpwpa

d z+3

— t(2 — t)dt.
i . (2-1)
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‘Acxnomn 6.6 Na Bpedei To dpio e tov kavéva tov De L’ Hopital

1 [*sinx
lim —
x—0 0 T

dt.

‘Aoxnom 6.7 Av I, = f(]% sin" zdz, napatnprote 6t a) Ioni1 < Ioy < Ipp_y,

B) lim 722~ =1 ka1 anodeire Tov TUmo ToU Wallis
2n+1

T —im [(2?2(72;1__1)2()2(:1__3;1? .. ..:.32>22n1+ 1} '

‘Acxnom 6.8 Na Ppedei o €ufaddv tng nuiédrerhng

b
y=—-Vaz2—a% a,b>0.

a

"Aoxnor 6.9 (Ocdpnua péong T tov odokAnpwtikot Aoyiopot) Akokovid-
rTag tn Aoyikn tng arédaéns tov Oecwpnuatos 6.2.3 oetéte éni, av o1 f ka1 g dvo
owvexels ouvaptioes oto [a,b] pe g(z) > 0V € [a, b], tdre 3 € [a,b] e

[ st = sie) [ sty

‘Aoxnomn 6.10 IIoAAég popés etvar o edkodo ) odokAnjpwon va yivetar ws mpog
) petapAntn y. Na Bpedel étor to eufaddv mov mepikAeietar and s mapaforég
y? =4 — 1 ka1 y? = 2z — 4, agol mpdta Ti§ oyedidoeTe.

‘Acxnom 6.11 Na Bpedel to eufadov kar o 6ykos Tng empdrelas mov oynuati-
Letai, drav mepoTpépovpe TNy ewhn 4z* + y? = 4, a)ydpw and tov opildrvtio
ka1 B)ylpw and tov katakdpugo déova.

‘Aoxnom 6.12 Na Ppelel to kévtpo nudlag tov Tprywrov e KopupéS ta onueia
0(0,0), A(1,0) ka1 B(1,2) pe tnr mpoindleon éti to tpiywvo eivar opoyeves,
TUKYoTNTaS 0.
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I'evixevpevo OAoxAnpwua

7.1 Tevixd

Méyer todpa Yewpolooue Tn cuVAETNOT CUVEYT G €Val XAEIOTO OLAGTNUL
la,b] ue a,b € R, mou ohjuotve 61t 1 ouvdpTno eivor entmAéov ot Qeayuévr. Me
v mapathonon (6.1.2) unopolue Vo anavTHOOUUE XAt OTNY TERITTWOT, GTOU 1
OUVAPTNGT) TAUPUUEVEL Pporyév o éva nutovowxto didotnua (a, b].

YTIC TEPINTWOELS, OOV €VOL TOUAAYIGTOV ATd ToL dX QA TOU Sl THUATOS Efvan

TO ATERO 1| 1) OLUVAETNGCT| Uag anelplleTon 67 €va amd Tal dXEA TOU OLICTAUITOS
[a,b], T0 ohoxMpwuo hAEYETOL YEVIXEVUEVO ¥ XOTOLYENOTIXG.
LNV TewTN TERITTWOT TO YEVIXEUUEVO oloxhripwua héyetar A gidoug, eve otny
dAAn mepintwon Aéyetar B eldouc. ‘Otav and 10 €va dxpo tne oloxhhpwong
epugavileton o A’ efdog xou amd 10 dAko to B 1oTE €y0UuE TO UXTO YEVIXEUUEVO
oloxhpwua.

7.1.1 Tevixevpévo ohoxArpwpa A’ eldoug

To I'evixeuuévo ohoxhrpwua A’ eidoug €yel pia and Tic ENOUEVES UOPPEC:

/ ;ﬂx)dx, | s [ s )

AvTtigetonileTon xou 0TI TPEIC TEQITTAOELS Ue TNV €vvola Tou oplou. 'Etot, av F
elvow par mapdyousa g f, €ouue

/ f@)dr = lim [ flx)de = F(b) — lim F(a),

a— —00 a a——00

205
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1/(x~2+1) \ 1/(x+1)

o o

Yyhua 7.42: Ov ouvapthoe f(z) = x++1 xou g(z) = Py

b—oo

/aoo f(z)dx = lim /ab f(z)dx = bli)rgo F(b) — F(a),

00 b
/ f(z)dz = lim f(x)dz + bli)m / f(x)dz = bli)m F(b) — lim F(a).

a——o0 J, a——00

IMogdderypo 7.1 Trodoyiote ta oAoxAnpouara:

i) / dx, i) / sinxzdx, i) / dx.
o r+1 0 o 2+ 1

Abom Me egappoyr TV TOTWY TalpVouue

> 1 b1 b
2)/ dr = lim dr = lim [ln(l +x)] = 00
o x+1 b—oo Jo x4+ 1 b—oo 0

00 b b
i) / sinzdr = lim [ sinzdr = lim [ — oS x} = — lim (cosb) + 1
0 b—oo f b—o0 0 b—o0

‘Ouwe 1o teheuTaio dpto dev umdpyet. X7 auty| TNV TepinTwon AEUe OTL TO OAO-
xMpwpo [ sin zdx anoxhivel.

o
1
m)/ dr = lim arctanb — lim arctana = g - (—E) =

2
o T4 +1 b—oo a——o00 2
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Yto oyfua (7.42) gaivetar v meptoyh Tne omolag to egBaddv exppdler to xadéva
and ToL ONOXANEWUOLTA 1) Ol 7ii).

Iapatrpnon 7.1.1 H Vrapén twv dvo opiwy, avedptnta tov €vég and to dAAo,
etvar ovowons, agpov n ewpnon

/Zf(x)dx :gg/if(x)dz

o0nyel o€ kdt1 BragopeTikd, Ywoté ws «tpwtetovoa Tty katd Cauchyy (C.P.V.)

7.1.2 Tevixevpévo ohoxArpwpa B’ eldoug

To I'evixeuuévo ohoxifipwua B’ eldoug €yel pia amd Ti¢ ENOUEVES LOPQEC:

b b
/f( Jdz, pe lim = too, f(z)dz, ye lim = too. (7.2)

z—at a T—b—

Avtipetwniletor, 6Twe xou Tpornyolueva, Ue T €vvola Tou oplou. ‘Etot, av F
elvon war mopdyouca tne f, €youue

/f d:l:—hm b f(z )dx:F(b)—lirr(l)F(a—l—s)
ate e

/f )z = lim bhf( v)dz = lim F(b— h) ~ F(a)

bh
/ dx—hm/ f(z dx—i—hm/ z)dz = lim F(b— h) — lim F(a + ¢).

e—0 h—0 e—0

IMogdderypo 7.2 Trodoyiote ta oAoxAnpouara:

L | LS|
i ——dx, dx.
)/11—552 )/1\/1—332
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1/(1-x**2) 1/sqrt(1-x**2)

-1 o 1 -1 o 1

Syfuo 7.43: Ov ouvapthoe f(x) = 2 xau g(z) =

1—x2°

Abon

1 1 1 1
1 1 1 1 1 1 1 1
oY SRy R T R
41—z 2) 1= 14z 2),1—x 2/ 41+

1—

1 1
) = —(21n2+oo> =00
—1+4e¢ 2

O¢étovtac o = sin v, mou ornuaivel dx = cos Vdv, talpvouye

1 h
—<—limln|1—x| +limIn |1 4 x|
2 e—0

h—0

-1

1 c arcsin (1—h)
1
) ————dz = lim d¥ + lim dy = .
)/1 V1—a? £0 arcsin (—1+€) h=0 ./,
Y10 oyfua (7.43) paiveton 1) teptoyh Tne onofac to euPoadov exppdlet To xadéva
amd ToL ONOXNTPWOUATA ) X0 47).

7.2 Kputrpia cOyxAiong

ITohhEg opéc luacTe avaryxaGUEVOL VoL amoPavIoUUE GYETIXG UE TNV UToL-
&N 1 Un EVOC YEVIXEUUEVOU OMOXATPOUATOC Xou 1idN €youle BeL OTL eV elvar Td-
VTOTE €UXOAY) 1} DUVATA 1) EVPECT) WL TTAPdY0VCAS AUTOU. YE TETOIEG TEPLITTWOELS
TpooTadoUUE VO BOOOUUE ATAVTNOT| UE OLUPORETIXEC TPOooEYYIoE Tou VéuaTtog,
UEPXEC EX TV OTolwY Vo SOUUE OTN CUVEYELL.
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7.2.1 Tw to A’ eldouc

Oa Yewpricoupe o1t 1 cuvdptnor f elvon cuveyrc xon un apvnTixd xon Yo
, , [e'e) , ) b
eZetdooupe Ty nepintwon [ f(x)dz, agol 1 nepintwon [°_ f(x)dz aviyeto-
mileTton mapouota, dpxel vo xdvouue arlayy) uetaBAntrc Vétovtag —t avti x.
"Eyouye %07 Oet 0Tt 10 YEVIXEUPEVO 0hoXApwld EXPEACEL TO 6plo EVOS EUS000U,
OmA.
/f@ﬁ:mn F(#)dt = lim E(x). (7.3)

T—r00 a T—r00

E(z)
Eni mhéov, ané o yeyovéc E'(x) = f(z) > 0, ouunepaivoupe 6Tt 1 ouvdpTnon
E(x) elvon wa ab€ouoa ouvdptnom xot enopévec 1 Va éyet 6pto €vay Tpayotind
aprdud (6tav Yo gedooetar, dec xa doxnon (3.10)) ¥ Ya anepiletar. Etot, 10
ETMOUEVO OeENUA QUIVETAL WS PUOLXY) CUVETELN AUTOU.

Bewpnua 7.2.1 Eotw dvo owveyeis ouvaptioes f kal g pe g(z) > f(xz) >0
ToTE

/) g@)dz €R = [ fla)dr R (7.4)
/ f(x)dx =00 = / . (7.5)
Anédegn: Na yiver wg doxnon. O

Magdderypo 7.3 Na eéetdoete wg tpog T o¥ykhion to okokAripwpa. [ e~ du
Abom To rapandve ohoxhhpwuo OEV UTOEEL Vol AVTIUETWTIOTEL UE Tol HELAL, APOU
€youue Tel OTL deV expedleTon Ye amhéc ouvapthoelc. Etol éyouue

r>1l=22>0= 22< =% <e®
o0 ) b 1

(o1 / e *dr = lim [— e_x] =—€R
1 b— o0 1 (&

OTOTE X TO ONOXAHPWUA floo e~ dz € R.

To Oewpnua 7.2.1 unopolue va 10 EXUETAMAEUTOUUE XATIAANAAL X Vo
TAEOVUE TO EMOUEVO TOAD omnuavTixd Oewpnua mou, e€etdlovtag xdmoto Ogto,
ofvel €va xpLtripto oUYXALoTK.
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Ochpnua 7.2.2 Av dvo, un aprnukés, ovvaptnioes [ kai g eivar ouveyels ka
€mmA€oV

limM:)\, 0 <A< oo, (7.6)

200 g(x)

/aoo f(w)da, /aoog(x)dx

ouumepipépovtar to 610, OnA. dtav ouykAiver to éva ovykAiver kai to dAdo, dy
Ouws, yevikd, oto 010 dpo. Enl tAéor

TdT€e T OAoKkAnpoata

av a}g&% =0, tdre /aoog(x)dx 6Rz>/aoo f(z)dz € R

av lim f(@) = 00, TOTE /00 g(z)dr = oo = /00 f(z)dx = co.

200 g(x)

Anodedn: And v wdtnta (7.6) umopolue vo mdpoude €va & JeTind xon va
Beolue 79 > 0, étot wote 0 < A — ¢ < % < A€ v xde x > 3. Aol
g(z) > 0, wyler

B f(z) f(x)
AN=e)g(z) < f(z) < (AN +e)g(x) & e <g(x) < T Vo > xy. (7.7)
H oloxhipworn tne amodellne va yivel wg doxnon. O

To mponyoluevo Oswpenuo oy et yLow Lo YeEVIxY cuvdptnomn g xot Yo ¥Tory
udArov 80CYENOTO, AV BEV GUVOBEUATAY XoL ATO UL XUATHAANAT GUVAETNOY Yid
xerion. Eutuyag ma té€tota cuvdptnon nou diver Aoon oe €va peydho aptduod
TEOBANUATOY UTHEYEL X0t TO YEVIXEUUEVO OAOXANpwHd TNG OIVETAL GTO ETOUEVO
TORAOELY L.

Iopaderypo 7.4 Na anoderytel 6T, av a > 0, toTe

/ooidf{ RIS
a

P oo, p<1
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Abor o) Eow p = 1.

xT b— o0 a b—o0

/ —dx = lim [lnz] = limInb— lna = oc.

B) 'Eow p # 1.
00 (1-p) b . p(1—p) B a(1—p) _ aP—1
/ L e = lim [x ] Y R A >
. P b—oo L1 —pla hmbﬁooﬁ—“lfp:oo,owp<l

‘Etol arodetytnxe 6Tt

/°° 1 ouyxhivel, av  p >1
—dr = .
o P oo, avp<l1

IMogdderypo 7.5 Na efetdoete av ta mapakdtw yevikevpuéva olokAnpajata
OUYKATVOUY:

<z <V
a ———dx, b —dx.
)/1 vad+1 )/1 vat+1

Avdon o) Oewpdvtac we Pondntixh cuvdptnon Ty g(z) = ﬁ, unoloyilouye o
opto
lim M = lim ﬂ =

T—00 g(z) z—00 4/ 3 +1 o

X0 GUUTERAEVOUUE OTL TO TEWTO oAoXATpwUd anelplleTar., ol €10t GUUTERLpE-
PETAL TO YEVIXEUUEVO OMOXATOWUA TN ¢.
B) Oewpivtag we Bondntixd cuvdptnon v g(z) = \/%, unohoyilouye 10 bplo

lim M = lim 7\/5\/5 =

%0 CUUTERAUEVOUUE OTL TO BEVTERO OAOXAIPWUA CUYXAIVEL, d@oU €161 CUUTERLYE-
CETAL TO YEVIXEUUEVO OMOXATIOWUA TN ¢.
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7.2.2 T to B’ €idouc

[a tar yevixeupéva oloxhnpwuata B eldoug, exciva dmA. mou 1 cuvdp-
o anepiletar oto €va dxpo Tou dlaoThUNTOC [a, b], umopel xdmolog Vo mo-
eatnehoel 6Tl aUTd €UXOAN UETATEETOVTAL OE YEVIXELUEVA OhoXATpoUoTa A" gf-
ooug. Ilpdypatt, av dewpricoupe 11 cuveyy| cuvdetnon f, ue medio oplouoy
la,b) xou lim, - f(z) = oo, T6TE Ye T0 peTaoynuaTIond b — x = 1, €)0UYE
ot = b &t — oo xaw —dr = —t%dt, OTOTE OYETXA UE TO YEVIXEUUEVO
oloxhpwua TolpVOUUE

Evé av Yewpriooupe tn ouveyr| ouvdptnon f, ue nedio optouol (a, b] xou
lim, .+ f(z) = 00, T0TE Ye 10 PeTACYNUATIONS T — a = % , EYOUUE OTL Loy VEL
01— at &t — oo xw dr = —t%)dt, OTOTE OYETIXA UE TO YEVIXEUUEVO
oloxhpwua TolpvoulE

b a1 1 | 1
[ r@ar= [T (a+¥)dt:/l = flat )it

Oréxhnen 1 Vewpla mou avarntiydnxe 0TV TEONYOUUEVY TaEdYEAPo tGYVEL Xt
e0w. 'Etot, nopadétouye 1o oyeTind Oewpruato xar TopadetyoTto EQopUoYhg.

Ochpnua 7.2.3 LEotw O0vo ouveyels ovvaptnioes [ kai g, pe medlo opojot

[a,b) (1 (a,b]) karlim, ;- f(z) = oo, lim, - g(x) = oo (1} lim, .+ f(z) = oo,
lim, .+ g(z) = 00) ka1 g(x) > f(x) > 0, tére

/b()d:ﬁER: f(z)dx € R, (7.8)

a

/f Jdx = oo :>/ (7.9)

Ioagaderypa 7.6 Na ebetdoete wg mpog tn) oyKkAion to yevikeupévo oAokAn-

poua
lsinx

dz.
|
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Aven Agol oto (0,1], oybe 0 < si}‘_‘” < ﬁ xou

/ —da:—(lllm[ \/_] =2—-0=2,

OUUTEPAVOUUE OTL TO €V AOYW OAoXAipwud ouYxAivel ev R.

Ocwpnua 7.2.4 Ay dvo, un apvnukés, owaptioes f kai g, je medio opiojLov
[a,b) (7 (a,b]) ka1 lim,_,;- f(z) = oo, lim, - g(x) = oo (1} lim, .+ f(z) = o0,
lim, .+ g(x) = 00) elvar ovveyels kai emmAéor

limM:)\, 0< A< o, (7.10)

z—b g(x)

/abf(x)dx, /abg(x)dx

oupuTEpIpépovTal To 1010, ONA. dtav ovykAivel to éva ouykAiver kai to dAdo, dyi
Ouws, yevikd, oto 610 dpo. Erl tAéor

tdte Ta oAokAnpauata

b b
av iﬂ%—O rore/g(a:)deRé/ f(z)dx € R,

f(z) e [ _ ” _
av :lclgll)m = 00, TOTE /a g(z)dr = oo = /a f(z)dx = 00

H cuvdptnon nou divet Aon twpa, ot éva peydho apriud npolAnudtwy etvor 1
|z — 7| 7P, 6mou 1 eivon 10 dxpo 670 oTolo UTEEYEL TO TEOBANUA X P XATEAANAT,

OUVaUT XL €V YEVIXEUUEVO OAOXAARWUE TNG BIVETAL GTO EROUEVO TOLAUDELYUOL.

IMoagdderypo 7.7 Na anoderyrel én, av a > 0, téte

/" L “’“) “eR, 0<p<l1
a(b_x)p OO: le ‘
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Avor o) Eow p = 1.

/b 1 dz:lim[—ln(b—x)r — —limIn(b—t) +1In(b—a) = co.

(b — ;E)p t—b a b—o00

B) Eow p # 1.

b
——dx = lim
o (b — l‘)p t—b

‘Etot anodetytnxe ot

b1 dor — ovyxhiver, av 0 <p <1
o b=z oo, avp>1 :

SN S
oo, avp>1 '

IMogdderypo 7.8 Na efetdoete, wg mpog tn oUykAion, ta mapakdtw oAokAn-

pauata
3l'2+1 5 \/E
d b dx.

Avon o) Y10 dxpo a = 2 Snuoupyeitor TpéBAnuo. Oewpolue Aotmdy we Pondn-
Txh ouvdptnon Ty g(x) = 5 xu Tafpvouue
i 4 @) @+ D=2 . @+ 5

mgg(z):i‘g x?2 —4 ~ ol i+2 4

OTOTE T0 OAOXATIPWUA CUUTERLPERETAL OTWG TO f;’ g(z)dz, bpwe and v doxnon
(7.3) oupnepaivoupe 6t Tehxd anetpileTo.

B) 1o dxpo b = 5 dnuovpyeiton npofinue. Oewpolye apyxd we Boninuxy
ouvdptnon Ty g(z) = = xou Tafpvouye

. fle) L B-a)r _
) = e = lm Vo -V =0.

‘Ouwe 0 Oebpnua 7.2.3 Sev unopel vo eQapuooTel, agol f;’g(x)d:v = 00. Oe-
WPOUUE TWEa we Pondntixs ouvdptnon Ty g(z) = ﬁ, onote

m @
A g(a) Vs,

OToTE, APOL TO f23 g(z)dx ouyxhiver, to Bto Yo cuuPaiver xar yior T0 delTERO
oloxhpwua TNG doxnong.
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7.3 T'evixevy€vo OAOXANPWUO KO CELPES

Mo oTevy| oyéor undpyel UETAEY TOU YEVIXEUUEVOU OAOXATEWUATOS XoU
TN¢ OElpdc, Omwe Yo dolue 0T cuvéyEtla. Ocwpolue TN cuvdptnor f oploévr,
ouveyr xat gdivouca oo didotnua [1,00). T v ev Aéyw ouvdptnon toyvet:

fli+1) < f(x) < f(i), Yo € [i,i+ 1]

Oloxhnpwvovtag anod @ Yeypet 7 + 1 €youpe

fli+1) < /Hlf(x)dx < ), Vi> 1. (7.11)

AVpoiCovtag topa and 1 yéypt n, tpoxinTEL

Sierns [ <> s (712

Aghvovtac to n va teiver 6To dnepo, 1 oyéon (7.12) pog divel

Sofi+n< [ e <3 10)

16000V
I+ 10 < [ fadr <Y 0), (7.13

‘Etot, and 1 deltepn aviodtnta e oyéone (7.13), étav ouyxhiver n oepd ev
R ouunepaivoupe 6Tt xar o oloxhripwua cuYXAivEL, eve dtav anepiletar To o-
Aoxhfpwua, ouunepafvouue 0Tt xat 1 oelpd anetp{Ceton. Ernione and tnyv mpad
avieotnta T oyéone (7.13), 6tav anepiletar v oepd ev R, ouunepaivoupe 6t
X0 T0 ohoxAfpwpa anelpiletar, eved GTay GUYXAVEL To ohoxhipwUa GUUTEQ-
VOUUE OTL o1 1) O€tpd cuyxhivel. Anodeiloye hoimov 10 enduevo Ocprnua.

Oewenua 7.3.1 Av a, pua akodovdia Jetikdv dpwr kai a, = f(n), érov f jua
ouvexris, giivovoa, un apvnukn owdptnon, téte Vo > N n oapd Y .o f(i)
Kai to oAokAnpwua f;o f(x)dz Oa ovumeprpéportar to ido.
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Ioagaderypa 7.9 Na eetdote wg mpog tn oUykAI0T) TIS T€IPES:

1)ZZ2+1 z;

Adom 1) Oewpolye T ouvdptnon f(x) = 2. Auth ebvor ouveytc, gdivouca

xou un apvntxh vz > 1 (ytl;) Agod

™
-=2—€eR
| s "R

1 oepd cuyxAivel oto R.

+1°

2) Oewpolye ™ ouvdptnon f(z) = \/3+1 Auty| eivar ouveytc, q)wf)ivouooz
xou un apvntxh vz > 1 (yal;) Eneds) ue Bondnties ouvdptnon g(z) = \/—,

lim M—l'm Ve zlxou/ Ld:E:oo

CUUTERAVOUUE OTL TO OAOXATPLUA fl dx onelpileton, onodte xou 1 OERd
amelpiCeTan.

To aptotepd uéhoc e oyéorne (7.12) Yo uropovice va ndpel T Lop®H
0< Y £(0) —/ Fl@)dz < £(1). (7.14)
i=1 1

Auté orpaivel 6Tt 1 Blaopd TOU 0pIOU TOU YEVIXEUUEVOU ONOXANPOUITOS ATO
T0 6plo NG OElPdS Peloxeton YETAEY TOU UNOEVOS oL TOU f(1). Edwd v ™y
f(z) = 1 éyer unohoyiotel 61t

n

1
Z__/ —dx_Z——lnn_7—05772156649
7

i=1

To undromo v Aéyeton otadepd Tou Euler, uéyper orjuepa €youy unoloylotel 263
dexadxd dmepfa ([5]) xou Sev éyetl anoderyVel axdun av eivan 1 oyt dppntoc.
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‘Aoxnomn 7.1 Trodoyiote ta yevikevuéva odokAnpapata

© et > 1
1 d 2 ——dx.
[ et D g

Aoxnon 7.2 Av n f ouvexns kar ppayuévn kaip > 1, detére én
/ mdm e R
a xp

‘Aocxnomn 7.3 Na anodeytel 61, av a,b > 0, tote

/” L (b;‘?;_peR, 0<p<l1
a(x_a)p oC, p21 .

‘Aoxnorn 7.4 Eetdote ws mpog tn oUykAion ta odokAnpduata

) e 3 1
1)/ Cosmdx, 2)/ idm, 3)/ dx.

‘Aoxnon 7.5 Eetdote ws mpog tn oykAion tig oepég

ZH—I’ ;H\/%'

=1

217
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ITAPAPTHMA

8.1 TIevixad

To mpdypappo Gnuplot 4.0 eivon €va and tor xaATEPA TEOYEAUUATA GTO
OYEDIACUO YPAUPIXGDY TUPACTACEWY GUVIRTHOEWY AAAG o Oedouévwy. Atatiie-
Tow BWPEAY 0TO BLadLXTIO X UTOEEL xdmotog va To Peel oTr dievYuvon:

www.gnuplot.info

Metd v anocuunieoT) TEEYEL UE DIMAG «XALXy, OTWS ONL TAL TEOYPUMUOTA Yol
TEPUIEVEL TNV EVTOAY UOC.

IMoapaderypa 8.1 Yyehdlovtas jie to Tpdypajija.

>plot sin(x)

>plot [-pi:pi] sin(x)

>plot [-pi:pi] [-1:1] sin(x)
>plot [:] [-1:1] sin(x)

Y10 TOPAOELYUd OAES OL EVTORES %AVOLY TNV (Blal DOUAELY, ONA. GYEBLALoUY TN
Yeapixh tapdotoon (y.n.) e f(x) = sinz, n npdn €€ autdy e T €€ 0pIGPOY
6pLaL TOU TEOYRAUUATOSC XoL OL UTONOITES UE Opto Tou eite opilovTon xou To Suo
elte opiletan To €val €€ AUTGV.

To gnuplot 4.0 and pévo tou uroloyiler 100 evdidueca onueion xar To EVHOVEL
ue evdOYpopua tuAuata. o ueyahitepn axplBela YenoWoTolOUE TNV EVIOAY
>set samples N, omou N 10 mhdog Twv eVOLdUECWY GNUEinY.

IMapdderypa 8.2 Opilovtag ta dpia efwrepiid.
219
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>set samples 1000

>set xrange [-pi:pil

>set yrange [-1.1:1.1]

>plot sin(x), cos(x)

Or napandvew evioléc optlouy T Oplor EEWTERIXA X XAVOUV TN Y.T. TWY OUOo
OLVORTACEWY 07O (B0 GUCTAA AEOVWY UE UEYaATERT axpiBeia.

Or y.7m. umopolv va Yivouv Ue SLdpopoug TpOTOUG, T.Y. UE TNV EVIOAY

>plot sin(x) w1 1t 3 1w 2

N Y7 yiveto e ypopps tonou 3 xau Bddouc 2 (w(with) 1(lines) 1t(linetype) 3
lw(linewidth) 2). Me tnv eviohr
>plot sin(x) wd 1t 3 1w 2

N y.m. yiveton ye otyuée tomou 3 xau Bddouc 2 (w(with) d(dots) 1t(linetype) 3
lw(linewidth) 2). Me tnv eviols
>plot sin(x) w p pt 3 ps 2
ny.m. yiveton ye onueio tonou 3 xat peyédouc 2 (w(with) p(point) pt(pointstype)
3 ps(pointsize) 2). Me tnv evtoly
>plot sin(x) w 1p pt 3 ps 2 1w 3 1t 4

N y.m. yiveto pe onuelo tomou 3 xo peyédoug 2 xar ypoupés Bddoug 3 xou
tonou 4 (w(with) Ip(linespoint) pt(pointstype) 3 ps(pointsize) 2).
Me v evtort,
>plot sin(x) with something
UTOPOUUE VoI ONUIOURYHIOOUUE oXOUT O TOAAES Y.T., avTiXaloTVTAC TN AEEN
something ye pa and tic axdlovdec: impulses, steps, fsteps, histeps,
boxes, errorbars, errorlines.

8.2 Etxéteg, d&oveg xou mAEypoTa

Ioagaderypa 8.3 Bdlovtag titAovs oto ypdenpa.

>set title "My first graph"

>set xlabel "Time in years \n 1980 - 2001"
>set ylabel "Cost"

>unset key

>set key t 1

>set key box
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Atveton tithog 0T Y.T. X0t €TIXETEC GTOUG GLOVES, EVG UE TO key avagépetar 1
dev avogpépetar 1 xde ouvdptnon otn Véon t(top) 1(left).

IMogdderypo 8.4 I'pdportas €TikéTes.

>set label 1 "f(x)" at x1, yl font "Arial, 16" tc 1t 1
>set label 2 "g(x)" at x2, y2 rotate font "Arial, 18" tc 1t 5
>unset label n

Mnogolue va ypddoupe 0, TdRTOTE o TOAEC POpEC UECA OTO YRAPTUA OTIC
Véoewg (24, y;) pe ypwuo te(texteolor), 6mwe ot lt(linetype) n A va avoupé-
ooupe To mopamdvew. To >set label ywplc aprdud €€ oplouot eivon 1 eved To
>unset label ywoic aprdud €€ optopol eivon OAa.

IMopdderypa 8.5 O¢rortas Tijuég orovg déoves.

>set xtics axis (""-pi,"" -2, 0, 2, "pi" 3.14, "3xpi/2" 3*pi/2)
>set ytics border -1,0.25,1

>unset xtics

>unset ytics

EZ oplouol 10 mpdypauuo VETEL XATOIEC TWES OTOUC GEOVEC o UAALOTO OTO
mhaioto (border), avéhoyo ue T y.n. TG ouvdptnon Vv onoio dnutoupyel. Me
T0 >set xtics xou To >unset xtics umopolue vo eAEYEOUUE TNV XATAOTUON
xou va VEGOUUE TIC TWES 0TOUG AEOVES 1) VO TIC APALEEGOUUE, Vol TIC VECOUUE UE
o xavolpytar aeyr xar éval xouvolpyto Bua. BéBota 1 optodétnorn twv aldvmv
mailet éva omoudaio pdho oTo grid Tou xAVOUUE.

IMogdderypa 8.6 Anuovpyavtag déoves.

>set zeroaxis 1t 5
>set grid 1t 7
>unset zeroaxis
>unset grig

['a va Yéoouye GE0VES 1) Yol Vol TOUG apop€GOUNE YENOILOTOOUUE TO
>(un)set zeroaxis, eV Yl VoL ONULOULYHCOLUE Vol TAE YU UE 0PVOYDVIES %ol
xotaxopugeg euleleg o >(un)set grig. To mAéyua dnuioupyeitar oto onueia
mou emAELauE Ye To Xtics, ytics.
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Teheotéc npdlewv TRAEELS
coUuPolo  mopddEryUa enednynon cVuPolo enednynom

+ a+b npbdoveon exp(x) e”

- a—>b apaipeon cos (z) oLVNUITOVO

* ax*b TOAMATAAGIOAOUOC sin (x) nuitovo

/ a/b dtafpeom tan (x) EQUTTOUEVT,
% a%b undhoLmo log(z) Inz

ok a * xb SUvaun log10(x) Inyg

! al TOPAY OVTIXO cosh(x) x.\. uTEPBOMXEC
&& a& &b Aoyixd xou acos(x) x.hxn avTioTEogES
== a == Aoyix6 = TELY WVOUETOIXEC
I al|b Aoyxé 1 sgn(z) TEOOTUO

= al=1"b Aoy # floor(x) ox€poto PEpOC

! la Aoywo oyt int(z) amoxont, dexadixol

Tivaxag 8.2: Yuyvd yenotuonololyevol TEAEGTES Xal GUVARTHOELS
8.3 Ilpd&eic xot CLUVAPTNOELS

O ouvapTthceg uropoly va drnutoupyndoly e0xoha YENCIOTOIWVTIS TI
AEYOUEVES «UTAEC GUVUPTACELSY XUl TOUS YVWOTOUC TEAEGTEC TPACEWY T.Y.

IMoapaderypa 8.7 Anuovpydrrag ovvaptrioes.

>f(x)=(x+1)/sqrt(x**2+1)+exp(x/3)

>g(x)= (x>2) 72 : (x<-2)7-2:x

>h(x)= (x < -1) 7 -2%xx : (x > 1) 7 x*xx2 : 1/0

Y70 TApddELY YA ONULOURYOUYTAL GUVIRTNOELC AmhoU, AhAd ol TOMAATAOD TUTOU.
Y10 Topddeypa Efval Ol CUVAPTAGEL:

r+1 2, avr>2 —2x, avax <l
f(z) = 27+6%, g(x) = x, olol , h(x)= { 22 ’ow r > 1
2 +1 -2, avzr < -2 ’

H ouvdptnon h(z) dev opiletar 610 ddotnua [—1,1]. Autd oto mopdderyua
dnhdvetor pe to 1/0. Xtov mivoxa (8.2) goivovtar ot o yveoTol TEAEOTEC
(hoywxol xat mpdZewy) xar ot o YvwoTtéc anhéc ouvapthoec. Towe mpocoyt
Yo mpénel va dovel oty dbpeom, agol dtav ot apriuol a,b eivar axéponot To
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amotéAecpa etvarl %L auTd axépato, EVE OTay Evac ané Toug duo efval TEAYUATIXOC
10 anotéheoya eivon mporyotind. ‘Etot €youue % =0 evw 15 =0.5

8.4 Ilopopetpixe€g, TOAXESG %Ol DESOUEVAL

IMogdderypo 8.8 Ilapauetpikés eiowoer.

>set parametric

>plot [-pi:pi] [-3:3] [-2:2] 2*sin(t), cos(t)

>unset parametric
‘Otav ot xoaunUAeg divovTar Ue TopaleTeixéc eEIOMOELS, UTOPOVUE TAAL VoL XAVOUUE
™ v.n. pe to Gnuplot. Tdpa n puetaAnth eivor 1 ¢ xou ot cuvapthoeic ot z(t)
xon y(t). Troypewtxd yivetar dHhwon e 1o >(un) set parametric. Lnpovtxé
elvol OTL TOPA UTOPOVUUE VAL GYEDLIGOUUE Xl XUUTUAES TOU BEV AVTIGTOLYOLY GE
OLUVUPTACELS"  TapAmdvw oyeddletar wa Ehherdn. ‘Ooa €youvue mel ya y.7.,
OYETXA Ue To TAUOC TwV ONUEiWY, UE TO GTUA, TA YPOUATA X.AT., LGYUOLY %o
TWEO.

IMopaderypo 8.9 IloAikés ourtetayuéves.

>set grid polar

>set polar

>set angles radians

>plot [0:pi] 2*sin(t), sin(t)

>unset polar
‘Otav ot xaumUieg divovTon ue TohxES eSIGMOEIC, UTOPOUUE TIAL VO XAYOUUE TN
y.%. ye o Gnuplot. TI&ht 1 uetofints elvar 1 t. Troypewtind yiveton drhwon
Ue To >set polar xot emavapopd ue To >unset polar. Emmiéov, unopoldue va
Veécouyue xo TOAXO TAEYUL, OTWS TapaTNEEl xdmolog. XTo Tupdderyua elvon duo
xOxhot. EE opiouol 1 ywvia eivon oe radians, propel dpwg vo oAAdEer ue Ty
(>set angles degrees).

IMopdderypo 8.10 I'pagikés mapaotdoes pe dedopiéva.
>plot "c:/gnu_plot/mydata/data.dat" with points
>set data style linespoints
>replot "c:/gnu_plot/mydata/data.dat" using 1:3
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[Swadtepa ebxoha yivovtar yv.m. 0edoPEVWY, OTwE QaiveTon 610 Togdoeryuo. ‘Otay
Tor OEQOUEVL EIVOL GTOV TEEYOVTA XATIAOYO, TEOPIUVWS OE YEELdleTal OAOXATIEON
n dtodpoun. H €€ oplopol ayediaon eivon tne mpwtne () ot Sedtepnc (y) oth-
Anc. Qoté00, autd propel va avatpanel Ye to using. AZiler va onueidoouue
OTL 0 EAEYY0C TV ONUEiwY YIVETAL JE TO YVWOTO TEOTO TWV YRUUUGY HTOL UE
pt 4 ps 1 1w 2 1t 3. I'papuéc mou Eextvdve Pe To # ayvoolvTtal W GYOALL.
H evtoly| replot elvow Wiadtepa onuovTixr agol yog entteénel vo falouue 010
{dto oy€dlo mohAéC Y. m. Tou (Blou TUTOU.

IMopdderypo 8.11 Ilivakag jie dedopéva.
# Typiko paradeigma pinaka

# x X*k%2 5*x
1 1 5
2 4 10
3 9 15
4 16 20
5 25 25
6 36 30
7 49 35
8 64 40

8.5 IIoAAamAd ypapruata

H avdyelln Slopopetixmy TOmwy Y.7. €V YEVel dev emtpéneton. Mnopolye,
WOTOGO Vo AVAUEIZOVUE BLapopeTiXoUE TOTOUC Ue TNV VIO > (un) set multiplot.
Y10 ToRUX AT TAPddELYUN, 0TO (D10 oUOTNU a&OVWY YIVETOL 1) Y.T. TEWDV OLo-
POPETIXWY XUUTOAWY XL UE TOUG TEELS OLUPORETIXOUE TUTOUS GYEDACTC.

IMapaderypo 8.12 IloAAamAés ypagikés mapaotdoeg 1.
>set multiplot

>set yrange [-2:2]

>set xrange [-pi:pil

>plot sin(x) 1t 1

>set key bottom right

>set parametric
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T 2*cos(2*t) e ' S ' " sin(x)

, , , . , sin(lt), cos(t)
-3 -2 -1 o 1 2 3

Yyfuo 8.44: O oyedacuds Twv TV SLUQOReETIX®Y xouTOAwy L.

>plot sin(t), cos(t) 1t 2
>unset parametric

>set key top left

>set polar plot 2*cos(2*t) 1t 3
>unset polar

>unset multiplot

O oyedlaouds Twy TopacTdocwy gaiveton oto Lyhua 8.44. O oyedloouoc autodg
elvon amoTtéleoua Tou YEYOVOTOC OTL Tplol DIUPOPETIXE GYEDLAL Tou (Blou ueyédoug
o Y€oaue axpBwe To éva dvw oto dAho. To péyedog ehéyyeton Ue TNV EVTOAY|
>set size a,b, evw 1 ¥éon ue Ty >set origin x,y. Apyr yia xde eixdva
Yewpeltal 1 %x3Tw AploTERY| Ywvia xat apy Y| Yo T0 oYEDL0 ERloNG 1 XATwW AQIGTERY)
yovia ye tpée (0,0)

Iopaderypo 8.13 IloAdamAés ypagixés mapaotdoeg I1.
>set multiplot

>set yrange [-2:2]

>set xrange [-pi:pil

# H prwti sxediasi

>set size 0.5,0.5

>set origin 0,0

>plot sin(x) 1t 1
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27GCOS(2%) -eeeeeeee- )

'sin(t), cos(t) -

Yo 8.45: O oyedlacuds Twv TeLY SLPopeTix®y xoumiiwy II.

# H deyteri sxediasi
>set size 0.5,0.5
>set origin 0.5,0
>set parametric

>plot sin(t), cos(t) 1t 2
>unset parametric

# H triti sxediasi
>set size 1,0.5

>set origin 0,0.5
>set polar

>plot 2*cos(2xt) 1t 3
>unset polar

>unset multiplot

Y1o Yyfua 8.45 gaivetar 1 xouvolpyta oyediaor. A&iCer vo mopatneicouue
6TL 1600 1o a,b oty >set size a,b, 6o xo T 7,y 6NV >set origin x,y
nafovouy tiwée oto [0, 1] Tpéc extdc TV oplwy éyEl we anotélecya oyedioo
EXTOS oyEdlov.
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8.6 ’'Eodog tou ypapruatog

To oyédo unopel elxoha vo uetageplel yia emelepyacioa 610 TEOYEOUUA
paint Twv windows xot vo T0 owoouue w¢ .bmp apyeio. Enlong, unopolue va 1o
UETaQEPOLUE, ws exbva, ot éyypago tou Word. H yetagopd yivetar wg e&hc:
1) Kévouge «xhix» otny méve aptoteph ywvio tou oyediou
2) Kdvoupe «xhx» oto Options
3) Kdvoupe «xhx» oto Copy to clipboard
H cuvéyeta etvar va xdvouue " paste” oto mpdypauuo mou eTthEEaE.

[Tolhol yenowomooly Yo tor xelgevd toug o ITEXxar Wéhouy w¢ €€odo
opyeio tomou .ps 1| .pdf, étol Véhouv ta oyédid toug oe .eps popyr. Autd
UTopOUY Vo T0 TETUYOLY TEOCVETOVTAS GTO TEOYPEOUUS TOUS TIC OUO EMOUEVES
YPOpES:

>set terminal postscript color eps

>set output "c:/mydir/filename.eps"

EZ oplouol o mpoodloptopds tou tepuatinol eivar povoyewpos. H emavagopd
yivetow ye tnv >set terminal windows.

‘Eywve wa tpoomdiela yio Ui ELCAYWYT) 0TO GYEDIAOUS Y.T. 0TI dUO dlo-
otdoelc pue to Gnuplot. Qotdéco 1o Gnuplot dnutoupyet €€ ioou TOA) xoAd oy é-
Ol xaL 6TLS TEELG OlaoTdoelg. Me tnv eunetplo Tou anéxTNoE 0 avay vwoTng elvor
TAEOV VoS VoL EEEPELVHOEL TO VaUUdoIo aUTO EPYAAED XAl VO TO TEOCAPUOGEL
GTOV EAUTO TOU, YPMOWOTOLOVTAS TNV Boflela TOu TEOYEIUUATOC.

Téhog xou oty xhelcouye auty| Ty eloaywyr 6to Gnuplot, Yo dmcouue duo
TPOTOUC YL TN YPHOT| TOU TROYPEIUMITOS, EXTOS AUTOU TNG «YPOUMNS dtatary gy
Tou UdAlov elvar o TpoTog Tou anwiel To yernotn. TIdvta uhdue yio tepy3dAioy
"Windows”.

O mpddtog elvar o e€hc: IIAnxrpohoyolue to mpdypauua o €va text editor.
ITpoteivoupe 1o Crimson Editor, o onolog dtatietar dwpedv 010 dladixTio 011
dievduvon http://www.crimsoneditor.com/, xou agold 10 cwoouue e xdmoto
bvoua, t0 EMAEYOUPE OMOXATEO xou To avitypdpouue (Copy). Xtn cuvéye
mnyaivouue oto Gnuplot xau xdvoupe emtx6inon (Paste) and to 8eZi nhrxtpo
Tou TovTixtoy. Autd elvor 6ho!

O delbtepog otnpiletar oTn duvatdTnTa mou divel o Crimson Editor yua va tpéye
T0 TEOYPopUA Yoo amd autov. Iapadétovpe Tic 0dnyieg and ) Bordea Tou
TEOYPAUUATOS.

1. Open Preferences dialog box and select User Tools page
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2. Select an empty slot and fill with the following arguments.
- Menu Text: Gnuplot

- Command: C:\gnuplot_x\bin\wgnuplot.exe

- Argument: $(FileName)

- Initial dir: $(FileDir)

- Hot key: None

- Close on exit: Yes

- Save before execute: Yes

Apply

Hpocoyn! Ia va péver 1 edva otny 006V Vol TEETEL TO TEOYPAUUOL VO TEAELDVEL
TdvTa Ue TNV EVIOAY) >pause -—1.
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