Panepistămio IwannÐnwn Tmăma D. P. F. P.

Dr. MiqĹlhc TzoÔmac Majhmatikìc

M A J H M A T I K A

Tìmoc 1^{oc}

AGRINIO 2005 ii

Perieqìmena

Perieqìmena i

Prìlogoc aþ

Eisagwgă 1 1.1 To sÔnolo. OrismoÐ kai prĹxeic . . . . . . . . . . . . . . . . . . 1 1.2 Diatetagmèno zeÔgoc`Kartesianì ginìmeno . . . . . . . . . . . . 5 1.3 Metajèseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.4 DiatĹxeic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.5 SunduasmoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.6 AjroÐsmata - to ∑ . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.7 To diÿnumo tou Newton . . . . . . . . . . . . . . . . . . . . . . 15

AkoloujÐec - Seirèc 19 2.1 Oi sqèseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.2 AkoloujÐec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.2.1 H monotonÐa . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.2.2 Ta frĹgmata . . . . . . . . . . . . . . . . . . . . . . . . 23 2.2.3 H sÔgklish . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.2.4 UpakoloujÐec . . . . . . . . . . . . . . . . . . . . . . . . 30 iv PERIEQ§OMENA

2.2.5 Anadromikèc akoloujÐec . . . . . . . . . . . . . . . . . . 33 2.2.6 H akoloujÐa teÐnei sto ∞ . . . . . . . . . . . . . . . . . 37 2.2.7 Krităria sÔgklishc . . . . . . . . . . . . . . . . . . . . . 39 2.3 Seirèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 2.3.1 Seirèc me omìshmouc ìrouc . . . . . . . . . . . . . . . . . 44 2.3.2 ’Allec kathgorÐec Seirÿn . . . . . . . . . . . . . . . . . . 48 2.3.3 Dunamoseirèc . . . . . . . . . . . . . . . . . . . . . . . . 53

Sunartăseic 59 3.1 GenikĹ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 3.2 H eujeÐa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 3.3 Gnwstèc ènnoiec kai idiìthtec twn sunartăsewn . . . . . . . . . . 63 3.3.1 ’Artia sunĹrthsh . . . . . . . . . . . . . . . . . . . . . . 63 3.3.2 Perittă sunĹrthsh . . . . . . . . . . . . . . . . . . . . . 63 3.3.3 Amfimonosămanth ă fl1-1fl sunĹrthsh . . . . . . . . . . . . 64 3.3.4 Fragmènec sunartăseic . . . . . . . . . . . . . . . . . . . 65 3.3.5 MonotonÐa . . . . . . . . . . . . . . . . . . . . . . . . . . 66 3.4 H Parabolă kai h Uperbolă . . . . . . . . . . . . . . . . . . . . 66 3.4.1 H Parabolă . . . . . . . . . . . . . . . . . . . . . . . . . 66 3.4.2 H Uperbolă . . . . . . . . . . . . . . . . . . . . . . . . . 68 3.5 H ekjetikă kai h logarijmikă . . . . . . . . . . . . . . . . . . . . 70 3.5.1 H ekjetikă a^x . . . . . . . . . . . . . . . . . . . . . . . . 70 3.5.2 H logarijmikă ln_a x . . . . . . . . . . . . . . . . . . . . 70 3.6 Oi trigwnometrikèc sunartăseic . . . . . . . . . . . . . . . . . . 72 3.6.1 H sunĹrthsh tou hmitìnou . . . . . . . . . . . . . . . . . 72 3.6.2 H sunĹrthsh tou sunhmitìnou . . . . . . . . . . . . . . . 73 3.6.3 H sunĹrthsh thc efaptomènhc . . . . . . . . . . . . . . . 74

PERIEQ§OMENA v

3.6.4 TÔpoi kai tautìthtec . . . . . . . . . . . . . . . . . . . . 76 3.6.5 AntÐstrofec trigwnometrikèc sunartăseic . . . . . . . . . 76 3.6.6 Uperbolikèc sunartăseic . . . . . . . . . . . . . . . . . . 78 3.7 ’Allec kampÔlec . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 3.7.1 O kÔkloc . . . . . . . . . . . . . . . . . . . . . . . . . . 80 3.7.2 H parabolă . . . . . . . . . . . . . . . . . . . . . . . . . 81 3.7.3 H ’Elleiyh . . . . . . . . . . . . . . . . . . . . . . . . . . 81 3.7.4 H Uperbolă . . . . . . . . . . . . . . . . . . . . . . . . . 83 3.7.5 Parametrikèc exisÿseic kampÔlwn . . . . . . . . . . . . . 85 3.8 ’Orio sunartăsewn . . . . . . . . . . . . . . . . . . . . . . . . . 86 3.8.1 ’Orio thc f(x) kajÿc to x teÐnei sto x_0 . . . . . . . . . . 87 3.8.2 ’Orio thc f(x) kajÿc to x teÐnei sto ∞ . . . . . . . . . . 89 3.8.3 Jewrămata kai idiìthtec twn orÐwn . . . . . . . . . . . . 91 3.9 Sunèqeia sunartăsewn . . . . . . . . . . . . . . . . . . . . . . . 96 3.9.1 OrismoÐ kai Idiìthtec . . . . . . . . . . . . . . . . . . . . 96 3.9.2 ShmantikĹ jewrămata thc sunèqeiac . . . . . . . . . . . . 98 3.9.3 H mèjodoc thc diqotìmhshc . . . . . . . . . . . . . . . . . 100

ParĹgwgoc 105 4.1 GenikĹ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 4.2 Orismìc kai ermhneÐa thc paragÿgou . . . . . . . . . . . . . . . 106 4.2.1 O Orismìc thc paragÿgou . . . . . . . . . . . . . . . . . 106 4.2.2 H Gewmetrikă ermhneÐa thc paragÿgou . . . . . . . . . . 108 4.3 Idiìthtec twn paragÿgwn . . . . . . . . . . . . . . . . . . . . . . 110 4.4 ParĹgwgoi stoiqeiwdÿn sunartăsewn . . . . . . . . . . . . . . . 112 4.5 ParĹgwgoi Ĺllwn sunartăsewn . . . . . . . . . . . . . . . . . . 114 4.5.1 ParĹgwgoi peplegmènwn sunartăsewn . . . . . . . . . . . 114 vi PERIEQ§OMENA

4.5.2 Sunartăseic me parametrikèc exisÿseic . . . . . . . . . . 116 4.6 To diaforikì kai h ermhneÐa tou . . . . . . . . . . . . . . . . . . 117 4.7 TÔpoc tou Taylor . . . . . . . . . . . . . . . . . . . . . . . . . . 119 4.8 ShmantikĹ Jewrămata twn paragÿgwn . . . . . . . . . . . . . . 126 4.8.1 Akrìtata sunĹrthshc . . . . . . . . . . . . . . . . . . . . 126 4.8.2 ’Alla Jewrămata . . . . . . . . . . . . . . . . . . . . . . 129 4.9 Kanìnac tou De l’ Hôspital . . . . . . . . . . . . . . . . . . . . . 137 4.10 AsÔmptwtec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141 4.11 Kurtèc kai koÐlec sunartăseic . . . . . . . . . . . . . . . . . . . 143 4.12 H Melèth thc sunĹrthshc . . . . . . . . . . . . . . . . . . . . . 151

Aìristo oloklărwma 157 5.1 GenikĹ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 5.2 OrismoÐ kai stoiqeiÿdh oloklhrÿmata . . . . . . . . . . . . . . . 157 5.3 Idiìthtec tou Oloklhrÿmatoc . . . . . . . . . . . . . . . . . . . 159 5.4 Teqnikèc oloklărwshc . . . . . . . . . . . . . . . . . . . . . . . 162 5.4.1 Allagă metablhtăc . . . . . . . . . . . . . . . . . . . . . 162 5.4.2 Oloklhrÿmata trigwnometrikÿn sunartăsewn . . . . . . 164 5.4.3 Oloklărwsh rhtÿn sunartăsewn . . . . . . . . . . . . . 167 5.4.4 Oloklărwsh Ĺrrhtwn parastĹsewn . . . . . . . . . . . . 174

Orismèno oloklărwma 179 6.1 GenikĹ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179 6.2 Idiìthtec tou orismènou oloklhrÿmatoc . . . . . . . . . . . . . . 183 6.3 To jemeliÿdec Jeÿrhma tou oloklhrwtikoÔ logismoÔ . . . . . . 185 6.3.1 Mèjodoi oloklărwshc . . . . . . . . . . . . . . . . . . . 188 6.3.2 Arijmhtikă oloklărwsh . . . . . . . . . . . . . . . . . . 192 6.4 Efarmogèc tou orismènou oloklhrÿmatoc . . . . . . . . . . . . . 193

PERIEQ§OMENA vii

6.4.1 To embadìn . . . . . . . . . . . . . . . . . . . . . . . . . 193 6.4.2 To măkoc kampÔlhc . . . . . . . . . . . . . . . . . . . . . 195 6.4.3 EpifĹneia kai ìgkoc stereÿn ek peristrofăc . . . . . . . 197 6.4.4 ’Allec efarmogèc . . . . . . . . . . . . . . . . . . . . . . 198

Genikeumèno oloklărwma 205 7.1 GenikĹ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205 7.1.1 Genikeumèno oloklărwma A’ eÐdouc . . . . . . . . . . . . . 205 7.1.2 Genikeumèno oloklărwma B’ eÐdouc . . . . . . . . . . . . . 207 7.2 Krităria sÔgklishc . . . . . . . . . . . . . . . . . . . . . . . . . 208 7.2.1 Gia to A’ eÐdouc . . . . . . . . . . . . . . . . . . . . . . . 209 7.2.2 Gia to B’ eÐdouc . . . . . . . . . . . . . . . . . . . . . . . 212 7.3 Genikeumèno oloklărwma kai seirèc . . . . . . . . . . . . . . . . 215

ParĹrthma 219 8.1 GenikĹ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219 8.2 Etikètec, Ĺxonec kai plègmata . . . . . . . . . . . . . . . . . . . 220 8.3 PrĹxeic kai sunartăseic . . . . . . . . . . . . . . . . . . . . . . 222 8.4 Parametrikèc, polikèc kai dedomèna . . . . . . . . . . . . . . . . 223 8.5 PollaplĹ grafămata . . . . . . . . . . . . . . . . . . . . . . . . 224 8.6 ’Exodoc tou grafămatoc . . . . . . . . . . . . . . . . . . . . . . 227

BibliografÐa 229

Euretărio 230 viii PERIEQ§OMENA

KatĹlogoc SqhmĹtwn

1.1 SÔnolo ` UposÔnolo sunìlou. . . . . . . . . . . . . . . . . . . . 2 1.2 H ènwsh kai h tomă duo sunìlwn. . . . . . . . . . . . . . . . . . 3 2.3 H apeikìnish f : A → B, y = f(x). . . . . . . . . . . . . . . . . 20 2.4 ’Orio thc akoloujÐac a_n =^{n4+13n2+17}_{2n4−10n+19} . . . . . . . . . . . . . . . . 24

2.5 Gewmetrikă ermhneÐa thc seirĹc

∑_∞ n=1 (_1 2 )_{n−1} . . . . . . . . . . . 43 2.6 SqhmatikĹ h enallĹssousa seirĹ . . . . . . . . . . . . . . . . . 49 3.7 H apeikìnish f : A → B, y = ax + b. . . . . . . . . . . . . . . . 62 3.8 H apeikìnish thc y = ax^2 + bx + c. . . . . . . . . . . . . . . . . 67 3.9 H apeikìnish thc y = x^2 − 5x + 6. . . . . . . . . . . . . . . . . . 68 3.10 H apeikìnish thc y =^{ax+b}_{cx+d} . . . . . . . . . . . . . . . . . . . . . . 69 3.11 H apeikìnish f : A → B, y = a^x. . . . . . . . . . . . . . . . . . 71 3.12 H apeikìnish f : A → B, y = ln_a x. . . . . . . . . . . . . . . . . 72 3.13 H apeikìnish f : A → B, y = sin x. . . . . . . . . . . . . . . . . 73 3.14 H apeikìnish f : A → B, y = cos x. . . . . . . . . . . . . . . . . 74 3.15 H apeikìnish f : A → B, y = tan x. . . . . . . . . . . . . . . . . 75 3.16 H apeikìnish f : A → B, y^2 = 4px. . . . . . . . . . . . . . . . . 82 3.17 H apeikìnish thc èlleiyhc. . . . . . . . . . . . . . . . . . . . . . 83 3.18 H apeikìnish thc uperbolăc. . . . . . . . . . . . . . . . . . . . . 84 3.19 SqetikĹ me to lim_{x→0}^{sin x}_x . . . . . . . . . . . . . . . . . . . . . . 93 x KAT§ALOGOS SQHM§ATWN

3.20 To Jeÿrhma tou Bolzano. . . . . . . . . . . . . . . . . . . . . . 99 4.21 H efaptomènh thc y = f(x). . . . . . . . . . . . . . . . . . . . . 108 4.22 H efaptomènh thc y =^3 √ x − 1 + 1 kai y = √ |x| sto 1 kai 0 antÐstoiqa. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 4.23 H Gewmetrikă ermhneÐa tou diaforikoÔ. . . . . . . . . . . . . . . 118 4.24 H prosèggish tou hmitìnou me Taylor sto x_0 =^π_4 . . . . . . . . . 120 4.25 H prosèggish thc f(x) = ln (x) me poluÿnuma Taylor gÔrw apì to shmeÐo x_0 = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . 121 4.26 H sunĹrthsh f(x) = sin (2x) + 2 cos x. . . . . . . . . . . . . . . 130 4.27 Ta Jewrămata Rolle kai Lagrange. . . . . . . . . . . . . . . . . 131 4.28 Oi sunartăseic f(x) kai g(x) . . . . . . . . . . . . . . . . . . . . 143 4.29 H parĹstash thc kurtăc sunĹrthshc f : [a, b] → R. . . . . . . . 144 4.30 H ermhneÐa tou Jewrămatoc 4.11.2. . . . . . . . . . . . . . . . . 147 4.31 H ermhneÐa thc apìdeixhc tou Jewrămatoc 4.11.3. . . . . . . . . 148 4.32 H grafikă parĹstash thc f tou paradeÐgmatoc (4.24). . . . . . . 150 4.33 H grafikă parĹstash thc f(x) = |x|^x. . . . . . . . . . . . . . . . 153 5.34 Aìristo oloklărwma: Mia monoparametrikă oikogèneia kampÔlwn 159 6.35 H efaptomènh thc y = f(x). . . . . . . . . . . . . . . . . . . . . 180 6.36 H parĹgousa F (x). . . . . . . . . . . . . . . . . . . . . . . . . . 186 6.37 H apeikìnish twn f(x) kai f(a + b − x). . . . . . . . . . . . . . . 191 6.38 H perioqă metaxÔ duo sunartăsewn. ’Elleiyh . . . . . . . . . . . 194 6.39 H efaptomènh thc y = f(x). . . . . . . . . . . . . . . . . . . . . 195 6.40 Stoiqeiÿdhc kÔlindroc ek peristrofăc. . . . . . . . . . . . . . . 197 6.41 Kèntro mĹzac: Orizìntiec kai katakìrufec lwrÐdec. . . . . . . . 201 7.42 Oi sunartăseic f(x) =^1_{x2+1} kai g(x) =^1_{x+1} . . . . . . . . . . . . . 206 7.43 Oi sunartăseic f(x) =^1_{1−x2} kai g(x) =^{1√}_{1−x2} . . . . . . . . . . . 208 8.44 O sqediasmìc twn triÿn diaforetikÿn kampÔlwn I. . . . . . . . . 225

KAT§ALOGOS SQHM§ATWN xi 8.45 O sqediasmìc twn triÿn diaforetikÿn kampÔlwn II. . . . . . . . 226 xii KAT§ALOGOS SQHM§ATWN

KatĹlogoc PinĹkwn

4.1 SuqnĹ qrhsimopoioÔmenec seirèc Maclaurin . . . . . . . . . . . . 127 8.2 SuqnĹ qrhsimopoioÔmenoi telestèc kai sunartăseic . . . . . . . . 222 xiv KAT§ALOGOS PIN§AKWN

Prìlogoc

Oi shmeiÿseic autèc grĹfthkan gia na bohjăsoun touc prwtoeteÐc foithtèc tou tmămatoc DiaqeÐrishc PeribĹllontoc kai Fusikÿn Pìrwn tou PanepisthmÐou IwannÐnwn, na katanoăsoun basikĹ shmeÐa twn Majhmatikÿn, na sumplhrÿsoun th gnÿsh touc kai na jumhjoÔn basikèc ènnoiec. Epiplèon na qrhsimopoihjoÔn wc èna basikì eisagwgikì biblÐo gia ekeÐnouc, pou ja qrhsimopoiăsoun ta MajhmatikĹ gia thn epÐlush problhmĹtwn ă th dhmiourgÐa montèlwn thc epistămhc touc kai na touc muăsoun se ènan kainoÔrio trìpo skèyhc se ì,ti aforĹ ta MajhmatikĹ, pou eÐnai men eniaÐa, wstìso upĹrqoun pollèc optikèc gia tic ènnoiec tic opoÐec diapragmateÔontai.

Sto keÐmeno gÐnetai prospĹjeia oi majhmatikèc ènnoiec kai oi majhmatikoÐ tÔpoi pou qrhsimopoioÔntai na eÐnai gnwstoÐ apì ta MajhmatikĹ tou LukeÐou. ’Opou qreiĹzontai kĹpoiec kainoÔriec ènnoiec ă tÔpoi, ja eisĹgontai ă ja apodeiknÔontai th stigmă pou ja qrhsimopoioÔntai. Wstìso èmfash ja dojeÐ sthn efarmogă kai th qrăsh twn Majhmatikÿn. Gia thn empèdwsh thc Ôlhc upĹrqei ènac arijmìc lumènwn askăsewn ă paradeigmĹtwn kai ènac arijmìc Ĺlutwn askăsewn kai problhmĹtwn sto tèloc kĹje kefalaÐou. Gia th lÔsh orismènwn askăsewn, pou eÐnai upologistikèc, eÐnai aparaÐthth h qrăsh episthmonikăc arijmomhqanăc (calculator, kompiouterĹki), thn opoÐa o foithtăc ja prèpei na mĹjei na qeirÐzetai kalĹ. Gia tic grafikèc parastĹseic o foithtăc ja prèpei na mĹjei na qeirÐzetai to prìgramma gnuplot.^1 Sto keÐmeno upĹrqei ènac arijmìc paradeigmĹtwn qrăshc tou parapĹnw progrĹmmatoc, pou ja prèpei na dokimĹzontai apì ton anagnÿsth, ÿste na exoikeiÿnetai me th qrăsh kai na energeÐ katĹ perÐptwsh.

1Το gnuplot, θα το βρείτε στη διεύθυνση www.gnuplot.info. Στο Παράρτημα του παρόντος εγχειριδίου θα βρείτε ένα μικρό οδηγό για τη χρήση του. aþ

Eisagwgă

1.1 To sÔnolo. OrismoÐ kai prĹxeic

H ènnoia tou sunìlou ja jewrhjeÐ prwtarqikă kai de ja orisjeÐ. ’Etsi akoÔgontac ă diabĹzontac {sÔnolo} ja ennooÔme autì pou ìloi mac katalabaÐnoume, dhl. mia sullogă apì antikeÐmena. To sÔnolo apoteleÐtai apì stoiqeÐa, ta opoÐa brÐskontai mìno mÐa forĹ mèsa s’ autì kai lème ìti to stoiqeÐo a anăkei sto sÔnolo A grĹfontac a ∈ A ă to sÔnolo A perièqei to stoiqeÐo a grĹfontac A ∋ a. AntÐjeta lème ìti to stoiqeÐo d den anăkei sto sÔnolo A grĹfontac d ∉ A ă to sÔnolo A den perièqei to stoiqeÐo d grĹfontac A ∌ d. To sÔnolo eÐnai dunatìn na orisjeÐ plărwc difl anagrafăc twn stoiqeÐwn tou p.q. A = {a, b, c} ă perigrĹfontac autĹ me mia idiìthtĹ touc p.q. A = {x/x ta trÐa prÿta grĹmmata tou latinikoÔ alfĹbhtou }. To sÔnolo pou den perièqei stoiqeÐa onomĹzetai kenì sÔnolo kai sumbolÐzetai me ∅. To plăjoc twn stoiqeÐwn tou sunìlou A onomĹzetai plhjĹrijmoc tou A, sumbolÐzetai me N(A), opìte N(A) = 3, N(∅) = 0.

’Hdh eÐnai gnwstĹ ta sÔnola twn arijmÿn apì th deuterobĹjmia ekpaÐdeush, ìpwc to sÔnolo twn fusikÿn arijmÿn N = {0, 1, 2, 3, . . .}, to opoÐo eÐnai kleistì wc proc thn prìsjesh kai ton pollaplasiasmì, dhl. an prosjèsoume ă pollaplasiĹsoume duo fusikoÔc arijmoÔc to apotèlesma eÐnai pĹli fusikìc arijmìc. ’Omwc den sumbaÐnei to Ðdio me thn afaÐresh. EpekteÐname loipìn to sÔnolo twn Fusikÿn kai dhmiourgăsame to sÔnolo twn akeraÐwn arijmÿn Z = {. . . , −3, −2, −1, 0, 1, 2, 3, . . .}, to opoÐo eÐnai tÿra kleistì wc proc tic prĹxeic thc prìsjeshc, thc afaÐreshc kai tou pollaplasiasmoÔ, den eÐnai ìmwc kleistì wc proc thn prĹxh thc diaÐreshc, gifl autì epekteÐname to sÔnolo twn akeraÐwn kai dhmiourgăsame to sÔnolo twn rhtÿn arijmÿn Q. Prokeimènou na ergastoÔme sfl èna sÔnolo, ìpou upĹrqoun kai arijmoÐ pou den grĹfontai

2 Eisagwgă

Sqăma 1.1: SÔnolo ` UposÔnolo sunìlou.

upì morfăn klĹsmatoc, dhmiourgăsame to sÔnolo twn pragmatikÿn arijmÿn R. Tèloc, jèlontac na èqei ènnoia kai h tetragwnikă rÐza tou −1 ( √ −1) dhmiourgăsame to sÔnolo twn migadikÿn arijmÿn C.

To sÔnolo, gewmetrikĹ, paristĹnetai me mia aplă kleistă grammă. Ta stoiqeÐa tou me teleÐec kai to ìnomĹ touc ă me katĹllhlh diagrĹmmish se perÐptwsh pou ta stoiqeÐa eÐnai pollĹ ă den endiafèroun. Ta diagrĹmmata pou sqhmatÐzontai me autì ton trìpo lègontai diagrĹmmata tou Venn.

Lème ìti to sÔnolo A eÐnai uposÔnolo tou sunìlou B kai sumbolÐzoume A � B, an kai mìnon an ta stoiqeÐa tou sunìlou A eÐnai kai stoiqeÐa tou sunìlou B. Autì ekfrĹzetai me to ìti, an kĹpoio stoiqeÐo anăkei sto sÔnolo A, tìte anăkei kai sto sÔnolo B. Sthn Ðdia perÐptwsh lème ìti to sÔnolo B eÐnai upersÔnolo tou sunìlou A kai sumbolÐzoume B � A. To diĹgramma faÐnetai sto Sqăma 1.1. Gia parĹdeigma N � I kai R � Q. To kenì sÔnolo eÐnai uposÔnolo pantìc sunìlou (∅ � A). EÐnai fanerì ìti an A � B tìte N(A) ≤ N(B).

Duo sÔnola A kai B lème ìti eÐnai Ðsa kai sumbolÐzoume A = B, an kai mìnon an A � B kai B � A. An ta duo sÔnola den eÐnai Ðsa, grĹfoume A ≠ B. FusikĹ sthn perÐptwsh thc isìthtac isqÔei N(A) = N(B).

’Enwsh dÔo sunìlwn A kai B lème to sÔnolo pou apoteleÐtai apì ìla ta stoiqeÐa tou sunìlou A kai ìla ta stoiqeÐa tou sunìlou B, sumbolÐzetai de

MAJHMATIKA I 3

Sqăma 1.2: H ènwsh kai h tomă duo sunìlwn.

me A ∪ B. Se epÐpedo stoiqeÐwn autì ekfrĹzetai me to ìti, èna stoiqeÐo eÐnai stoiqeÐo thc ènwshc A ∪ B an kai mìnon an eÐnai stoiqeÐo tou sunìlou A ă tou sunìlou B. An gia parĹdeigma èqoume A = {1, 2, 3, 4, 5} kai B = {3, 4, 5, 6, 7} tìte A ∪ B = {1, 2, 3, 4, 5, 6, 7}.

Tomă dÔo sunìlwn A kai B lème to sÔnolo pou apoteleÐtai apì ìla ta koinĹ stoiqeÐa twn duo sunìlwn, sumbolÐzetai de me A ∩ B. Se epÐpedo stoiqeÐwn autì ekfrĹzetai me to ìti, èna stoiqeÐo eÐnai stoiqeÐo thc ènwshc A ∩ B an kai mìnon an eÐnai stoiqeÐo kai tou sunìlou A kai tou sunìlou B. An gia parĹdeigma èqoume A = {1, 2, 3, 4, 5} kai B = {3, 4, 5, 6, 7}, tìte A ∩ B = {3, 4, 5}.

H ènwsh kai h tomă èqoun thn antimetajetikă kai thn prosetairistikă idiìthta kai epiplèon epimerÐzetai h mÐa wc proc thn Ĺllh.

A ∪ B = B ∪ A A ∩ B = B ∩ A A ∪ (B ∪ C) = (A ∪ B) ∪ C A ∩ (B ∩ C) = (A ∩ B) ∩ C (1.1) A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C) A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C)

Ac jewrăsoume tÿra duo sÔnola A kai B. EÐnai dunatìn a)A � B kai b) A ⊈ B. Sthn prÿth perÐptwsh, to sÔnolo pou perièqei ta stoiqeÐa tou B pou den perièqontai sto A lègetai sumplărwma

4 Eisagwgă

tou sunìlou A wc proc to sÔnolo B kai sumbolÐzetai A^C_B ă aplĹ A^C , ìtan to upersÔnolo B ennoeÐtai. Sth deÔterh perÐptwsh lègetai diaforĹ kai sumbolÐzetai me B − A. ’Etsi an èqoume A = {1, 2, 3, 4, 5}, X = {3, 4, 5} kai B = {3, 4, 5, 6, 7}, tìte A − B = {1, 2} kai X^C_A = {1, 2}, X^C_B = {6, 7}.

Apì ta diagrĹmmata tou Venn kĹpoioc mporeÐ na parathrăsei ìti

A = (A ∩ B) ∪ (A − B) kai B = (A ∩ B) ∪ (B − A). (1.2)

Duo sÔnola pou h tomă touc eÐnai to kenì sÔnolo lègontai xèna metaxÔ touc. Gia duo sÔnola A kai B, xèna metaxÔ touc, eÐnai fanerì ìti h ènwsă touc A ∪ B perièqei ìla ta stoiqeÐa tou A kai ìla ta stoiqeÐa tou B. ’Etsi isqÔei N(A ∪ B) = N(A) + N(B) (1.3)

Prìtash 1.1.1Gia duo sÔnola A kai B isqÔei

N(A ∪ B) = N(A) + N(B) − N(A ∩ B) (1.4)

Apìdeixh: H ènwsh twn duo sunìlwn A kai B perièqei ta stoiqeÐa tou sunìlou A pou den anăkoun sto B, ta stoiqeÐa tou B pou den anăkoun sto A kai ta stoiqeÐa pou anăkoun kai sta duo sÔnola, dhl. ta stoiqeÐa thc tomăc touc A ∩ B. Tìte ja isqÔei A ∪ B = (A − B) ∪ (A ∩ B) ∪ (B − A) kai epeidă ta sÔnola autĹ eÐnai xèna metaxÔ touc, apì thn (1.3), ja èqoume

N(A ∪ B) = N(A − B) + N(A ∩ B) + N(B − A) (1.5)

ìmwc apì thn (1.2) isqÔei N(A) = N(A∩B)+N(A−B) kai N(B) = N(A∩B)+ N(B − A), opìte antikajistÿntac katĹllhla sthn prohgoÔmenh paÐrnoume th sqèsh mac. H Prìtash 1.1.1 paÐzei èna spoudaÐo rìlo sth JewrÐa Pijanotătwn.

ParĹdeigma 1.1Se mia aÐjousa brÐskontai 120 Ĺtoma, ek twn opoÐwn 72 Ĺtoma gnwrÐzoun AgglikĹ, 67 gnwrÐzoun GallikĹ kai 39 gnwrÐzoun AgglikĹ kai GallikĹ. Na brejeÐ pìsa Ĺtoma de gnwrÐzoun oÔte AgglikĹ oÔte GallikĹ, pìsa Ĺtoma gnwrÐzoun mìnon GallikĹ.

MAJHMATIKA I 5

LÔsh An jewrăsoume Ω = {x/x Ĺtomo thc aÐjousac}, A = {x/x Ĺtomo thc aÐjousac pou gnwrÐzei AgglikĹ} kai B = {x/x Ĺtomo thc aÐjousac pou gnwrÐzei GallikĹ}, tìte ta Ĺtoma pou gnwrÐzoun eÐte AgglikĹ eÐte GallikĹ ja eÐnai A ∪ B. Apì thn Prìtash 1.1.1 ja èqoume N(A ∪ B) = N(A) + N(B) − N(A ∩ B) = 72 + 67 − 39 = 100. Ta Ĺtoma pou de gnwrÐzoun kamiĹ glÿssa eÐnai 20, afoÔ N(Ω) = 120.

Ta Ĺtoma pou gnwrÐzoun GallikĹ kai de gnwrÐzoun AgglikĹ eÐnai (B −A) kai ekeÐna pou gnwrÐzoun kai AgglikĹ kai GallikĹ eÐnai (A∩B), apì thn (1.2) èqoume B = (B − A) ∪ (A ∩ B). Opìte N(B − A) = N(B) − N(A ∩ B) = 67 − 39 = 28.

1.2 Diatetagmèno zeÔgoc`Kartesianì ginìme- no Sta sÔnola den endiafèrei h seirĹ twn stoiqeÐwn. Wstìso, den eÐnai lÐgec oi forèc pou h seirĹ twn stoiqeÐwn paÐzei spoudaÐo rìlo, p.q. sfl ènan agÿna 100m, prin ton agÿna èqoume to sÔnolo twn ajlhtÿn pou paÐrnoun mèroc, metĹ ton agÿna ìmwc èqoume touc nikhtèc tou agwnÐsmatoc p.q. prÿtoc, deÔteroc k.lp. An prìkeitai gia duo stoiqeÐa a kai b me safă prosdiorismì tou prÿtou kai tou deÔterou stoiqeÐou, milĹme gia diatetagmèno zeÔgoc kai shmeiÿnoume (a, b). Gia ta diatetagmènh zeÔgh isqÔei

(a, b) = (c, d) ⇔ a = c kai b = d (1.6)

Me ton Ðdio trìpo mporoÔme na milĹme gia diatetagmènec triĹdec (a_1, a_2, a_3), diatetagmènec tetrĹdec (a_1, a_2, a_3, a_4), kai genikìtera gia diatetagmènec ν−Ĺdec (a_1, a_2, . . . , a_n). Ta stoiqeÐa twn diatetagmènwn ν−Ĺdwn onomĹzontai suntetagmènec.

JewroÔme tÿra duo sÔnola A kai B diaforetikĹ tou kenoÔ. To sÔnolo pou apoteleÐtai apì ìla ta diatetagmèna zeÔgh me prÿto stoiqeÐo apì to sÔnolo A kai deÔtero stoiqeÐo apì to sÔnolo B lègetai kartesianì ginìmeno autÿn kai sumbolÐzetai me A × B, p.q. an A = {1, 2}, B = {3, 4, 5} tìte A × B = {(1, 3), (1, 4), (1, 5), (2, 3), (2, 3), (2, 4)}. EÐnai fanerì ìti me kĹje stoiqeÐo apì to prÿto sÔnolo sqhmatÐzontai tìsa stoiqeÐa sto kartesianì ginìmeno, ìsa eÐnai ta stoiqeÐa sto deÔtero sÔnolo. ’Etsi èqoume

N(A × B) = N(A) × N(B) (1.7)

6 Eisagwgă

Me antÐstoiqo trìpo dhmiourgoÔntai kartesianĹ ginìmena triÿn sunìlwn k.o.k. ν sunìlwn kai pĹnta ja isqÔei

N(A_1 × A_2 × · · · × A_ν ) = N(A_1) × N(A_2) × · · · × N(A_ν ) (1.8)

Oi sqèseic (1.7) kai (1.8) anafèrontai wc kanìnec tou pollaplasiasmoÔ. ’Allec, ìmwc, forèc anafèrontai kai wc kanìnec twn epilogÿn, afoÔ ousiastikĹ mac deÐqnei pìsec dunatèc epilogèc èqoume, ìtan epilègoume stoiqeÐa ă antikeÐmena prÿta apì èna sÔnolo, èpeita apì kĹpoio Ĺllo k.o.k. ’Etsi, gia parĹdeigma, an èqoume na broÔme to plăjoc twn kostoumiÿn pou dhmiourgoÔntai apì èna plăjoc triÿn sakakiÿn kai tessĹrwn panteloniÿn, apì ton kanìna twn epilogÿn profanÿc ja broÔme dÿdeka kostoÔmia.

Paratărhsh 1.2.1’Axio prosoqăc eÐnai to gegonìc ìti, enÿ A × B ≠ B × A, pĹnta isqÔei N(A × B) = N(B × A).

ParĹdeigma 1.2Na deiqteÐ ìti, gia trÐa mh kenĹ sÔnola, isqÔoun

i) A × (B ∩ C) = (A × B) ∩ (A × C) ii) A × (B ∪ C) = (A × B) ∪ (A × C)

LÔsh JewroÔme èna tuqaÐo stoiqeÐo (x, y) tou sunìlou A × (B ∩ C). Tìte isqÔei { x ∈ A y ∈ (B ∩ C) ⇒ x ∈ A y ∈ B y ∈ C ⇒ { (x, y) ∈ (A × B) (x, y) ∈ (A × C)

opìte (x, y) ∈ (A × B) ∩ (A × C). Dhl.

A × (B ∩ C) � (A × B) ∩ (A × C). (1.9)

Antistrìfwc an (x, y) èna tuqaÐo stoiqeÐo tou sunìlou (A × B) ∩ (A × C), ja isqÔei { (x, y) ∈ (A × B) (x, y) ∈ (A × C) ⇒ x ∈ A y ∈ B y ∈ C ⇒ { x ∈ A y ∈ (B ∩ C)

opìte (x, y) ∈ A × (B ∩ C). Dhl.

(A × B) ∩ (A × C) � A × (B ∩ C). (1.10)

Oi sqèseic (1.9) kai (1.10) apodeÐqnoun to zhtoÔmeno.

MAJHMATIKA I 7

1.3 Metajèseic

Topojetÿntac ta stoiqeÐa enìc sunìlou se mia seirĹ (dhl. aradiĹzontĹc ta) dhmiourgoÔme mia metĹjesh, p.q. mia metĹjesh twn stoiqeÐwn tou sunìlou A = {a_1, a_2, a_3, a_4, a_5} eÐnai h (a_2, a_3, a_5, a_1, a_4), mia Ĺllh eÐnai h (a_4, a_3, a_5, a_2, a_1). Gia na metrăsoume to plăjoc twn parapĹnw metajèsewn ja qrhsimopoiăsoume ton kanìna twn epilogÿn. ’Etsi gia na epilèxoume to prÿto stoiqeÐo sto parĹdeigmĹ mac èqoume 5 dunatìthtec, gia na epilèxoume to deÔtero stoiqeÐo èqoume 4 dunatìthtec (afoÔ ădh èqoume pĹrei to èna stoiqeÐo), gia na epilèxoume to trÐto stoiqeÐo èqoume 3 dunatìthtec (afoÔ ădh èqoume pĹrei ta dÔo stoiqeÐa), gia na epilèxoume to tètarto stoiqeÐo èqoume 2 dunatìthtec (afoÔ ădh èqoume pĹrei ta trÐa stoiqeÐa), tèloc gia na epilèxoume to pèmpto stoiqeÐo èqoume 1 dunatìthta (afoÔ ădh èqoume pĹrei ta tèssera stoiqeÐa), sunolikĹ loipìn èqoume M_5 = 5 · 4 · 3 · 2 · 1 metajèseic. GenikĹ, gia na metrăsoume to plăjoc twn metajèsewn enìc sunìlou me ν stoiqeÐa, o parapĹnw trìpoc mac dÐnei M_ν = ν · (ν − 1) · (ν − 2) . . . 2 · 1 = ν! (1.11)

To ν! diabĹzetai {ν paragontikì} kai shmaÐnei to ginìmeno ìlwn twn fusikÿn apì to 1 mèqri to ν, orÐzontac 0! = 1 kai 1! = 1. EpÐshc to ν! mporeÐ na orisjeÐ kai anadromikĹ wc 0! = 1 kai ν! = ν · (ν − 1)! (1.12)

To ν paragontikì auxĹnei polÔ grăgora, p.q 10!=3628800 kai profanÿc oi prĹxeic (pollaplasiasmoÐ) eÐnai pĹra pollèc kai dÔskolec. O epìmenoc tÔpoc tou Stirling gia megĹla ν mac dÐnei proseggistikĹ to ν paragontikì

ν! ≈ √ 2πν (ν e )_ν (1.13)

Me ton tÔpo (1.13) brÐskoume 10! ≈ 3598696, arketĹ kontĹ sthn pragmatikă timă.

ParĹdeigma 1.3Pìsouc pentayăfiouc mporoÔme na dhmiourgăsoume me ta yhfÐa {1, 2, 3, 4, 5}, paÐrnontĹc ta mìnon mia forĹ to kajèna?

LÔsh Gia th dhmiourgÐa pentayăfiwn arijmÿn ja prèpei ousiastikĹ na broÔme tic metajèseic autÿn. ’Etsi

M_5 = 5! = 5 · 4 · 3 · 2 · 1 = 120

8 Eisagwgă

Th metĹjesh σ_0 = (1, 2, . . . , ν) twn ν prÿtwn fusikÿn thn onomĹzoume fusikă metĹjesh. Sth fusikă metĹjesh kĹje stoiqeÐo eÐnai megalÔtero apfl ìla ta prohgoÔmenĹ tou. De sumbaÐnei ìmwc to Ðdio kai stic Ĺllec metajèseic. ’Otan kĹpoio stoiqeÐo eÐnai mikrìtero apì kĹpoio prohgoÔmenì tou, lème ìti èqoume mia anastrofă, p.q. sth metĹjesh (1, 2, 4, 3, 5) twn pènte prÿtwn fusikÿn, to 3 eÐnai mikrìtero apì to 4 pou eÐnai prohgoÔmenì tou, epomènwc èqoume mia anastrofă. Mia metĹjesh lème ìti eÐnai Ĺrtia ă perittă, an kai mìnon an to plăjoc twn anastrofÿn eÐnai antÐstoiqa Ĺrtio ă perittì. ’Etsi, h metĹjesh (1, 5, 4, 3, 2) eÐnai Ĺrtia, afoÔ èqei sunolikĹ èxi anastrofèc, enÿ h metĹjesh (1, 5, 2, 3, 4) eÐnai perittă, afoÔ sunolikĹ èqei mìnon treic anastofèc. H fusikă metĹjesh eÐnai Ĺrtia, afoÔ to plăjoc twn anastrofÿn eÐnai mhdèn.

An κ apì ta ν stoiqeÐa epanalambĹnontai, h metĹjesh autÿn eÐnai mia metĹjesh me epanĹlhyh. Se kĹje tètoia metĹjesh, h metĹjesh opoiwndăpote apì ta Ðdia κ stoiqeÐa den prokaleÐ kamiĹ metabolă sth metĹjesh me epanĹlhyh. An proc stigmăn ta jewrăsoume diaforetikĹ ta κ autĹ stoiqeÐa, tìte kĹje metĹjesh me epanĹlhyh ja mac dÿsei κ! aplèc metajèseic kai ìlec mazÐ ja mac dÿsoun ìlec tic aplèc metajèseic. Dhl.

k! · M^κ_ν = M_ν ⇔ M^κ_ν = ν! κ! , (1.14)

ìpou M^κ_ν , eÐnai o arijmìc twn metajèsewn me epanĹlhyh. O tÔpoc (1.14) genikeÔetai sthn perÐptwsh pou upĹrqoun μ omĹdec me κ_1, κ_2, . . . κ_μ Ðdia stoiqeÐa, me κ_1 + κ_2 + · · · + κ_μ = n. Sthn perÐptwsh aută isqÔei

M^{κ1, κ2, ··· , κμ} ν = ν! κ_1!κ_2! · · · κ_μ!

, (1.15)

ParĹdeigma 1.4Pìsec oqtĹdec mporoÔme na sqhmatÐsoume me tèssera agìria kai tèssera korÐtsia, topojetÿntac ta se mia grammă?

LÔsh Prìkeitai gia metajèseic me epanĹlhyh, afoÔ ta agìria kai ta korÐtsia eÐnai ta stoiqeÐa pou epanalambĹnontai. ’Etsi

M^{4,4}_8 = 8! 4!4!

= 70

MAJHMATIKA I 9

Topojetÿntac ta stoiqeÐa enìc sunìlou se èna kÔklo, ìpwc faÐnetai sto diplanì sqăma, dhmiourgoÔme mia kuklikă metĹjesh. EÐnai fanerì ìti, an kìyoume ton kÔklo metaxÔ duo opoiwndăpote stoiqeÐwn, dhmiourgoÔme mia aplă metĹjesh. MĹlista, apì kĹje kuklikă metĹjesh mporoÔme na dhmiourgăsoume ν aplèc metajèseic. An me K_ν parastăsoume to plăjoc twn kuklikÿn metajèsewn, ja èqoume M_ν = ν · K_ν , opìte

K_ν = ν! ν = (ν − 1)! (1.16)

1.4 DiatĹxeic

Epilègontac κ apì ta ν stoiqeÐa me κ < ν enìc sunìlou kai topojetÿntac ta se mia seirĹ, dhmiourgoÔme mia diĹtaxh. p.q. mia diĹtaxh twn 3 apì ta 5 stoiqeÐa tou sunìlou A = {a_1, a_2, a_3, a_4, a_5} eÐnai h (a_2, a_3, a_5), mia Ĺllh eÐnai h (a_5, a_2, a_1). Apì ton kanìna twn epilogÿn (1.8) brÐskoume ìti

κΔ_ν = ν · (ν − 1) · · · (ν − κ + 1) = ν! (ν − κ)!

(1.17)

ParĹdeigma 1.5Pìsouc triyăfiouc mporoÔme na dhmiourgăsoume me ta yhfÐa {1, 2, 3, 4, 5}, paÐrnontĹc ta mìno mia forĹ to kajèna?

LÔsh Gia th dhmiourgÐa triyăfiwn arijmÿn ja prèpei na epilègoume kĹje forĹ trÐa apì ta pènte yhfÐa. ’Etsi

3Δ_5 = 5! (5 − 3)! = 5! 2! = 5 · 4 · 3 = 60

Epilègontac κ apì ta ν stoiqeÐa enìc sunìlou kai topojetÿntac ta se mia seirĹ, me th dunatìthta orismèna apì autĹ ă kai ìla na epanalambĹnontai, dhmiourgoÔme mia diĹtaxh me epanĹlhyh, p.q. mia diĹtaxh me epanĹlhyh twn

10 Eisagwgă

3 apì ta 5 stoiqeÐa tou sunìlou A = {a_1, a_2, a_3, a_4, a_5} eÐnai h (a_2, a_3, a_5), mia Ĺllh eÐnai h (a_2, a_2, a_1). Apì ton kanìna twn epilogÿn (1.8) brÐskoume ìti

κE_ν = ν · ν · · · ν

κ = ν^κ (1.18)

eÐnai fanerì tÿra eÐnai dunatìn na èqoume kai κ ≥ ν.

ParĹdeigma 1.6Pìsouc triyăfiouc mporoÔme na dhmiourgăsoume me ta yhfÐa {1, 2, 3, 4, 5}?

LÔsh Gia th dhmiourgÐa triyăfiwn arijmÿn ja prèpei na epilègoume kĹje forĹ trÐa apì ta pènte yhfÐa me th dunatìthta ta yhfÐa na epanalambĹnontai, p.q. ja dhmiourgăsoume ton arijmì 324 allĹ kai ton 232. ’Etsi

3E_5 = 5^3 = 125

ParĹdeigma 1.7Pìsec stălec PROPO mporoÔme na dhmiourgăsoume me ta stoiqeÐa {1, 2, x}?

LÔsh Gia th dhmiourgÐa miac stălhc PROPO dekatriÿn shmeÐwn ja prèpei na epilègoume kĹje forĹ dekatrÐa apì ta trÐa stoiqeÐa, me th dunatìthta ta stoiqeÐa na epanalambĹnontai, p.q. ja dhmiourgăsoume th stălh 11x|2x1|xx1|2xx2. ’Etsi 13E_3 = 3^{13} = 1594323

1.5 SunduasmoÐ

H epilogă κ apì ta ν stoiqeÐa enìc sunìlou, qwrÐc na mac endiafèrei h topojèthsă touc se opoiadăpote grammă, lègetai sunduasmìc twn ν anĹ κ. Oi sunduasmoÐ twn ν anĹ κ sumbolÐzontai me

(_ν κ ) ă C^ν_κ . EÐnai fanerì ìti oi diatĹxeic twn ν anĹ κ prokÔptoun apì tic metajèseic twn κ stoiqeÐwn pou epilèxame apì touc sunduasmoÔc, dhl._κΔ_ν = κ!

(_ν κ ) , opìte ( ν κ ) = 1 κ!^κ

Δ_ν = ν! κ!(ν − κ)!

(1.19)

MAJHMATIKA I 11

ParĹdeigma 1.8Pìsec pentĹdec kartÿn mporoÔme na dhmiourgăsoume apì ta 52 fÔlla miac trĹpoulac?

LÔsh Prìkeitai profanÿc gia sunduasmoÔc, afoÔ de mac endiafèrei h seirĹ, me thn opoÐa ja topojethjoÔn oi kĹrtec. ’Etsi ( 52 5 ) = 52! 5!47! = 52 · 51 · 50 · 49 · 48 1 · 2 · 3 · 4 · 5

= 2598960

O arijmìc twn trìpwn pou ja pĹroume ta κ apì ta ν prĹgmata eÐnai akribÿc o Ðdioc me twn arijmì twn ν − κ apì ta ν pou ja afăsoume sthn Ĺkrh, dhl. ( ν κ ) = ( ν ν − κ )

KĹti tètoio prokÔptei kai apì tic prĹxeic.

Lămma 1.5.1Gia touc sunduasmoÔc isqÔei pĹnta i) ( ν κ ) + ( ν κ + 1 ) = ( ν + 1 κ + 1 ) ii) ( ν κ + 1 ) = ν − k k + 1 ( ν κ ) . (1.20)

Apìdeixh: Gia thn prÿth (h deÔterh afănetai gia Ĺskhsh) kĹnontac tic prĹxeic prokÔptei ( ν κ ) + ( ν κ + 1 ) = ν! κ!(ν − κ)! + ν! (κ + 1)!(ν − κ − 1)! = ν!(k + 1) (κ + 1)!(ν − κ)! + (ν − κ)ν!

(κ + 1)!(ν − κ)! = ν!(κ + 1 + ν − κ) (κ + 1)!(ν − κ)! = ( ν + 1 κ + 1 )

□

Paratărhsh 1.5.1Gia na èqoun ènnoia ta parapĹnw prèpei 1 ≤ κ ≤ ν. Wstìso gia leitourgikoÔc lìgouc orÐzoume

(_ν 0 ) = 1.

12 Eisagwgă

1.6 AjroÐsmata - to ∑ MegĹlo plăjoc prosjèsewn, megĹla ajroÐsmata, eÐnai genikĹ dÔskola na ta qeiristoÔme. Orismènec forèc ìmwc, ìtan ta ajroÐsmata autĹ upakoÔoun se kĹpoiouc kanìnec, mporoÔme na ta antimetwpÐsoume qrhsimopoiÿntac katĹllhla sÔmbola, p.q. to Ĺjroisma twn n prÿtwn fusikÿn arijmÿn mporoÔme na to grĹyoume wc exăc

1 + 2 + · · · + n = n∑ i=1 i kai diabĹzetai to Ĺjroisma ìlwn twn fusikÿn i apì to 1 mèqri to n. O trìpoc thc grafăc autăc den eÐnai monosămantoc. To Ðdio Ĺjroisma ja mporoÔsame na to grĹyoume kai wc

1 + 2 + · · · + n = n−3∑

i=−2

(i + 3).

KĹtw apì to ∑ faÐnetai h metablhtă, sthn prokeimènh perÐptwsh to i kai to kĹtw ìrio (dhl. apì pou xekinĹ to i), kai pĹnw apì to ∑ faÐnetai to Ĺnw ìrio (dhl. pou ftĹnei to i), h metabolă (dhl. to băma) eÐnai pĹnta èna. Akribÿc ta Ðdia isqÔoun, ìtan oi fusikoÐ arijmoÐ eÐnai deÐktec, p.q.

a_1 + a_2 + · · · + a_n = n∑ i=1 a_i

Gia leitourgikoÔc lìgouc orÐzoume

∑_k

i=k a_i = a_k.

AploÐ kanìnec tou ajroÐsmatoc faÐnontai sthn epìmenh prìtash.

Prìtash 1.6.1Gia to sÔmbolo tou ∑ isqÔoun: i) n∑ i=1 1 = n

ii) n∑ i=1 (c · a_i) = c · n∑ i=1 a_i

iii) n∑ i=1 (a_i + b_i) = n∑ i=1 a_i + n∑ i=1 b_i

MAJHMATIKA I 13

iv) n∑ i=1 a_i = k∑ i=1 a_i + n∑ i=k+1

a_i , 1 ≤ k < n

Apìdeixh: Qrhsimopoiÿntac Ĺmesa touc tÔpouc gia th (ii) paÐrnoume n∑ i=1 (c · a_i) = c · a_1 + c · a_2 + · · · + c · a_n = c(a_1 + a_2 + · · · + a_n) = c · n∑ i=1 a_i □ H apìdeixh twn (i), (iii) kai (iv) afănetai wc Ĺskhsh.

Me parìmoio trìpo orÐzontai ajroÐsmata megalÔterhc tĹxhc, p.q. diplĹ triplĹ k.lp, Ðswc me thn paratărhsh ìti autĹ enallĹssontai kai, ìtan kĹpoiac metablhtăc o deÐkthc den paÐrnei mèroc se kĹpoia Ĺjroish, h metablhtă sumperifèretai wc stajerĹ.

Prìtash 1.6.2Gia ta diplĹ ajroÐsmata isqÔei i) n∑ i=1 m∑ j=1 a_{ij} = m∑ j=1 n∑ i=1 a_{ij}

ii) n∑ i=1 m∑ j=1 a_ib_j = n∑ i=1 a_i m∑ j=1 b_j

Apìdeixh: Ja deÐxoume thn i) kai h ii) ja parameÐnei wc Ĺskhsh n∑ i=1 m∑ j=1 a_{ij} = n∑ i=1 (^m∑ j=1 a_{ij} ) = n∑ i=1 (a_{i1} + a_{i2} + · · · + a_{im})

= (a_{11} + a_{12} + · · · + a_{1m}) + (a_{21} + a_{22} + · · · + a_{2m}) + · · · + (a_{n1} + a_{n2} + · · · + a_{nm}) = (a_{11} + a_{21} + · · · + a_{n1}) + (a_{12} + a_{22} + · · · + a_{n2}) + · · · + (a_{1m} + a_{2m} + · · · + a_{nm}) = n∑ i=1 a_{i1} + n∑ i=1 a_{i2} + · · · + n∑ i=1 a_{im} = m∑ j=1 (^n∑ i=1 a_{ij} ) = m∑ j=1 n∑ i=1 a_{ij} □

14 Eisagwgă

ParĹdeigma 1.9Na deiqteÐ ìti

i) 1 + 2 + · · · + n = n(n + 1) 2 , ii) 1 + 3 + · · · + (2n − 1) = n^2 ,

iii) 1 1 · 2 + 1 2 · 3

+ · · · + 1 n · (n + 1)

= 1 − 1 n + 1

LÔsh i) ’Amesa èqoume 2 n∑ i=1 i = n∑ i=1 i+ n∑ i=1 (n + 1 − i) = n∑ i=1 (i + n + 1 − i) = n∑ i=1 (n + 1) = n·(n+1)

opìte paÐrnoume to zhtoÔmeno. Gia thn ii) èqoume n∑ i=1 (2i − 1) = n∑ i=1 2i − n∑ i=1 1 = 2 n∑ i=1 i − n = n(n + 1) − n = n^2.

Gia thn iii) èqoume n∑ i=1 1 i · (i + 1) = n∑ i=1 (1 i − 1 i + 1 ) = n∑ i=1 1 i − n∑ i=1 1 i + 1

= 1 +

(^n∑ i=2 1 i ) − (^{n−1}∑ i=1 1 i + 1 ) − 1 n + 1 ’Omwc, oi posìthtec, mèsa stic parenjèseic, sto teleutaÐo algebrikì Ĺjroisma, eÐnai akribÿc oi Ðdiec, opìte prokÔptei to zhtoÔmeno.

ParĹdeigma 1.10Na deiqteÐ ìti i) n∑ i=1 i^2 = n(n + 1)(2n + 1) 6 , ii) n∑ i=1 i^3 =

(n(n + 1) 2 )_2 ,

LÔsh Kai stic duo periptÿseic ja qrhsimopoiăsoume epagwgă. Gia n = 1 h i) isqÔei. Upojètoume ìti isqÔei ìpwc eÐnai kai ja deÐxoume ìti isqÔei kai gia n + 1. PrĹgmati, prosjètontac kai sta duo mèlh to (n + 1)^2 èqoume n∑ i=1 i^2 + (n + 1)^2 = n(n + 1)(2n + 1) 6 + (n + 1)^2, opìte

MAJHMATIKA I 15

n+1∑ i=1 i^2 = n(n + 1)(2n + 1) 6 + 6(n + 1)^2 6 = n + 1 6 (2n^2 + n + 6n + 6) = n + 1 6 (2n^2 + 4n + 3n + 6) =

(n + 1)(n + 2)(2n + 3) 6 OmoÐwc gia n = 1 h ii) isqÔei. Upojètoume ìti isqÔei ìpwc eÐnai kai ja deÐxoume ìti isqÔei kai gia n+1. Prosjètontac pĹli kai sta duo mèlh to (n+1)^3 èqoume n∑ i=1 i^3 + (n + 1)^3 =

(n(n + 1) 2 )_2

+ (n + 1)^3, opìte

n+1∑ i=1 i^3 = n^2(n + 1)^2 4 + 4(n + 1)^3 4 = (n + 1)^2(n^2 + 4n + 4) 4 = ((n + 1)(n + 2) 2 )_2

1.7 To diÿnumo tou Newton

To diÿnumo tou Newton eÐnai gnwstì apì to GumnĹsio. ’Iswc ìqi sth genikă tou morfă, allĹ eÐnai gnwstì. Gia parĹdeigma, ìloi jumoÔntai thn tautìthta (a + b)^2 = a^2 + 2ab + b^2. GenikĹ èqoume ìti

Jeÿrhma 1.7.1Gia kĹje a kai b ∈ R kai i kai n ∈ N, isqÔei

(a + b)^n = n∑ i=0 ( n i ) a^{n−i}b^i (1.21)

Apìdeixh: H apìdeixh ja gÐnei epagwgikĹ. Gia n = 1 h isìthta eÐnai profanăc. Deqìmenoi wc orjă thn isìthta (1.21) kai pollaplasiĹzontac kai ta duo mèlh thc me (a + b) prokÔptei:

(a + b)^{n+1} = (a + b) n∑ i=0 ( n i ) a^{n−i}b^i

= n∑ i=0 ( n i ) a^{n+1−i}b^i + n∑ i=0 ( n i ) a^{n−i}b^{i+1}

= a^{n+1} + n∑ i=1 ( n i ) a^{n+1−i}b^i + n−1∑ i=0 ( n i ) a^{n−i}b^{i+1} + b^{n+1}

16 Eisagwgă

= a^{n+1} + n∑ i=1 ( n i ) a^{n+1−i}b^i + n∑ i=1 ( n i − 1 ) a^{n+1−i}b^i + b^{n+1}

= ( n + 1 0 ) a^{n+1} + n∑ i=1 [( n i ) + ( n i − 1 )] a^{n+1−i}b^i + ( n + 1 n + 1 ) b^{n+1}

= ( n + 1 0 ) a^{n+1} + n∑ i=1 ( n + 1 i ) a^{n+1−i}b^i + ( n + 1 n + 1 ) b^{n+1}

= n+1∑ i=0 ( n + 1 i ) a^{n+1−i}b^i

□ Epiplèon to i) apì to Lămma 1.5.1 mac apodeiknÔei th stenă sqèsh pou èqoun oi suntelestèc tou enìc diwnÔmou me touc stelestèc tou epìmenou. MĹlista, topojetoÔmenoi katĹllhla, dhmiourgoÔn èna trÐgwno gnwstì wc trÐgwno tou Pascal, to opoÐo faÐnetai ston epìmeno pÐnaka mèqri tou n = 5. 1 1_+ 1

1_+ 2_+ 1

1_+ 3_+ 3_+ 1

1_+ 4_+ 6_+ 4_+ 1

1 5 10 10 5 1

EpÐshc to ii) apì to Lămma 1.5.1 mac deÐqnei th stenă sqèsh pou èqoun o suntelestăc tou kĹje ìrou tou ajroÐsmatoc tou diwnÔmou tou Newton me ekeÐnon tou prohgoÔmenou. PrĹgmati, an pollaplasiĹsoume to suntelestă enìc ìrou me ton ekjèth thc dÔnamhc pou meiÿnetai kai to ginìmeno to diairèsoume me ton arijmì thc jèshc pou katèqei o ìroc autìc sto Ĺjroisma, brÐskoume ton epìmeno suntelestă. Gia parĹdeigma, o tètartoc ìroc tou (a + b)^5 eÐnai 10a^2b^3, o suntelestăc tou pèmptou ìrou (tou epìmenou) brÐsketai wc exăc: 10·2 : 4 = 5.

MAJHMATIKA I 17

ParĹdeigma 1.11Na deiqteÐ ìti

i) n∑ i=0 ( n i ) = 2^n, ii)

[^n_2 ]∑

i=0 ( n 2i ) = [^n_2 ]∑

i=0 ( n 2i + 1 )

ìpou to [^n_2 ] shmaÐnei to akèraio mèroc tou^n_2 .

LÔsh Gia thn prÿth apì tic parapĹnw sqèseic jètoume a = 1 kai b = 1 sth sqèsh (1.21), opìte paÐrnoume to zhtoÔmeno

2^n = (1 + 1)^n = ( n 0 ) + ( n 1 ) + · · · + ( n n − 1 ) + ( n n )

Gia th deÔterh jètoume a = 1 kai b = −1 sth sqèsh (1.21), opìte paÐrnoume

0 = (1−1)^n = ( n 0 ) 1^n + ( n 1 ) 1^{n−1}(−1)+· · ·+ ( n k ) 1^{n−k}(−1)^k +· · ·+ ( n n ) (−1)^n

kai anadiatĹssontac aută, paÐrnoume th zhtoÔmenh.

Askăseic

’Askhsh 1.1JewroÔme to sÔnolo A = {a, b, c, d, e, f, g, h}. Na brejeÐ èna sÔnolo X ⊆ A gia to opoÐo isqÔei

i) X ∩ {d, e, f, g, h} = {a, f, h} ii) X ∩ {d, e, f, g, h} = {f, g}

’Askhsh 1.2Na deiqteÐ h ii) tou paradeÐgmatoc (1.2).

’Askhsh 1.3’Eqei brejeÐ peiramatikĹ ìti, apì ènan plhjusmì 150 atìmwn enìc eÐdouc, 75 Ĺtoma antidroÔn jetikĹ sthn ousÐa A, 98 antidroÔn jetikĹ sthn ousÐa B kai 42 antidroÔn jetikĹ kai stic duo ousÐec. Na brejeÐ pìsa Ĺtoma den antidroÔn kajìlou stic parapĹnw ousÐec, pìsa Ĺtoma antidroÔn jetikĹ mìnon sthn ousÐa A kai pìsa mìnon sthn ousÐa B.

18 Eisagwgă

’Askhsh 1.4Na gÐnoun oi prĹxeic kai oi aplopoiăseic twn parakĹtw parastĹsewn i) 12!24! 22!11! ii) A 3!4! + B 5!2!

iii)

(n + 2)!(n − 1)!

n!(n + 1)!

iv) n!(n+3)−n^2(n−1)!

’Askhsh 1.5Na deiqteÐ ìti

k−1∑ i=0 ( n + i m ) = ( n + k m + 1 )

’Askhsh 1.6Me pìsouc trìpouc mporoÔme na bĹloume 20 biblÐa sth seirĹ, ÿste duo kìkkina na eÐnai pĹnta dÐpla-dÐpla?

’Askhsh 1.7Na deiqteÐ ìti

i) (n) ( n − 1 k − 1 ) = (k) ( n k ) ii) n∑ k=1 k ( n k ) = n2^{n−1}

’Askhsh 1.8Jewrăste tic tautìthtec (1+x)^n kai (1+x)^m. Gia j ≤ min{m, n} upologÐste to suntelestă tou ìrou x^j apì to ginìmeno (1 + x)^n(1 + x)^m. UpologÐste to suntelestă tou ìrou x^j apì thn tautìthta (1 + x)^{m+n}. ApodeÐxte thn tautìthta

(_{2n} n ) = ∑_n k=0 (_n k )(_n n−k ) . ’Askhsh 1.9Qrhsimopoiÿntac th sqèsh (1.21), na deiqteÐ ìti

∀ θ ≥ 0, (1 + θ)^n ≥ 1 + nθ, ∀ n ∈ N

Qrhsimopoiÿntac majhmatikă epagwgă, na deiqteÐ ìti h parapĹnw sqèsh isqÔei ∀ θ ≥ −1

AkoloujÐec - Seirèc

2.1 Oi sqèseic

Sthn kajhmerinìthtĹ mac ta stoiqeÐa twn sunìlwn sundèontai logikĹ metaxÔ touc, p.q. oi foithtèc tou tmămatoc D.P.F.P tou PanepisthmÐou IwannÐnwn didĹskontai ta majămata tou progrĹmmatoc spoudÿn touc. O kanìnac, o nìmoc pou sundèei duo sÔnola metaxÔ touc lègetai sqèsh. Majhmatikopoiÿntac ta parapĹnw ja mporoÔsame na èqoume to sÔnolo A = {x/x foithtăc tou tmămatoc D.P.F.P} to B = {x/x mĹjhma tou progrĹmmatoc spoudÿn tou tmămatoc D.P.F.P} kai wc sqèsh σ thn èkfrash {O foithtăc x didĹsketai to mĹjhma y}. To sÔnolo A lègetai sÔnolo afethrÐac kai to sÔnolo B lègetai sÔnolo Ĺfixhc. Ta stoiqeÐa tou sunìlou A lègontai arqètupa, enÿ ta stoiqeÐa tou sunìlou B lègontai eikìnec. To sÔnolo G ⊆ A×B pou apoteleÐtai apì ta stoiqeÐa pou sundèontai metaxÔ touc me thn sqèsh σ lègetai grĹfhma thc sqèshc. H triĹda (A, B, G) prosdiorÐzei plărwc mia sqèsh (ă th sqèsh). Oi sqèseic paÐzoun spoudaÐo rìlo sth jewrÐa twn Majhmatikÿn. AnĹloga me tic idiìthtec pou èqoun, mac dÐnoun eidikèc sqèseic. H apeikìnish eÐnai mia tètoia eidikă sqèsh.

Orismìc 2.1.1H apeikìnish f enìc sunìlou A se èna sÔnolo B eÐnai mia sqèsh ìpou se kĹje stoiqeÐo x tou sunìlou A antistoiqÐzei èna monadikì stoiqeÐo y tou sunìlou B kai sumbolÐzetai f : A → B, y = f(x).

20 AkoloujÐec - Seirèc

Sqăma 2.3: H apeikìnish f : A → B, y = f(x).

2.2 AkoloujÐec

Mia apeikìnish gia thn opoÐa èqoume A = N kai B ⊆ R, lègetai akoloujÐa pragmatikÿn arijmÿn. H akoloujÐa, antÐ tou sumbolismoÔ a(n), sunăjwc sumbolÐzetai me to a_n. Oi a_0, a_1, a_2, a_3, . . . , a_n, . . . lègontai ìroi thc akoloujÐac kai den eÐnai tÐpote Ĺllo, parĹ oi a(0), a(1), a(2), a(3), . . . , a(n), . . .. Oi ìroi thc akoloujÐac eÐnai, profanÿc, Ĺpeiroi. Oi akoloujÐec orÐzontai apì kĹpoio tÔpo, p.q. stic akoloujÐec a_n =^1_n me n ≠ 0, b_n = 2n + 1 oi ìroi touc prokÔptoun, an sth jèsh tou n jèsoume stoiqeÐa apì to sÔnolo N. KĹpoioi ìroi gia tic akoloujÐec autèc eÐnai: a_1 = 1, a_2 =^1_2 , a_{10} =^1_{10} , b_1 = 3, b_5 = 11. ’Allote pĹli oi akoloujÐec orÐzontai anadromikĹ apì mia sqèsh kai kĹpoion ă kĹpoiouc prÿtouc ìrouc, ètsi èqoume p.q. thn akoloujÐa pou orÐzetai apì touc prÿtouc ìrouc a_1 = 1, a_2 = 1 kai thn anadromikă sqèsh a_{n+2} = a_{n+1} + a_n, merikoÐ ìroi autăc eÐnai: a_3 = 2, a_4 = 3, a_5 = 5, a_6 = 8. To ìti oi ìroi thc akoloujÐac eÐnai Ĺpeiroi de shmaÐnei ìti kai oi timèc pou paÐrnei mia akoloujÐa eÐnai sugqrìnwc Ĺpeirec. Gia parĹdeigma h akoloujÐa a_n = (−1)^n paÐrnei mìno duo timèc, to 1 kai to −1.

Oi timèc thc akoloujÐac gia sugkekrimènec timèc tou n eÐnai plărwc prosdiorÐsimec kai, wc ek toÔtou, den èqoun endiafèron. To endiafèron twn akoloujiÿn ègkeitai sto ti kĹnoun {telikĹ} kai ìtan lème telikĹ, ennooÔme ti sumbaÐnei gia kĹje n megalÔtero apì kĹpoio n_0 (∀ n > n_0). Sqetikèc ènnoiec me autì eÐnai

MAJHMATIKA I 21

h ènnoia thc monotonÐac, h ènnoia tou frĹgmatoc kai h ènnoia thc sÔgklishc.

2.2.1 H monotonÐa

Orismìc 2.2.1Mia akoloujÐa lègetai aÔxousa (gnhsÐwc aÔxousa), an kai mìnon an a_n ≤ (<)a_{n+1}, ∀ n ∈ N.

Mia akoloujÐa lègetai fjÐnousa (gnhsÐwc fjÐnousa), an kai mìnon an

a_n ≥ (>)a_{n+1}, ∀ n ∈ N.

Paratărhsh 2.2.1Oi ènnoia thc aÔxousac (gnhsÐwc aÔxousac) akoloujÐac den allĹzei ousiastikĹ, an h sqèsh prosdiorismoÔ thc antikatastajeÐ apì thn ∃n_0 ∈ N : a_n ≤ (<)a_{n+1}, ∀ n > n_0. AntÐstoiqa kai gia thn ènnoia thc fjÐnousac (gnhsÐwc fjÐnousac) akoloujÐac.

ParĹdeigma 2.1JewroÔme tic akoloujÐec

a_n = ( 1 + 1 n )_n

b_n = ( 1 + 1 n )_{n+1} (2.1)

Na deÐxete ìti h a_n eÐnai mia aÔxousa akoloujÐa, enÿ h b_n mia fjÐnousa.

LÔsh ArqikĹ parathroÔme ìti kai oi duo akoloujÐec èqoun jetikoÔc ìrouc ∀n ∈ N. JewroÔme tÿra to lìgo^{an+1}_{an} kai ja deÐxoume ìti eÐnai megalÔteroc tou èna.

a_{n+1} a_n = ( 1 +^1_{n+1}

)_{n+1} ( 1 +^1_n

)_n = ( 1 +^1_{n+1}

)_{n+1} ( 1 +^1_n

)_{n+1} ( 1 + 1 n ) = ( n2 + 2n (n + 1)^2

)_{n+1}(n + 1 n )

= (n2 + 2n + 1 − 1 (n + 1)^2

)_{n+1}(n + 1 n ) = ( 1 − 1 (n + 1)^2

)_{n+1}(n + 1 n )

’Omwc, apì thn anisìthta tou Bernoulli, ’Askhsh (1.9), prokÔptei

a_{n+1} a_n ≥ ( 1 − 1 n + 1

)(n + 1 n ) = 1

22 AkoloujÐec - Seirèc

JewroÔme epÐshc to lìgo^{bn+1}_{bn} kai ja deÐxoume ìti eÐnai mikrìteroc tou èna.

b_{n+1} b_n = ( 1 +^1_{n+1}

)_{n+2} ( 1 +^1_n

)_{n+1} = ( 1 +^1_{n+1}

)_{n+2} ( 1 +^1_n

)_{n+2} ( 1 + 1 n ) = ( n2 + 2n (n + 1)^2

)_{n+2}(n + 1 n )

= ( 1 n^2+2n+1 n^2+2n

)_{n+2}(n + 1 n ) = 1 ( 1 +^1_{n2+2n}

)_{n+2}

(n + 1 n )

Apì thn anisìthta tou Bernoulli, ’Askhsh (1.9), kai me dedomèno ìti, ìtan megalÿnei o paronomastăc enìc klĹsmatoc me jetikoÔc ìrouc, prokÔptei mikrìtero klĹsma, èqoume b_{n+1} b_n ≤ 1 ( 1 +^1_n ) (n + 1 n ) = 1 □

ParĹdeigma 2.2JewroÔme thn akoloujÐa

a_1 = 2, a_{n+1} = 1 2 ( a_n + 2 a_n ) (2.2)

Na deÐxete ìti h a_n eÐnai mia fjÐnousa akoloujÐa.

LÔsh ParathroÔme ìti h akoloujÐa èqei jetikoÔc ìrouc ∀ n ∈ N. EpÐshc a_2 =^5_4 < 2 = a_1. JewroÔme tÿra th diaforĹ a_{n+1} − a_n kai ja deÐxoume ìti eÐnai mikrìterh tou mhdenìc.

a_{n+1} − a_n = 1 2 ( a_n + 2 a_n ) − a_n =

2 − a^2_n 2a_n AfoÔ a_n ≥ 0, apomènei na doÔme to prìshmo tou arijmhtă. ’Etsi

2 − a^2_n = 2 −

(2 − a2_{n−1} 2a_{n−1}

)_2 = 2 −

4 − 4a^2_{n−1} + a^4_{n−1} 4a^2_{n−1} = − (2 − a^2_{n−1})^2 4a^2_{n−1}

≤ 0. □

MAJHMATIKA I 23

2.2.2 Ta frĹgmata

Orismìc 2.2.2Lème ìti mia akoloujÐa eÐnai fragmènh, an kai mìnon an

∃ ϕ kai Φ ∈ R : ϕ ≤ a_n ≤ Φ, ∀n ∈ N (2.3)

Paratărhsh 2.2.2Mia akoloujÐa lègetai apolÔtwc fragmènh, an isqÔei |a_n| ≤ θ. Profanÿc, gia mia apolÔtwc fragmènh akoloujÐa ja isqÔei kai −θ ≤ a_n ≤ θ, dhl. mia apolÔtwc fragmènh akoloujÐa eÐnai kai fragmènh. ’Omwc kai antistrìfwc, mia fragmènh akoloujÐa eÐnai kai apolÔtwc fragmènh, afoÔ arkeÐ na pĹroume θ = max{|ϕ|, |Φ|}

ParĹdeigma 2.3JewroÔme tic akoloujÐec

a_n = 1 n , b_n = n^2 + 10 2n^2 + n Na deÐxete ìti oi akoloujÐec autèc eÐnai fragmènec.

LÔsh H akoloujÐa a_n eÐnai fragmènh, diìti eÔkola kĹpoioc parathreÐ ìti 0 ≤ a_n ≤ 1. Gia thn akoloujÐa b_n parathroÔme arqikĹ ìti b_n ≥ 0. EpÐshc, merikoÐ ìroi thc akoloujÐac eÐnai oi exăc: b_1 =^{11}_3 , b_2 =^{14}_{10} , b_3 =^{19}_{21} k.lp. FaÐnetai, loipìn, ìti èna pijanì frĹgma eÐnai to 4. ’Etsi

b_n ≤ 4 ⇔ n^2 + 10 2n^2 + n

≤ 4 ⇔ n^2 + 10 ≤ 8n^2 + 4n ⇔ 7n^2 + 4n − 10 ≥ 0.

H teleutaÐa ìmwc alhjeÔei ∀ n ≥ 1.

ParĹdeigma 2.4Na deÐxete ìti oi akoloujÐec twn paradeigmĹtwn (2.1) kai (2.2) eÐnai fragmènec.

LÔsh Gia tic akoloujÐec tou paradeÐgmatoc (2.1) parathroÔme ìti

2 = a_1 ≤ a_n = ( 1 + 1 n )_n ≤ ( 1 + 1 n )_{n+1} = b_n ≤ b_1 = 4

EpÐshc, gia thn akoloujÐa tou paradeÐgmatoc (2.2) isqÔei

2 = a_1 ≥ a_n ≥ 0

24 AkoloujÐec - Seirèc

Sqăma 2.4: ’Orio thc akoloujÐac a_n =^{n4+13n2+17}_{2n4−10n+19} .

2.2.3 H sÔgklish

H sÔgklish twn akoloujiÿn eÐnai to plèon shmantikì mèroc autÿn. H ènnoia eÐnai ădh gnwstă apì to LÔkeio, wstìso ja dÿsoume ton epìmeno orismì.

Orismìc 2.2.3Lème ìti mia akoloujÐa a_n sugklÐnei se èna arijmì l kai sumbolÐzoume lim a_n = l ă a_n → l, an kai mìnon an gia kĹje ε > 0 upĹrqei n_0 ∈ N, ètsi ÿste |a_n − l| < ε gia kĹje n > n_0 (∀n > n_0).

To l lègetai ìrio thc akoloujÐac kai apodeÐqnetai, ìti an mia akoloujÐa èqei kĹpoio ìrio, tìte to ìrio autì eÐnai monadikì. Mia akoloujÐa pou sugklÐnei lègetai sugklÐnousa akoloujÐa. Edÿ prèpei na parathrăsoume ìti h metablhtă n èqei th dunatìthta na teÐnei mìnon sto ∞ kai epomènwc de qreiĹzetai na faÐnetai autì kĹtw apì to lim. EidikĹ, ìtan l = 0, h akoloujÐa lègetai mhdenikă. EÔkola mporeÐ na diapistÿsei kĹpoioc apì ton orismì ìti

lim a_n = 0 ⇐⇒ lim |a_n| = 0 (2.4)

MAJHMATIKA I 25

O parapĹnw orismìc ousiastikĹ mac lèei ìti {telikĹ } oi ìroi thc akoloujÐac brÐskontai sto eswterikì thc tainÐac pou prosdiorÐzetai apì tic eujeÐec x = l−ε kai x = l + ε. Autì mporeÐ kĹpoioc na to dei sto Sqăma 2.4, ìpou gia thn akoloujÐa a_n =^{n4+13n2+17}

2n^4−10n+19 , èqoume l = 1 2 kai ε = 0.3. Apì ton orismì prokÔptei ìti gia èna sugkekrimèno ε_0, isqÔei l − ε_0 ≤ a_n ≤ l + ε_0 ∀ n > n_0. ’Etsi, an jèsoume ϕ = min{a_1, a_2, . . . , a_{n0} , l − ε_0} kai Φ = max{a_1, a_2, . . . , a_{n0} , l + ε_0}, èqoume ìti ϕ ≤ a_n ≤ Φ, ∀ n ∈ N, to opoÐo shmaÐnei ìti mia sugklÐnousa akoloujÐa eÐnai pĹntote fragmènh. To antÐstrofo den isqÔei!

ParĹdeigma 2.5Na deiqteÐ ìti lim 1 n = 0 (2.5)

LÔsh Prèpei na deÐxoume ìti

∀ε > 0, ∃ n_0 : ∀ n ∈ N me n > n_0 ⇒ 1 n < ε ’Omwc isqÔei^1_n < ε ⇔^1_ε < n. Epomènwc arkeÐ na pĹroume wc n_0 to

[_1 ε ] . ParĹdeigma 2.6Na deiqteÐ ìti lim 2n + 1 3n − 2 = 2 3 (2.6)

LÔsh Prèpei na deÐxoume ìti

∀ε > 0, ∃ n_0 : ∀ n ∈ N me n > n_0 ⇒ | | 2n + 1 3n − 2 − 2 3 | | < ε

’Omwc isqÔei | |^{2n+1}_{3n−2} −^2_3 | | < ε ⇔ | |^{6n+3−6n+4}

3(3n−2) | | < ε ⇔ | |^7_{3(3n−2)} | | < ε ⇔ n > | |^{6ε+7}_{9ε} | | Epomènwc, arkeÐ na pĹroume wc n_0 to

[_{6ε+7} 9ε ] . H melèth twn orÐwn me ton orismì eÐnai exairetikĹ polÔplokh diadikasÐa, ìmwc, gia th melèth autÿn, èqoun anaptuqjeÐ jewrămata kai krităria sÔgklishc, pou dieukolÔnoun shmantikĹ. Sth sunèqeia, ja parajèsoume orismèna apì autĹ, apofeÔgontac apodeÐxeic pou den empÐptoun stouc skopoÔc tou egqeiridÐou autoÔ.

26 AkoloujÐec - Seirèc

Jeÿrhma 2.2.4(’Algebra twn OrÐwn) ’Estw ìti lim a_n = k kai lim b_n = l. Tìte isqÔei

lim (c · a_n) = c · k ă lim (c · a_n) = c · lim a_n lim (a_n ± b_n) = k ± l ă lim (a_n ± b_n) = lim a_n ± lim b_n lim (a_n · b_n) = k · l ă lim (a_n · b_n) = lim a_n · lim b_n lim a_n b_n = k l ă lim a_n b_n = lim a_n lim b_n

, me b_n ≠ 0 kai l ≠ 0

lim |a_n| = |k| ă lim |a_n| = | lim a_n| lim √ a_n = √ k ă lim √ a_n = √ lim a_n, me a_n > 0, ∀n

Tic perissìterec forèc to Jeÿrhma 2.2.4 den efarmìzetai Ĺmesa, epeidă den isqÔoun Ĺmesa oi proôpojèseic tou. ’Etsi to efarmìzoume, afoÔ kĹnoume tic sqetikèc tropopoiăseic kai aplopoiăseic.

ParĹdeigma 2.7Na brejeÐ to ìrio twn akoloujiÿn

i) a_n =

2n^2 + 3n 3n^2 + 4 ii) b_n = √ 2n^2 − 1 + n 2n + √ n^2 + 2 iii) c_n = √ 4n^2 − 1 − 2n n − √ n^2 + 2

LÔsh i) a_n =^{2n2+3n}_{3n2+4} =^{n2(2+ 3n )}_{n2(3+ 4n )} =^{2+ 3n}_{3+ 4n} , opìte apì to Jeÿrhma 2.2.4 kai th sqèsh (2.5) brÐskoume

lim a_n = lim (2 +^3_n ) lim (3 +^4_n ) = (2 + lim^3_n ) (3 + lim^4_n ) = (2 + 3 lim^1_n ) (3 + 4 lim^1_n ) = 2 + 3 · 0 3 + 4 · 0 = 2 3 ii) b_n =^{√2n2−1+n} 2n+ √ n^2+2 = n √_{2− 1n +n}

2n+n

√_{1+ 2n} =^n

(√_{2− 1}

n +1 ) n (_{2+}√_{1+ 2} n ) = √_{2− 1n +1} 2+ √_{1+ 2n} , opìte apì to Jeÿ-

rhma 2.2.4 kai th sqèsh (2.5) brÐskoume

lim b_n = lim √ 2 −^1_n + 1 2 + √ 1 +^2_n = lim ( √ 2 −^1_n + 1)

lim (2 + √ 1 +^2_n )

= √ 2 − lim^1_n + 1 2 + √ 1 + lim^2_n = √ 2 − 0 + 1 2 + √ 1 + 0 = 1 + √ 2 3

MAJHMATIKA I 27

iii) H teqnikă thc prohgoÔmenhc perÐptwshc den efarmìzetai Ĺmesa tÿra. ’Etsi, c_n =^{√4n2−1−2n} n− √ n^2+2 = √ 4n^2−1−2n n− √ n^2+2 · √ 4n^2−1+2n n+ √ n^2+2 · n+ √ n^2+2 √ 4n^2−1+2n = −1 −2 ·^{n+√n2+2} √ 4n^2−1+2n

=^1_2 ·^n

(_{1+}√_{1+ 2} n2 ) n (√_{4− 1}

n2 +2

) =^1_2 ·^{1+} √ 1+^2_{n2} √ 4−^1_{n2} +2 , opìte apì to Jeÿrhma 2.2.4 kai th sqèsh

(2.5) brÐskoume

lim c_n = 1 2 · lim 1 + √ 1 +^2_{n2} √ 4 −^1_{n2} + 2

= · · · = 1 2 · 1 + √ 1 + 0 √ 4 − 0 + 2 = 1 4 . To epìmeno Jeÿrhma, pou paratÐjetai qwrÐc apìdeixh, eÐnai idiaÐtera shmantikì kai me autì ja apodeÐxoume protĹseic kai basikĹ ìria, idiaÐtera qrăsima sth melèth twn akoloujiÿn.

Jeÿrhma 2.2.5(Jeÿrhma tou sandwich) JewroÔme tic akoloujÐec a_n, b_n kai c_n, gia tic opoÐec isqÔei

lim a_n = l = lim b_n kai a_n ≤ c_n ≤ b_n, ∀n ∈ N

tìte ja isqÔei kai lim c_n = l

Prìtash 2.2.6An h akoloujÐa a_n eÐnai mhdenikă (lim a_n = 0) kai h b_n eÐnai fragmènh, tìte h akoloujÐa a_n · b_n eÐnai mhdenikă (lim (a_n · b_n) = 0).

Apìdeixh: AfoÔ h b_n eÐnai fragmènh, tìte ∃M ∈ R : |b_n| < M, ∀n ∈ N kai afoÔ lim a_n = 0 ⇔ lim |a_n| = 0. ’Etsi

0 < |a_n · b_n| = |a_n| · |b_n| < M · |a_n| → 0 ⇔ lim (a_n · b_n) = 0. □

Prìtash 2.2.7(BasikĹ ìria.)

∀a ∈ R me |a| < 1 ⇒ lim a^n = 0 (2.7) ∀ a > 0 ⇒ lim^n √ a = 1 (2.8) lim^n √ n = 1 (2.9)

28 AkoloujÐec - Seirèc

Apìdeixh: Gia thn (2.7), afoÔ |a| < 1, tìte^1_{|a|} > 1, opìte^1_{|a|} = 1 + θ, ìpou θ kĹpoioc jetikìc pragmatikìc arijmìc. ’Etsi, èqontac sto mualì mac kai thn anisìthta tou Bernoulli ( 1 |a| )_n = ( 1 + θ

)_n

≥ 1 + nθ ≥ nθ ⇒ 0 ≤ |a|^n ≤ 1 nθ = 1 n · 1 θ → 0 Gia th (2.8), ja diakrÐnoume duo periptÿseic, thn i) a > 1 kai ii) a < 1, h perÐptwsh a = 1 eÐnai tetrimmènh. An a > 1, tìte kai^n √ a > 1, opìte n√ a = 1 + θ_n, ìpou θ_n kĹpoia jetikă pragmatikă akoloujÐa. ’Etsi, me th boăjeia thc anisìthtac tou Bernoulli n√ a = 1 + θ_n ⇒ a = (1 + θ_n)^n ≥ 1 + nθ_n ≥ nθ_n ⇒ θ_n ≤ a n → 0 Opìte lim^n √ a = lim (1 + θ_n) = 1 + lim θ_n = 1 + 0 = 1. An a < 1, tìte kai n√ a < 1, opìte^n √ a =^1_{1+θn} , ìpou θ_n kĹpoia jetikă pragmatikă akoloujÐa. Sth sunèqeia, akoloujoÔme thn poreÐa thc prohgoÔmenhc perÐptwshc (na gÐnei wc Ĺskhsh).

Gia thn (2.9), arqikĹ parathroÔme ìti^{2n} √ n > 1, opìte^{2n} √ n = 1 + θ_n, ìpou θ_n kĹpoia jetikă pragmatikă akoloujÐa. ’Etsi (anisìthta tou Bernoulli) 2n√ n = 1 + θ_n ⇔ √ n = (1 + θ_n)^n ≥ 1 + nθ_n ≥ nθ_n ⇒ θ_n ≤ 1 √ n → 0 Opìte èqoume (^{2n} √ n)^2 = (1 + θ_n)^2 ⇔^n √ n = 1 + 2θ_n + θ^2_n → 1 + 2 · 0 + 0^2 = 1 □

ParĹdeigma 2.8Na brejoÔn ta ìria twn akoloujiÿn

i) a_n =^n √ n^2 + 3n ii) b_n =^n √ 2^n + 3^n iii) c_n =

2^n + 5^{n+1} 3^{n+1} + 5^n

LÔsh Gia thn i) isqÔei a_n =^n √ n^2 + 3n =^n √ n^2(1 +^3_n ) =^n √ n^{2 n} √ (1 +^3_n ).

’Omwc, èqoume lim^n √ n^2 = lim (^n √ n)^2 = 1^2 = 1 kai 1 ≤^n √ (1 +^3_n ) ≤^n √ 4 → 1, opìte

lim a_n = lim^n √ n^2 · lim^n √ (1 + 3 n ) = 1 · 1 = 1

MAJHMATIKA I 29

Gia thn ii) èqoume b_n =^n √ 2^n + 3^n =^n √ 3^n(1 + (^2_3 )^n) = 3^n √ 1 + (^2_3 )^n. ’Omwc,

èqoume 1 ≤^n √ 1 + (^2_3 )^n ≤^n √ 2 → 1. ’Etsi

lim b_n = 3 lim^n √ 1 + (2 3 )_n

= 3 · 1 = 3.

Gia thn iii) paÐrnoume

c_n =

2^n + 5^{n+1} 3^{n+1} + 5^n = 5^n[(^2_5 )^n + 5] 5^n[3(^2_5 )^n + 1] = (^2_5 )^n + 5 3(^2_5 )^n + 1 → 0 + 5 3 · 0 + 1

= 5.

Sthn arqă thc paragrĹfou autăc anafèrame ìti mia akoloujÐa pou sugklÐnei eÐnai fragmènh. Sth sunèqeia, ja anafèroume èna Jeÿrhma pou sundèei th monotonÐa, ta frĹgmata kai to ìrio. To parajètoume qwrÐc apìdeixh, afoÔ aută xefeÔgei apì to skopì mac.

Jeÿrhma 2.2.8KĹje monìtonh kai fragmènh akoloujÐa sugklÐnei.

Paratărhsh 2.2.3Mia diaforetikă diatÔpwsh ja ătan h exăc: {KĹje monìtonh akoloujÐa sugklÐnei, an kai mìno an eÐnai fragmènh}.

Paratărhsh 2.2.4Prosoqă, h sÔgklish sunepĹgetai mìno to fragmèno thc akoloujÐac kai ìqi kai th monotonÐa thc, p.q. h akoloujÐa a_n =^{(−1)n}_n , enÿ teÐnei sto 0, den eÐnai monìtonh.

ParĹdeigma 2.9Na deÐxete ìti oi akoloujÐec

a_n = ( 1 + 1 n )_n , b_n = ( 1 + 1 n )_{n+1}

sugklÐnoun sto Ðdio ìrio.

LÔsh Sto ParĹdeigma 2.1 deÐxame ìti oi akoloujÐec autèc eÐnai monìtonec (aÔxousa h prÿth kai fjÐnousa h deÔterh). EpÐshc sto ParĹdeigma 2.4 ìti eÐnai fragmènec. Apì to Jeÿrhma 2.2.8 èpetai ìti oi akoloujÐec autèc sugklÐnoun. Upojètoume ìti lim a_n = l. Tìte ja èqoume

lim (b_n − a_n) = lim [( 1 + 1 n )_{n+1} − ( 1 + 1 n )_n]

= lim ( 1 + 1 n )_n

·lim [ 1 − ( 1 + 1 n )]

30 AkoloujÐec - Seirèc

= l · lim 1 n = l · 0 = 0

Epomènwc lim b_n = lim [(b_n − a_n) + a_n] = 0+l = l. To koinì autì ìrio orÐzetai na eÐnai o gnwstìc mac Ĺrrhtoc arijmìc e= 2.71828...

ParĹdeigma 2.10Na deiqteÐ ìti h akoloujÐa a_n = n(^n √ 2 − 1) eÐnai fragmènh.

LÔsh Profanÿc oi ìroi thc eÐnai jetikoÐ. paÐrnontac merikoÔc prÿtouc ìrouc, parathroÔme ìti autoÐ eÐnai mikrìteroi tou èna. ’Etsi

0 < a_n < 1 ⇔ n(^n √ 2 − 1) < 1 ⇔^n √ 2 < 1 + 1 n ⇔ 2 < ( 1 + 1 n )_n (2.10)

’Omwc autì isqÔei apì to ParĹdeigma 2.1.

ParĹdeigma 2.11Na deÐxete ìti h akoloujÐa

a_1 = 2, a_{n+1} = 1 2 ( a_n + 2 a_n ) , ∀n ≥ 1

sugklÐnei kai na brejeÐ to ìrio.

LÔsh Apì to ParĹdeigma 2.2 gnwrÐzoume ìti h akoloujÐa mac eÐnai fjÐnousa me jetikoÔc ìrouc. Epiplèon, apì to ParĹdeigma 2.4 blèpoume ìti aută eÐnai kai fragmènh. Epomènwc, apì to Jeÿrhma 2.2.8 èpetai ìti h akoloujÐa sugklÐnei kai mĹlista to ìriì thc eÐnai jetikìc arijmìc. ’Estw lim a_n = l ⇒ lim a_{n+1} = l, opìte èqoume

lim a_{n+1} = lim 1 2 ( a_n + 2 a_n ) ⇒ l = 1 2 ( l + 2 l ) ⇔ 2l^2 = l^2 + 2 ⇒ l = √ 2 2.2.4 UpakoloujÐec

Ac jewrăsoume, tÿra, mia akoloujÐa a_n kai ac eÐnai A_n to sÔnolo twn ìrwn autăc, dhl A_n = {a_1, a_2, a_3, . . . , a_n, . . .}. Mia gnhsÐwc aÔxousa akoloujÐa fusikÿn arijmÿn, èstw h k_n, mporeÐ na orÐsei mia Ĺllh akoloujÐa thn b_n = a_{kn} . EÐnai fanerì ìti h kainoÔrgia akoloujÐa apoteleÐtai apì ìrouc thc arqikăc. An me A_{kn} parastăsoume to sÔnolo twn ìrwn thc, tìte A_{kn} = {a_{k1} , a_{k2} , a_{k3} , . . . , a_{kn} , . . .} kai isqÔei A_{kn} ⊆ A_n. H kainoÔrgia akoloujÐa, pou dhmiourgăjhke me autìn ton trìpo, lègetai upakoloujÐa thc arqikăc. Ta qarakthristikĹ thc arqikăc ta klhronomeÐ kai h upakoloujÐa thc. ’Etsi

MAJHMATIKA I 31

Prìtash 2.2.9An mia akoloujÐa eÐnai fragmènh, tìte to Ðdio fragmènh eÐnai kai kĹje upakoloujÐa thc.

Prìtash 2.2.10An mia akoloujÐa eÐnai monìtonh, tìte to Ðdio monìtonh eÐnai kai kĹje upakoloujÐa thc.

Prìtash 2.2.11An mia akoloujÐa eÐnai sugklÐnousa, tìte kĹje upakoloujÐa autăc sugklÐnei sto Ðdio ìrio.

H Ĺrnhsh twn parapĹnw protĹsewn eÐnai exairetikĹ qrăsimh gia na deÐxoume ìti h akoloujÐa mac den èqei kĹpoio apì ta parapĹnw qarakthristikĹ. Dhl. gia na deÐxoume ìti mia akoloujÐa de sugklÐnei, arkeÐ na deÐxoume ìti mia upakoloujÐa thc de sugklÐnei ă ìti duo upakoloujÐec autăc sugklÐnoun se diaforetikĹ ìria.

ParĹdeigma 2.12Na deiqteÐ ìti de sugklÐnoun oi akoloujÐec

i) a_n = sin πn 2 ii) b_n = cos πn 2 LÔsh JewroÔme tic upakoloujÐec a_{4n+1} kai a_{4n+3}. Gi autèc èqoume a_{4n+1} = sin^{π(4n+1)}_2 = sin (2πn +^π_2 ) = sin^π_2 = 1, enÿ a_{4n+3} = sin^{π(4n+3)}_2 = sin (2πn +^{3π}_2 ) = sin^{3π}_2 = −1. AfoÔ lim a_{4n+1} ≠ lim a_{4n+3}, h akoloujÐa de sugklÐnei. AnĹloga kai gia thn ii).

ExairetikĹ qrăsimh apodeÐqnetai pollèc forèc h melèth twn upakoloujiÿn twn Ĺrtiwn kai twn perittÿn ìrwn autăc, idiaÐtera, ìtan oi ìroi thc de diathroÔn prìshmo ă ìtan oi diaforèc duo diadoqikÿn zeugariÿn ìrwn de diathroÔn prìshmo, ìpwc sto ParĹdeigma 2.15. To epìmeno Jeÿrhma, pou eÔkola kĹpoioc mporeÐ na apodeÐxei me ton orismì thc sÔgklishc kai edÿ de ja apodeiqteÐ, eÐnai exairetikĹ qrăsimo.

Jeÿrhma 2.2.12Mia akoloujÐa a_n sugklÐnei, an kai mìno an sugklÐnoun sto Ðdio ìrio oi upakoloujÐec twn Ĺrtiwn (a_{2n}) kai twn perittÿn (a_{2n+1}) ìrwn autăc, dhl.

lim a_n = l ⇐⇒ lim a_{2n} = l = lim a_{2n+1} (2.11)

32 AkoloujÐec - Seirèc

ParĹdeigma 2.13Na brejeÐ to ìrio thc akoloujÐac

a_n = ( 1 + (−1)^n n )_n( 1 + (−1)^{n+1} n )_{n+1}

LÔsh ArqikĹ, ja deÐxoume ìti lim ( 1 −^1_n

)_n

=^1_e PrĹgmati lim ( 1 − 1 n )_n

= lim 1 (_n n−1 )_n = lim 1 (_{n−1+1} n−1 )_n = lim 1 ( 1 +^1_{n−1}

)_n

= lim 1 ( 1 +^1_{n−1}

)_{n−1}(

1 +^1_{n−1} ) = 1 e(1 + 0) = 1 e JewroÔme, tÿra, tic upakoloujÐec a_{2n} kai a_{2n+1}, opìte paÐrnoume

a_{2n} = ( 1 + (−1)^{2n} 2n )_{2n}( 1 + (−1)^{2n+1} 2n )_{2n+1} = ( 1 + 1 2n )_{2n}( 1 − 1 2n )_{2n+1}

= ( 1 + 1 2n )_{2n}( 1 − 1 2n )_{2n}( 1 − 1 2n ) → e 1 e (1 + 0) = 1

a_{2n+1} = ( 1+ (−1)^{2n+1} 2n + 1

)_{2n+1}( 1+ (−1)^{2n+2} 2n + 1

)_{2n+2} = ( 1− 1 2n + 1

)_{2n+1}( 1+ 1 2n + 1

)_{2n+2}

= ( 1 − 1 2n + 1

)_{2n+1}( 1 + 1 2n + 1

)_{2n+1}( 1 + 1 2n + 1 ) → 1 e e(1 + 0) = 1

AfoÔ lim a_{2n} = lim a_{2n+1} = 1, èqoume kai lim a_n = 1.

Wstìso, den prèpei na meÐnoume me thn entÔpwsh ìti mia upakoloujÐa prèpei na èqei sugkekrimèno tÔpo ă morfă. mporeÐ na dhmiourghjeÐ kai me mia diadikasÐa pou emeÐc ja orÐsoume. ’Ena parĹdeigma ja mporoÔse na eÐnai to exăc: JewroÔme mia akoloujÐa a_n fragmènh apì duo arijmoÔc, touc d_1 kai g_1 (d_1 < g_1), opìte d_1 ≤ a_n ≤ g_1, ∀n ∈ N. Apì touc Ĺpeirouc ìrouc thc a_n epilègw kĹpoion, èstw ton a_{k1} . Diqotomÿ to diĹsthma [d_1, g_1] kai apì ta duo diastămata pou dhmiourgoÔntai, ta [d_1,^{d1+g1}_2 ] kai [^{d1+g1}_2 , g_1], epilègw ekeÐno pou perièqei Ĺpeirouc ìrouc, (se perÐptwsh pou kai ta duo perièqoun Ĺpeirouc ìrouc, epilègw qwrÐc blĹbh thc genikìthtac, to dexiì) orÐzw de wc Ĺkra tou diastămatoc ta d_2 kai g_2. EÐnai fanerì ìti (g_2 − d_2) =^1_2 (g_1 − d_1). Apì touc Ĺpeirouc ìrouc thc a_n sto diĹsthma [d_2, g_2] epilègw ton a_{k2} , me thn paratărhsh ìti k_2 > k_1. EpanalambĹnw th diadikasÐa opìte orÐzetai to diĹsthma [d_3, g_3], gia to opoÐo isqÔei (g_3 − d_3) =^1_2 (g_2 − d_2) =^1_{22} (g_1 − d_1), kai o ìroc a_{k3} . MetĹ

MAJHMATIKA I 33

apì n − 1 epanalăyeic, ja èqoume to diĹsthma [d_n, g_n], gia to opoÐo isqÔei (g_n − d_n) =^1_{2n−1} (g_1 − d_1), kai ton ìro a_{kn} .

’Etsi èqw orÐsei duo akoloujÐec tic d_n kai g_n kai thn upakoloujÐa a_{kn} . Gia tic duo akoloujÐec apì th diadikasÐa dhmiourgÐac touc, èqoume ìti autèc eÐnai fragmènec kai h men d_n eÐnai aÔxousa ă de g_n fjÐnousa, opìte ja sugklÐnoun se koinì ìrio ξ, afoÔ lim (g_n − d_n) = lim^1_{2n−1} (g_1 − d_1) = 0. Gia thn upakoloujÐa a_{kn} , èqoume ìti g_n ≤ a_{kn} ≤ d_n, opìte apì to Jeÿrhma 2.2.5 kai lim a_{kn} = ξ. ’Etsi apodeÐxame to Jeÿrhma twn Bolzano–Weierstrass.

Jeÿrhma 2.2.13(Jeÿrhma twn Bolzano–Weierstrass) KĹje fragmènh akoloujÐa èqei mia upakoloujÐa thc, h opoÐa sugklÐnei.

To ìrio miac upakoloujÐac a_{kn} , thc akoloujÐac a_n, lègetai shmeÐo sussÿreushc autăc (thc akoloujÐac).

2.2.5 Anadromikèc akoloujÐec

’Eqoume ădh anafèrei ìti oi anadromikèc akoloujÐec prosdiorÐzontai apì kĹpoion ă kĹpoiouc arqikoÔc ìrouc kai apì mia anadromikă sqèsh. O arqikìc ă oi arqikoÐ ìroi thc akoloujÐac eÐnai exÐsou shmantikoÐ me thn anadromikă sqèsh kai thn ephreĹzoun apìluta. Gia parĹdeigma, sthn akoloujÐa me anadromikă sqèsh a_{n+1} =^{2a2n}_{1+a2n} , ìpwc ja apodeÐxoume sta epìmena, èqoume ìti lim a_n = 0, an 0 ≤ a_1 < 1 kai lim a_n = 1, an a_1 ≥ 1. GenikĹ, stic anadromikèc akoloujÐec apodeÐqnoume to monìtono kai to fragmèno kai brÐskoume to ìrio apì th sqèsh thc anadromăc, ìpwc sto ParĹdeigma 2.11, efìson autì mac dÿsei apĹnthsh. Gia to monìtono, ădh èqei faneÐ apì ta paradeÐgmata, sugkrÐnoume to lìgo^{an+1}_{an} me to 1, ă th diaforĹ a_{n+1} −a_n me to 0, fusikĹ den prèpei na xeqnĹme, wc mèjodo, th majhmatikă epagwgă, kajÿc kai to ìti, an to prìshmo duo diadoqikÿn diaforÿn eÐnai stajerì, tìte autì ja eÐnai Ðdio me to prìshmo thc diaforĹc twn duo prÿtwn ìrwn, opìte èqoume akìmh èna kritărio gia th monotonÐa. Gia to frĹgma qrhsimopoioÔme thn parathrhtikìthtĹ mac, ìmwc, kĹpoiec forèc eÐnai qrăsimo na prosdiorÐzoume to ìrio, upojètontac ìti h akoloujÐa sugklÐnei, kai sth sunèqeia na epanerqìmaste gia to frĹgma.

ParĹdeigma 2.14DeÐxte ìti gia thn akoloujÐa me anadromikă sqèsh a_{n+1} =

2a^2_n 1+a^2_n , isqÔei lim an = 0, an a1 = 1 2 kai lim a_n = 1, an a_1 = 2. Ti gÐnetai an a_1 = 1?

34 AkoloujÐec - Seirèc

LÔsh i) a_1 =^1_2 . ArqikĹ parathroÔme ìti a_n ≥ 0. Sth sunèqeia a_{n+1} − a_n =

2a^2_n 1+a^2_n − an =

2a^2_n−a_n−a^3_n 1+a^2_n =

−a_n(a^2_n−2a_n+1)

1+a^2_n =

−a_n(a_n−1)^2 1+a^2_n ≤ 0. Sunepÿc h akoloujÐa

eÐnai fjÐnousa. ’Etsi 0 ≤ a_n ≤ a_1 =^1_2 , dhl. h a_n fragmènh. ’Ara ja sugklÐnei, opìte an lim a_n = l, ja èqoume

lim a_n = lim

2a^2_n 1 + a^2_n

⇒ l =

2l^2 1 + l^2

⇔ l^3 + l = 2l^2 ⇔ · · · ⇔ l = 0 ă l = 1,

sunepÿc lim a_n = 0. Gia th ii)( a_1 = 2) isqÔoun akribÿc ta Ðdia gia to monìtono. ’Omwc, tÿra, an upojèsoume a_n ≥ 1, èqoume kai a_{n+1} ≥ 1 ⇔^{2a2n}_{1+a2n} ≥ 1 ⇔ 2a^2_n ≥ 1 + a^2_n ⇔ a^2_n ≥ 1, pou isqÔei. ’Etsi, afoÔ kai a_1 = 2 > 0, ja èqoume 1 ≤ a_n ≤ a_1 = 2. ’Ara ja sugklÐnei, opìte an lim a_n = l, ja èqoume l =^{2l2}_{1+l2} ⇔ · · · l = 0 ă l = 1, opìte lim a_n = 1.

ParĹdeigma 2.15Na brejeÐ an upĹrqei to ìrio thc akoloujÐac

a_1 = 1, a_{n+1} = 1 1 + a_n

∀n ∈ N

LÔsh EÐnai fanerì ìti 0 ≤ a_n ≤ 1, dhl. h akoloujÐa eÐnai fragmènh. EpÐshc parathroÔme ìti

a_{n+1} − a_n = 1 1 + a_n − 1 1 + a_{n−1} = 1 + a_{n−1} − 1 − a_n (1 + a_n)(1 + a_{n−1}) = −(a_n − a_{n−1}) (1 + a_n)(1 + a_{n−1})

dhl. de diathreÐtai to prìshmo metaxÔ duo diadoqikÿn diaforÿn ìrwn. An ìmwc pĹroume thn upakoloujÐa twn perittÿn ìrwn autăc (perittă upakoloujÐa), ja èqoume diadoqikĹ

a_{2n+1} − a_{2n−1} = 1 1 + a_{2n} − 1 1 + a_{2n−2} = 1 1 +^1_{1+a2n−1} − 1 1 +^1_{1+a2n−3} = 1 + a_{2n−1} 2 + a_{2n−1} − 1 + a_{2n−3} 2 + a_{2n−3}

= · · · = a_{2n−1} − a_{2n−3} (2 + a_{2n−1})(2 + a_{2n−3}) to opoÐo shmaÐnei ìti oi diaforèc twn perittÿn ìrwn diathroÔn to prìshmo, Ĺra h upakoloujÐa aută eÐnai monìtonh. OmoÐwc kai oi diaforèc twn Ĺrtiwn ìrwn (Ĺrtia upakoloujÐa) diathroÔn to prìshmo. AfoÔ autèc eÐnai fragmènec, ja

MAJHMATIKA I 35

sugklÐnoun. ’Estw lim a_{2n+1} = l_1 kai lim a_{2n} = l_2, tìte ja èqoume l_1 =^1_{1+l2} ⇔ l_1 + l_1l_2 = 1 kai l_2 =^1_{1+l1} ⇔ l_2 + l_1l_2 = 1, opìte, afairÿntac katĹ mèlh, paÐrnoume l_1 = l_2. ’Etsi h akoloujÐa sugklÐnei, afoÔ, apì thn sqèsh (2.11), h Ĺrtia kai h perittă upakoloujÐa thc èqoun koinì ìrio.

’Ena eÔlogo erÿthma stic anadromikèc akoloujÐec eÐnai to exăc: {UpĹrqei tÔpoc pou na mac dÐnei touc Ðdiouc ìrouc me mia anadromikă akoloujÐa?} H apĹnthsh den eÐnai eÔkolh. Se diaforetikèc morfèc anagwgikÿn tÔpwn èqoun anaptuqjeÐ diaforetikèc teqnikèc kai mèjodoi, me arketă majhmatikă jewrÐa kai gnÿsh! EmeÐc ja anaptÔxoume sth sunèqeia tic teqnikèc se duo aplèc periptÿseic, qwrÐc apìdeixh, afoÔ kĹti tètoio xefeÔgei apì to skopì mac.

a) a_{n+1} = ka_n + f(n). Sthn perÐptwsh aută anaptÔssoume katĹllhla ìlouc touc ìrouc me n = 1, n = 2, k.lp kai prosjètoume katĹ mèlh.

ParĹdeigma 2.16Na brejeÐ o genikìc ìroc thc akoloujÐac

a_1 ∈ R, a_{n+1} = 1 3 a_n + 1 2^n

LÔsh

n = 1, a_2 = 1 3 a_1 + 1 2 ⇔ a_2 / = 1 3 a_1 + 1 2 n = 2, a_3 = 1 3 a_2 + 1 2^2

⇔ 3a_3 / = a_2 / + 3 2^2 n = 3, a_4 = 1 3 a_3 + 1 2^3

⇔ 3^2a_4 / = 3a_3 / + 3^2 2^3 . . . . n = n − 1, a_n = 1 3 a_{n−1} + 1 2^{n−1}

⇔ 3^{n−2}a_n = 3^{n−3}a_{n−1} / + 3^{n−2} 2^{n−1} Prosjètontac katĹ mèlh ta dexiĹ mèlh twn isodunamiÿn, paÐrnoume mia sqèsh, ènan tÔpo gia thn akoloujÐa mac, ătoi

3^{n−2}a_n = 1 3 a_1 + 1 2 [ 1+ (3 2 ) + (3 2 )_2

+· · ·+ (3 2 )_{(n−2)}] = · · · = 1 3 a_1 −1+ (3 2 )_{(n−1)}

kai a_n = 1 3^{n−1}

(a_1 − 3) + 3 2^{n−1}

36 AkoloujÐec - Seirèc

b) a_{n+2} = ka_{n+1} + la_n. Sthn perÐptwsh aută jewroÔme thn exÐswsh x^2 = kx+l, h opoÐa lègetai {qarakthristikă}. ’Estw ìti ρ_1 kai ρ_2 eÐnai diaforetikèc metaxÔ touc rÐzec autăc, tìte h akoloujÐa a_n = c_1ρ_1 + c_2ρ_2 eÐnai h zhtoÔmenh, afoÔ prosdiorÐsoume ta c_1 kai c_2 apì tic arqikèc timèc.

ParĹdeigma 2.17Na brejeÐ o n-ostoc ìroc thc akoloujÐac a_1 = 1, a_2 = 1, a_{n+2} = a_{n+1} + a_n, ∀ n ∈ N

LÔsh JewroÔme th qarakthristikă, x^2 = x + 1. Oi rÐzec autăc eÐnai ρ_1 =^{1+√5}_2 kai ρ_2 =^{1−√5}_2 , opìte

a_n = c_1

(1 + √5 2 )_n + c_2

(1 − √5 2 )_n (2.12)

Gia n = 1, paÐrnoume c_1^{1+√5}_2 +c_2^{1−√5}_2 = 1, enÿ gia n = 2, paÐrnoume c_1

(_{1+}^√_5 2 )_2 + c_2

(_{1−}^√_5 2 )_2 = 1. LÔnontac to sÔsthma twn duo exisÿsewn wc proc ta c_1 kai c_2 paÐrnoume telikĹ to n−ostì ìro thc akoloujÐac, ătoi

a_n = √ 5 5 (1 + √5 2 )_n − √ 5 5 (1 − √5 2 )_n (2.13)

H akoloujÐa aută lègetai akoloujÐa Fibonacci. Oi ìroi thc èqoun sqèsh me th Botanikă^. epÐshc emfanÐzontai sto trÐgwno tou Pascal enÿ ston tÔpo thc emfanÐzetai h qrusă tomă.

’Estw tÿra ìti h ρ eÐnai h diplă rÐza thc qarakthristikăc, tìte h zhtoÔmenh akoloujÐa eÐnai h a_n = c_1ρ^n + nc_2ρ^n = (c_1 + nc_2)ρ^n, afoÔ prosdiorÐsoume ta c_1 kai c_2 apì tic arqikèc timèc.

ParĹdeigma 2.18Na brejeÐ o n-ostoc ìroc thc akoloujÐac

a_1 = 1, a_2 = 2, a_{n+2} = a_{n+1} − 1 4 a_n, ∀ n ∈ N

LÔsh JewroÔme th qarakthristikă, x^2 = x −^1_4 . H diplă rÐza thc eÐnai ρ =^1_2 , opìte a_n = (c_1 + nc_2)^1_{2n} . Gia n = 1, paÐrnoume^1_2 (c_1 + c_2) = 1 enÿ gia n = 2, paÐrnoume^1_4 (c_1 + 2c_2) = 2. LÔnontac to sÔsthma twn duo exisÿsewn wc proc ta c_1 kai c_2, paÐrnoume telikĹ to n−ostì ìro thc akoloujÐac, ătoi

a_n = (6n − 4) 1 2^n

(2.14)

MAJHMATIKA I 37

2.2.6 H akoloujÐa teÐnei sto ∞

H akoloujÐa twn fusikÿn arijmÿn (a_n = n), dÐnei ìrouc, pou auxĹnoun suneqÿc kai mporoÔn na gÐnoun osodăpote megĹloi. Aută th suneqă aÔxhsh twn ìrwn miac akoloujÐac kai to mporoÔn na gÐnoun osodăpote megĹloi, to ìti dhl. ìpoion arijmì jetikì pragmatikì na jewrăsoume, oi ìroi thc akoloujÐac ton xepernoÔn, to lème {h akoloujÐa mac teÐnei sto Ĺpeiro jetikĹ}. H majhmatikopoÐhsh autoÔ perièqetai ston epìmeno orismì.

Orismìc 2.2.14Lème ìti h akoloujÐa a_n teÐnei sto Ĺpeiro jetikĹ ă apeirÐzetai jetikĹ kai sumbolÐzoume lim a_n = +∞, an kai mìnon an, gia kĹje jetikì pragmatikì arijmì M, upĹrqei ènac n_0 fusikìc, ètsi ÿste, gia kĹje n > n_0 isqÔei a_n > M, SumbolikĹ,

lim a_n = +∞ ⇔ ∀M > 0, ∃n_0 ∈ N : ∀ n > n_0 ⇒ a_n > M (2.15)

OmoÐwc lème ìti h akoloujÐa a_n teÐnei sto Ĺpeiro arnhtikĹ ă apeirÐzetai arnhtikĹ kai sumbolÐzoume lim a_n = −∞, an kai mìnon an, gia kĹje jetikì pragmatikì arijmì M, upĹrqei ènac n_0 fusikìc, ètsi ÿste, gia kĹje n > n_0 isqÔei a_n < −M, SumbolikĹ,

lim a_n = −∞ ⇔ ∀M > 0, ∃n_0 ∈ N : ∀ n > n_0 ⇒ a_n < −M (2.16)

ParĹdeigma 2.19Na deiqteÐ ìti h akoloujÐa a_n = n^2 teÐnei sto ∞

LÔsh Prèpei na deÐxoume ìti

∀M > 0, ∃ n_0 : ∀ n ∈ N me n > n_0 ⇒ n^2 > M

’Omwc isqÔei n^2 > M ⇔ n > √ M. Epomènwc, arkeÐ na pĹroume wc n_0 to [ √ M]. EÔkola kĹpoioc mporeÐ na dei ìti, an mia akoloujÐa a_n eÐnai mhdenikă me jetikoÔc ìrouc, h akoloujÐa b_n =^1_{an} apeirÐzetai jetikĹ, enÿ me arnhtikoÔc ìrouc, h akoloujÐa b_n =^1_{an} apeirÐzetai arnhtikĹ. Gia na dieukolunjoÔme sthn arijmhtikă twn orÐwn dÐnontai oi epìmenec treic protĹseic, qwrÐc apìdeixh.

38 AkoloujÐec - Seirèc

Prìtash 2.2.15’Estw ìti isqÔei lim a_n = l ∈ R \ {0} kai lim b_n = ±∞, tìte èqoume

i) lim (a_n + b_n) = ±∞ ii) lim (a_n − b_n) = ∓∞

iii) lim (a_n · b_n) = { ±∞ an l > 0 ∓∞ an l < 0 iv) lim (^{bnan} ) = { ±∞ an l > 0 ∓∞ an l < 0 v) lim (^{an}_{bn} ) = 0 (2.17)

Prìtash 2.2.16’Estw ìti isqÔei lim a_n = ∞ kai lim b_n = ∞, tìte èqoume

lim (a_n) = ±∞ lim (b_n) = ±∞ } ⇒ { lim (a_n + b_n) = ±∞ lim (a_n · b_n) = +∞

lim (a_n) = ±∞ lim (b_n) = ∓∞ } ⇒ { lim (a_n − b_n) = ±∞ lim (a_n · b_n) = −∞

(2.18)

UpotÐjetai ìti oi sunduasmoÐ twn prìshmwn eÐnai prÿto me prÿto kai deÔtero me deÔtero.

Prìtash 2.2.17’Estw ìti isqÔei lim a_n = ±∞ kai lim b_n = 0 me b_n ≠ 0 ∀n ∈ N, tìte èqoume

lim (a_n + b_n) = ±∞

lim^{an}_{bn} = { +∞, an telikĹ oi ìroi thc akoloujÐac eÐnai jetikoÐ −∞, an telikĹ oi ìroi thc akoloujÐac eÐnai arnhtikoÐ

(2.19)

Me thn ènnoia twn prĹxewn twn orÐwn, ìpwc prokÔptoun apì tic parapĹnw protĹseic, qarakthrÐzontai wc epitreptèc prĹxeic kai oi prĹxeic sto sÔnolo R = R ∪ {−∞, +∞}, p.q. 5 · (−∞) = −∞. PrĹxeic pou den mporoÔn na oristoÔn wc prĹxeic orÐwn, qarakthrÐzontai wc mh epitreptèc, p.q. 0 · (∞) =?, giatÐ, an jewrăsoume ÿc akoloujÐec tic a_n =^1_n me lim a_n = 0 kai b_n = n^2 me lim b_n = ∞, èqoume lim (a_n · b_n) = ∞, enÿ, an jewrăsoume ÿc akoloujÐec tic a_n =^1_{n2} pĹli me lim a_n = 0 kai b_n = n pĹli me lim b_n = ∞, èqoume lim (a_n · b_n) = 0. Wc mh epitreptèc prĹxeic qarakthrÐzontai oi epìmenec 0 0 =?, ∞ − ∞ =?, 0 · ∞ =?, ∞ ∞ =?, 1^0 =?, 1^∞ =?, 0^∞ =?, ∞^0 =?, 0^0 =?

MAJHMATIKA I 39

2.2.7 Krităria sÔgklishc

O orismìc thc sÔgklishc jèlei katĹ kĹpoio trìpo na mantèyoume to ìrio gia na leitourgăsei. O Caushy onìmase basikă thn akoloujÐa gia thn opoÐa gia kĹje ε jetikì upĹrqei deÐkthc n_0, ÿste gia kĹje fusikoÔc n kai m me n, m > n_0 isqÔei |a_n − a_m| < ε kai apèdeixe ìti:

Prìtash 2.2.18Mia akoloujÐa eÐnai basikă, an kai mìnon an sugklÐnei se pragmatikì arijmì l.

’Etsi h sÔgklish kajÐstatai plèon, anexĹrthth tou orÐou.

O lìgoc duo diadoqikÿn ìrwn kai h sÔgkrisă tou me to èna ătan mèqri tÿra ergaleÐo gia thn eÔresh thc monotonÐac. H eÔresh tou orÐou twn lìgwn duo diadoqikÿn ìrwn miac akoloujÐac gÐnetai ergaleÐo gia thn eÔresh tou orÐou rizikoÔ. ’Etsi

Prìtash 2.2.19An gia mia akoloujÐa a_n, me jetikoÔc ìrouc, èqoume lim^{an+1}_{an} = l tìte lim^n √ a_n = l.

ParĹdeigma 2.20Na prosdiorÐsete to ìrio lim a_n, an a_n =^n

√_{3n+1n!}

n^{n−1}

LÔsh Jètoume b_n =^{3n+1n!}_{nn−1} kai paÐrnoume lim b_{n+1} b_n

= lim

3^{n+2}(n+1)!

(n+1)^n 3^{n+1}n! n^{n−1}

= lim

3^{n+2}(n + 1)!n^{n−1} 3^{n+1}n!(n + 1)^n

= lim

3(n + 1)n^{n−1} (n + 1)^{n−1}(n + 1)

= lim

3n^{n−1} (n + 1)^{n−1}

= 3 lim 1 (1 +^1_n )^{n−1}

= 3 lim 1 (1 +^1_n )^n

(1 + 1 n ) → 3 1 e (1+0) = 3 e . Opìte apì thn prohgoÔmenh prìtash prokÔptei lim a_n =^3_e .

To epìmeno kritărio, gnwstì wc kritărio tou Stolz eÐnai èna dunamikì kritărio, to opoÐo dÐnei ìrio exetĹzontac to lìgo diaforÿn.

Prìtash 2.2.20’Estw a_n mia akoloujÐa kai b_n mia gnhsÐwc aÔxousa akoloujÐa. An lim b_n = +∞ tìte lim a_{n+1} − a_n b_{n+1} − b_n

= l ∈ R ∪ {±∞} =⇒ lim a_n b_n

= l (2.20)

40 AkoloujÐec - Seirèc

ParĹdeigma 2.21Na prosdiorÐsete to ìrio lim c_n, an c_n =^{1+} √ 2+^3 √ 3+^4 √ 4+···+^n √ n n LÔsh ParathroÔme ìti o paronomastăc eÐnai mia gnhsÐwc aÔxousa akoloujÐa, me ìrio to ∞. Apì thn Prìtash 2.2.20 èqoume

lim c_n = lim a_{n+1} − a_n b_{n+1} − b_n

= lim n+1√ n + 1 1 = 1 Opìte kai lim c_n = 1.

MAJHMATIKA I 41

2.3 Seirèc

’Estw a_n, n ∈ N mia akoloujÐa pragmatikÿn arijmÿn, tìte mporoÔme na sqhmatÐsoume apì aută thn akoloujÐa mia kainoÔrgia akoloujÐa me ton exăc trìpo:

σ_1 = a_1 σ_2 = a_1 + a_2 . . (2.21) σ_n = a_1 + a_2 + · · · + a_n . . ∞∑ n=1 a_n = a_1 + a_2 + · · · + a_n + · · ·

Lème, loipìn, ìti èqoume th seirĹ

∑_∞ n=1 a_n. OusiastikĹ isqÔei

∑_∞

n=1 a_n = lim σ_n, wstìso qrhsimopoioÔme ton ìro seirĹ kai gia na dhlÿsoume thn akoloujÐa pou genniètai, ajroÐzontac me sugkekrimèno trìpo touc ìrouc miac Ĺllhc akoloujÐac. ’Otan

∑_∞ n=1 a_n ∈ R, lème ìti h seirĹ sugklÐnei, ìtan ∑_∞

n=1 a_n = +∞, lème ìti h seirĹ apeirÐzetai jetikĹ, enÿ ìtan

∑_∞ n=1 a_n = −∞ lème ìti h seirĹ apeirÐzetai arnhtikĹ. Oi epimèrouc ìroi thc kainoÔrgiac akoloujÐac lègontai {merikĹ ajroÐsmata} thc seirĹc. O kĹje ìroc a_n, thc arqikăc akoloujÐac mac lègetai {ìroc thc seirĹc} kai o ìroc σ_n =

∑_n i=1 a_i {genikìc ìroc thc seirĹc}. EÐnai fanerì ìti mia akoloujÐa prosdiorÐzei plărwc mia seirĹ, ìmwc kai mia seirĹ prosdiorÐzei plărwc mia akoloujÐa, afoÔ

a_n = σ_n − σ_{n−1} (2.22)

PaÐrnontac ìria sthn teleutaÐa sqèsh (2.22) sumperaÐnoume ìti

Prìtash 2.3.1An mia seirĹ sugklÐnei se pragmatikì arijmì (

∑_∞

n=1 a_n = l), tìte h akoloujÐa mac eÐnai mhdenikă (lim a_n = 0).

To antÐstrofo den isqÔei, dhl. h seirĹ pou prokÔptei apì kĹje mhdenikă akoloujÐa de sugklÐnei pĹnta se pragmatikì arijmì. H prìtash qrhsimopoieÐtai sunăjwc antÐstrofa, dhl. gia na deÐxoume ìti mia seirĹ de sugklÐnei se pragmatikì arijmì, deÐqnoume ìti h akoloujÐa tou genikoÔ ìrou den eÐnai mhdenikă.

42 AkoloujÐec - Seirèc

Gia orismènec seirèc o genikìc touc ìroc dÐnetai mèsa apì kĹpoio tÔpo, kĹti pou dieukolÔnei ta prĹgmata katĹ kĹpoio trìpo sth melèth autÿn. Ac jumhjoÔme tic gewmetrikèc proìdouc apì to LÔkeio, tìte dÐnontan o prÿtoc ìroc a_1, edÿ qĹrin eukolÐac ac pĹroume a_1 = 1, kai o lìgoc ω ≠ 1, opìte mporoÔsame na prosdiorÐsoume ton n−ostì ìro a_n = a_1ω^{n−1} = ω^{n−1} allĹ kai to Ĺjroisma twn n prÿtwn ìrwn σ_n =^{a1(1−ωn)}_{1−ω} =^{1−ωn}_{1−ω} , to teleutaÐo eÐnai to merikì Ĺjroisma thc seirĹc

∑_n

k=1 ω^{k−1}. H melèth plèon thc seirĹc (1 + ω + ω^2 + · · · + ω^n + · · · ) pou lègetai gewmetrikă seirĹ, kajÐstatai eÔkolh. ’Etsi èqoume

i) |ω| < 1, tìte ∞∑ n=1 ω^{n−1} = lim

1 − ω^n 1 − ω = 1 − 0 1 − ω = 1 1 − ω

ii) ω > 1, tìte ∞∑ n=1 ω^{n−1} = lim

1 − ω^n 1 − ω = 1 1 − ω − 1 1 − ω <_0 ω^n = 1 1 − ω

+ ∞ = ∞

iii) ω < −1, tìte ∞∑ n=1 ω^{n−1} = lim

1 − ω^n 1 − ω = 1 1 − ω − 1 1 − ω >_2 ω^n =

1 1 − ω + { −∞ an n Ĺrtio ∞ an n perittì = { −∞ an n Ĺrtio ∞ an n perittì JumÐzoume ìti, an duo upakoloujÐec miac akoloujÐac sugklÐnoun se diaforetikĹ ìria, h akoloujÐa de sugklÐnei. ’Etsi h gewmetrikă seirĹ de sugklÐnei gia ω < −1. Sthn teleutaÐa perÐptwsh, pollèc forèc apantĹtai o ìroc h seirĹ {talanteÔetai}. Oi periptÿseic ω = 1 kai ω = −1 na gÐnoun wc askăseic. ’Etsi sunoyÐzontac èqoume

Prìtash 2.3.2Gia th gewmetrikă seirĹ

∑_∞

n=1 ω^{n−1} isqÔei

an |ω| < 1 ⇒

∑_∞ n=1 ω^{n−1} ∈ R an ω ≥ 1 ⇒

∑_∞ n=1 ω^{n−1} = ∞ an ω ≤ −1 ⇒ H seirĹ talanteÔetai

Sto Sqăma 2.5 faÐnetai h gewmetrikă ermhneÐa thc sÔgklishc gewmetrikăc seirĹc me ω =^1_2 , sto 2. To Ĺjroisma twn embadÿn ìlwn twn tetragÿnwn kai twn

MAJHMATIKA I 43

Sqăma 2.5: Gewmetrikă ermhneÐa thc seirĹc

∑_∞ n=1 (_1 2 )_{n−1}

orjogwnÐwn pou sqhmatÐzontai èqei ìrio to 2, ìso dhl. eÐnai to embadìn ìlou

tou orjogwnÐou.

O ìroc seirĹ qrhsimopoieÐtai, ektìc apì to na dhlÿsei to ìrio miac akoloujÐac,

kai gia na prosdiorÐsei thn Ðdia thn akoloujÐa kai apì tÿra kai sto exăc ètsi

ja qrhsimopoieÐtai. ’Etsi, ìtan milĹme gia thn gewmetrikă seirĹ me lìgo ω =^1_2 ,

ja ennooÔme affl enìc touc ìrouc σ_n = 1 +^1_2 +^1_4 + + · · · +^1_n kai affl etèrou to

ìrio autăc to 2.

Mia seirĹ wc akoloujÐa, profanÿc ja mporoÔme na th meletăsoume me

ta ergaleÐa thc prohgoÔmenhc paragrĹfou. Gia parĹdeigma, to Jeÿrhma 2.2.5,

prosarmosmèno katĹllhla gia akoloujÐec pou apeirÐzontai, mporoÔme na to

doÔme na efarmìzetai sto epìmeno parĹdeigma.

ParĹdeigma 2.22Na deiqteÐ ìti

∑_∞ n=1 1√ n = ∞

LÔsh JewroÔme thn akoloujÐa σ_n = 1 +^{1√}_2 +^{1√}_3 + · · · +^{1√}_n , opìte èqoume

σ_n = 1 + 1 √ 2 + 1 √ 3 + · · · + 1 √ n ≥ 1 √ n + 1 √ n + · · · + 1 √ n ≥ n 1 √ n ≥ √ n → ∞

44 AkoloujÐec - Seirèc

Ac jewrăsoume tÿra th seirĹ

∑_∞ n=1 a_n, tìte mporoÔme na grĹfoume

i) ∞∑ n=1 ka_n = k · ∞∑ n=1 a_n, k > 0. (2.23)

ii) ∞∑ n=1 a_n = k∑ n=1 a_n + ∞∑ n=k+1

a_n ⇔ ∞∑ n=k+1

a_n = ∞∑ n=1 a_n − k∑ n=1 a_n

H prÿth sqèsh shmaÐnei ìti, an h seirĹ

∑_∞

n=1 ka_n sugklÐnei ă apeirÐzetai jetikĹ ă arnhtikĹ, to Ðdio kĹnei kai h seirĹ k ·

∑_∞

n=1 a_n kai antÐstrofa, enÿ h deÔterh ìti, an h seirĹ

∑_∞ n=1 a_n sugklÐnei ă apeirÐzetai jetikĹ ă arnhtikĹ, to Ðdio kĹnei kai h seirĹ

∑_∞

n=k+1 an kai antÐstrofa, afoÔ

∑_k n=1 a_n = m ∈ R.

Tèloc, epeidă prìkeitai gia eidikèc akoloujÐec (akoloujÐa pou prokÔptei apì akoloujÐa), èqoun anaptuqjeÐ prìsjeta jewrămata, protĹseic kai krităria sÔgklishc, pou ja ta doÔme sth sunèqeia kai meletoÔn th seirĹ σ_n, meletÿntac aută kajeaută thn akoloujÐa a_n.

2.3.1 Seirèc me omìshmouc ìrouc

Mia megĹlh kathgorÐa seirÿn eÐnai oi seirèc pou èqoun telikĹ omìshmouc ìrouc. Epeidă mia seirĹ me mh jetikoÔc ìrouc diafèrei apì mia seirĹ me mh arnhtikoÔc ìrouc mìno wc proc to prìshmo plhn (−), ja meletăsoume mìno tic seirèc pou èqoun telikĹ mìnon mh arnhtikoÔc ìrouc. Ja prèpei Ðswc na parathrăsoume ìti sthn kathgorÐa aută h seirĹ eÐnai plèon mia aÔxousa akoloujÐa, afoÔ kĹje ìroc thc prokÔptei apì ton prohgoÔmeno prosjètontac èna mh arnhtikì arijmì dhl.

σ_n = a_1 + a_2 + · · · + a_{n−1} + a_n = σ_{n−1} + a_n

An loipìn aută eÐnai fragmènh, profanÿc ja sugklÐnei, enÿ an eÐnai mh fragmènh, ja apeirÐzetai jetikĹ.

H diĹtaxh twn ìrwn duo akoloujiÿn (0 ≤ a_n ≤ b_n) sunepĹgetai th diĹtaxh twn antÐstoiqwn seirÿn autÿn (

∑_∞ n=1 a_n ≤

∑_∞

n=1 b_n). To sumpèrasma faÐnetai sto epìmeno Jeÿrhma

MAJHMATIKA I 45

Jeÿrhma 2.3.3An gia duo akoloujÐec mh arnhtikÿn ìrwn isqÔei 0 ≤ a_n ≤ b_n, tìte ∑_∞ n=1 b_n ∈ R ⇒

∑_∞ n=1 a_n ∈ R

∑_∞ n=1 a_n = ∞ ⇒

∑_∞

n=1 b_n = ∞

(2.24)

Paratărhsh 2.3.1Apì th sqèsh (2.23) faÐnetai ìti to Jeÿrhma 2.3.3 isqÔei kai gia 0 ≤ a_n ≤ k · b_n.

ParĹdeigma 2.23Na deiqteÐ ìti

∑_∞ n=1 1_k√

n = ∞

LÔsh AfoÔ k√ n < √ n ⇔ 1 k√ n > 1 √ n To sumpèrasma eÐnai Ĺmeso apì to Jeÿrhma 2.3.3. Parìmoia apotelèsmata dÐnei h diĹtaxh twn lìgwn, ’Askhsh 2.11.

To prohgoÔmeno Jeÿrhma dÐnei plhroforÐec gia th sÔgklish ă mh thc seirĹc, sugkrÐnontac touc genikoÔc ìrouc autÿn. To epìmeno Jeÿrhma dÐnei plhroforÐec gia th seirĹ, sugkrÐnontac to ìrio tou lìgou twn genikÿn ìrwn

Jeÿrhma 2.3.4An gia duo akoloujÐec a_n kai b_n ≠ 0 mh arnhtikÿn ìrwn isqÔei 0 < lim^{an}_{bn} = l < ∞, tìte ∑_∞ n=1 a_n ∈ R ⇔

∑_∞ n=1 b_n ∈ R

∑_∞ n=1 a_n = ∞ ⇔

∑_∞

n=1 b_n = ∞

(2.25)

∗Apìdeixh: Apì ton orismì tou orÐou prokÔptei: ∀ε > 0, ∃n_0 ∈ N : ∀n > n_0, |^{an}_{bn} − l| < ε. Tìte ìmwc, gia ε =^l_2 èqoume | a_n b_n

−l| < l 2 ⇔ − l 2 < a_n b_n

−l < l 2 ⇔ l 2 ·b_n < a_n < 3l 2 ·b_n ⇔ 2 l ·a_n < b_n < 2 3l ·a_n

Oi duo teleutaÐec sqèseic, mazÐ me thn Paratărhsh 2.3.1, apodeiknÔoun to Jeÿrhma (giatÐ?). H apìdeixh tou parapĹnw Jewrămatoc mac odhgeÐ sto na bgĹloume kai Ĺlla sumperĹsmata sqetikĹ me th sÔgklish ă mh twn seirÿn, ìpwc mporeÐ kĹpoioc na dei sthn ’Askhsh 2.10.

46 AkoloujÐec - Seirèc

ParĹdeigma 2.24Na deÐxete ìti

∑_∞ n=1 n √ n^3+2 = ∞

LÔsh ’Estw a_n =^{n√}_{n3+2} , jewroÔme thn akoloujÐa b_n =^{1√}_n . AfoÔ lim a_n b_n

= lim n √ n^3+2 1√ n = lim √ n^3 n^3 + 2

= lim √ 1 1 +^2_{n3} = 1 kai ∑_∞ n=1 b_n = ∞, apì to Jeÿrhma 2.3.4 ja èqoume kai

∑_∞

n=1 a_n = ∞.

’Opwc faÐnetai sto parapĹnw parĹdeigma, qreiazìmaste mia seirĹ, ac thn poÔme bohjhtikă, gia na apofanjoÔme gia th sÔgklish thc seirĹc mac. ’Iswc na faneÐ magikìc o trìpoc pou epilèxame thn dikă mac (b_n =^{1√}_n ). ’Omwc, se èna megĹlo plăjoc problhmĹtwn apĹnthsh dÐnei h armonikă seirĹ (

∑_∞ n=1 1 n^r ), thc opoÐac h

melèth ja dojeÐ sto ParĹdeigma 2.28.

Mèqri edÿ h melèth miac seirĹc ginìtan dia mèsou mia Ĺllhc seirĹc, Ĺllote sugkrÐnontac touc genikoÔc ìrouc autÿn kai Ĺllote sugkrÐnontac lìgouc ă ìria genikÿn ìrwn autÿn. Sth sunèqeia, ja dÿsoume tèssera isqurĹ krităria, pou mac epitrèpoun na apofanjoÔme, ìson aforĹ th sÔgklish ă mh thc seirĹc kai basÐzontai sthn Ðdia th seirĹ. H apìdeixh kai twn tessĹrwn ja paraleifjeÐ, parìlo pou den eÐnai idiaÐtera dÔskolh (ektìc Ðswc ekeÐnhc tou Raabe, pou qreiĹzetai epÐ plèon jewrÐa), epeidă xefeÔgei twn skopÿn mac kai perièqetai se plăjoc panepisthmiakÿn suggrammĹtwn Majhmatikăc AnĹlushc p.q. ([2],[7],[5]).

Jeÿrhma 2.3.5Kritărio tou lìgou ă kritărio D’ Alembert. JewroÔme th seirĹ

∑_∞

n=1 a_n me a_n > 0, tìte

lim^{an+1}_{an} < 1 =⇒

∑_∞ n=1 a_n ∈ R lim^{an+1}_{an} > 1 =⇒

∑_∞ n=1 a_n = ∞ lim^{an+1}_{an} = 1 =⇒ den èqoume sumpèrasma!

ParĹdeigma 2.25Na melethjeÐ wc proc th sÔgklish h seirĹ

∑_∞ n=1 q^n

n! .

LÔsh ’Estw a_n =^{qn}_{n!} , tìte lim a_{n+1} a_n

= lim

q^{n+1} (n+1)!

q^n n! = lim

q^{n+1} (n+1)!

q^n n! = lim q n + 1

= 0 < 1

’Etsi h seirĹ sugklÐnei en R.

MAJHMATIKA I 47

ParĹdeigma 2.26Na melethjeÐ wc proc th sÔgklish h seirĹ

∑_∞ n=1 n^n

n! .

LÔsh ’Estw a_n =^{nn}_{n!} , tìte lim a_{n+1} a_n

= lim

(n+1)^{n+1}

(n+1)!

n^n n! = lim n!(n + 1)^{n+1} (n + 1)!n^n

= lim ( 1 + 1 n )_n = e > 1

’Etsi h seirĹ den sugklÐnei en R.

Jeÿrhma 2.3.6Kritărio thc rÐzac ă kritărio Cauchy. JewroÔme th seirĹ ∑_∞

n=1 a_n me a_n > 0, tìte

lim^n √ a_n < 1 =⇒

∑_∞

n=1 a_n ∈ R lim^n √ a_n > 1 =⇒

∑_∞

n=1 a_n = ∞ lim^n √ a_n = 1 =⇒ den èqoume sumpèrasma!

ParĹdeigma 2.27Na melethjeÐ wc proc th sÔgklish h seirĹ

∑_∞ n=1 (_n

2n+1

)_n .

LÔsh ’Estw a_n =

(_n

2n+1

)_n

, tìte

lim^n √ a_n = lim^n √( n 2n + 1

)_n

= lim n 2n + 1 = 1 2 ’Etsi h seirĹ sugklÐnei en R.

Parìlo pou ta parapĹnw krităria eÐnai dunamikĹ ergaleÐa gia thn exètash twn seirÿn, den eÐnai lÐgec oi forèc pou apotugqĹnoun, ìpwc gia parĹdeigma sthn armonikă seirĹ, ătoi thn

∑_∞ n=1 (_1 n )_p , afoÔ lim^{( 1n+1 )p}_{( 1n )p} = lim^n √(_1 n )_p

= 1.

DÐnoume sth sunèqeia th diaforetikă orgĹnwsh twn ìrwn miac akoloujÐac me fjÐnontec jetikoÔc ìrouc.

a_1 + a_2 + a_3

≤2a_2

+ a_4 + a_5 + a_6 + a_7

≤4a_4

+ a_8 + a_9 + · · · + a_{14} + a_{15}

≤8a_8

+a_{16} + · · ·

a_1 + a_2 + a_3 + a_4

≥2a_4

+ a_5 + a_6 + a_7 + a_8

≥4a_8

+ a_9 + a_{10} + · · · + a_{15} + a_{16}

≥8a_{16}

+ · · ·

Sthrizìmenoc kĹpoioc sthn orgĹnwsh aută, ja mporoÔse na apodeÐxei to epìmeno Jeÿrhma:

48 AkoloujÐec - Seirèc

Jeÿrhma 2.3.7’Estw a_n mia fjÐnousa akoloujÐa me jetikoÔc ìrouc kai b_n = a_2n mia upakoloujÐa autăc, tìte oi seirèc

∑_∞

n=1 a_n kai

∑_∞ n=1 2^n · a_2n sumperifèrontai to Ðdio, dhl. sugklÐnoun sto R ă apeirÐzontai jetikĹ.

ParĹdeigma 2.28Na melethjeÐ wc proc th sÔgklish h armonikă seirĹ dhl. h ∑_∞ n=1 (_1 n )_p . LÔsh ’Estw b_n = a_2n =

(_1

2^n

)_p

, tìte ∞∑ n=1 2^n · b_n = ∞∑ n=1 2^n · ( 1 2^n

)_p = ∞∑ n=1 1 2^{(p−1)n} = ∞∑ n=1 ( 1 2^{(p−1)}

)_n

= 1 2^{(p−1)} ∞∑ n=1 ( 1 2^{(p−1)}

)_{n−1}

’Omwc h teleutaÐa eÐnai h gewmetrikă seirĹ me lìgo ω =^1_{2(p−1)} , opìte apì thn Prìtash 2.3.2 prokÔptei ìti gia i) p > 1 èqoume ìti ω < 1 kai h seirĹ sugklÐnei sto R, Ĺra kai h armonikă seirĹ sugklÐnei sto R.

ii) p ≤ 1 èqoume ìti ω ≥ 1 kai h seirĹ apeirÐzetai jetikĹ, Ĺra kai h armonikă seirĹ apeirÐzetai jetikĹ.

H armonikă seirĹ me p = 1, dhl. h

∑_∞ n=1 1 n , jewreÐtai èna kalì parĹdeigma thc prìtashc (2.2.18), dhl. deÐqnetai ìti h armonikă seirĹ den eÐnai basikă kai epomènwc de sugklÐnei sto R.

Tèloc se periptÿseic pou apotugqĹnei to kritărio tou D’ Alembert dokimĹzoume to kritărio tou Raabe.

Jeÿrhma 2.3.8Kritărio tou Raabe. JewroÔme th seirĹ

∑_∞

n=1 a_n me a_n > 0, tìte lim [n(1 −^{an+1}_{an} )] < 1 =⇒

∑_∞

n=1 a_n = ∞ lim [n(1 −^{an+1}_{an} )] > 1 =⇒

∑_∞

n=1 a_n ∈ R

2.3.2 ’Allec kathgorÐec Seirÿn

ExetĹsthke sta prohgoÔmena h perÐptwsh, ìpou h seirĹ eÐqe jetikoÔc ìrouc. ’Omwc gia tic seirèc, afoÔ prokÔptoun apì tic akoloujÐec, tÐpote den

MAJHMATIKA I 49

Sqăma 2.6: SqhmatikĹ h enallĹssousa seirĹ

egguĹtai ìti autèc ja èqoun jetikoÔc ă èstw mh arnhtikoÔc ìrouc. GenikĹ loipìn, oi seirèc eÐnai dunatìn na èqoun ìrouc o,tidăpote. Apì autì to Ĺpeiro plăjoc seirÿn pou upĹrqei, mia endiafèrousa kathgorÐa eÐnai ekeÐnec, twn opoÐwn oi ìroi eÐnai ìroi miac jetikăc fjÐnousac mhdenikăc akoloujÐac a_n kai sth seirĹ enallĹssoun to prìshmì touc. ’Etsi, ta merikĹ ajroÐsmata thc seirĹc ∑_∞

n=1 (−1)^{n+1}a_n telikĹ ja èqoun th morfă tou Sqămatoc 2.6. Autì mac odhgeÐ sto na skeftoÔme ìti oi Ĺrtioi ìroi twn merikÿn ajroismĹtwn thc seirĹc eÐnai mia akoloujÐa aÔxousa kai oi perittoÐ mia akoloujÐa fjÐnousa. PrĹgmati

σ_{2n+2} − σ_{2n} = σ_{2n+2} − σ_{2n+1} + σ_{2n+1} − σ_{2n} =

(−1)^{2n+3}a_{2n+2} + (−1)^{2n+2}a_{2n+1} = −(a_{2n+2} − a_{2n+1}) ≥ 0, to opoÐo shmaÐnei ìti h σ_{2n} eÐnai mia aÔxousa akoloujÐa kai

σ_{2n+1} − σ_{2n−1} = σ_{2n+1} − σ_{2n} + σ_{2n} − σ_{2n−1} =

(−1)^{2n+2}a_{2n+1} + (−1)^{2n+1}a_{2n} = (a_{2n+1} − a_{2n}) ≤ 0, pou pĹli shmaÐnei ìti h σ_{2n} eÐnai mia fjÐnousa akoloujÐa. EpÐshc, ìloi oi Ĺrtioi ìroi eÐnai dexiĹ twn perittÿn, afoÔ

σ_{2n+1} − σ_{2n} = (−1)^{2n+2}a_{2n+1} = a_{2n+1} > 0

50 AkoloujÐec - Seirèc

’Etsi, oi duo akoloujÐec wc monìtonec kai fragmènec (a_2 ≤ σ_{2n} ≤ σ_{2n+1} ≤ a_1) ja sugklÐnoun kai mĹlista se koinì ìrio, afoÔ

lim (σ_{2n+1} − σ_{2n}) = lim a_{2n+1} = 0.

ApodeÐxame loipìn to epìmeno Jeÿrhma tou Leibnitz:

Jeÿrhma 2.3.9(Jeÿrhma tou Leibnitz:) An mia akoloujÐa a_n eÐnai jetikă, fjÐnousa kai mhdenikă, tìte h seirĹ

∑_∞ n=1 (−1)^{n+1}a_n sugklÐnei sto R.

ParĹdeigma 2.29Na exetastoÔn wc proc th sÔgklish oi seirèc ∞∑ n=1 (−1)^{n+1} 1 n , ∞∑ n=1 (−1)^{n+1} 1 2n − 1

LÔsh EÔkola mporoÔme na deÐxoume ìti tìso h mia (a_n =^1_n ) ìso kai h Ĺllh (b_n =^1_{2n−1} ) eÐnai jetikèc, fjÐnousec kai mhdenikèc akoloujÐec, opìte oi enallĹssousec seirèc autÿn sugklÐnoun sto R. Ja doÔme, ìtan anaferjoÔme stic seirèc Taylor (4.18), ìti ∞∑ n=1 (−1)^{n+1} 1 n = ln 2, ∞∑ n=1 (−1)^{n+1} 1 2n − 1 = π 4

ParĹdeigma 2.30Na exetasteÐ wc proc th sÔgklish h seirĹ ∞∑ n=1 (−1)^{n+1} n n + 1 , LÔsh H seirĹ aută den plhroÐ tic proôpojèseic tou Jewrămatoc tou Leibnitz, afoÔ lim^n_{n+1} = 1 kai epomènwc to Jeÿrhma den efarmìzetai. (DokimĹste na ftiĹxete to antÐstoiqo Sqăma 2.6 gia na deÐte th sumperiforĹ thc). PrĹgmati, eÔkola kĹpoioc mporeÐ na deÐxei ìti h σ_{2n+1} eÐnai aÔxousa kai epomènwc σ_{2n+1} > σ_1 =^1_2 , enÿ h σ_{2n} eÐnai fjÐnousa kai sunepÿc σ_{2n} < σ_2 = −^1_3 , opìte oi duo upakoloujÐec autăc sugklÐnoun (na apodeiqteÐ wc Ĺskhsh!) se diaforetikĹ ìria, prĹgma pou shmaÐnei ìti h seirĹ de sugklÐnei.

Mia endiafèrousa ènnoia eÐnai h ènnoia thc sÔgklishc katfl apìluth timă.

MAJHMATIKA I 51

Orismìc 2.3.10An h seirĹ

∑_∞ n=1 |a_n| sugklÐnei, lème ìti h seirĹ

∑_∞ n=1 a_n eÐnai apìluta sugklÐnousa ă sugklÐnei apìluta.

H melèth tètoiwn periptÿsewn profanÿc anĹgetai sthn parĹgrafo (2.3.1). Wstìso upĹrqoun endiafèronta stoiqeÐa na dei kĹpoioc edÿ. Ac upojèsoume ìti h seirĹ

∑_∞ n=1 a_n apoteleÐtai apì Ĺpeirouc jetikoÔc kai Ĺpeirouc arnhtikoÔc ìrouc kai epiplèon eÐnai mia apìluta sugklÐnousa seirĹ. Ac jewrăsoume epiplèon tic akoloujÐec me touc mh arnhtikoÔc kai touc mh jetikoÔc ìrouc, pou mporoÔme na pĹroume apfl aută, tic

a^+_n = { a_n, an a_n ≥ 0 0, an a_n < 0 kai a − n = { 0, an a_n ≥ 0 a_n, an a_n < 0

Gia kĹje mia apfl autèc isqÔei 0 ≤ a^+_n ≤ |a_n| kai 0 ≤ −a^−_n ≤ |a_n|, opìte apì to Jeÿrhma 2.3.3 kai to gegonìc ìti h seirĹ

∑_∞

n=1 |a_n| sugklÐnei, sumperaÐnoume ìti kai oi seirèc

∑_∞ n=1 a^+_n kai

∑_∞ n=1 a^−_n sugklÐnoun sto R. FusikĹ, afoÔ ∀n ∈ N, isqÔei |a_n| = a^+_n −a^−_n , h sÔgklish twn seirÿn twn jetikÿn kai twn arnhtikÿn ìrwn sunepĹgetai th sÔgklish thc apìluthc sÔgklishc thc seirĹc. Epiplèon, afoÔ ∀n ∈ N, isqÔei a_n = |a_n| − 2a^−_n kai h seirĹ

∑_∞

n=1 a_n ja sugklÐnei sto R.

’Etsi apodeÐxame to epìmeno Jeÿrhma.

Jeÿrhma 2.3.11An mia seirĹ sugklÐnei apìluta, tìte sugklÐnei kai aplĹ. Epiplèon oi seirèc twn jetikÿn kai arnhtikÿn ìrwn sugklÐnoun, an kai mìno an h seirĹ sugklÐnei apìluta.

Oi akoloujÐec twn opoÐwn oi ìroi de diathroÔn to prìshmo qreiĹzontai idiaÐterh prosoqă, giatÐ eÐnai dunatì na odhghjoÔme se paralogismoÔc kai Ĺtopa. Gia parĹdeigma, ac doÔme to ParĹdeigma 2.30, ìpou deÐxame ìti h seirĹ den sugklÐnei. An kĹpoioc kĹnei to sfĹlma kai thn exetĹsei ìpwc parakĹtw, ac doÔme pou katalăgei ∞∑ n=1 (−1)^{n+1} n n + 1 = 1 2 − 2 3 + 3 4 − 4 5 + · · · + (−1)^{n+1} n n + 1

+ · · · = (1 2 − 2 3 ) + (3 4 − 4 5 ) + · · · + ( (−1)^{n+1} n n + 1

+ (−1)^{n+2} n + 1 n + 2 ) + · · · = 1 6 + 1 20 + · · · + 1 (n + 1)(n + 2)

+ · · · = ∞∑ n=1 1 (n + 1)(n + 2)

52 AkoloujÐec - Seirèc

’Omwc aută, afoÔ eÐnai mia seirĹ jetikÿn ìrwn kai epiplèon isqÔei^1_{(n+1)(n+2)} < 1 n^2 , apì to Jeÿrhma (2.3.3) kai to gegonìc ìti h teleutaÐa eÐnai sugklÐnousa,

ja sugklÐnei^. Ĺtopo. GenikĹ loipìn oi omadopoiăseic den epitrèpontai stouc ìrouc twn seirÿn. ApodeÐqnetai ìmwc ìti

Jeÿrhma 2.3.12An mia seirĹ eÐnai sugklÐnousa, tìte opoiadăpote omadopoÐhsh twn ìrwn thc, qwrÐc allagă thc tĹxhc touc, mac dÐnei seirĹ sugklÐnousa sto Ðdio ìrio me thn arqikă.

EpÐshc se tètoia parĹloga odhgoÔmaste, ìtan kĹnoume anadiatĹxeic ìrwn kai ìtan lème anadiatĹxeic ìrwn, ennooÔme na topojetăsoume touc ìrouc thc seirĹc me mia Ĺllh diĹtaxh, ektìc autăc pou eÐnai tÿra qwrÐc na prosjèsoume ă na paraleÐyoume ìrouc. Gia to parĹdeigmĹ mac ja pĹroume thn enallĹssousa armonikă seirĹ pou ădh èqoume dei, sto ParĹdeigma 2.29, ìti sugklÐnei sto ln 2. Edÿ o prÿtoc kai deÔteroc ìroc mènoun ìpwc eÐnai, apì ekeÐ kai pèra ìloi oi ìroi pou brÐskontai sth jèsh 2k +1 phgaÐnoun sthn jèsh 3k +1 kai ìloi oi ìroi pou brÐskontai sth jèsh 2k phgaÐnoun: autoÐ pou eÐnai sth jèsh 4m, sth jèsh 3m, enÿ autoÐ pou eÐnai sth jèsh 4m + 2 sth jèsh 3m + 2 . ’Etsi diadoqikĹ èqoume

ln 2 = 1 − 1 2 + 1 3 − 1 4 + 1 5 − 1 6 + 1 7 − 1 8 + 1 9 − 1 10 + 1 11 − 1 12 + 1 13 − 1 14 + · · · = ( 1− 1 2 ) − 1 4 + (1 3 − 1 6 ) − 1 8 + (1 5 − 1 10 ) − 1 12 + (1 7 − 1 14 ) − 1 16 − (1 9 + 1 18 ) + 1 20 −· · · = 1 2 − 1 4 + 1 6 − 1 8 + 1 10 − 1 12 + 1 14 − 1 16 + 1 18 − · · · = 1 2 ( 1 − 1 2 + 1 3 − 1 4 + 1 5 − · · · ) = 1 2 ln 2 Ĺtopo.

GenikĹ loipìn oi anadiatĹxeic ìrwn den epitrèpontai stic seirèc. ApodeÐqnetai ìmwc ìti

Jeÿrhma 2.3.13An mia seirĹ sugklÐnei apìluta, tìte, opoiadăpote anadiĹtaxh twn ìrwn thc, mac dÐnei seirĹ sugklÐnousa sto Ðdio ìrio me thn arqikă.

Wstìso to epìmeno Jeÿrhma tou Riemann, pou anafèretai se seirèc me jetikoÔc kai arnhtikoÔc ìrouc, mac deÐqnei thn prosoqă me thn opoÐa prèpei na exetĹzontai autèc.

MAJHMATIKA I 53

Jeÿrhma 2.3.14An mia seirĹ sugklÐnei allĹ de sugklÐnei apìluta, tìte gia kĹje x ∈ R, upĹrqei mia anadiĹtaxh twn ìrwn thc, pou mac dÐnei seirĹ sugklÐnousa sfl autì to x ∈ R.

2.3.3 Dunamoseirèc

PĹra pollèc forèc oi ìroi twn seirÿn eÐnai sunartăseic thc metablhtăc x, kai sthn pio aplă morfă dunĹmeic tou monwnÔmou x−x_0, dhl. èqoun th morfă ∑_∞

n=1 a_n(x − x_0)^n, ìpou a_n oi ìroi kĹpoiac akoloujÐac kai x_0 kĹpoioc pragmatikìc arijmìc. Tètoiec seirèc lègontai dunamoseirèc ă seirèc dunĹmewn kai eÐnai exairetikĹ qrăsima ergaleÐa sthn epÐlush majhmatikÿn problhmĹtwn, p.q. diaforikÿn exisÿsewn.

Gia kĹje pragmatikă timă thc metablhtăc x h dunamoseirĹ metatrèpetai se seirĹ kai an h seirĹ sugklÐnei sto R, to x lègetai shmeÐo sÔgklishc. EÐnai fanerì ìti gia x = x_0 kĹje dunamoseirĹ sugklÐnei sto 0, dhl. èqei èna shmeÐo sÔgklishc, ìmwc kĹti tètoio eÐnai tetrimmènh perÐptwsh kai den endiafèrei. Pollèc dunamoseirèc sugklÐnoun gia èna diĹsthma (x_0 − r, x_0 + r) gÔrw apì to x_0, pou lègetai diĹsthma sÔgklishc to de r lègetai aktÐna sÔgklishc.

Apfl ìsa eÐpame mèqri tÿra stic seirèc (Jeÿrhma 2.3.6), prokÔptei ìti mia dunamoseirĹ ja sugklÐnei, an

lim^n √ |a_n(x − x_0)^n| < 1 ⇔ |x − x_0| lim^n √ |a_n| =ρ < 1. (2.26)

an ρ = 0, h seirĹ sugklÐnei gia kĹje pragmatikì x, afoÔ plhroÐ thn (2.26), an 0 < ρ < +∞, h seirĹ sugklÐnei gia kĹje pragmatikì x, me

x_0 − 1 ρ < x < x_0 + 1 ρ (2.27)

dhl. h aktÐna sÔgklishc eÐnai r =^1_ρ , enÿ an ρ = +∞, h seirĹ sugklÐnei mìnon gia x = 0. ’Otan to x paÐrnei tic timèc twn Ĺkrwn tou diastămatoc sÔgklishc, h anisìthta thc sqèshc (2.26) den isqÔei. ’Etsi, prèpei na exetĹsoume th seirĹ idiaÐtera sta Ĺkra tou diastămatoc. Ac skiagrafăsoume ìla ta parapĹnw sto epìmeno parĹdeigma.

ParĹdeigma 2.31Na brejeÐ to diĹsthma sÔgklishc thc dunamoseirĹc

∑_∞ n=1 x^n n2^n .

Na melethjeÐ idiaÐtera sta Ĺkra tou diastămatoc.

54 AkoloujÐec - Seirèc

LÔsh Sthn prokeimènh perÐptwsh èqoume a_n =^1_{n2n} kai x_0 = 0. ’Etsi

ρ = lim^n √ 1 n2^n = 1 lim^n √ n2^n = 1 2 lim^n √ n = 1 2 Opìte r =^1_ρ = 2 kai x ∈ (−2, 2). EidikĹ gia x = 2, h seirĹ gÐnetai ∑_∞ n=1 2^n n2^n =

∑_∞ n=1 1 n = ∞ (armonikă seirĹ). Gia x = −2, h seirĹ gÐnetai ∑_∞ n=1 (−2)^n n2^n =

∑_∞ n=1 (−1)^{n 1}_n ∈ R (enallĹssousa armonikă seirĹ). ’Etsi to diĹsthma sÔgklishc eÐnai [−2, 2).

Paratărhsh 2.3.2Parìmoia antimetÿpish tou problămatoc thc sÔgklishc dunamoseirÿn me to kritărio tou D’Alembert (Jeÿrhma 2.3.5) ă efarmogă thc Prìtashc 2.2.19 mac dÐnei ìti ρ = lim^{|an+1|}_{|an|} .

ParĹdeigma 2.32Na brejeÐ to diĹsthma sÔgklishc thc dunamoseirĹc

∑_∞ n=1 x^n

n! .

LÔsh Sthn prokeimènh perÐptwsh èqoume a_n =^1_{n!} kai x_0 = 0. ’Etsi

ρ = lim

|a_{n+1}| |a_n|

= lim 1 (n+1)! 1 n! = lim 1 n + 1

= 0.

’Etsi h seirĹ sugklÐnei gia kĹje pragmatikì x. Epiplèon kĹpoioc mporeÐ na sumperĹnei ìti lim_{n→∞}^{x2n}_{(2n)!} = 0 (giatÐ?).

To prìblhma twn seirÿn eÐnai exairetikĹ eurÔ. Edÿ ègine mĹllon mia eisagwgă. AnĹloga me to prìblhmĹ tou o foithtăc ja prèpei na kateujunjeÐ se biblÐa perissìtero eidikĹ.

Askăseic

’Askhsh 2.1GrĹyte touc pènte prÿtouc ìrouc twn akoloujiÿn

a_n = n + 1 3^n

, b_n = n 1 +^n √ 2 +^n √ 2^2 +^n √ 2^3 + · · · +^n √ 2^{n−1}

, c_n = n(^n √ 3 − 1)

DeÐxte ìti autèc eÐnai fragmènec.

MAJHMATIKA I 55

’Askhsh 2.2ExetĹste wc proc th monotonÐa kai to fragmèno tic akoloujÐec

a_n = 1 2 · 3 + 1 3 · 4

+ · · · 1 n · (n + 1) ,

b_n = 1 √ 3 + √ 2 + 1 √ 4 + √ 3 + · · · + 1 √ (n + 1) + √ n GrĹyte autèc se aploÔsterh morfă.

’Askhsh 2.3Prosarmìste katĹllhla kai apodeÐxte to Jeÿrhma tou sandwich (2.2.5) stic apeirizìmenec akoloujÐec.

’Askhsh 2.4Prosarmìste katĹllhla kai apodeÐxte thn Prìtash 2.2.6 stic apeirizìmenec akoloujÐec.

’Askhsh 2.5Na deiqteÐ ìti an lim a_n = a, tìte (upì thn proôpìjesh ìti orÐzontai)

i) lim a_1 + a_2 + · · · + a_n n = a, ii) lim^n √ a_1 · a_2 · · · · · a_n = a

iii) lim n 1 a_1 + 1 a_2 + · · · + 1 a_n

= a,

[Prosoqă! sto iii), o paronomastăc den auxĹnei pĹnta gnăsia.]

’Askhsh 2.6BreÐte ta ìria twn akoloujiÿn

a_n =

2^n + 3^n 3^n − 4^n

, b_n =

2^n 2^n + 1

, a_n =

2^n + 2^{−n} 2^n − 2^{−n} . ’Askhsh 2.7DÐnetai h akoloujÐa

a_{n+1} = √ 2 + a_n, a_1 = √ 2 1) DeÐxte ìti eÐnai aÔxousa 2) DeÐxte ìti eÐnai fragmènh 3) BreÐte to ìriì thc.

56 AkoloujÐec - Seirèc

’Askhsh 2.8ExetĹste wc proc th sÔgklish th seirĹ

∑_∞ n=1 (a_n − a_{n−1}), an lim a_n = l.

’Askhsh 2.9Na deiqteÐ ìti h akoloujÐa a_n = n(^n √ 3 − 1) eÐnai fragmènh.

’Askhsh 2.10A) An gia duo akoloujÐec a_n kai b_n jetikÿn ìrwn isqÔei lim^{an}_{bn} = 0, tìte ∑_∞ n=1 a_n = ∞ ⇒

∑_∞

n=1 b_n = ∞

∑_∞ n=1 b_n < ∞ ⇒

∑_∞

n=1 a_n < ∞

B) An gia duo akoloujÐec a_n kai b_n jetikÿn ìrwn isqÔei lim^{an}_{bn} = ∞, tìte

∑_∞ n=1 a_n < ∞ ⇒

∑_∞

n=1 b_n < ∞

∑_∞ n=1 b_n = ∞ ⇒

∑_∞

n=1 a_n = ∞

’Askhsh 2.11An gia duo akoloujÐec mh jetikÿn ìrwn isqÔei 0 ≤^{an+1}_{an} ≤^{bn+1}_{bn} , tìte ∑_∞ n=1 b_n ∈ R ⇒

∑_∞ n=1 a_n ∈ R

∑_∞ n=1 a_n = −∞ ⇒

∑_∞

n=1 b_n = −∞

[DhmiourgoÔme touc lìgouc gia i = 1, 2, . . . , n kai pollaplasiĹzoume katĹ mèlh.]

’Askhsh 2.12ExetĹste wc proc th sÔgklish tic seirèc ∞∑ n=1 2^n · n!

n^n , ∞∑ n=1 3^n · n!

n^n

’Askhsh 2.13ExetĹste wc proc th sÔgklish tic seirèc ∞∑ n=1 1 √ n(n + 1) , ∞∑ n=1 1 · 3 · 5 · · · (2n − 1) 2 · 4 · 6 · · · 2n

MAJHMATIKA I 57 ’Askhsh 2.14ExetĹste wc proc th sÔgklish th seirĹ ∞∑ n=1 1 n · (ln n)^p , qrhsimopoiÿntac to Jeÿrhma 2.3.7, ă ìpoion Ĺllo trìpo jèlete. ’Askhsh 2.15DeÐxte ìti ∞∑ n=1 a^2_n < ∞ ⇒ ∞∑ n=1 a_n n < ∞,

qrhsimopoiÿntac to gegonìc ìti ab ≤^1_2 (a^2 + b^2), ă ìpoion Ĺllo trìpo jèlete. ’Askhsh 2.16ExetĹste wc proc th sÔgklish tic seirèc ∞∑ n=1 (−1)^{n+1} n n √ n − 1 , ∞∑ n=1 ( 1 − n 2n + 1

)_n

’Askhsh 2.17ExetĹste wc proc th sÔgklish th seirĹ ∞∑ n=1 n^2 2^n TÐ sumperaÐnete sqetikĹ me thn sÔgklish kai to fragmèno twn akoloujiÿn a_n =^{n2}_{2n} kai b_n =^{2n}_{n2} ?

’Askhsh 2.18Stic parakĹtw dunamoseirèc ∞∑ n=1 (−1)^{n+1} n!x^n n^n , ∞∑ n=1 (2x − 1)^n 3^nn^2 , ∞∑ n=1 (3x − 2)^n 2^nn^2 1) ProsdiorÐste to x_0.

2) BreÐte to diĹsthma sÔgklishc.

58 AkoloujÐec - Seirèc

Sunartăseic

3.1 GenikĹ

’Eqoume dei ădh sto prohgoÔmeno kefĹlaio ton orismì thc apeikìnishc. Mia apeikìnish, thc opoÐac ta sÔnola A kai B eÐnai uposÔnola twn pragmatikÿn arijmÿn, lègetai pragmatikă sunĹrthsh miac pragmatikăc metablhtăc. To sÔnolo A lègetai pedÐo orismoÔ enÿ to sÔnolo B sÔnolo Ĺfixhc. H metablhtă x pou paÐrnei timèc sto sÔnolo A eÐnai h anexĹrthth metablhtă, enÿ h exarthmènh metablhtă y, h metablhtă thc opoÐac oi timèc exartÿntai apì tic timèc thc anexĹrththc metablhtăc, paÐrnei timèc sto sÔnolo B. Sunăjwc oi timèc thc metablhtăc y dÐnontai mèsa apì mia èkfrash, ènan tÔpo, pou lègetai tÔpoc thc sunĹrthshc kai sumbolikĹ grĹfetai

f : A → B, y = f(x) (3.1)

To sÔnolo twn timÿn thc metablhtăc y lègetai sÔnolo timÿn autăc kai sumbolÐzetai me f(A). EÐnai ădh gnwstì ìti to pedÐo orismoÔ A miac sunĹrthshc, to sÔnolo B kai o tÔpoc thc sunĹrthshc eÐnai anagkaÐa gia ton plărh prosdiorismì autăc. Gia tic pragmatikèc, ìmwc, sunartăseic wc sÔnolo B jewreÐtai olìklhro to R, enÿ to pedÐo orismoÔ A prosdiorÐzetai wc to eurÔtero uposÔnolo tou R, gia to opoÐo èqei ènnoia pragmatikoÔ arijmoÔ o tÔpoc thc sunĹrthshc afenìc kai den èrqetai se antÐjesh me th fÔsh tou problămatoc afetèrou.

ParĹdeigma 3.1Na brejeÐ to pedÐo orismoÔ

a) thc sunĹrthshc f(x) = √ 100 − x^2

b) thc sunĹrthshc zăthshc p(q) = √ 100 − q^2

60 Sunartăseic

LÔsh Gia thn prÿth perÐptwsh èqoume ìti A_f = {x/−10 ≤ x ≤ 10}, afoÔ tìte èqei ènnoia pragmatikoÔ arijmoÔ o tÔpoc thc sunĹrthshc. Gia th deÔterh, ìmwc, perÐptwsh èqoume A_p = [0, 10], afoÔ affl enìc tìte èqei ènnoia pragmatikoÔ arijmoÔ o tÔpoc thc sunĹrthshc, affl etèrou se mia sunĹrthsh zăthshc den mporoÔme na milĹme gia arnhtikèc posìthtec.

Oi tèsseric prĹxeic thc arijmhtikăc orÐzontai wc prĹxeic kai stic sunartăseic, sto koinì pedÐo orismoÔ touc, me touc parapĹnw periorismoÔc. ’Etsi

f ± g : A_{f±g} → R, (f ± g)(x) = f(x) ± g(x), ìpou A_{f±g} = A_f ∩ A_g f · g : A_{f·g} → R, (f · g)(x) = f(x) · g(x), ìpou A_{f·g} = A_f ∩ A_g (3.2) f g : A f_g → R, ( f g )(x) = f(x) g(x)

, ìpou A f_g = A_f ∩ A_g \ {x/x : g(x) = 0}

ParĹdeigma 3.2An f(x) = √ x − 1 kai g(x) = √ 4 − x^2, na orÐsete tic sunartăseic: f ± g, f · g,^f_g .

LÔsh ’Eqoume A_f = [1, ∞) kai A_g = [−2, 2] kai

f ± g : A_{f±g} → R, (f ± g)(x) = √ x − 1 + √ 4 − x^2, me A_{f±g} = [1, 2] f ± g : A_{f·g} → R, (f ± g)(x) = √ x − 1 · √ 4 − x^2, me A_{f±g} = [1, 2] f g : A f_g → R, ( f g )(x) = √ x − 1 √ 4 − x^2 = √ x − 1 4 − x^2

, me A f_g = [1, 2)

Paratărhsh 3.1.1H prohgoÔmenh sunĹrthsh^f_g lème ìti eÐnai ènac periori-

smìc thc h(x) =

√_{x−1}

4−x^2 , afoÔ Ah = (−∞, −2) ∪ [1, 2) ⊇ [1, 2) = A^f_g .

MporoÔme na sunjèsoume sunartăseic kai na dhmiourgăsoume Ĺllec, fusikĹ pĹnta kĹtw apì katĹllhlec proôpojèseic. ’Estw f kai g duo sunartăseic kai A_f , A_g ta antÐstoiqa pedÐa orismoÔ autÿn. An to sÔnolo timÿn f(A_f ) thc f èqei koinĹ shmeÐa me to pedÐo orismoÔ A_g thc g, tìte upĹrqoun kĹpoia shmeÐa sto A_f ta opoÐa apeikonÐzontai me thn f sto A_g kai sth sunèqeia apeikonÐzontai me thn g sto R. EÐnai fanerì ìti autĹ eÐnai ta g(f(x)). ’Omwc ètsi orÐzetai mia nèa sunĹrthsh pou lègetai sÔnjesh twn f kai g kai sumbolÐzetai g ∘ f. Dhl.

g ∘f : A_{g∘f} → R, (g ∘f)(x) = g(f(x)) me A_{g∘f} = {x/x, x ∈ A_f kai f(x) ∈ A_g}

MAJHMATIKA I 61

ParĹdeigma 3.3Gia tic sunartăseic f(x) = √ x + 2 kai g(x) = √ 9 − x^2,na brejeÐ h sÔnjesh g ∘ f kai f ∘ g.

LÔsh ’Eqoume A_f = [−2, ∞) kai A_g = [−3, 3]. ’Etsi A_{g∘f} = [−2, 7], afoÔ x ∈ [−2, ∞) kai √ x + 2 ∈ [−3, 3] ⇒ −2 ≤ x ≤ 7. Tèloc g(f(x)) = √ 9 − ( √ x + 2)^2 = √ 7 − x. OmoÐwc A_{f∘g} = [−3, 3] afoÔ x ∈ [−3, 3] kai √ 9 − x^2 ∈ [−2, ∞) ⇒ −3 ≤ x ≤ 3 me f(g(x)) = √ 2 + √ 9 − x^2.

To grĹfhma G, stic pragmatikèc sunartăseic miac pragmatikăc metablhtăc, apoteleÐtai apì shmeÐa tou epipèdou (R^2), to opoÐo shmaÐnei ìti mporoÔme na ta apeikonÐsoume sfl autì. H apeikìnish aută, pou eÐnai shmeÐa ă grammèc, apoteloÔn th grafikă parĹstash thc sunĹrthshc. Orismèna shmeÐa eÐnai qarakthristikĹ gia th grafikă parĹstash. Gia parĹdeigma to shmeÐo tou grafămatoc (0, f(0)) eÐnai to shmeÐo pou h grafikă parĹstash tèmnei ton katakìrufo Ĺxona, enÿ ta shmeÐa (x_i, 0), ìpou f(x_i) = 0, eÐnai ta shmeÐa pou h grafikă parĹstash tèmnei ton orizìntio Ĺxona. EpÐshc, tètoia shmeÐa eÐnai ta shmeÐa twn Ĺkrwn twn diasthmĹtwn, an to pedÐo orismoÔ autăc perièqei tètoia. Sto diplanì sqăma dÐnetai h grafikă parĹstash thc sunĹrthshc y = 2 √ 1 − x^2.

3.2 H eujeÐa

H gnwstă sunĹrthsh y = ax + b (3.3)

me pedÐo orismoÔ to R, paristĹnetai grafikĹ me mia eujeÐa grammă, h opoÐa pernĹ apì to shmeÐo b tou katakìrufou Ĺxona kai èqei klÐsh a, dhl. tan ω = a, ìpou ω eÐnai h mikrìterh jetikă gwnÐa pou sqhmatÐzei h eujeÐa me ton orizìntio Ĺxona. Pio praktikĹ h klÐsh mĹc lèei ìti, ìtan to x auxĹnei katĹ mia monĹda, to y auxĹnei karĹ a. EÐnai fanerì ìti, ton orizìntio Ĺxona ton tèmnei sto shmeÐo −^b_a . Sunartăseic me to Ðdio a paristĹnontai apì parĹllhlec eujeÐec, afoÔ èqoun thn Ðdia klÐsh, enÿ sunartăseic me to Ðdio b, paristĹnontai apì dèsmh eujeiÿn pou pernĹne ìlec apì to b tou katakìrufou Ĺxona. H stajeră

62 Sunartăseic

Sqăma 3.7: H apeikìnish f : A → B, y = ax + b.

sunĹrthsh y = b èqei wc grafikă parĹstash mia eujeÐa parĹllhlh wc proc ton orizìntio Ĺxona. Gia to sqediasmì thc grafikăc parĹstashc miac sunĹrthshc thc morfăc y = ax + b, lìgw tou ìti aută eÐnai mia eujeÐa, mac arkoÔn duo opoiadăpote shmeÐa. Sunăjwc brÐskoume ta shmeÐa tomăc autăc me touc Ĺxonec, ektìc kai an prìkeitai gia ton periorismì autăc se diĹsthma, opìte brÐskoume ta Ĺkra tou diastămatoc.

Genikìtera ta shmeÐa thc exÐswshc

ax + by + c = 0 (3.4)

brÐskontai pĹnw se mia eujeÐa grammă, afoÔ gia b ≠ 0, h (3.4) me aplèc prĹxeic metatrèpetai sthn (3.3). ’Otan b = 0, h (3.4) paÐrnei th morfă

x = − c a ,

h opoÐa den eÐnai men sunĹrthsh, ìmwc paristĹnetai apì mia eujeÐa parĹllhlh proc ton katakìrufo Ĺxona y^′y, pou pernĹ apì to shmeÐo −^c_a tou orizìntiou.

MAJHMATIKA I 63

3.3 Gnwstèc ènnoiec kai idiìthtec twn sunartăsewn

3.3.1 ’Artia sunĹrthsh

Orismìc 3.3.1Mia sunĹrthsh f orismènh sfl èna diĹsthma [−θ, θ] lègetai Ĺrtia, an f(−x) = f(x).

Lìgw thc summetrÐac twn timÿn thc metablhtăc x kai thc isìthtac f(−x) = f(x), oi Ĺrtiec sunartăseic èqoun Ĺxona summetrÐac ton katakìrufo Ĺxona.

ParĹdeigma 3.4Na deiqjeÐ ìti h sunĹrthsh f(x) =^{cos x}_{x2} eÐnai Ĺrtia.

LÔsh PrĹgmati eÔkola brÐskoume ìti f(−x) =^{cos (−x)}_{(−x)2} =^{cos x}_{x2} = f(x).

H grafikă thc parĹstash faÐnetai sto diplanì sqăma, ìpou h summetrÐa eÐnai faneră.

Paratărhsh 3.3.1Genikìtera, mia sunĹrthsh me pedÐo orismoÔ to R èqei Ĺxona summetrÐac thn eujeÐa x = a, an isqÔei f(a − x) = f(a + x). Sthn perÐptwsh pou h sunĹrthsh èqei wc pedÐo orismoÔ to diĹsthma [a, b], tìte èqei Ĺxona summetrÐac th mesokĹjeth tou tmămatoc (x =^{a+b}_2 ) an isqÔei f(x) = f(a + b − x).

H apìdeixh thc paratărhshc afănetai wc Ĺskhsh gia ton anagnÿsth.

3.3.2 Perittă sunĹrthsh

Orismìc 3.3.2Mia sunĹrthsh f orismènh sfl èna diĹsthma [−θ, θ] lègetai perittă, an f(−x) = −f(x).

Lìgw thc summetrÐac twn timÿn thc metablhtăc x kai thc isìthtac f(−x) = −f(x), oi perittèc sunartăseic èqoun kèntro summetrÐac thn arqă twn axìnwn.

64 Sunartăseic

ParĹdeigma 3.5Na deiqjeÐ ìti h sunĹrthsh f(x) =^{sin x}_{x2} eÐnai perittă.

LÔsh PrĹgmati eÔkola brÐskoume ìti f(−x) =^{sin (−x)}_{(−x)2} =^{− sin x}_{x2} = −f(x). H grafikă thc parĹstash dÐnetai sto diplanì sqăma, ìpou h summetrÐa faÐnetai kajarĹ.

Paratărhsh 3.3.2Genikìtera, mia sunĹrthsh me pedÐo orismoÔ to R èqei kèntro summetrÐac to shmeÐo x = a, an isqÔei f(a − x) = −f(a + x). Sthn perÐptwsh pou h sunĹrthsh èqei wc pedÐo orismoÔ to diĹsthma [a, b], tìte èqei kèntro summetrÐac to mèso tou tmămatoc (x =^{a+b}_2 ), an isqÔei f(x) = −f(a + b − x).

H apìdeixh thc paratărhshc afănetai wc Ĺskhsh gia ton anagnÿsth.

3.3.3 Amfimonosămanth ă fl1-1fl sunĹrthsh

Orismìc 3.3.3Mia sunĹrthsh f orismènh sto A lègetai amfimonosămanth ă fl1-1fl sunĹrthsh, an gia kĹje x_1 kai x_2 ∈ A me f(x_1) = f(x_2) ⇒ x_1 = x_2.

Me aplĹ lìgia, Ðdiec eikìnec proèrqontai apì Ðdia arqètupa. IsodÔnama, ja mporoÔse na pei kĹpoioc ìti diaforetikĹ arqètupa dÐnoun diaforetikèc eikìnec.

Se mia sunĹrthsh f, se kĹje stoiqeÐo tou pedÐou orismoÔ thc A antistoiqÐzetai kĹpoio stoiqeÐo tou pedÐou timÿn thc f(A). ’Omwc ètsi kai se kĹje stoiqeÐo tou pedÐou timÿn f(A) antistoiqÐzetai kĹpoio stoiqeÐo tou pedÐou orismoÔ A. Mfl autìn ton trìpo orÐzetai mia kainoÔrgia sqèsh. Sthn perÐptwsh pou h f eÐnai amfimonosămanth, h kainoÔrgia aută sqèsh eÐnai sunĹrthsh (giatÐ?) kai sumbolÐzetai me f^{−1} kai onomĹzetai antÐstrofă thc f. EÐnai plèon gegonìc, ìti sthn antÐstrofh sunĹrthsh h exarthmènh metablhtă gÐnetai anexĹrthth kai h anexĹrthth gÐnetai exarthmènh. Sto epìmeno parĹdeigma faÐnetai o trìpoc diapragmĹteushc tètoiwn periptÿsewn.

ParĹdeigma 3.6Na exetĹsete an h sunĹrthsh f me tÔpo y = √ x + 2 èqei antÐstrofh kai se katafatikă apĹnthsh na breÐte ton tÔpo thc.

MAJHMATIKA I 65

LÔsh To pedÐo orismoÔ autăc eÐnai A = [−2, ∞). Apì ton Orismì 3.3.3 prokÔptei

∀x_1, x_2 ∈ A me f(x_1) = f(x_2) ⇒ √ x_1 + 2 = √ x_2 + 2 ⇒ x_1+2 = x_2+2 ⇒ x_1 = x_2.

AfoÔ h sunĹrthsh eÐnai amfimonosămanth, mporoÔme na broÔme thn antÐstrofă thc, me x ∈ f(A) kai y ∈ A wc exăc x = √ y + 2 ⇔ x^2 = y + 2 ⇔ y = x^2 − 2.

’Etsi gia thn antÐstrofh f^{−1} èqoume

f^{−1} : f(A) → A, f^{−1}(x) = x^2 − 2.

’Opwc fĹnhke apì ta prohgoÔmena, ìtan to tuqaÐo zeÔgoc (x, y) brÐsketai sto grĹfhma thc f, to zeÔgoc (y, x) brÐsketai sto grĹfhma thc f^{−1}, sto epÐpedo autì shmaÐnei ìti autĹ ta duo shmeÐa eÐnai summetrikĹ wc proc th diqotìmo tou prÿtou tetarthmìriou. ’Etsi, olìklhrh h grafikă parĹstash thc f^{−1} eÐnai h summetrikă thc grafikăc parĹstashc thc f. Sto diplanì sqăma faÐnetai h grafikă parĹstash thc sunĹrthshc tou prohgoÔmenou paradeÐgmatoc kai thc antÐstrofăc thc, ìpou faÐnetai kai h summetrÐa.

3.3.4 Fragmènec sunartăseic

Orismìc 3.3.4Mia sunĹrthsh f(x) me pedÐo orismoÔ to sÔnolo A lème ìti eÐnai Ĺnw fragmènh (kĹtw fragmènh), ìtan upĹrqei ènac pragmatikìc arijmìc ϕ, ÿste gia kĹje stoiqeÐo tou pedÐou orismoÔ thc na isqÔei f(x) ≤ ϕ (f(x) ≥ ϕ).

Gia parĹdeigma h sunĹrthsh f(x) = x^2 eÐnai kĹtw fragmènh, afoÔ isqÔei x^2 ≥ 0. An gia th sunĹrthsh upĹrqoun ϕ_1 kai ϕ_2, tètoio ÿste ϕ_1 ≤ f(x) ≤ ϕ_2, lème ìti h sunĹrthsh eÐnai aplĹ fragmènh. Gia parĹdeigma, h sunĹrthsh tou hmitìnou eÐnai fragmènh, afoÔ −1 ≤ sin x ≤ 1.

66 Sunartăseic

Paratărhsh 3.3.3An sumbeÐ to elĹqisto apì ta Ĺnw frĹgmata thc sunĹrthshc na eÐnai stoiqeÐo tou sunìlou timÿn thc, lègetai mègisto, enÿ an sumbeÐ to mègisto apì ta kĹtw frĹgmata autăc na eÐnai stoiqeÐo tou sunìlou timÿn thc, lègontai elĹqisto. To mègisto kai to elĹqisto lègetai akrìtato.

3.3.5 MonotonÐa

Orismìc 3.3.5Mia sunĹrthsh f orismènh sfl èna sÔnolo A lègetai gnhsÐwc aÔxousa (gnhsÐwc fjÐnousa), Ĺn ∀x_1 kai x_2 ∈ A me x_1 < x_2 ⇒ f(x_1) < f(x_2) (f(x_1) > f(x_2)).

Orismìc 3.3.6Mia sunĹrthsh f orismènh sfl èna sÔnolo A lègetai aÔxousa (fjÐnousa), an ∀x_1 kai x_2 ∈ A me x_1 < x_2 ⇒ f(x_1) ≤ f(x_2) (f(x_1) ≥ f(x_2)).

Paratărhsh 3.3.4EÐnai gegonìc ìti gia mia gnhsÐwc monìtonh sunĹrthsh (gnhsÐwc aÔxousa ă gnhsÐwc fjÐnousa) sumbaÐnei to exăc: se diaforetikĹ arqètupa antistoiqoÔn diaforetikèc eikìnec. Dhl. mia tètoia sunĹrthsh eÐnai fl1-1fl.

3.4 H Parabolă kai h Uperbolă

3.4.1 H Parabolă

H Parabolă eÐnai gnwstă apì to GumnĹsio akìmh. Sthn pio aplă thc morfă èqei ton tÔpo y = ax^2, x ∈ R (3.5)

EÐnai fanerì ìti gia a > 0 aută eÐnai fjÐnousa sto diĹsthma (−∞, 0] kai aÔxousa sto diĹsthma [0, −∞). O katakìrufoc Ĺxonac eÐnai Ĺxonac summetrÐac (eÐnai Ĺrtia) kai èqei elĹqisth timă to 0, sto x = 0. Parìmoia sumbaÐnoun gia a < 0. tÿra aută eÐnai aÔxousa gia to diĹsthma (−∞, 0] kai fjÐnousa gia to diĹsthma [0, −∞). O katakìrufoc Ĺxonac suneqÐzei na eÐnai Ĺxonac summetrÐac kai èqei mègisth timă to 0, sto x = 0.

MAJHMATIKA I 67

Sqăma 3.8: H apeikìnish thc y = ax^2 + bx + c.

GenikĹ h parabolă èqei th morfă

y = ax^2 + bx + c, x ∈ R (3.6)

me aplèc prĹxeic aută paÐrnei th morfă

y = a ( x + b 2a )_2 − b^2 − 4ac 4a (3.7)

JumÐzoume ìti qarakthristikĹ shmeÐa thc eÐnai oi rÐzec thc (ìtan b^2 − 4ac ≥ 0) ston orizìntio Ĺxona kai to shmeÐo c tou katakìrufou Ĺxona. H eujeÐa x = −^b_{2a} eÐnai tÿra Ĺxonac summetrÐac kai sto shmeÐo x = −^b_{2a} paÐrnei thn elĹqisth timă, ìtan a > 0 kai mègisth, ìtan a < 0. H grafikă thc parĹstash prokÔptei apì th grafikă parĹstash thc ax^2 metakinÿntac thn orizìntia katĹ −^b_{2a} kai sth sunèqeia metakinÿntac thn kainoÔrgia katakìrufa katĹ −^{b2 −4ac}_{4a} . Ta duo bămata faÐnontai sto Sqăma 3.8. ’Enac Ĺlloc trìpoc ja ătan na metakinăsoume to sÔsthma axìnwn sto shmeÐo (−^b_{2a} , −^{b2−4ac}_{4a} ) kai na sqediĹsoume thn Y = aX^2 sto kainoÔrgio sÔsthma.

ParĹdeigma 3.7Na sqediasteÐ h grafikă parĹstash thc y = x^2 − 5x + 6, afoÔ shmeiÿsete ta qarakthristikĹ shmeÐa thc kai tic qarakthristikèc eujeÐec thc.

68 Sunartăseic

Sqăma 3.9: H apeikìnish thc y = x^2 − 5x + 6.

LÔsh Ta qarakthristikĹ shmeÐa autăc eÐnai to 2 kai 3 tou orizìntiou Ĺxona kai to 6 tou katakìrufou. H eujeÐa x = 2.5 eÐnai Ĺxonac summetrÐac kai sto x = 2.5 paÐrnei elĹqisth timă thn y = −0.25. ’Ola ta parapĹnw faÐnontai sto Sqăma 3.9.

3.4.2 H Uperbolă

H Uperbolă eÐnai ki aută gnwstă apì to GumnĹsio. Sthn pio aplă thc morfă èqei ton tÔpo y = a x , x ∈ R \ {0} (3.8)

EÐnai fanerì ìti gia a > 0 aută eÐnai fjÐnousa gia to diĹsthma (−∞, 0) kai epÐshc fjÐnousa gia to diĹsthma (0, ∞). H arqă twn axìnwn eÐnai kèntro summetrÐac (eÐnai perittă) kai paÐrnei ìlec tic timèc ektìc apì thn timă 0. Parìmoia sumbaÐnoun gia a < 0^. tÿra eÐnai aÔxousa gia to diĹsthma (−∞, 0) kai epÐshc aÔxousa gia to diĹsthma (0, ∞). H arqă twn axìnwn eÐnai pĹli kèntro summetrÐac.

MAJHMATIKA I 69

Sqăma 3.10: H apeikìnish thc y =^{ax+b}_{cx+d} .

GenikĹ h uperbolă èqei th morfă y = ax + b cx + d

, x ∈ R \ {− d c } (3.9)

me aplèc prĹxeic aută paÐrnei th morfă

y = k + m cx + d

, ìpou k = a c kai m = bc − ad c . (3.10)

Ta shmeÐa tomăc me touc Ĺxonec (qarakthristikĹ shmeÐa thc) eÐnai to x = −^b_a tou orizìntiou kai y =^b_d tou katakìrufou. Oi eujeÐec x = −^d_c kai y =^a_c eÐnai asÔmptwtec thc uperbolăc kai to shmeÐo (−^d_c ,^a_c ) to kèntro summetrÐac autăc. H grafikă thc parĹstash prokÔptei apì th grafikă parĹstash thc^m_x metakinÿntac thn orizìntia katĹ −^d_c kai sth sunèqeia metakinÿntac thn kainoÔrgia katakìrufa katĹ^a_c . Ta duo bămata faÐnontai sto Sqăma 3.10. ’Enac Ĺlloc trìpoc ja ătan na metakinăsoume to sÔsthma axìnwn sto shmeÐo (−^d_c ,^a_c ) kai na sqediĹsoume thn Y =^m_X sto kainoÔrgio.

ParĹdeigma 3.8Na sqediasteÐ h grafikă parĹstash thc y =^{x+2}_{x+1} , afoÔ shmeiÿsete ta qarakthristikĹ shmeÐa thc kai tic qarakthristikèc eujeÐec thc.

LÔsh Ta qarakthristikĹ shmeÐa autăc eÐnai to −2 tou orizìntiou Ĺxona (rÐza autăc) kai to 2 tou katakìrufou (tomă thc sunĹrthshc me ton Ĺxona yy^′).

70 Sunartăseic

Diairÿntac arijmhtă me paronomastă (diaÐresh poluwnÔmwn), paÐrnoume y = 1 +^1_{x+1} . H eujeÐa x = −1 eÐnai katakìrufh asÔmptwth kai h y = 1 orizìntia. ’Ola ta parapĹnw faÐnontai sto Sqăma 3.10.

3.5 H ekjetikă kai h logarijmikă

3.5.1 H ekjetikă a^x

Me a ∈ R^+ \{1} èqei orisjeÐ apì to LÔkeio, stadiakĹ, h dÔnamh a^x, arqikĹ gia fusikoÔc arijmoÔc, sth sunèqeia gia akeraÐouc, gia rhtoÔc kai tèloc gia pragmatikoÔc. ’Etsi gia a ≠ 1 orÐzetai h sunĹrthsh

f : R → R, f(x) = a^x, (3.11)

h opoÐa onomĹzetai ekjetikă sunĹrthsh a^x. Gia a = 1 èqoume th stajeră sunĹrthsh f(x) = 1, pou den èqei endiafèron. Qarakthristikì shmeÐo thc ekjetikăc eÐnai to 1 tou katakìrufou Ĺxona, afoÔ a^0 = 1. Profanÿc to sÔnolo timÿn autăc eÐnai R^+.

Gia a > 1 h sunĹrthsh eÐnai gnhsÐwc aÔxousa, enÿ gia a < 1 h sunĹrthsh eÐnai gnhsÐwc fjÐnousa. H grafikă thc parĹstash faÐnetai sto Sqăma 3.11. Sto ParĹdeigma 2.9 èqoume orÐsei ton pragmatikì arijmì e. Me bĹsh autìn orÐzoume th sunĹrthsh

f : R → R, f(x) = e^x, (3.12)

h opoÐa eÐnai exairetikĹ qrăsimh sta MajhmatikĹ kai emfanÐzetai se pĹra pollèc efarmogèc twn episthmÿn tou PeribĹllontoc twn Fusikÿn episthmÿn kai thc OikonomÐac.

3.5.2 H logarijmikă ln_a x

H ekjetikă sunĹrthsh f(x) = a^x, wc gnhsÐwc monìtonh, eÐnai fl1-1fl. OrÐzetai loipìn h antÐstrofă thc f^{−1}, h opoÐa onomĹzetai logarijmikă me bĹsh a kai sumbolÐzetai me ln_a, dhl.

f^{−1} : R^+ → R, y = ln_a x (3.13)

MAJHMATIKA I 71

Sqăma 3.11: H apeikìnish f : A → B, y = a^x.

’Etsi gia duo arijmoÔc ρ ∈ R kai θ ∈ R^+ kai gia kĹje a ∈ R^+ \ {1} isqÔei θ = a^ρ ⇐⇒ ρ = ln_a θ (3.14) Apì ton Orismì 3.14 twn logarÐjmwn mporoÔme eÔkola na deÐxoume ([1]) tic parakĹtw idiìthtec.

• a^{lna θ} = θ kai ln_a a^ρ = ρ • ln_a 1 = 0 kai ln_a a = 1 • ln_a (θ_1 · θ_2) = ln_a θ_1 + ln_a θ_2 kai ln_a^{θ1}_{θ2} = ln_a θ_1 − ln_a θ_2 • ln_a θ^k = k ln_a θ kai ln_a^k √ θ =^1_k ln_a θ • ln_β θ =^{lna θ}_{lna β}

’Otan h bĹsh eÐnai to e, milĹme aplĹ gia ton fusikì logĹrijmo ln θ kai gia th logarijmikă sunĹrthsh y = ln x. H grafikă parĹstash thc logarijmikăc sunĹrthshc y = ln_a x faÐnetai sto Sqăma 3.12.

72 Sunartăseic

Sqăma 3.12: H apeikìnish f : A → B, y = ln_a x.

3.6 Oi trigwnometrikèc sunartăseic

Oi trigwnometrikèc sunartăseic eÐnai exairetikĹ qrăsimec sunartăseic afoÔ mfl autèc mporoÔme na perigrĹfoume kai na meletoÔme periodikĹ problămata, ìpwc to prìblhma thc talĹntwshc ă ta problămata pou èqoun sqèsh me th melèth kairikÿn fainomènwn se etăsia bĹsh. Oi trigwnometrikoÐ arijmoÐ kai oi trigwnometrikèc sunartăseic èqoun melethjeÐ analutikĹ sto LÔkeio. Edÿ aplĹ ja upenjumÐsoume orismènec apì tic idiìthtèc touc kai tic sqèseic pou touc (tic) dièpoun.

3.6.1 H sunĹrthsh tou hmitìnou

H sunĹrthsh tou hmitìnou orÐzetai pantoÔ sto sÔnolo twn pragmatikÿn arijmÿn, èqei wc sÔnolo timÿn to diĹsthma [−1, 1] kai eÐnai perittă, afoÔ sin(−x) = − sin(x). ’Htoi

sin : R → [−1, 1], y = sin(x)

EpÐshc aută eÐnai periodikă, dhl.

∀x ∈ A, ∃ T (= 2π) ∈ R \ {0} : f(x + T ) = f(x)

MAJHMATIKA I 73

Sqăma 3.13: H apeikìnish f : A → B, y = sin x.

kai wc periodikă arkeÐ na th meletăsoume sto diĹsthma [0, 2π). EÐnai loipìn gnhsÐwc aÔxousa sta diastămata [0,^π_2 ) kai [^{3π}_2 , 2π) kai gnhsÐwc fjÐnousa sto [^π_2 ,^{3π}_2 ). Sto shmeÐo x =^π_2 h sunĹrthsh parousiĹzei mègisto (sin(^π_2 ) = 1) enÿ sto shmeÐo x =^{3π}_2 h sunĹrthsh parousiĹzei elĹqisto (sin(^{3π}_2 ) = −1).

JumÐzoume epÐshc ìti

• sin (π − x) = sin x, sin (π + x) = − sin x • sin 0 = 0, sin (^π_6 ) =^1_2 , sin (^π_4 ) =^{√2}_2 , sin (^π_3 ) =^{√3}_2 , sin (^π_2 ) = 1.

3.6.2 H sunĹrthsh tou sunhmitìnou

H sunĹrthsh tou sunhmitìnou orÐzetai pantoÔ sto sÔnolo twn pragmatikÿn arijmÿn, èqei wc sÔnolo timÿn ki aută to diĹsthma [−1, 1] kai eÐnai Ĺrtia, afoÔ cos(−x) = cos(x). ’Htoi cos : R → [−1, 1], y = cos(x) EpÐshc eÐnai periodikă me perÐodo T = 2π kai wc periodikă arkeÐ na th meletăsoume sto diĹsthma [0, 2π). EÐnai loipìn gnhsÐwc fjÐnousa sto diastăma [0, π)

74 Sunartăseic

Sqăma 3.14: H apeikìnish f : A → B, y = cos x.

kai gnhsÐwc aÔxousa sto [π, 2π). Sto shmeÐo x = 0 h sunĹrthsh parousiĹzei mègisto (cos 0 = 1) enÿ sto shmeÐo x = π h sunĹrthsh parousiĹzei elĹqisto (cos π = −1).

JumÐzoume epÐshc ìti

• sin^2 x + cos^2 x = 1, cos (π − x) = − cos x, cos (π + x) = − cos x

• cos (^π_2 − x) = sin x, cos (^π_2 + x) = − sin x

• cos 0 = 1, cos (^π_6 ) =^{√3}_2 , cos (^π_4 ) =^{√2}_2 , cos (^π_3 ) =^1_2 , cos (^π_2 ) = 0.

To gegonìc ìti sin x = cos (^π_2 − x) = cos (x −^π_2 ) mac odhgeÐ sto sumpèrasma ìti h sunĹrthsh tou hmitìnou prokÔptei apì th sunĹrthsh tou sunhmitìnou me orizìntia metaforĹ katĹ^π_2 ă h sunĹrthsh tou sunhmitìnou prokÔptei me orizìntia metaforĹ tou hmitìnou katĹ −^π_2 .

H grafikă thc parĹstash, gia x ∈ [−2π, 2π), faÐnetai sto Sqăma 3.14.

3.6.3 H sunĹrthsh thc efaptomènhc

H sunĹrthsh thc efaptomènhc, wc klĹsma twn hmitìnou kai sunhmitìnou, den orÐzetai plèon pantoÔ sto sÔnolo twn pragmatikÿn arijmÿn, allĹ èqei wc

MAJHMATIKA I 75

Sqăma 3.15: H apeikìnish f : A → B, y = tan x.

pedÐo orismoÔ to A = R \ {x/x = kπ +^π_2 }, wc sÔnolo timÿn to R kai eÐnai perittă, afoÔ tan(−x) = tan(x). ’Htoi tan : A → R, y = tan(x) EÐnai ki aută periodikă, ìmwc me perÐodo T = π kai wc periodikă arkeÐ na th meletăsoume sto diĹsthma (−^π_2 ,^π_2 ). H sunĹrthsh thc efaptomènhc eÐnai gnhsÐwc aÔxousa sfl ìlo to diĹsthma (−^π_2 ,^π_2 ).

JumÐzoume ìti • tan x =^{sin x}_{cos x} , • tan (π − x) = − tan x, tan (π + x) = tan x, • tan (^π_2 − x) =^1_{tan x} , tan (^π_2 + x) = −^1_{tan x} , • tan 0 = 0, tan (^π_6 ) =^{√3}_3 , tan (^π_4 ) = 1, tan (^π_3 ) = √ 3. H grafikă thc parĹstash, gia x ∈ [−π, π), faÐnetai sto Sqăma 3.15.

76 Sunartăseic

3.6.4 TÔpoi kai tautìthtec

’Enac megĹloc arijmìc tÔpwn kai tautotătwn susqetÐzoun touc trigwnometrikoÔc arijmoÔc gwniÿn kai tìxwn, pou eÐnai qrăsimo na gnwrÐzei kaneÐc, ìtan epexergĹzetai tètoia problămata. Sth sunèqeia ja dÿsoume orismènouc basikoÔc tÔpouc, oi opoÐoi èqoun didaqteÐ sto LÔkeio.

• ’Ajroisma kai diaforĹ tìxwn

sin(a + b) = sin a cos b + sin b cos a, sin(a − b) = sin a cos b − sin b cos a, cos(a + b) = cos a cos b − sin a sin b, cos(a − b) = cos a cos b + sin a sin b, tan(a + b) =^{tan a+tan b}

1−tan a tan b , tan(a − b) = tan a−tan b 1+tan a tan b .

• DiplĹsia - misĹ tìxa

sin 2a = 2 sin a cos a, cos 2a = cos^2 a − sin^2 a = 2 cos^2 a − 1 = 1 − 2 sin^2 a, tan 2a =^{2 tan a}_{1−tan2 a} , sin 2a =^{2 tan}_{1+tan2 a} , cos 2a =^{1−tan2 a}_{1+tan2 a} .

• MetasqhmatismoÐ ginomènwn se ajroÐsmata

2 sin a cos b = sin (a + b) + sin (a − b), 2 sin a sin b = cos (a − b) − cos (a + b), 2 cos a cos b = cos (a − b) + cos (a + b).

• MetasqhmatismoÐ ajroismĹtwn se ginìmena

sin A + sin B = 2 sin^{A+B}_2 cos^{A−B}_2 , sin A − sin B = 2 sin^{A−B}_2 cos^{A+B}_2 , cos A + cos B = 2 cos^{A+B}_2 cos^{A−B}_2 , cos A − cos B = −2 sin^{A+B}_2 sin^{A−B}_2 .

• Nìmoi hmitìnou kai sunhmitìnou (Ta a, b, c eÐnai oi pleurèc tou trigÿnou ABC)

sin A

a =^{sin B}_b =^{sin C}_c , a = b^2 + c^2 − 2bc cos A.

3.6.5 AntÐstrofec trigwnometrikèc sunartăseic

H sunĹrthsh y = sin x den antistrèfetai, afoÔ aută den eÐnai fl1-1fl. Wstìso, an perioristoÔme katĹllhla sto diĹsthma [−^π_2 ,^π_2 ], h sunĹrthsh gÐnetai

MAJHMATIKA I 77

fl1-1fl kai mporoÔme na pĹroume thn antÐstrofă thc

sin^{−1} : [−1, 1] → [− π 2 , π 2 ], y = sin^{−1} x. (3.15)

H y = sin^{−1} x diabĹzetai {tìxon hmitìnou x} kai sth bibliografÐa, Ðswc tic perissìterec forèc, anagrĹfetai y = arcsin x. OusiastikĹ dhl. h sunĹrthsh aută mac epistrèfei to tìxo y, pou brÐsketai metaxÔ tou −^π_2 kai tou^π_2 kai èqei hmÐtono to x, p.q. arcsin^1_2 =^π_6 , afoÔ sin^π_6 =^1_2 , epÐshc arcsin (−^{√2}_2 ) = −^π_4 , afoÔ sin (−^π_4 ) = −^{√2}_2 . H grafikă thc parĹstash faÐnetai sto diplanì sqăma.

Parìmoia isqÔoun kai me tic Ĺllec trigwnometrikèc sunartăseic. H sunĹrthsh y = cos x gÐnetai fl1-1fl, an perioristoÔme sto diĹsthma [0, π] mporoÔme na pĹroume thn antÐstrofă thc, dhl.

cos^{−1} : [−1, 1] → [0, π], y = cos^{−1} x. (3.16)

H y = cos^{−1} x diabĹzetai {tìxo sunhmitìnou x} kai sth bibliografÐa, anagrĹfetai y = arccos x. OusiastikĹ, h sunĹrthsh aută mac epistrèfei to tìxo y, pou brÐsketai metaxÔ tou 0 kai tou π kai èqei sunhmÐtono to x, p.q. arccos^1_2 =^π_3 , afoÔ cos^π_3 =^1_2 epÐshc arccos (−^{√3}_2 ) =^{5π}_6 , afoÔ sin (^{5π}_6 ) = −^{√3}_2 . H grafikă thc parĹstash faÐnetai sto diplanì sqăma.

Tèloc, h sunĹrthsh y = cos x gÐnetai fl1-1fl, an perioristoÔme sto diĹsthma (−^π_2 ,^π_2 ) kai mporoÔme na pĹroume thn antÐstrofă thc, dhl.

tan^{−1} : R → (− π 2 , π 2 ), y = tan^{−1} x. (3.17)

H y = tan^{−1} x diabĹzetai {tìxo efaptomènhc x} kai sth bibliografÐa anagrĹfetai y = arctan x. OusiastikĹ, h sunĹrthsh aută mac epistrèfei to tìxo y, pou brÐsketai metaxÔ tou −^π_2 kai tou^π_2 kai èqei efaptomènh to x, p.q. arctan 1 =^π_4 , afoÔ tan^π_4 = 1, epÐshc arccos (−^{√3}_3 ) = −^π_6 , afoÔ sin (−^π_3 ) = −^{√3}_6 . H grafikă thc parĹstash faÐnetai sto diplanì sqăma.

78 Sunartăseic

ParĹdeigma 3.9Na upologisteÐ h parĹstash sin (arcsin^1_3 + arccos^2_3 ), an ta tìxa arcsin^1_3 kai arccos^2_3 anăkoun sto prÿto tetarthmìrio.

LÔsh Jètoume arcsin^1_3 = a kai arccos^2_3 = b, opìte sin a =^1_3 kai cos b =^2_3 , ètsi èqoume

sin (a + b) = sin a cos b + sin b cos a = 1 3 · 2 3 + √ 1 − cos^2 b √ 1 − sin^2 a

= 1 3 · 2 3 + √ 5 9 √ 8 9 = 2 + √ 40 9

ParĹdeigma 3.10Na lujeÐ h exÐswsh arcsin^x_2 + arccos x =^{5π}_6 , an ta tìxa arccos x kai arcsin^x_2 anăkoun sto [0,^π_2 ].

LÔsh Jètoume arcsin^x_2 = a, opìte sin a =^x_2 kai arccos x = b, opìte cos b = x, ètsi èqoume

a + b = 5π 6 ⇒ sin (a + b) = sin 5π 6 ⇒ sin a cos b + sin b cos a = 1 2 ⇒ x 2 x + √ 1 − cos^2 b √ 1 − sin^2 a = 1 2 ⇒ x^2 2 + √ 1 − x^2 √ 1 − x^2 4 = 1 2 ⇒ · · · x^2 = 1 ⇒ x = ±1, ’Omwc h x = −1 aporrÐptetai, diìti den plhroÐ thn isìthta thc Ĺskhshc.

3.6.6 Uperbolikèc sunartăseic

To uperbolikì hmÐtono tou x orÐzetai ∀x ∈ R me ton tÔpo sinh x =^{ex−e−x}_2 . To uperbolikì sunhmÐtono tou x orÐzetai ∀x ∈ R me ton tÔpo cosh x =^{ex+e−x}_2 . H uperbolikă efaptomènh tou x orÐzetai ∀x ∈ R me ton tÔpo tanh x =^{ex−e−x}_{ex+e−x} . ’Ena plăjoc idiotătwn, pou moiĹzoun me ekeÐnec twn trigwnometrikÿn sunartăsewn, isqÔoun kai eÔkola apodeiknÔontai, p.q.

• cosh^2 x − sinh^2 x = 1

MAJHMATIKA I 79

• sinh (x ± y) = sinh x cosh y ± sinh y cosh x

• cosh (x ± y) = cosh x cosh y ± sinh y sinh x

• sinh x + sinh y = 2 sinh^{x+y}_2 cosh^{x−y}_2

• cosh x + cosh y = 2 cosh^{x+y}_2 cosh^{x−y}_2

• cosh x − cosh y = 2 sinh^{x+y}_2 sinh^{x−y}_2

OrÐzetai, loipìn, h sunĹrthsh tou uperbolikoÔ hmitìnou

sinh : R → R, sinh x = e^x − e^{−x} 2 (3.18)

H sunĹrthsh tou uperbolikoÔ hmitìnou eÐnai perittă, afoÔ sinh (−x) =^{e−x−ex}_2 = −^{ex−e−x}_2 = − sinh x, me kèntro summetrÐac thn arqă twn axìnwn. AfoÔ e^x > 1 > e^{−x} gia x > 0, èpetai ìti sinh x > 0 gia x > 0 kai epomènwc sinh x < 0 gia x < 0. H sunĹrthsh aută eÐnai gnhsÐwc aÔxousa, afoÔ gia x_1 < x_2 isqÔei sinh x_1 − sinh x_2 = sinh x_1 + sinh (−x_2) = 2 sinh^{x1−x2}_2 cosh^{x1+x2}_2 < 0.

H grafikă thc parĹstash faÐnetai sto diplanì sqăma. Wc gnhsÐwc aÔxousa sunĹrthsh eÐnai fl1-1fl kai epomènwc èqei antÐstrofh, thc opoÐac h eÔresh afănetai wc Ĺskhsh.

H sunĹrthsh tou uperbolikoÔ sunhmitìnou eÐnai h

cosh : R → R, cosh x = e^x + e^{−x} 2 . (3.19)

H sunĹrthsh tou uperbolikoÔ sunhmitìnou eÐnai Ĺrtia, afoÔ cosh (−x) =^{e−x+ex}_2 =^{ex+e−x}_2 = cosh x, me Ĺxona summetrÐac ton katakìrufo. AfoÔ e^x + e^{−x} > 0, ∀x ∈ R, èpetai ìti cosh x > 0 gia ìla ta x. Gia th sunĹrthsh aută isqÔei cosh x_1 − cosh x_2 = 2 sinh^{x1−x2}_2 sinh^{x1+x2}_2 , to opoÐo eÐnai arnhtikì (< 0) gia x_1 < x_2 kai x_1, x_2 jetikĹ kai jetikì (> 0) gia x_1, x_2 arnhtikĹ. ’Etsi h sunĹrthsh eÐnai fjÐnousa ∀x < 0 kai aÔxousa ∀x > 0.

H grafikă thc parĹstash faÐnetai sto diplanì sqăma. H sunĹrthsh den eÐnai

80 Sunartăseic

fl1-1fl (giatÐ?) kai epomènwc den èqei antÐstrofh, katĹllhloc ìmwc periorismìc autăc mac dÐnei antÐstrofh, thc opoÐac h melèth afănetai wc Ĺskhsh.

H sunĹrthsh thc uperbolikăc efaptomènhc eÐnai h

cosh : R → (−1, 1), tanh x = e^x − e^{−x} e^x + e^{−x}

. (3.20)

H sunĹrthsh thc uperbolikăc efaptomènhc eÐnai perittă, afoÔ tanh (−x) =^{e−x−ex}_{e−x+ex} = −^{ex−e−x}_{ex+e−x} = − tanh x, me kèntro summetrÐac thn arqă twn axìnwn. AfoÔ e^x + e^{−x} > 0 ∀x ∈ R, èpetai ìti h tanh x sumperifèretai ìpwc h sinh x, dhl. tanh x > 0, ∀x > 0 kai tanh x < 0, ∀x < 0. Gia th sunĹrthsh aută me x_1 < x_2, isqÔei tanh (x_1 − x_2) =^{tanh x1−tanh x2}

1−tanh x_1·tanh x_2 ,

to opoÐo sunepĹgetai (giatÐ?) ìti h sunĹrthsh eÐnai aÔxousa ∀x ∈ R. H grafikă thc parĹstash faÐnetai sto diplanì sqăma. H sunĹrthsh eÐnai fl1-1fl (giatÐ?) kai epomènwc èqei antÐstrofh, thc opoÐac h melèth afănetai wc Ĺskhsh.

3.7 ’Allec kampÔlec

EÐnai gnwstì ìti ta shmeÐa tou epipèdou, pou oi suntetagmènec touc plhroÔn thn exÐswsh f(x, y) = 0, eÐnai ta shmeÐa enìc gewmetrikoÔ tìpou kai brÐskontai genikĹ se mia grammă. ’Hdh èqoume dei thn eujeÐa, ta shmeÐa thc opoÐac plhroÔn thn exÐswsh (3.4).

3.7.1 O kÔkloc

To sÔnolo twn shmeÐwn tou epipèdou pou apèqoun stajeră apìstash apì stajerì shmeÐo eÐnai ta shmeÐa enìc kÔklou. ’Estw loipìn K(a, b) to stajerì shmeÐo tou epipèdou kai M(x, y) to tuqaÐo shmeÐo autoÔ, tou opoÐou h apìstash apì to shmeÐo K(a, b) eÐnai stajeră kai Ðsh me r. Tìte isqÔei √ (x − a)^2 + (y − b)^2 = r ⇔ (x − a)^2 + (y − b)^2 = r^2, (3.21)

h opoÐa eÐnai kai h exÐswsă tou. H kampÔlh thc exÐswshc (3.21) profanÿc den eÐnai grafikă parĹstash kĹpoiac sunĹrthshc, wstìso paÐrnoume apì aută, me

MAJHMATIKA I 81

aplèc prĹxeic, tic epìmenec duo sqèseic

y = b + √ r^2 − (x − a)^2, y = b − √ r^2 − (x − a)^2, (3.22)

kĹje mÐa apì tic opoÐec eÐnai sunĹrthsh kai h grafikă parĹstash, thc men prÿthc eÐnai to hmikÔklio tou kÔklou, pou brÐsketai pĹnw apì thn eujeÐa y = b, thc de deÔterhc kĹtw.

3.7.2 H parabolă

O gewmetrikìc tìpoc twn shmeÐwn pou apèqoun exfl Ðsou apì èna stajerì shmeÐo P (p, 0) kai mia stajeră eujeÐa, thn x = −p, onomĹzetai parabolă. ’Estw M(x, y) èna tuqaÐo shmeÐo tou tìpou, tìte ja isqÔei √ (x − p)^2 + y^2 = |x + p| ⇔ (x − p)^2 + y^2 = (x + p)^2 ⇔ y^2 = 4px (3.23)

H kampÔlh thc exÐswshc (3.23) eÐnai fanerì ìti den eÐnai grafikă parĹstash kĹpoiac sunĹrthshc, wstìso paÐrnoume apì aută, me aplèc prĹxeic, tic epìmenec duo sqèseic y = + √ 2px, y = − √ 2px, (3.24)

oi opoÐec eÐnai sunartăseic kai h grafikă parĹstash thc men prÿthc eÐnai o klĹdoc pou brÐsketai pĹnw apì ton orizìntio Ĺxona, thc de deÔterhc kĹtw. ’Otan to p eÐnai jetikì, h parabolă eÐnai strammènh proc ta dexiĹ enÿ, ìtan to p eÐnai arnhtikì, h parabolă eÐnai strammènh proc ta aristerĹ. FusikĹ, enallĹssontac ta x kai y paÐrnoume th gnwstă mac parabolă (x^2 = 4py) apì thn parĹgrafo (3.4.1).

3.7.3 H ’Elleiyh

O gewmetrikìc tìpoc twn shmeÐwn pou to Ĺjroisma twn apostĹsewn apì duo stajerĹ shmeÐa P_1(−c, 0) kai P_2(c, 0) eÐnai stajerì, onomĹzetai èlleiyh. ’Estw M(x, y) èna tuqaÐo shmeÐo tou tìpou kai 2a (a > c > 0) h stajeră apìstash, tìte ja isqÔei √ (x + c)^2 + y^2+ √ (x − c)^2 + y^2 = 2a ⇔ √ (x + c)^2 + y^2 = 2a− √ (x − c)^2 + y^2, a √ (x − c)^2 + y^2 = a^2 − cx ⇔ (a^2 − c^2)x^2 + a^2y^2 = a^2(a^2 − c^2) ⇔

82 Sunartăseic

Sqăma 3.16: H apeikìnish f : A → B, y^2 = 4px.

x^2 a^2 + y^2 (a^2 − c^2)

= 1 ⇔ x^2 a^2 + y^2 b^2

= 1, (b^2 = a^2 − c^2) (3.25)

EÐnai fanerì ìti a > b. H kampÔlh thc exÐswshc (3.25) pĹli den eÐnai grafikă parĹstash kĹpoiac sunĹrthshc, wstìso paÐrnoume apì aută, me aplèc prĹxeic, tic epìmenec duo sqèseic

y = + b a √ a^2 − x^2, y = − b a √ a^2 − x^2, (3.26)

oi opoÐec eÐnai sunartăseic kai h grafikă parĹstash thc men prÿthc eÐnai o klĹdoc pou brÐsketai pĹnw apì ton orizìntio Ĺxona, thc de deÔterhc kĹtw. EpÐshc o gewmetrikìc tìpoc twn shmeÐwn pou to Ĺjroisma twn apostĹsewn apì ta stajerĹ shmeÐa P_1(0, −c) kai P_2(0, c) eÐnai stajerì kai Ðso me 2b eÐnai h èlleiyh pou èqei tic estÐec thc ston katakìrufo Ĺxona kai ton Ðdio tÔpo me a^2 = b^2 − c^2. Profanÿc tÿra b > a. Sto Sqăma 3.17 parousiĹzontai oi duo elleÐyeic. Me a = b h èlleiyh èqei tic estÐec thc sthn arqă twn axìnwn kai ekfulÐzetai se kÔklo aktÐnac a.

MAJHMATIKA I 83

Sqăma 3.17: H apeikìnish thc èlleiyhc.

3.7.4 H Uperbolă

O gewmetrikìc tìpoc twn shmeÐwn pou h diaforĹ twn apostĹsewn apì duo stajerĹ shmeÐa P_1(−c, 0) kai P_2(c, 0) eÐnai stajeră, onomĹzetai uperbolă. ’Estw M(x, y) èna tuqaÐo shmeÐo tou tìpou kai 2a (c > a) h stajeră apìstash, tìte ja isqÔei √ (x + c)^2 + y^2− √ (x − c)^2 + y^2 = 2a ⇔ √ (x + c)^2 + y^2 = 2a+ √ (x − c)^2 + y^2, a √ (x − c)^2 + y^2 = cx − a^2 ⇔ (c^2 − a^2)x^2 − a^2y^2 = a^2(c^2 − a^2) ⇔

x^2 a^2 − y^2 (c^2 − a^2)

= 1 ⇔ x^2 a^2 − y^2 b^2

= 1, (b^2 = a^2 − c^2) (3.27)

OÔte h kampÔlh thc exÐswshc (3.27) eÐnai grafikă parĹstash kĹpoiac sunĹrthshc, wstìso paÐrnoume apì aută, me aplèc prĹxeic, tic epìmenec duo sqèseic

y = + b a √ x^2 − a^2, y = − b a √ x^2 − a^2, (3.28)

oi opoÐec eÐnai sunartăseic kai h grafikă parĹstash thc men prÿthc eÐnai o klĹdoc pou brÐsketai pĹnw apì ton orizìntio Ĺxona, thc de deÔterhc kĹtw. O gewmetrikìc tìpoc twn shmeÐwn pou h diaforĹ twn apostĹsewn apì duo

84 Sunartăseic

Sqăma 3.18: H apeikìnish thc uperbolăc.

stajerĹ shmeÐa P_1(0, −c) kai P_2(0, c) eÐnai stajeră kai Ðsh me 2b eÐnai epÐshc mia uperbolă me tÔpo^{y2}_{b2} −^{x2}_{a2} = 1 (a^2 = b^2 − c^2). Profanÿc tÿra b > a. Sto Sqăma 3.18 parousiĹzontai oi duo uperbolèc. Me a = b h uperbolă lème ìti eÐnai mia isoskelăc uperbolă.

Sthn parĹgrafo (3.4.2) eÐdame th sunĹrthsh y =^a_x ⇔ xy = a. An strèyoume touc Ĺxonec tou epipèdou sto opoÐo thn èqoume parastăsei grafikĹ katĹ gwnÐa 45^o, apodeiknÔetai ìti oi kainoÔrgiec suntetagmènec (X, Y ) sundèontai me tic palièc (x, y) me touc tÔpouc

x = cos π 4 X + sin π 4 Y y = sin π 4 X − cos π 4 Y ă isodÔnama me touc x = √ 2 2 X + √ 2 2 Y y = √ 2 2 X − √ 2 2 Y opìte prokÔptei ìti o tÔpoc autăc thc kampÔlhc mporeÐ na èqei th morfă

xy = a ⇔

X^2 2 − Y^2 2 = a ⇔

X^2 ( √ 2a)^2 − Y^2 ( √ 2a)^2 = 1

MAJHMATIKA I 85

dhl. miac isoskeloÔc uperbolăc, apfl ìpou paÐrnei kai to ìnomĹ thc.

3.7.5 Parametrikèc exisÿseic kampÔlwn

EÐdame mèqri edÿ tic kampÔlec na perigrĹfontai apì exisÿseic thc morfăc f(x, y) = 0. Tètoiec exisÿseic lègontai analutikèc exisÿseic thc kampÔlhc. Wstìso, pĹra pollèc forèc oi kampÔlec perigrĹfontai kalÔtera ă mĹllon h melèth touc eÐnai eukolìterh ìtan autèc perigrafoÔn me diaforetikì trìpo. Mia Ĺllh morfă exisÿsewn, me thn opoÐa mporoÔme na perigrĹyoume mia kampÔlh, eÐnai oi parametrikèc exisÿseic. Autèc èqoun th morfă

x = x(t) kai y = y(t), t ∈ Δ, (3.29)

ìpou Δ èna diĹsthma twn pragmatikÿn arijmÿn, sto opoÐo paÐrnei timèc h parĹmetroc t.

Apì èna zeugĹri parametrikÿn exisÿsewn mporoÔme na pĹroume thn analutikă morfă thc kampÔlhc, efìson autì eÐnai dunatì, apaleÐfontac thn parĹmetro t. Gia parĹdeigma, oi suntetagmènec tou kÔklou (O, r) mporoÔn na ekfrastoÔn mèsa apì tic

x = r cos θ kai y = r sin θ, θ ∈ [0, 2π), (3.30)

ìpou r eÐnai h aktÐna tou kÔklou kai θ h gwnÐa pou sqhmatÐzei h aktÐna OM me ton orizìntio hmiĹxona. PrĹgmati, uyÿnontac tic duo prohgoÔmenec sto tetrĹgwno kai prosjètontac katĹ mèlh prokÔptei h gnwstă exÐswsh tou kÔklou. EkeÐno pou ja prèpei na tonisteÐ edÿ eÐnai ìti o trìpoc pou ekfrĹzetai mia kampÔlh me parametrikèc exisÿseic den eÐnai monìdromoc. ’Etsi, o kÔkloc, pou ekfrĹzetai me tic (3.30), mporeÐ na ekfrasteÐ kai me tic exăc x = 1 − t^2 1 + t^2 kai y = 2t 1 + t^2

, t ∈ R,

afoÔ pĹli uyÿnontac tic duo prohgoÔmenec sto tetrĹgwno kai prosjètontac katĹ mèlh prokÔptei h gnwstă exÐswsh tou kÔklou.

Oi suntetagmènec thc èlleiyhc (O, a, b) mporoÔn na ekfrastoÔn mèsa apì tic x = a sin θ kai y = b cos θ, θ ∈ [0, 2π), (3.31)

86 Sunartăseic

ìpou a kai b eÐnai ta shmeÐa tomăc thc èlleiyhc me ton orizìntio kai katakìrufo Ĺxona antÐstoiqa kai θ h gwnÐa pou sqhmatÐzei h aktÐna OM me ton orizìntio Ĺxona. PrĹgmati, diairÿntac tic duo exisÿseic thc (3.31) me a kai b antÐstoiqa, uyÿnontac sto tetrĹgwno kai prosjètontac katĹ mèlh prokÔptei h gnwstă exÐswsh thc èlleiyhc. Ki edÿ h èlleiyh mporeÐ na ekfrasteÐ kai me tic exăc exisÿseic

x = a

1 − t^2 1 + t^2 kai y = b 2t 1 + t^2

, t ∈ R \ {0},

afoÔ pĹli me thn prohgoÔmenh diadikasÐa prokÔptei h gnwstă exÐswsh autăc.

Oi suntetagmènec thc uperbolăc (O, a, b) mporoÔn na ekfrastoÔn mèsa apì tic x = ±a cosh t kai y = b sinh t, t ∈ R, (3.32) ìpou a kai b eÐnai oi stajerèc thc uperbolăc kai t ènac pragmatikìc arijmìc. PrĹgmati, diairÿntac tic duo exisÿseic thc (3.32) me a kai b antÐstoiqa, uyÿnontac sto tetrĹgwno kai afairÿntac prokÔptei h gnwstă exÐswsh thc uperbolăc. Ki edÿ h uperbolă mporeÐ na ekfrasteÐ kai me tic exăc

x = a t^2 + 1 2t kai y = b t^2 − 1 2t , t ∈ R,

afoÔ pĹli me thn prohgoÔmenh diadikasÐa prokÔptei h gnwstă exÐswsh autăc. Ja prèpei na shmeiÿsoume edÿ ìti h èkfrashc thc uperbolăc mèsa apì tic exisÿseic (3.32) qĹrise to ìnoma stouc uperbolikoÔc trigwnometrikoÔc arijmoÔc.

Tèloc, oi suntetagmènec thc parabolăc (O, p) mporoÔn na ekfrastoÔn mèsa apì tic x = ±2pt^2 kai y = 2pt, t ∈ R, (3.33) ìpou p eÐnai h stajerĹ thc parabolăc kai t ènac pragmatikìc arijmìc. PrĹgmati, apaleÐfontac to t stic duo exisÿseic thc (3.32) prokÔptei h gnwstă exÐswsh thc uperbolăc. Prin kleÐsoume thn paroÔsa parĹgrafo ja prèpei na poÔme ìti gia èna plăjoc Ĺllwn kampÔlwn o foithtăc ja prèpei na anatrèxei sth bibliografÐa, afoÔ megalÔterh èktash tou parìntoc xefeÔgei twn skopÿn tou.

3.8 ’Orio sunartăsewn

H ènnoia tou orÐou eÐnai ădh gnwstă apì th melèth twn akoloujiÿn kai twn seirÿn. EkeÐ meletăsame to ìrio miac akoloujÐac, kajÿc to n èteine sto

MAJHMATIKA I 87

Ĺpeiro. Edÿ ja meletăsoume to ìrio twn sunartăsewn, to opoÐo, genikĹ, ja diaforopoieÐtai wc proc to gegonìc ìti to pedÐo orismoÔ plèon eÐnai to sÔnolo twn pragmatikÿn arijmÿn ă diastămata autoÔ. ’Omwc, prin arqÐsoume na asqoloÔmaste me tic ènnoiec autèc, ja dÿsoume merikoÔc aparaÐthtouc orismoÔc.

Orismìc 3.8.1OnomĹzoume perioqă tou shmeÐou ξ kĹje diĹsthma thc morfăc (a, ξ) ∪ (ξ, b) � R, ìpou a, b ∈ R.

An h perioqă tou shmeÐou ξ eÐnai h (ξ − δ, ξ) ∪ (ξ, ξ + δ), ìpou δ ∈ R^+, aută kaleÐtai δ−perioqă tou ξ. EÐnai fanerì ìti sfl aută thn perÐptwsh isqÔei ìti 0 < |x − ξ| < δ. H perioqă (ξ − δ, ξ) lègetai aristeră perioqă tou ξ, enÿ h (ξ, ξ + δ) lègetai dexiĹ perioqă tou ξ. ’Ena diĹsthma thc morfăc (−∞, a) kaleÐtai perioqă tou −∞, enÿ èna diĹsthma thc morfăc (a, ∞) kaleÐtai perioqă tou ∞.

Orismìc 3.8.2’Ena shmeÐo ξ kaleÐtai shmeÐo susswreÔsewc tou diastămatoc Δ � R, an kĹje δ-perioqă tou shmeÐou ξ perièqei stoiqeÐa tou diastămatoc Δ. DiaforetikĹ, to shmeÐo kaleÐtai memonwmèno shmeÐo.

Apì ton orismì katalabaÐnei kaneÐc ìti kĹje shmeÐo ξ me a < ξ < b enìc kleistoÔ, anoiktoÔ ă hmiĹnoiktou diastămatoc twn pragmatikÿn arijmÿn eÐnai shmeÐo susswreÔsewc. Sta epìmena kai ìsec forèc qreiĹzetai kĹpoio shmeÐo na eÐnai shmeÐo susswreÔsewc, ja jewreÐtai wc tètoio, ektìc kai an anafèretai kathgorhmatikĹ wc memonwmèno.

3.8.1 ’Orio thc f(x) kajÿc to x teÐnei sto x_0

’Estw mia sunĹrthsh f(x) me pedÐo orismoÔ A(f) � R kai x_0 èna shmeÐo susswreÔsewc autoÔ.

Orismìc 3.8.3Lème ìti to ìrio miac sunĹrthshc f(x) èqei ìrio to l ∈ R kajÿc to x teÐnei sto x_0 kai sumbolÐzoume me

lim_{x→x0} f(x) = l,

ìtan gia kĹje ε > 0 upĹrqei mia δ-perioqă tou shmeÐou x_0, pou exartĹtai apì to ε, ÿste gia kĹje shmeÐo thc perioqăc autăc na isqÔei |f(x) − l| < ε.

88 Sunartăseic Me sumbolismoÔc o parapĹnw orismìc lèei

lim_{x→x0} f(x) = l ⇔ ∀ε > 0, ∃δ(ε) > 0 : 0 < |x − x_0| < δ(ε) ⇒ |f(x) − l| < ε. (3.34) ApodeiknÔetai, ìpwc kai sta ìria twn akoloujiÿn, ìti to ìrio thc sunĹrthshc f(x), kajÿc to x teÐnei sto x_0, ìtan upĹrqei, eÐnai monadikì. ParĹdeigma 3.11’Estw h sunĹrthsh f(x) = 2x − 3. ApodeÐxte ìti lim_{x→2} f(x) = 1.

LÔsh ’Estw tuqaÐo ε > 0 gia to opoÐo isqÔei |f(x) − 1| < ε. Ja deÐxoume ìti prĹgmati upĹrqei kĹpoio δ(ε) > 0 tètoio ÿste ∀x ∈ A(f), |x − x_0| < δ(ε) ⇒ |f(x) − l| < ε.

|f(x) − 1| < ε ⇔ |2x − 3 − 1| < ε ⇔ |2x − 4| < ε ⇔ 2|x − 2| < ε ⇔ |x − 2| < ε 2 . ArkeÐ loipìn na pĹroume wc δ(ε) to^ε_2 .

Orismìc 3.8.4Lème ìti to ìrio miac sunĹrthshc f(x) èqei ìrio to ∞ (−∞), kajÿc to x teÐnei sto x_0 kai sumbolÐzoume me lim_{x→x0} f(x) = ∞ (−∞), ìtan gia kĹje ε > 0 upĹrqei mia δ-perioqă tou shmeÐou x_0, ÿste gia kĹje shmeÐo thc perioqăc autăc na isqÔei f(x) >^1_ε (f(x) < −^1_ε ). Me sumbolismoÔc o parapĹnw orismìc lèei

lim_{x→x0} f(x) = ∞ (−∞) ⇔ (3.35) ∀ε > 0, ∃δ(ε) > 0 : 0 < |x − x_0| < δ(ε) ⇒ f(x) > 1 ε (f(x) < − 1 ε ). ParĹdeigma 3.12’Estw h sunĹrthsh f(x) =^2_{(x−2)2} . ApodeÐxte ìti lim_{x→2} f(x) = ∞.

MAJHMATIKA I 89

LÔsh ’Estw tuqaÐo ε > 0 gia to opoÐo isqÔei f(x) >^1_ε . Ja deÐxoume ìti prĹgmati upĹrqei kĹpoio δ(ε) > 0 tètoio ÿste ∀x ∈ A(f) = R\{2}, |x−x_0| < δ(ε) ⇒ f(x) >^1_ε .

f(x) > 1 ε ⇔ 2 (x − 2)^2 > 1 ε ⇔ (x − 2)^2 < 2ε ⇔ |x − 2| < √ 2ε. ArkeÐ loipìn na pĹroume wc δ(ε) to √ 2ε. ’Otan ston Orismì 3.8.3 antikatastăsoume thn ènnoia thc perioqăc me thn ènnoia thc aristerăc ă dexiĹc perioqăc, paÐrnoume ton orismì thc ènoiac tou pleurikoÔ orÐou, aristeroÔ ă dexioÔ. ’Etsi

lim_{x→x−} 0 f(x) = l ⇔ ∀ε > 0, ∃δ_1(ε) > 0 : 0 < x_0 − x < δ_1(ε) ⇒ |f(x) − l| < ε, (3.36)

lim_{x→x+} 0 f(x) = l ⇔ ∀ε > 0, ∃δ_2(ε) > 0 : 0 < x − x_0 < δ_2(ε) ⇒ |f(x) − l| < ε. (3.37)

AntÐstoiqoi orismoÐ (pleurikÿn orÐwn) prokÔptoun apì ton Orismì 3.8.4 kai mènei ston anagnÿsth na touc dhmiourgăsei wc Ĺskhsh.

Prìtash 3.8.5An x_0 èna shmeÐo susswreÔsewc sto pedÐo orismoÔ thc sunĹrthshc f(x), tìte

lim_{x→x0} f(x) = l ⇔ lim_{x→x−0} f(x) = l = lim_{x→x+0} f(x).

Apìdeixh: Ja skiagrafăsoume thn apìdeixh, afănontac thn plărh (apìdeixh) wc Ĺskhsh. An upojèsoume ìti lim_{x→x0} f(x) = l, tìte wc δ_1(ε) kai δ_2(ε) gia ta pleurikĹ ìria mporoÔme na pĹroume to Ðdio to δ(ε).

An upojèsoume ìti lim_{x→x}−_0 f(x) = l = lim_{x→x}+_0 f(x), tìte wc δ(ε), gia to ìrio, mporoÔme na pĹroume to min {δ_1(ε), δ_2(ε)}. □

3.8.2 ’Orio thc f(x) kajÿc to x teÐnei sto ∞

’Otan to ∞ eÐnai shmeÐo susswreÔsewc, tìte orÐzetai to ìrio thc sunĹrthshc f(x) kajÿc to x teÐnei sto ∞, wc exăc:

90 Sunartăseic

Orismìc 3.8.6Lème ìti to ìrio thc f(x) eÐnai to l ∈ R kajÿc to x teÐnei sto ∞, kai sumbolÐzoume lim_{x→∞} f(x) = l,

ìtan gia kĹje ε > 0 upĹrqei M(ε) > 0, ÿste gia kĹje x sto pedÐo orismoÔ thc f(x) me x > M(ε) na isqÔei |f(x) − l| < ε.

Me sumbolismoÔc o Orismìc 3.8.6 eÐnai

lim_{x→∞} f(x) = l ⇔ ∀ε > 0, ∃M(ε) > 0 : ∀x > M(ε) ⇒ |f(x) − l| < ε. (3.38)

Sth sunèqeia dÐnoume kai touc upìloipouc orismoÔc me sumbolismoÔc. lim x→−∞ f(x) = l ⇔ ∀ε > 0, ∃M(ε) > 0 : ∀x < −M(ε) ⇒ |f(x) − l| < ε.

lim_{x→∞} f(x) = ∞ ⇔ ∀ε > 0, ∃M(ε) > 0 : ∀x > M(N) ⇒ f(x) > 1 ε . lim x→−∞ f(x) = ∞ ⇔ ∀ε > 0, ∃M(ε) > 0 : ∀x < −M(N) ⇒ f(x) > 1 ε . lim_{x→∞} f(x) = −∞ ⇔ ∀ε > 0, ∃M(ε) > 0 : ∀x > M(N) ⇒ f(x) < − 1 ε . lim x→−∞ f(x) = −∞ ⇔ ∀ε > 0, ∃M(ε) > 0 : ∀x < −M(N) ⇒ f(x) < − 1 ε .

ParĹdeigma 3.13DeÐxte ìti, an f(x) =^{2x−1}_{x+1} , lim x→+∞

f(x) = 2.

LÔsh ’Estw tuqaÐo ε > 0 gia to opoÐo isqÔei |f(x) − 2| < ε kai gia jewrÿntac ìti x > 0, afoÔ x → +∞, ja deÐxoume ìti prĹgmati upĹrqei kĹpoio M(ε) > 0 tètoio ÿste ∀x ∈ A(f) = R \ {−1}, x > M(ε) ⇒ |f(x) − 2| < ε.

|f(x) − 2| < ε ⇔ |

2x − 1 x + 1

− 2| < ε ⇔ |

2x − 1 − 2x − 2 x + 1

| < e ⇔

| −3 x + 1

| < ε ⇔ 3 x + 1

< ε ⇔ x > 3 ε − 1.

ArkeÐ loipìn na pĹroume wc M(ε) to^{3−ε}_ε .

MAJHMATIKA I 91

ParĹdeigma 3.14DeÐxte ìti, an f(x) =^1_x

a) lim_{x→∞} f(x) = 0, b) lim_{x→0+} f(x) = ∞, c) lim_{x→0−} f(x) = −∞.

LÔsh a) ’Estw tuqaÐo ε > 0 gia to opoÐo isqÔei |f(x)| < ε. Ja deÐxoume ìti prĹgmati upĹrqei kĹpoio M(ε) > 0 tètoio ÿste ∀x ∈ A(f) = R \ {0}, x > M(ε) ⇒ |f(x)| < ε. AfoÔ x → ∞, jewroÔme ìti x > 0, opìte

|f(x)| < ε ⇔ 1 x < ε ⇔ x > 1 ε . ArkeÐ loipìn na pĹroume wc M(ε) to^1_ε .

b) ’Estw tuqaÐo ε > 0 gia to opoÐo isqÔei f(x) >^1_ε . Ja deÐxoume ìti prĹgmati upĹrqei kĹpoio δ(ε) > 0 tètoio ÿste ∀x ∈ A(f) = R \ {0}, 0 < x < δ(ε) ⇒ f(x) >^1_ε . f(x) > 1 ε ⇔ 1 x > 1 ε ⇔ 0 < x < ε.

ArkeÐ loipìn na pĹroume wc δ(ε) to ε. To c) apodeiknÔetai parìmoia.

3.8.3 Jewrămata kai idiìthtec twn orÐwn

Stic prohgoÔmenec paragrĹfouc eÐdame ta ìria sunartăsewn mèsa apì touc orismoÔc. H eÔresă touc kai h apìdeixă touc eÐnai mia diadikasÐa dÔskolh kai gifl autì èqei protajeÐ mia seirĹ klasikÿn JewrhmĹtwn kai idiotătwn pou dieukolÔnoun th diadikasÐa aută.

Prìtash 3.8.7An h sunĹrthsh f(x) eÐnai fragmènh se mia perioqă tou x_0 kai lim_{x→x0} g(x) = 0, tìte

lim_{x→x0} (f(x)g(x)) = 0.

Apìdeixh: AfoÔ h f(x) eÐnai fragmènh se mia perioqă tou x_0, tìte ja eÐnai kai apolÔtwc fragmènh, opìte gia katĹllhlh perioqă ja isqÔei |f(x)| < M. EpÐshc gia katĹllhlh perioqă (poiĹ?) ja isqÔei |g(x)| <^ε_M . ’Etsi, telikĹ

92 Sunartăseic

upĹrqei perioqă (poiĹ?) pou isqÔei |f(x)g(x)| < ε. □

Ta epìmena Jewrămata pou dÐnontai qwrÐc apìdeixh ta èqoume dei kai stic akoloujÐec. EÐnai shmantikĹ kai mac epitrèpoun na bgĹzoume sumperĹsmata gia to ìrio miac sunĹrthshc, mèsa apì Ĺllec sunartăseic.

Jeÿrhma 3.8.8’Estw ìti lim_{x→x0} f(x) = k, lim_{x→x0} g(x) = l kai x_0 shmeÐo susswreÔsewc sto koinì pedÐo orismoÔ touc, tìte kai efìson oi prĹxeic epitrèpontai,

lim_{x→x0} (h(x) + g(x)) = k + l,

lim_{x→x0} (h(x) − g(x)) = k − l,

lim_{x→x0} (h(x) · g(x)) = k, ·l

lim_{x→x0} h(x) g(x) = k l , l ≠ 0.

Paratărhsh 3.8.1’Eqontac upìyh ìti lim_{x→x0} k = k kai lim_{x→x0} x = x_0 (apodeiknÔontai polÔ eÔkola) kai me bĹsh to Jeÿrhma 3.8.8 mporoÔme na broÔme ta ìria poluwnumikÿn allĹ kai rhtÿn sunartăsewn. ExĹllou sqetikèc mejodologÐec eÐnai gnwstèc apì to LÔkeio.

Jeÿrhma 3.8.9’Estw duo sunartăseic f(x) kai g(x) gia tic opoÐec orÐzetai h sÔnjesh (f ∘ g)(x)^. an gia tic duo sunartăseic isqÔei ìti f(x) ≠ ξ se mia perioqă tou x_0, lim_{x→x0} f(x) = ξ kai lim_{x→ξ} g(x) = l, tìte

lim_{x→x0} (f ∘ g)(x) = lim_{x→x0} f(g(x)) = l. (3.39)

Jeÿrhma 3.8.10’Estw ìti f(x) ≤ h(x) ≤ g(x), x_0 shmeÐo susswreÔsewc gia to koinì pedÐo orismoÔ touc kai lim_{x→x0} f(x) = l = lim_{x→x0} g(x), tìte

lim_{x→x0} h(x) = l.

MAJHMATIKA I 93

Sqăma 3.19: SqetikĹ me to lim_{x→0}^{sin x}_x .

ParĹdeigma 3.15Na deiqtoÔn oi epìmenec isìthtec: 1) lim_{x→0} sin x = 0, lim_{x→0} cos x = 1, 2) lim_{x→x0} sin x = sin x_0, lim_{x→x0} cos x = cos x_0,

3) lim_{x→0} sin x x = 1, lim_{x→0} x tan x

= 1.

LÔsh 1) EÔkola diapistÿnei kaneÐc (bl. kai Sqăma 3.19) ìti −|x| < sin x < |x|, opìte apì to Jeÿrhma 3.8.10 prokÔptei lim_{x→0} sin x = 0. Apì th gnwstă trigwnometrikă tautìthta cos x = √ 1 − sin^2 x kai to Jeÿrhma 3.8.8 paÐrnoume lim_{x→0} cos x = 1.

2) Apì tic trigwnometrikèc tautìthtec ajroÐsmatoc tìxwn prokÔptei lim_{x→x0} sin x = lim_{h→0} sin (x_0 + h) = lim_{h→0} (sin x_0 cos h + cos x_0 sin h) = sin x_0, lim_{x→x0} cos x = lim_{h→0} cos (x_0 + h) = lim_{h→0} (cos x_0 cos h − sin x_0 sin h) = cos x_0.

3) Gia x > 0, ìpwc faÐnetai sto Sqăma 3.19 Emb(OAB) <Emb(O.AxB) < Emb(OAΓ), opìte isodÔnama èqoume^1_2 R sin x <^1_2 Rx <^1_2 R tan x, aplopoiÿntac, diairÿntac me sin x kai antistrèfontac paÐrnoume cos x <^{sin x}_x < 1 kai apì to

94 Sunartăseic

Jeÿrhma 3.8.10 prokÔptei lim_{x→0}^{sin x}_x = 1. Gia x < 0, isqÔei

lim_{x→0} sin x x = lim_{x→0} sin (−|x|)

−|x|

= lim_{x→0}

− sin (|x|)

−|x|

= lim_{|x|→0} sin (|x|) |x| = 1 Wc Ĺskhsh na apodeiqteÐ lim_{x→0}^x_{tan x} = 1.

Prìtash 3.8.11’Estw duo sunartăseic f(x) kai g(x) gia tic opoÐec isqÔei ìti f(x) ≥ g(x) gia mia perioqă tou x_0 kai epiplèon upĹrqoun ta ìria lim_{x→x0} f(x) kai lim_{x→x0} g(x), tìte lim_{x→x0} f(x) ≥ lim_{x→x0} g(x).

Apìdeixh: ’Estw lim_{x→x0} f(x) = l_1 kai lim_{x→x0} g(x) = l_2 kai l_1 < l_2, tìte isqÔei

l_2 − l_1 > ε > 0 ⇒ l_2 − l_1 + f(x) − g(x) > ε > 0 ⇒ |l_2 − l_1 + f(x) − g(x)| > ε > 0 ⇒ |f(x) − l_1| + |g(x) − l_2| > ε > 0 (3.40)

EpÐshc upĹrqei mia koină perioqă tou x_0 (poiĹ?) pou ja isqÔei

|f(x) − l_1| < ε 2 kai |g(x) − l_2| < ε 2 ⇒ |f(x) − l_1| + |g(x) − l_2| < ε,

to opoÐo odhgeÐ se Ĺtopo. □ ’Omwc kai apì to ìrio mporoÔme na bgĹloume sumperĹsmata gia tic sunartăseic. ’Etsi, an lim_{x→x0} f(x) = l > 0, apì ton orismì tou orÐou me ε = l, paÐrnoume ìti ∃δ(l) > 0 : ∀x ∈ A_f , me |x − x_0| < δ(l) ⇒ |f(x) − l| < l ⇒ f(x) > 0, ∀x ∈ A_f , me |x − x_0| < δ(l),

to opoÐo mac dÐnei thn epìmenh prìtash.

Prìtash 3.8.12An lim_{x→x0} f(x) = l > 0, tìte upĹrqei mia perioqă tou x_0, ìpou h sunĹrthsh f(x) eÐnai jetikă.

MAJHMATIKA I 95

’Ena shmantikì Jeÿrhma eÐnai to epìmeno. OfeÐletai ston Heine kai sundèei to ìrio twn sunartăsewn me to ìrio twn akoloujiÿn. QrhsimopoieÐtai gia na broÔme to ìrio miac sunĹrthshc sfl èna shmeÐo, allĹ kai gia na deÐxoume ìti kĹpoia sunĹrthsh den èqei ìrio se kĹpoio shmeÐo. Prin ìmwc dÿsoume to Jeÿrhma, ac doÔme ta epìmena.

’Estw mia sunĹrthsh f(x) me pedÐo orismoÔ A(f), kai x_n mia akoloujÐa autoÔ (x_n ∈ A(f)). H akoloujÐa

f(x_1), f(x_2), f(x_3), . . . f(x_n) . . .

lègetai akoloujÐa timÿn thc sunĹrthshc f(x).

Jeÿrhma 3.8.13’Estw ξ èna shmeÐo susswreÔsewc sto pedÐo orismoÔ miac sunĹrthshc f(x), tìte lim_{x→ξ} f(x) = l, an kai mìnon an gia kĹje akoloujÐa x_n tou pedÐou orismoÔ thc f(x), me lim x_n = ξ, isqÔei lim f(x_n) = l.

ParĹdeigma 3.16DeÐxte ìti ta parakĹtw ìria den upĹrqoun^.

1) lim_{x→0+} sin 1 x , 2) lim_{x→0+} cos 1 x . LÔsh JewroÔme tic akoloujÐec x_n =^1_{2πn} kai y_n =^1_{2πn+} π_2 . Oi antÐstoiqec akoloujÐec timÿn eÐnai sin 1_1 2πn = sin 2πn = 0, n = 0, 1, 2, . . . sin 1_1

2πn+^π_2

= sin (2πn + π 2 ) = 1, n = 0, 1, 2, . . .

EÐnai fanerì ìti oi duo akoloujÐec timÿn pou dhmiourgăsame de sugklÐnoun sto Ðdio ìrio. Sunepÿc h sunĹrthsh de sugklÐnei. Me parìmoio trìpo apodeiknÔetai kai to 2).

ParĹdeigma 3.17DeÐxte ta parakĹtw ìria:

1) lim_{x→x0} a^x = a^{x0} , 2) lim_{x→∞} ( 1 + 1 x )_x = e. (3.41)

96 Sunartăseic

LÔsh Ja skiagrafăsoume th lÔsh stic duo periptÿseic. H oloklărwsh twn apodeÐxewn ja prèpei na gÐnei apì touc anagnÿstec. 1) ArqikĹ deÐqnoume ìti lim_{x→0} a^x = 1. JewroÔme tuqoÔsa akoloujÐa x_n → 0^+. AfoÔ lim x_n = 0, ja isqÔei kai^1_{xn} → ∞, opìte kai

[_1

x_n ] → ∞. ’Estw m_n =

[_1

x_n ] , opìte isqÔei x_n ≤^1_{mn} me 1 < a^{xn} ≤ a^{1m}n =^{mn} √ a → 1, afoÔ lim^n √ a = 1. EÔkola tÿra paÐrnoume ìti genikĹ isqÔei lim_{x→x0} (a^x − a^{x0} ) = lim_{x→x0} a^{x0} (a^{x−x0} − 1) = 0, opìte lim_{x→x0} a^x = a^{x0} .

2) Me lÐgh prosoqă parapĹnw mporoÔme na doÔme kai to Ĺllo ìrio. Tÿra ja jewrăsoume tuqaÐa akoloujÐa x_n → ∞. Gifl autăn isqÔei [x_n] ≤ x_n < [x_n] + 1 ă isodÔnama 1 + 1 [x_n] + 1

< 1 +^1_{xn} ≤ 1 + 1 [x_n] ⇔ ( 1 + 1 [x_n] + 1

)_{[xn]} < ( 1 +^1_{xn}

)_{xn} ≤ ( 1 + 1 [x_n]

)_{[xn]+1} ⇔ ( 1 + 1 [x_n] + 1

)_{−1}( 1 + 1 [x_n] + 1

)_{[xn]+1} < ( 1 +^1_{xn}

)_{xn} ≤ ( 1 + 1 [x_n]

)_{[xn]+1} . Apì ta Jewrămata (3.8.10) kai (3.8.13) sumperaÐnoume ìti lim_{x→∞} ( 1 +^1_x

)_x

= e.

3.9 Sunèqeia sunartăsewn

H ènnoia thc sunèqeiac eÐnai Ðswc apì tic plèon shmantikèc, tìso sto jewrhtikì, ìso kai ston praktikì tomèa. Wstìso eÐnai mĹllon paramelhmènh apì touc mh muhmènouc qrăstec twn majhmatikÿn. EÐnai stenĹ sundedemènh me th grafikă parĹstash thc sunĹrthshc kai epomènwc me th gewmetrÐa kai metafrĹzetai apì polloÔc wc monokontuliĹ.

3.9.1 OrismoÐ kai Idiìthtec

Orismìc 3.9.1Mia sunĹrthsh f(x) lème ìti eÐnai suneqăc sto shmeÐo x_0, tou pedÐou orismoÔ thc, an lim_{x→x0} f(x) = f(x_0).

MAJHMATIKA I 97

’Opwc faÐnetai apì to orismì, gia na milĹme gia sunèqeia sfl èna shmeÐo tou pedÐou orismoÔ thc sunĹrthshc, prèpei afenìc na orÐzetai h sunĹrthsh sto sugkekrimèno shmeÐo kai afetèrou na upĹrqei to ìrio. ’Etsi, ek prooimÐou se shmeÐa pou den orÐzetai h sunĹrthsh den mporoÔme na milĹme gia sunèqeia. EpÐshc den mporoÔme na milĹme gia sunèqeia se memonwmèna shmeÐa. Se periptÿseic pou eÐmaste upoqrewmènoi na paÐrnoume pleurikĹ ìria, tìte mporoÔme na milĹme gia pleurikă sunèqeia, ìtan kĹpoio apì ta pleurikĹ ìria isoÔtai me thn timă thc sunĹrthshc.

Paratărhsh 3.9.1PolloÐ suggrafeÐc dÐnontac ènan ε − δ orismì, katalăgoun se endiafèronta apotelèsmata ([2]), emeÐc ìmwc ja suneqÐsoume th melèth mac emmènontac ston Orismì 3.9.1.

ParĹdeigma 3.18Na melethjeÐ wc proc th sunèqeia sto shmeÐo x_0 = 0 h sunĹrthsh f(x) =

{_{1−cos x}

x^2 , x ≠ 0 1 2 , x = 0.

LÔsh H sunĹrthsă mac orÐzetai sto x_0 = 0 kai mĹlista f(0) =^1_2 . EpÐshc

lim_{x→0} f(x) = lim_{x→0}

1 − cos x x^2

= lim_{x→0}

1 − cos^2 x x^2(1 + cos x)

= lim_{x→0} sin^2 x x^2 1 (1 + cos x) = 1 2 kai afoÔ lim_{x→0} f(x) = f(0), h sunĹrthsh eÐnai suneqăc sto x_0 = 0.

Orismìc 3.9.2Mia sunĹrthsh f(x) lème ìti eÐnai suneqăc sunĹrthsh, ìtan eÐnai suneqăc se kĹje shmeÐo tou pedÐou orismoÔ thc.

Me ton parapĹnw orismì genikeÔoume ton Orismì 3.9.1 kai epomènwc dÐnoume kĹti polÔ pio isqurì wc ergaleÐo melèthc. EÔkola mporoÔme na apodeÐxoume ìti Jeÿrhma 3.9.3An duo sunartăseic f(x) kai g(x) eÐnai suneqeÐc sto pedÐo orismoÔ touc, pou orÐzontai oi epìmenec prĹxeic, tìte eÐnai suneqeÐc kai autèc, dhl. eÐnai suneqeÐc oi f(x) ± g(x), f(x) · g(x), ∀ x ∈ A_f ∩ A_g, f(x) g(x)

, ∀ x ∈ A_f ∩ A_g, me g(x) ≠ 0,

(f ∘ g)(x) = f(g(x)), ∀ x ∈ A_{f∘g}.

98 Sunartăseic

H paratărhsh (3.8.1) kai ta paradeÐgmata (3.15) (3.17) deÐqnoun ìti oi basikèc aplèc sunartăseic eÐnai suneqeÐc sunartăseic, opìte, mazÐ me to Jeÿrhma 3.9.3, mporoÔme na sumperĹnoume gia th sunèqeia twn poluwnumikÿn, twn rhtÿn, ektìc twn shmeÐwn pou mhdenÐzetai o paronomastăc touc, kai gia èna plăjoc Ĺllwn perissìtero polÔplokwn sunartăsewn.

Jeÿrhma 3.9.4An h sunĹrthsh f(x) me A_f = [a, b], eÐnai suneqăc kai monìtonh, tìte kai h antÐstrofh autăc upĹrqei kai eÐnai suneqăc kai monìtonh.

Apìdeixh: H Ôparxh thc antÐstrofhc kai thc monotonÐac prokÔptei apì thn paratărhsh (3.3.4).

AfoÔ h f(x) eÐnai suneqăc sto x_0, tìte gia kĹje akoloujÐa x_n, me lim x_n = x_0 ja isqÔei lim f(x_n) = f(x_0). ’Estw tÿra ìti h f^{−1}(y) den eÐnai suneqăc sto shmeÐo f(x_0). Ac eÐnai y_n mia akoloujÐa tou f(A_f ) me lim y_n = f(x_0), thc opoÐac h akoloujÐa timÿn f^{−1}(y_n) de sugklÐnei sto f^{−1}(f(x_0) = x_0, tìte, epeidă oi timèc f^{−1}(y_n) anăkoun sto [a, b], aută ja eÐnai fragmènh. Apì to Jeÿrhma 2.2.13 upĹrqei mia upakoloujÐa autăc, èstw h f^{−1}(y^∗_n) = x^∗_n, h opoÐa sugklÐnei se kĹpoio shmeÐo, p.q. to x^′ ≠ x_0.

AntÐstrofa tÿra, lim x^∗_n = x^′, afoÔ h f(x) eÐnai suneqăc ja èqoume lim f(x^∗_n) = lim y^∗_n = f(x^′), epÐshc, afoÔ h y^∗_n eÐnai upakoloujÐa thc y_n ja isqÔei lim y^∗_n = f(x_0) Ĺtopo.

3.9.2 ShmantikĹ jewrămata thc sunèqeiac

ShmantikĹ jewrămata sqetikĹ me th sumperiforĹ miac sunĹrthshc isqÔoun, ìtan aută eÐnai suneqăc se kĹpoio shmeÐo ă kĹpoio diĹsthma. Gia parĹdeigma, an gnwrÐzoume ìti h f(x) eÐnai suneqăc sto shmeÐo x_0 kai epiplèon ìti f(x_0) > 0, tìte, efarmìzontac ta sumperĹsmata thc Prìtashc 3.8.12 èqoume to epìmeno Jeÿrhma.

Jeÿrhma 3.9.5An h sunĹrthsh f(x) eÐnai suneqăc sto shmeÐo x_0 kai epiplèon f(x_0) > 0, tìte upĹrqei mia perioqă tou x_0 ìpou h sunĹrthsh f(x) eÐnai jetikă.

MAJHMATIKA I 99

Sqăma 3.20: To Jeÿrhma tou Bolzano.

Ta duo epìmena Jewrămata, ek twn opoÐwn to èna eÐnai to Jeÿrhma tou Bolzano, eÐnai iswc apì ta plèon shmantikĹ Jewrămata kai gnwstĹ apì to LÔkeio. Gia thn apìdeixă touc qreiazìmaste Ôlh pou xefeÔgei apì touc skopoÔc tou parìntoc, ìsoi, ìmwc, epijumoÔn na doun thn apìdeixh, ac katafÔgoun sta ([7],[2]).

Jeÿrhma 3.9.6(Jeÿrhma mègisthc kai elĹqisthc timăc). An h sunĹrthsh f(x) eÐnai orismènh kai suneqăc sto diĹsthma [a, b], tìte h f(x) eÐnai fragmènh sto [a, b] kai epiplèon paÐrnei mègisth kai elĹqisth timă sfl autì.

Jeÿrhma 3.9.7(Jeÿrhma tou Bolzano). An h sunĹrthsh f(x) eÐnai orismènh kai suneqăc sto diĹsthma [a, b] kai epiplèon isqÔei f(a)f(b) < 0, tìte upĹrqei x_0 ∈ (a, b), ÿste f(x_0) = 0.

Parathrăste ìti telikĹ h sunĹrthsh prèpei na eÐnai orismènh sto kleistì diĹsthma [a, b] kai na eÐnai suneqăc pantoÔ. H monadikìthta tou shmeÐou x_0 ∈ (a, b) den exasfalÐzetai apì to Jeÿrhma. Gia parĹdeigma sto Sqăma 3.20 upĹrqoun perissìtera shmeÐa pou mhdenÐzoun th sunĹrthsh kai epiplèon h sunĹrthsh

100 Sunartăseic

paÐrnei thn timă mhdèn gia olìklhro diĹsthma.

Jewrÿntac ìti h sunĹrthsh f(x) eÐnai orismènh kai suneqăc sto diĹsthma [a, b] kai epiplèon isqÔei f(a) < f(b), tìte gia kĹje c ∈ (f(a), f(b)) mporoÔme na jewrăsoume th sunĹrthsh g(x) = f(x) − c, h opoÐa plhroÐ to Jeÿrhma tou Bolzano kai epomènwc upĹrqei x_0 ∈ (a, b), ÿste f(x_0) = c. ’Etsi mporoÔme na apodeÐxoume to epìmeno Jeÿrhma

Jeÿrhma 3.9.8(Jeÿrhma twn endiĹmeswn timÿn). An h sunĹrthsh f(x) eÐnai orismènh kai suneqăc sto diĹsthma [a, b] kai paÐrnei duo timèc c kai d sto R, tìte paÐrnei kĹje timă sto diĹsthma [c, d].

ShmantikĹ Jewrămata thc Ĺlgebrac mporoÔn plèon eÔkola na apodeiqtoÔn ìpwc faÐnetai stic askăseic (3.12, 3.13), kai mia spoudaÐa arijmhtikă mèjodoc eÔreshc thc rÐzac proteÐnetai sthn epìmenh parĹgrafo.

3.9.3 H mèjodoc thc diqotìmhshc

H plèon aplă mèjodoc eÔreshc rÐzac exÐswshc eÐnai h mèjodoc thc diqotìmhshc. H mèjodoc aută sthrÐzetai sto Jeÿrhma 3.9.7 pou proanafèrame, gifl autì kai pollèc forèc anafèretai wc mèjodoc tou Bolzano. JewroÔme th suneqă sunĹrthsh f(x), x ∈ [a, b] ⊂ R, me f(a)f(b) < 0. Apì to Jeÿrhma 3.9.7 ja upĹrqei mÐa toulĹqiston rÐza ξ ∈ (a, b). Gia thn perigrafă thc mejìdou ja upojèsoume epiplèon ìti h rÐza aută eÐnai monadikă sto diĹsthma autì. Se antÐjeth perÐptwsh, qreiĹzetai idiaÐterh prosoqă gia thn efarmogă thc mejìdou. Eklègoume to shmeÐo x_0 =^{a+b}_2 kai elègqoume thn timă thc f(x_0). Duo periptÿseic upĹrqoun: a)f(x_0) = 0, sthn perÐptwsh aută to prìblhma èqei lujeÐ, afoÔ brăkame thn rÐza kai b)f(x_0) ≠ 0, sthn perÐptwsh aută jewroÔme ìti h timă x_0 eÐnai mia prosèggish thc rÐzac mac. EĹn briskìmaste sth deÔterh perÐptwsh, tìte to shmeÐo x_0 me èna apì ta Ĺkra tou prohgoÔmenou diastămatoc orÐzoun èna kainoÔrgio diĹsthma, sto opoÐo brÐsketai h rÐza mac. Upojètontac ìti to Ĺkro autì eÐnai to a kai jètontac a_1 = a kai b_1 = x_0, orÐzetai to diĹsthma [a_1, b_1] ⊂ [a_0 = a, b_0 = b], sto opoÐo brÐsketai h rÐza thc exÐswsăc mac. Eklègoume tÿra to shmeÐo x_1 =^{a1+b1}_2 kai efarmìzoume thn prohgoÔmenh diadikasÐa, opìte orÐzetai me autìn ton trìpo èna kainoÔrgio diĹsthma [a_2, b_2] ⊂ [a_1, b_1], sto opoÐo brÐsketai h rÐza ξ kai èna kainoÔrgio x_2 =^{a2+b2}_2 k.o.k. H parapĹnw diadikasÐa orÐzei mia akoloujÐa x_n, h opoÐa sugklÐnei sth rÐza ξ.

MAJHMATIKA I 101

PrĹgmati, epeidă isqÔei

|x_n − ξ| ≤ 1 2 |a_n − b_n| = 1 2^2

|a_{n−1} − b_{n−1}| = 1 2^3

|a_{n−2} − b_{n−2}| (3.42) . . = 1 2^{n+1}

|a − b|

kai lim^1_{2n} = 0, sumperaÐnoume ìti lim x_n = ξ.

ParĹdeigma 3.19Na gÐnoun pènte epanalăyeic thc mejìdou thc diqotìmhshc gia thn eÔresh thc √ 5. LÔsh H √ 5 eÐnai h jetikă rÐza thc exÐswshc f(x) = x^2 − 5 = 0. EÐnai eÔkolo na diapistwjeÐ ìti f(2.2) = 4.84 − 5 = −0.16 < 0, enÿ f(2.5) = 6.25 − 5 = 1.25 > 0. Epomènwc, h rÐza mac brÐsketai sto diĹsthma [a, b] = [2.2, 2.5]. Gia th mejìdeush thc diadikasÐac me qartÐ kai molÔbi proteÐnoume ton parakĹtw pÐnaka. Sthn prÿth stălh grĹfoume ta bămata, sth deÔterh kai trÐth tic timèc twn a_i kai b_i, tèloc sthn tètarth kai pèmpth tic timèc twn x_i kai f(x_i) antÐstoiqa.

băma a_i(−) b_i(+) x_i =^{ai+bi}_2 f(x_i) 0 2.2 2.5 2.35 0.5225 1 2.2 2.35 2.275 0.175625 2 2.2 2.275 2.2375 0.00640625 3 2.2 2.2375 2.21875 −0.077148438 4 2.21875 2.2375 2.228125 −0.035458984 5 2.228125 2.2375 2.2328125 −0.01454834

Jewrÿntac san proseggistikă timă thc rÐzac mac thn teleutaÐa timă (ξ^∗ = x_5), ja èqoume |ξ^∗ − ξ| < 0.5 · |a_5 − b_5| = · · · = 0.0046 < 0.5 · 10^{−2}, to opoÐo shmaÐnei ìti proseggÐzoume th rÐza mac se dÔo dekadikĹ yhfÐa.

H mèjodoc thc diqotìmhshc eÐnai h monadikă mèjodoc gia thn eÔresh rÐzac, sthn opoÐa mporoÔme na upologÐsoume apì prin ton arijmì twn epanalăyewn

102 Sunartăseic

gia thn epijumhtă prosèggish. PrĹgmati, an upojèsoume ìti epijumoÔme na proseggÐsoume th rÐza kĹpoiac exÐswshc me akrÐbeia ε, apì th sqèsh (3.42) ja èqoume:

|ξ^∗ − ξ| = |x_n − ξ| ≤ 1 2^{n+1}

|a − b|, arkeÐ 1 2^{n+1}

|a − b| ≤ ε |a − b| ε ≤ 2^{n+1} (3.43) ln( |a − b| ε ) ≤ (n + 1) ln 2

(n + 1) ≥ (ln 2)^{−1} ln(

|a − b| ε ) n ≥ (ln 2)^{−1} ln(

|a − b| ε ) − 1.

ParĹdeigma 3.20Na upologisjoÔn oi epanalăyeic n, pou qreiĹzetai h mèjodoc thc diqotìmhshc gia thn eÔresh thc^3 √ 5 me akrÐbeia 5 dekadikĹ yhfÐa.

LÔsh H^3 √ 5 eÐnai h pragmatikă rÐza thc exÐswshc f(x) = x^3 − 5 = 0. EÐnai eÔkolo na diapistwjeÐ ìti f(1) = 1 − 5 = −4 < 0, enÿ f(2) = 8 − 5 = 3 > 0. Epomènwc, h rÐza mac brÐsketai sto diĹsthma [a, b] = [1, 2]. Apì thn (3.43) me a = 1, b = 2 kai ε = 0.5 · 10^{−5} èqoume ìti

n ≥ (ln 2)^{−1} ln

(|a − b| ε ) − 1 ≈ 16.6096

Epomènwc, o akribăc arijmìc epanalăyewn eÐnai n = 17. EÐnai fanerì ìti gia thn epÐlush thc exÐswshc me ton parapĹnw trìpo qreiazìmaste plèon Hlektronikì Upologistă kai opoiadăpote glÿssa programmatismoÔ.

Askăseic

’Askhsh 3.1SqediĹste tic eujeÐec:

a) y = −2x + 6, b) y = x − 2, c) y = 0.5x − 3, me A = [−2, 4).

MAJHMATIKA I 103

’Askhsh 3.2BreÐte thn eujeÐa pou pernĹ apì ta shmeÐa P_0(x_0, y_0) kai P_1(x_1, y_1). Na breÐte thn eujeÐa pou pernĹ apì to shmeÐo P_0(x_0, y_0) kai èqei lìgo λ.

’Askhsh 3.3DeÐxte ìti stic kĹjetec eujeÐec oi klÐseic touc èqoun ginìmeno −1. Dhl. gia tic eujeÐec

y = ax + b kai y = a^′x + b^′, èqoume aa^′ = −1.

’Askhsh 3.4DeÐxte tic tautìthtec twn uperbolikÿn sunartăsewn. Na gÐnoun oi grafikèc parastĹseic twn antÐstrofwn twn uperbolikÿn sunartăsewn.

’Askhsh 3.5KĹnte th grafikă parĹstash thc kampÔlhc x = a cos^3 θ, y = a sin^3 θ, qrhsimopoiÿntac to Gnuplot. Sth sunèqeia na breÐte thn analutikă exÐswsh autăc.

’Askhsh 3.6BreÐte mia perioqă 0 < |x − 3| < δ, ÿste h apìluth timă thc diaforĹc twn timÿn^{2x−2}_{x+1} kai 1 na eÐnai mikrìterh tou^1_{1000} .

’Askhsh 3.7BreÐte ta ìria:

1) lim_{x→2} x − 4 x^2 − 5x + 4

, 2) lim_{x→−3} x^2 + 4x + 3 x − 3

, 3) lim_{x→−3} x^2 + 4x + 3 x + 3 . ’Askhsh 3.8BreÐte ta ìria:

1) lim_{x→∞} x − 5 x^2 − 2x + 4

, 2) lim_{x→−∞} x^3 + 3 x^3 − 3

, 3) lim_{x→2+} x^2 + 3x − 10 x + 3 , 4) lim_{x→2−} x^2 + 3x − 10 x − 2

, 5) lim_{x→2+} x x − 2 . ’Askhsh 3.9Qrhsimopoiÿntac thn Prìtash 3.8.11 apodeÐxte ìti: 1) an h f(x) > 0 se mia perioqă tou x_0, tìte lim_{x→x0} f(x) ≥ 0, 2) an h f(x) eÐnai fragmènh se mia perioqă tou x_0, tìte ϕ_1 ≤ lim_{x→x0} f(x) ≤ ϕ_2, ìpou ϕ_1 kai ϕ_2 ta duo frĹgmata.

’Askhsh 3.10JewroÔme th sunĹrthsh f(x) me x ∈ [a, ∞). DeÐxte ìti an h f eÐnai aÔxousa kai fragmènh, tìte lim_{x→∞} f(x) ∈ R

104 Sunartăseic ’Askhsh 3.11AfoÔ apodeÐxete thn anisìthta 1 <^{ex−1}_x <^1_{1−x} , apodeÐxte ìti lim_{x→0} e^x − 1 x = 1, lim_{x→1} ln x x − 1

= 1.

’Askhsh 3.12ApodeÐxte ìti kĹje poluÿnumo perittoÔ bajmoÔ èqei toulĹqiston mia rÐza pragmatikă.

’Askhsh 3.13ApodeÐxte ìti kĹje poluÿnumo Ĺrtiou bajmoÔ me suntelestă tou megistobĹjmiou ìrou thn monĹda, èqei elĹqisto.

’Askhsh 3.14ApodeÐxte ìti gia kĹje suneqă sunĹrthsh f isqÔei lim_{x→x0} f(ξ) = f(x_0), ∀ξ ∈ (x, x_0) ă ξ ∈ (x_0, x). .

ParĹgwgoc

4.1 GenikĹ

Gia tic sunartăseic eÐpame ìti eÐnai nìmoi, kanìnec pou sundèoun ta stoiqeÐa duo sunìlwn. Ektìc apì ton trìpo pou sundèontai ta stoiqeÐa twn sunìlwn, pollèc forèc mac endiafèrei kĹti perissìtero, mac endiafèrei to pÿc sumperifèrontai autĹ, pÿc metabĹllontai. ’Etsi, loipìn, mia metabolă thc anexĹrththc metablhtăc x apì x_0 se x_1 katĹ Δx = x_1 − x_0, epifèrei mia metabolă sthn anexĹrthth metablhtă y apì y_0 = f(x_0) se y_1 = f(x_1) = f(x_0 + Δx) katĹ Δy = y_1 − y_0. H posostiaÐa metabolă thc exarthmènhc metablhtăc y sto shmeÐo x_0, dhl. o lìgoc Δy Δx = y_1 − y_0 x_1 − x_0 = f(x_0 + Δx) − f(x_0) Δx èqei pollĹ onìmata, anĹloga me to poÔ qrhsimopoieÐtai. Sth Fusikă, gia parĹdeigma, ìtan meletĹme kÐnhsh, lègetai mèsh taqÔthta, sth BiologÐa, ìtan meletĹme plhjusmoÔc, lègetai rujmìc metabolăc, sthn OikonomÐa, ìtan meletĹme to kìstoc paragwgăc, mèsh metabolă kìstouc, sta MajhmatikĹ, ìtan meletĹme th sunĹrthsh, ekfrĹzei thn klÐsh thc tèmnousac thc kampÔlhc sta shmeÐa A(x_0, y_0), B(x_1, y_1). ’Omwc, to mègejoc pou mìlic eÐdame eÐnai exairetikĹ genikì kai mĹllon den endeÐknutai wc mètro thc metabolăc. EkeÐno pou ja taÐriaze wc mètro, gia th leptomereiakă perigrafă tou ìpoiou fainomènou, ja prèpei na eÐnai kĹti pou ja èqei na kĹnei me to stigmiaÐo, p.q. stigmiaÐa taqÔthta, stigmiaÐoc rujmìc metabolăc tou plhjusmoÔ, oriakì kìstoc kai mĹlista th stigmă pou briskìmaste sto shmeÐo x_0. Autì, akribÿc, ja perigrĹyoume sthn epìmenh parĹgrafo.

106 ParĹgwgoc

4.2 Orismìc kai ermhneÐa thc paragÿgou

4.2.1 O Orismìc thc paragÿgou

Orismìc 4.2.1Gia th sunĹrthsh f(x) pou eÐnai orismènh sfl èna uposÔnolo twn pragmatikÿn arijmÿn Δ, ìtan to

lim_{x→x0} f(x) − f(x_0)

x − x_0 upĹrqei kai eÐnai pragmatikìc arijmìc, tìte lème ìti h sunĹrthsh paragwgÐzetai sto x_0 kai to ìrio autì lègetai parĹgwgoc thc sunĹrthshc sto shmeÐo autì, sumbolÐzetai de me f^′(x_0).

AfoÔ h parĹgwgoc eÐnai ìrio miac sunĹrthshc se kĹpoio shmeÐo, profanÿc ja eÐnai monadikă sto shmeÐo autì. EpÐshc afoÔ eÐnai ìrio, ja isqÔoun ta sqetikĹ perÐ pleurikÿn orÐwn, dhl. ja orÐzetai h aristeră kai dexiĹ parĹgwgoc miac sunĹrthshc sto shmeÐo x_0, ètsi

f^′_−(x_0) = lim_{x→x−0} f(x) − f(x_0)

x − x_0

, f^′_+(x_0) = lim_{x→x+0} f(x) − f(x_0) x − x_0 . Apì ton orismì, gia mia sunĹrthsh pou paragwgÐzetai sto shmeÐo x_0, kĹpoioc ja mporoÔse na sumperĹnei ìti:

• H sunĹrthsh orÐzetai sto shmeÐo x_0.

• To shmeÐo x_0 eÐnai shmeÐo susswreÔsewc.

• To ìti f^′(x_0) ∈ R sunepĹgetai ìti h sunĹrthsh eÐnai suneqăc sto x_0, afoÔ h sqèsh lim_{x→x0} (f(x) − f(x_0)) ≠ 0 ja odhgoÔse se Ĺtopo (giatÐ?). To antÐstrofo den isqÔei, ìpwc faÐnetai sto epìmeno parĹdeigma.

• Sto tuqaÐo shmeÐo x_0 ja isqÔei Δy Δx = f^′(x_0) + s(x), ìpou lim_{x→x0} s(x) = 0 (4.1) ă isodÔnama Δy = (f^′(x_0) + s(x))Δx, me lim_{x→x0} s(x) = 0 (4.2)

MAJHMATIKA I 107

ParĹdeigma 4.1Na deiqteÐ ìti h sunĹrthsh

f(x) = { x^3, x < 1 (x − 2)^2, x ≥ 1

eÐnai suneqăc sto shmeÐo x_0 = 1, ìqi ìmwc kai paragwgÐsimh.

LÔsh PrĹgmati, h sunĹrthsh eÐnai suneqăc, afoÔ

lim_{x→1−} f(x) = lim_{x→1−} x^3 = 1 = lim_{x→1+} (x − 2)^2 = lim_{x→1+} f(x) = f(1),

enÿ h sunĹrthsh den eÐnai paragwgÐsimh, afoÔ

f^′_−(1) = lim_{x→1−} x^3 − 1 x − 1

= 3 ≠ −2 = lim_{x→1−}

(x − 2)^2 − 1 x − 1

= f^′_+(1).

’Otan h sunĹrthsh f(x) paragwgÐzetai se kĹje shmeÐo tou pedÐou orismoÔ thc, lème ìti eÐnai paragwgÐsimh sfl autì kai mĹlista h sunĹrthsh pou dhmiourgeÐtai, ìtan se kĹje shmeÐo x_0 antistoiqÐsoume thn timă thc paragÿgou thc, lègetai parĹgwgoc thc f(x) kai sumbolÐzetai me

f^′(x) ă df(x) dx ă d dx f(x).

H parĹgwgoc miac sunĹrthshc eÐnai sunĹrthsh kai wc ek toÔtou sumperifèretai kai meletĹtai wc sunĹrthsh. ’Etsi, eÐnai dunatìn na paragwgÐzetai ek nèou, opìte èqoume thn parĹgwgo deÔterhc tĹxhc, trÐthc tĹxhc k.o.k. Oi sumbolismoÐ thc deÔterhc, trÐthc tĹxhc k.o.k. eÐnai:

f^{′′}(x) ă d^2f(x) dx^2 ă d^2 dx^2 f(x),

f^{′′′}(x) ă d^3f(x) dx^3 ă d^3 dx^3 f(x),

f^{(4)}(x) ă d^4f(x) dx^4 ă d^4 dx^4 f(x),

f^{(5)}(x), f^{(6)}(x), . . .

108 ParĹgwgoc

Sqăma 4.21: H efaptomènh thc y = f(x).

4.2.2 H Gewmetrikă ermhneÐa thc paragÿgou

JewroÔme mia paragwgÐsimh, sto pedÐo orismoÔ thc, sunĹrthsh f(x) kai duo shmeÐa thc M(x_0, f(x_0)) kai N(x_1, f(x_1)). H eujeÐa pou pernĹ apì ta duo autĹ shmeÐa (tèmnousa) eÐnai gnwstì ìti èqei wc exÐswsh thn

y−f(x_0) = f(x_1) − f(x_0) x_1 − x_0

(x−x_0) ă y−f(x_0) = f(x_0 + h) − f(x_0) h (x−x_0), (4.3)

ìtan jèsoume to x_1 = x_0 + h. O lìgoc

f(x_1) − f(x_0) x_1 − x_0 = f(x_0 + h) − f(x_0) h eÐnai, profanÿc, h klÐsh autăc, ìpwc ădh èqei anaferjeÐ.

An jewrăsoume ìti to h → 0, tìte to x_1 → x_0 kai afoÔ jewrăsame ìti h sunĹrthsă mac eÐnai paragwgÐsimh kai epomènwc ja eÐnai kai suneqăc, tìte to f(x_1) → f(x_0). ’Etsi, to shmeÐo N → M, Sqăma 6.39, opìte ta duo shmeÐa teÐnoun na sumpèsoun. H eujeÐa pou orÐzetai mfl autìn ton trìpo lègetai efaptomènh thc kampÔlhc kai h exÐswsă thc eÐnai

y − f(x_0) = lim_{h→0} f(x_0 + h) − f(x_0) h (x − x_0), ă y = f^′(x_0)(x − x_0) + f(x_0). (4.4)

MAJHMATIKA I 109

Sqăma 4.22: H efaptomènh thc y =^3 √ x − 1 + 1 kai y = √ |x| sto 1 kai 0 antÐstoiqa.

EÐnai fanerì ìti, h klÐsh thc eujeÐac autăc, dhl. thc efaptomènhc thc kampÔlhc sto shmeÐo x_0, eÐnai f^′(x_0).

Sto Sqăma 4.22 dÐnetai to sqăma duo sugkekrimènwn suneqÿn sunartăsewn kai h efaptomènh stic grafikèc parastĹseic touc, me ton trìpo pou orÐsame parapĹnw. Wstìso, gia thn prÿth perÐptwsh èqoume

lim_{x→1} 3√ x − 1 + 1 − 1 x − 1

= lim_{x→1} 1 3√ (x − 1)^2

= ∞.

Sthn perÐptwsh aută, ìpwc kai sthn perÐptwsh pou ja brÐskame −∞, lème ìti h sunĹrthsh f(x) paragwgÐzetai katekdoqăn. Gia th deÔterh brÐskoume

lim_{x→0−} √ |x| x = −∞, lim_{x→0+} √ |x| x = ∞,

dhl. h sunĹrthsh den paragwgÐzetai oÔte katekdoqăn. Duo prĹgmata prèpei na prosèqoume sfl autèc tic akraÐec katastĹseic:

• Apì thn katekdoqăn parĹgwgo de sunĹgetai h sunèqeia, ìpwc faÐnetai sthn ’Askhsh 4.2.

110 ParĹgwgoc

• ’Otan milĹme gia efaptomènh thc grafikăc parĹstashc miac sunĹrthshc se kĹpoio shmeÐo, h sunĹrthsh ja prèpei na eÐnai suneqăc sfl autì to shmeÐo.

4.3 Idiìthtec twn paragÿgwn

Merikèc idiìthtec twn paragÿgwn eÐnai idiaÐtera qrăsimec gia thn eÔresh paragÿgwn twn sunartăsewn qwrÐc th qrăsh tou orismoÔ, pou den eÐnai pĹnta eÔkoloc sth qrăsh. Pollèc apì autèc èqoun deiqteÐ stic tĹxeic tou LukeÐou kai aplĹ ja tic anafèroume.

Jeÿrhma 4.3.1An duo sunartăseic f(x) kai g(x) eÐnai paragwgÐsimec sto koinì pedÐo orismoÔ touc, tìte isqÔei:

1) (f ± g)^′ = f^′ ± g^′, ∀x ∈ A_f ∩ A_g, 2) (f · g)^′ = f^′ · g + f · g^′, ∀x ∈ A_f ∩ A_g, 3) (f g )_′ = f^′ · g − f · g g^2 ′ , ∀x ∈ A_f ∩ A_g, me g(x) ≠ 0.

Apìdeixh: Ja deÐxoume mìno thn 3) kai ja meÐnoun oi Ĺllec wc Ĺskhsh. Sto tuqaÐo x_0, sto opoÐo plhroÔntai oi sqetikèc proôpojèseic, èqoume

lim_{x→x0} 1 x − x_0

(f(x)

g(x) − f(x_0) g(x_0) ) = lim_{x→x0} 1 x − x_0 f(x)g(x_0) − f(x_0)g(x) g(x) · g(x_0) = lim_{x→x0} 1 x − x_0 f(x)g(x_0) − f(x_0)g(x_0) + f(x_0)g(x_0) − f(x_0)g(x) g(x) · g(x_0) = lim_{x→x0} 1 g(x) · g(x_0) ( g(x_0) f(x) − f(x_0) x − x_0

+ f(x_0) g(x_0) − g(x) x − x_0 ) = f^′(x_0)g(x_0) − f(x_0)g^′(x_0) (g(x_0))^2 . □ Jeÿrhma 4.3.2An h sunĹrthsh f(x) eÐnai paragwgÐsimh sto A_f kai h sunĹrthsh g(y) eÐnai paragwgÐsimh sto A_g ∩ f(A_f ), tìte eÐnai paragwgÐsimh kai h (g ∘ f)(x) sto A_g ∩ f(A_f ) kai mĹlista isqÔei (g ∘ f)^′(x) = g^′_y(y) · f^′_x(x) = g^′_y(f(x)) · f^′_x(x).

MAJHMATIKA I 111

Apìdeixh: AfoÔ h sunĹrthsh y = f(x) eÐnai paragwgÐsimh sto tuqaÐo shmeÐo x_0, apì th sqèsh (4.2) ja isqÔei

Δy = (f^′(x_0) + a(x))Δx, me lim_{x→x0} a(x) = 0.

EpÐshc, afoÔ kai h sunĹrthsh z = g(y) eÐnai paragwgÐsimh sto shmeÐo y_0 = f(x_0) me Δy ≠ 0, ja isqÔei

Δz = (g^′(y_0) + b(y))Δy, me lim_{y→y0} b(y) = 0,

Antikajistÿntac tÿra apì thn prÿth sth deÔterh, diairÿntac me Δx kai paÐrnontac ìria prokÔptei

z^′(y(x_0)) = g^′(y_0)f^′(x_0) = g^′_y(f(x_0))f^′(x_0).

O prohgoÔmenoc tÔpoc isqÔei kai sthn perÐptwsh pou Δy = 0, opìte kai Δz = 0. Thn plărh apìdeixh mporeÐ kĹpoioc na brei sto ([7]). ’Etsi afoÔ isqÔei gia to tuqaÐo x_0, ja isqÔei genikĹ. □

Jeÿrhma 4.3.3An h sunĹrthsh y = f(x) eÐnai paragwgÐsimh sto A_f kai upĹrqei h antÐstrofă thc, tìte kai h antÐstrofh eÐnai paragwgÐsimh kai isqÔei

(f^{−1})^′(y) = 1 f^′(x(y)) .

Apìdeixh: ’Estw x(y) = f^{−1}(y) h antÐstrofh thc y = f(x), h opoÐa eÐnai suneqăc (Jeÿrhma 3.9.4). To ìti Δx → 0 sunepĹgetai ìti kai Δy → 0 kai antistrìfwc. ’Etsi, sto tuqaÐo shmeÐo y_0 = f(x_0) èqoume

x^′(y) = lim_{Δy→0} Δx Δy = lim_{Δx→0} 1 Δy Δx = 1 y^′(x) = 1 f^′(x(y)) . Prèpei, Ðswc, na shmeiÿsoume ìti sto tèloc ja prèpei na enallĹxoume tic metablhtèc, an qreiasteÐ, jètontac ìpou x to y kai ìpou y to x. □

112 ParĹgwgoc

4.4 ParĹgwgoi stoiqeiwdÿn sunartăsewn

EÐnai ădh gnwstì allĹ kai eÔkola mporeÐ na apodeiqteÐ ìti

(c)^′ = 0, (x)^′ = 1, (x^n)^′ = nx^{n−1}, ìtan n ∈ Z. (4.5)

Qrhsimopoiÿntac kĹpoioc th sqèsh (4.5) kai to Jeÿrhma 4.3.1 mporeÐ na paragwgÐzei poluwnumikèc sunartăseic allĹ kai rhtèc.

ParĹdeigma 4.2ParagwgÐste tic sunartăseic

1)f(x) = 2x^5 − 3x^2 + x − 10, 2)g(x) =

2x^3 − 3x x^2 + 1 . LÔsh

1) f^′(x) = (2x^5 − 3x^2 + x − 10)^′ = 10x^4 − 6x + 1

2) g^′(x) =

(2x^3 − 3x)^′(x^2 + 1) − (2x^3 − 3x)(x^2 + 1)^′ (x^2 + 1)^2 = (6x^2 − 3)(x^2 + 1) − (2x^3 − 3x)(2x) (x^2 + 1)^2 = 2x^4 + 9x^2 − 3 (x^2 + 1)^2 . Gia th logarijmikă sunĹrthsh y = ln x, kĹpoioc ja mporoÔse na skefteÐ wc exăc: Gia to tuqaÐo shmeÐo x_0, (x_0 > 0) tou pedÐou orismoÔ èqoume

y^′ = lim_{h→0} ln (x_0 + h) − ln x_0 h = lim_{h→0} 1 h (ln (x_0 + h) − ln x_0) = lim_{h→0} 1 h ln (1 + h x_0 ). PollaplasiĹzoume kai diairoÔme me x_0 kai tropopoioÔme katĹllhla to klĹsma thc parènjeshc, opìte paÐrnoume

y^′ = 1 x_0 lim_{h→0} x_0 h ln ( 1 + h x_0 ) = 1 x_0 lim_{h→0} x_0 h ln ( 1 + 1_x 0 h ) . Jètoume u =^{x0}_h kai parathroÔme ìti, ìtan h → 0, tìte to u → ∞, opìte paÐrnoume

y^′ = 1 x_0 lim_{u→∞} u ln ( 1 + 1 u ) = 1 x_0 lim_{u→∞} ln ( 1 + 1 u )_u = 1 x_0 ln e = 1 x_0 .

MAJHMATIKA I 113

’Etsi, genikĹ, èqoume (ln x)^′ =^1_x , akìmh genikìtera de apodeiknÔetai (na apodeiqteÐ) ìti isqÔei h sqèsh

(ln |x|)^′ = 1 x , ∀x ≠ 0. (4.6)

H ekjetikă sunĹrthsh y = e^x eÐnai h antÐstrofh thc logarijmikăc, opìte y = e^x ⇔ x = ln y. Apì to Jeÿrhma 4.3.3, gia to tuqaÐo shmeÐo x_0 tou pedÐou orismoÔ èqoume y^′(x) = 1 x^′(y) = 1_1 y = y(x) = e^x.

Sta Ðdia apotelèsmata ja mporoÔse na odhghjeÐ kĹpoioc kĹnontac qrăsh twn idiotătwn thc ’Askhshc 3.11.

ParĹdeigma 4.3Na apodeiqtoÔn oi genikoÐ tÔpoi:

1) (ln_a x)^′ = 1 x · ln a

, 2) (x^a)^′ = a · x^{a−1}, 3) (a^x)^′ = a^x · lna.

ProsdiorÐste gia kĹje perÐptwsh tic perioqèc pou anăkoun ta x kai a.

LÔsh 1) Apì tic idiìthtec twn logarÐjmwn èqoume

(ln_a x)^′ =

(ln x

ln a

)_′ = 1 ln a

(ln x)^′ = 1 x · ln a 2) Apì tic idiìthtec twn logarÐjmwn epÐshc èqoume x^a = e^{a ln x}, opìte

(x^a)^′ = (e^{a ln x})^′ = e^{a ln x} · (a ln x)^′ = x^aa 1 x = a · x^{a−1}

3) ’Opwc kai prohgoÔmena a^x = e^{x ln a}, opìte (a^x)^′ = (e^{x ln a})^′ = e^{x ln a} · (x ln a)^′ = ln a · a^x

Gia tic trigwnometrikèc sunartăseic eÐnai gnwstì ìti

(sin x)^′ = cos x, (cos x)^′ = − sin x, (tan x)^′ = 1 cos^2 x

= 1 + tan^2 x.

114 ParĹgwgoc

H apìdeixh twn duo prÿtwn sthrÐzetai stouc metasqhmatismoÔc ajroismĹtwn se ginìmeno kai to basikì ìrio lim_{x→0}^{sin x}_x = 1. H trÐth eÐnai parĹgwgoc klĹsmatoc. (Na gÐnoun oi apodeÐxeic apì ton anagnÿsth.)

Gia tic antÐstrofec twn trigwnometrikÿn sunartăsewn, tic kuklometrikèc, ja qrhsimopoiăsoume to Jeÿrhma 4.3.3. ’Etsi, gia th sunĹrthsh tou tìxou hmitìnou x, pou isqÔei y = arcsin x ⇔ x = sin y, èqoume

y^′ = (arcsin x)^′ = 1 (sin y)^′ = 1 cos y = 1 √ 1 − sin^2 y = 1 √ 1 − x^2 .

Gifl autăn, tou tìxou sunhmitìnou x, pou isqÔei y = arccos x ⇔ x = cos y, èqoume

y^′ = (arccos x)^′ = 1 (cos y)^′ = − 1 sin y = − 1 √ 1 − cos^2 y = − 1 √ 1 − x^2 .

Gia ekeÐnh, tou tìxou efaptomènhc x, pou isqÔei y = arctan x ⇔ x = tan y, èqoume

y^′ = (arctan x)^′ = 1 (tan y)^′ = 1 1 + tan^2 y = 1 1 + x^2 . Tèloc, oi parĹgwgoi twn uperbolikÿn sunartăsewn brÐskontai apì tic paragÿgouc twn ekjetikÿn kai to Jeÿrhma 4.3.1. DÐnoume touc tÔpouc kai mènei ston anagnÿsth na touc apodeÐxei wc Ĺskhsh:

(sinh x)^′ = cosh x, (cosh x)^′ = sinh x, (tanh x)^′ = 1 − tanh^2 x = 1 cosh^2 x . 4.5 ParĹgwgoi Ĺllwn sunartăsewn

4.5.1 ParĹgwgoi peplegmènwn sunartăsewn

PĹra pollèc forèc mia sunĹrthsh ekfrĹzetai me th boăjeia miac peplegmènhc sqèshc me th metablhtă thc morfăc

F (x, f(x)) ≡ 0 ⇔ F (x, y) ≡ 0. (4.7)

MAJHMATIKA I 115

Gia tic periptÿseic, ìpou mporoÔme na lÔsoume thn exÐswsh F (x, y) = 0 kai na katalăxoume se mia èkfrash thc morfăc y = f(x), efarmìzoume touc prohgoÔmenouc kanìnec. ’Omwc, polÔ suqnĹ kĹti tètoio den eÐnai efiktì. S’ autèc tic periptÿseic oi sunartăseic twn duo melÿn thc (4.7) tautÐzontai kai wc ek toÔtou ja èqoun tic Ðdiec paragÿgouc. Apì th sqèsh pou prokÔptei, mporoÔme na meletăsoume thn parĹgwgo thc sunĹrthshc.

ParĹdeigma 4.4Na brejeÐ o rujmìc metabolăc thc y = y(x) sto shmeÐo M(1, 1), ìtan aută plhroÐ th sqèsh

x^3 − xy + y^3 = 1.

LÔsh ParagwgÐzontac kai ta duo mèlh wc proc x kai èfarmìzontac to Jeÿrhma 4.3.2, paÐrnoume

(x^3 − xy + y^3)^′ = 1^′ ⇒ 3x^2 − y − xy^′ + 3y^2y^′ = 0 ⇒

(−x + 3y^2)y^′ = y − 3x^2 ⇒ y^′ = y − 3x^2 −x + 3y^2 . To shmeÐo M(1, 1) plhroÐ thn peplegmènh sqèsh kai, sunepÿc, eÐnai shmeÐo thc sunĹrthsăc mac. O rujmìc metabolăc sfl autì to shmeÐo eÐnai y^′ =^{1−3·12}_{−1+3·12} = −1.

ParĹdeigma 4.5Na deÐxete ìti h parakĹtw sunĹrthsh plhroÐ thn diplană thc sqèsh y = ln (1 + e^x), y^{′′} + (y^′)^2 = y^′.

LÔsh ParagwgÐzontac kai ta duo mèlh wc proc x kai efarmìzontac to Jeÿrhma 4.3.2, paÐrnoume y^′ = (ln (1 + e^x))^′ = e^x 1 + e^x . ParagwgÐzontac ek nèou èqoume

y^{′′} = e^x(1 + e^x) − e^xe^x

(1 + e^x)^2 = e^x(1 + e^x) (1 + e^x)^2 − (e^x)^2 (1 + e^x)^2

= y^′ − (y^′)^2,

apfl ìpou paÐrnoume th zhtoÔmenh. FusikĹ ja mporoÔse kĹpoioc na ergasteÐ klassikĹ kai na katalăxei sto Ðdio apotèlesma, p.q.

y^{′′} = ( e^x 1 + e^x

)^′ = · · · = e^x (1 + e^x)^2

116 ParĹgwgoc

opìte antikajistÿntac èqoume

y^{′′} + (y^′)^2 = e^x (1 + e^x)^2 + ( e^x 1 + e^x

)^2 = e^x (1 + e^x)^2 + e^{2x} (1 + e^x)^2 = e^x 1 + e^x

= y^′

4.5.2 Sunartăseic me parametrikèc exisÿseic

’Eqoume ădh dei ìti, pollèc forèc, oi metablhtèc twn sunartăsewn dÐnontai me parametrikèc exisÿseic. EpÐshc, eÐdame ìti apaleÐfontac thn parĹmetro t mporoÔme na metaboÔme stouc kanonikoÔc tÔpouc twn sunartăsewn ă sthn peplegmènh morfă touc. ’Omwc, den eÐnai lÐgec oi forèc pou h apaloifă eÐnai dÔskolh upìjesh, allĹ kai ìtan gÐnetai, oi morfèc pou paÐrnoume eÐnai polÔplokec. ’Etsi, eÐmaste anagkasmènoi na akoloujăsoume thn parakĹtw diadikasÐa gia na meletăsoume to rujmì metabolăc thc.

’Estw { x = x(t) y = y(t) , t ∈ Δ = [a, b] � R, (4.8)

duo monosămanta orismènec sunartăseic, pou perigrĹfoun sto epÐpedo mia kampÔlh, dhl. kajÿc to t metabĹlletai apì to a mèqri to b, ta x kai y orÐzoun sto epÐpedo ta shmeÐa M(x, y) ki autĹ me th seirĹ touc thn kampÔlh. An epiplèon upojèsoume ìti h sunĹrthsh x = x(t) èqei antÐstrofh thn t = t(x), tìte orÐzetai h sunĹrthsh mac y = y(t(x)) = y(x). Gia thn parĹgwgo thc teleutaÐac qrhsimopoioÔme to Jeÿrhma 4.3.2 kai paÐrnoume

y^′ = dy dx = dy dt · dt dx = dy dt · 1 dx dt = dy dt dx dt . (4.9)

ParĹdeigma 4.6Na brejeÐ o rujmìc metabolăc thc kampÔlhc me parametrikèc exisÿseic { x = r(θ − sin θ) y = r(1 − cos θ)

, θ ∈ Δ = [0, 2π).

LÔsh Qrhsimopoiÿntac ton tÔpo (4.9) èqoume dy dt = r sin θ, dx dt = r(1 − cos θ),

MAJHMATIKA I 117

opìte

y^′ = r sin θ r(1 − cos θ) = 2 sin^θ_2 cos^θ_2 2 sin^{2 θ}_2 = 1 tan^θ_2

, ∀θ ∈ (0, 2π) \ {π}

Paratărhsh 4.5.1Oi parametrikèc exisÿseic sto prohgoÔmeno parĹdeigma, eÐnai oi exisÿseic thc kukloeidoÔc, dhl. thc kampÔlhc pou grĹfei èna shmeÐo M tou kÔklou (O, r), kajÿc autìc kulĹ pĹnw se mia eujeÐa. To θ eÐnai h gwnÐa pou sqhmatÐzei h aktÐna OM me thn katakìrufo.

FusikĹ, mporoÔme na paÐrnoume kai uyhlìterhc tĹxhc paragÿgouc sunartăsewn, pou dÐnontai me parametrikèc exisÿseic, arkeÐ na kratĹme touc kanìnec paragÿgishc pou mĹjame. ’Etsi ja èqoume

y^{′′} = d dx y^′ = d dx ( y^′_t x^′_t ) = d dt ( y^′_t x^′_t ) · dt dx = y^{′′}_t x^′_t − y^′_tx^{′′}_t (x^′_t)^2 · 1 dx dt = y^{′′}_t x^′_t − y^′_tx^{′′}_t (x^′_t)^3 . 4.6 To diaforikì kai h ermhneÐa tou

’Eqoume ădh dei ìti mia metabolă Δx sthn anexĹrthth metablhtă x, sto shmeÐo x_0, prokaleÐ mia metabolă Δy sthn exarthmènh metablhtă y = f(x) kai mĹlista

Δy = (f^′(x_0) + s(x))Δx = f^′(x_0)Δx + s(x)Δx, me lim_{Δx→0} s(x) = 0. (4.10)

O ìroc s(x)Δx eÐnai exairetikĹ mikrìc se sqèsh me ton ìro f^′(x_0)Δx kai an paraleifjeÐ, den alloiÿnei shmantikĹ to apotèlesma. ’Etsi, èqoume Δy ≈ f^′(x_0)Δx, dhl. th diaforĹ Δy perÐpou Ðsh me mia grammikă prosèggish. Aută th grammikă prosèggish tou Δy kaloÔme diaforikì kai sumbolÐzoume me dy, opìte dy = f^′(x_0)Δx. EidikĹ gia th sunĹrthsh f(x) = x èqoume dx = f^′(x_0)Δx = 1 · Δx = Δx. AfoÔ, loipìn, autĹ sumbaÐnoun sto tuqaÐo x_0, ja eÐnai kai dx = Δx, opìte, genikĹ, mporoÔme na grĹfoume

dy = f^′(x)dx.

EÐnai, loipìn, to diaforikì miac sunĹrthshc, mia sunĹrthsh h opoÐa mĹlista exartĹtai apì duo metablhtèc, thn dx kai to shmeÐo x_0. Sto Sqăma 4.23 to

118 ParĹgwgoc

Sqăma 4.23: H Gewmetrikă ermhneÐa tou diaforikoÔ.

diaforikì eÐnai h pleurĹ AB tou trigÿnou MAB kai AB = tan ( ^AMB)MA. To tmăma BN eÐnai to s(x)Δx pou jewrăsame amelhtèo kai to paraleÐyame. GewmetrikĹ dhl. sto shmeÐo x_0 h kampÔlh proseggÐzetai apì thn efaptomènh thc.

ParĹdeigma 4.7BreÐte to diaforikì thc f(x) =^3 √ x. Qrhsimopoiăste to gia na breÐte mia proseggistikă timă gia thn a)^3 √ 27.054 b)^3 √ 63.052

LÔsh AfoÔ

f^′(x) = (x^{13} )^′ = 1 3 x^{− 23} = 1 3(^3 √ x)^2 , ja isqÔei dy =^1_{3( 3}^√_{x)2} dx. a) Sto shmeÐo x_0 = 27 eÐnai gnwstă h timă thc sunĹrthshc kai mĹlista isqÔei f(27) = 3. epÐshc, sto shmeÐo autì epèrqetai mia mikră metabolă Δx = dx = 0.054, opìte h metabolă pou epèrqetai sth sunĹrthsh eÐnai

Δy ≈ f^′(x)Δx = f^′(x)dx = dy = f^′(27) · dx = 1 3(^3 √ 27)^2

0.054 = 0.02.

MAJHMATIKA I 119

H timă loipìn thc sunĹrthshc eÐnai

f(27.054) = f(27) + Δy ≈ f(27) + dy = 3 + 0.02 = 3.02.

Parìmoia upologÐzoume to b) sto shmeÐo x_0 = 64 kai dx = −0.048.

4.7 TÔpoc tou Taylor

O tÔpoc (4.10) mporeÐ na grafeÐ lÐgo diaforetikĹ, wc exăc:

f(x) = f(x_0) + f^′(x_0)(x − x_0) + R(x), (4.11)

ìpou h posìthta P_1(x) = f(x_0) + f^′(x_0)(x − x_0) eÐnai èna poluÿnumo prÿtou bajmoÔ pou proseggÐzei thn sunĹrthsh f(x) kai mĹlista èqei thn Ðdia timă kai thn Ðdia parĹgwgo sto shmeÐo x_0 kai to R(x) eÐnai to sfĹlma autăc thc prosèggishc. H idèa aută mporeÐ na genikeujeÐ gia sunartăseic pou eÐnai paragwgÐsimec sfl èna diĹsthma perissìterec forèc.

JewroÔme mia sunĹrthsh f(x), h opoÐa eÐnai n + 1 forèc paragwgÐsimh sfl èna diĹsthma Δ kai èstw to n-bajmoÔ poluÿnumo

T_n(x) = c_0 + c_1(x − x_0) + c_2(x − x_0)^2 + c_3(x − x_0)^3 + · · · + c_n(x − x_0)^n, (4.12)

pou èqei thn Ðdia timă kai tic Ðdiec timèc twn n paragÿgwn sto shmeÐo x_0 ∈ Δ, dhl. isqÔei

T_n(x_0) = f(x_0) kai T^{(k)}_n (x_0) = f^{(k)}(x_0), k = 1, 2, . . . , n. (4.13)

An efarmìsoume diadoqikĹ tic sqèseic thc (4.13) sfl ekeÐnh thc (4.12) paÐrnoume

c_0 = f(x_0), c_1 = f^′(x_0), c_2 = f^{′′}(x_0) 2! , c_3 = f^{′′′}(x_0) 3! , . . . , c_n = f^{(n)}(x_0) n! . (4.14) ’Etsi prokÔptei o tÔpoc

f(x) = f(x_0)+f^′(x_0)(x−x_0)+ f^{′′}(x_0) 2! (x−x_0)^2+· · ·+ f^{(n)}(x_0) n! (x−x_0)^n+R(x) (4.15)

120 ParĹgwgoc

Sqăma 4.24: H prosèggish tou hmitìnou me Taylor sto x_0 =^π_4 .

O tÔpoc (4.15) eÐnai gnwstìc wc tÔpoc tou Taylor. To R(x), pou eÐnai to sfĹlma pou gÐnetai katĹ thn prosèggish aută, apodeiknÔetai ([5],[7],[2]) ìti èqei thn timă

R(x) =

(x − x_0)^{n+1} (n + 1)!

f^{(n+1)}(ξ), me ξ ∈ (x_0, x) ă ξ ∈ (x, x_0) (4.16)

kai eÐnai gnwstì wc upìloipo katĹ Lagrange ă thn timă

R(x) =

(x − x_0)(x − ξ)^n n! f^{(n+1)}(ξ), me ξ ∈ (x_0, x) ă ξ ∈ (x, x_0) (4.17)

kai eÐnai gnwstì wc upìloipo katĹ Cauchy. DieukrinÐzoume ìti ta ξ stouc duo tÔpouc (4.16)kai (4.17) eÐnai diaforetikĹ metaxÔ touc. Sto Sqăma 4.24 faÐnetai h prosèggish thc sunĹrthshc tou hmitìnou sto shmeÐo x_0 =^π_4 , me poluÿnuma Taylor deutèrou kai trÐtou bajmoÔ.

ParĹdeigma 4.8Na proseggÐsete th sunĹrthsh f(x) = ln (x) me poluÿnumo Taylor gÔrw apì to shmeÐo x_0 = 1. Na brejoÔn kai na gÐnei h grafikă parĹstash twn poluwnÔmwn deutèrou kai trÐtou bajmoÔ. Na brejeÐ h proseggistikă timă f(e^{−0.5}) me ta duo poluÿnuma.

MAJHMATIKA I 121

Sqăma 4.25: H prosèggish thc f(x) = ln (x) me poluÿnuma Taylor gÔrw apì to shmeÐo x_0 = 1.

LÔsh H n-tĹxhc parĹgwgoc prokÔptei apì diadoqikèc paragwgÐseic kai èqei th morfă f^{(n)}(x) = (−1)^{(n−1)}(n − 1)!x^{−n}. To poluÿnumo Taylor tìte eÐnai to akìloujo:

T_n(x) = f(1) + n∑ k=1 f^{(k)}(1) k! (x − 1)^k = 0 + n∑ k=1 (−1)^{(k−1)}(k − 1)! k! (x − 1)^k = n∑ k=1 (−1)^{(k−1)} k (x − 1)^k = (x−1)−

(x − 1)^2 2 + (x − 1)^3 3 −· · ·+(−1)^{(n−1)}

(x − 1)^n n . Ta poluÿnuma deutèrou kai trÐtou bajmoÔ eÐnai:

T_2(x) = − x^2 2 + 2x − 3 2 , T_3(x) = x^3 3 − 3x^2 2 + 3x − 11 6 . H grafikă touc parĹstash faÐnetai sto Sqăma 4.25. H akribăc timă eÐnai f(0.5) = ln e^{(−0.5)} = −0.5. Apì ta duo poluÿnuma paÐrnoume T_2(x) = −0.470878 kai T_3(x) = −0.491184.

UpĹrqoun sunartăseic pou eÐnai Ĺpeirec forèc paragwgÐsimec (p.q. h sunĹrthsh y = e^x). Sfl autèc tic periptÿseic mporoÔme na sqhmatÐsoume èna poluÿnumo Taylor Ĺpeirou bajmoÔ ă ìpwc lème mia seirĹ Taylor gÔrw apì to

122 ParĹgwgoc

shmeÐo x_0. ’Otan to x_0 = 0, h seirĹ lègetai seirĹ Maclaurin

T (x) = f(x_0) + ∞∑ k=1 f^{(k)}(x_0) k! (x − x_0)^k. (4.18)

Wc seirĹ, h seirĹ aută eÐnai dunatìn na sugklÐnei ă na apoklÐnei, ìpwc èqoume dei se prohgoÔmena kefĹlaia. To erÿthma eÐnai an h seirĹ sugklÐnei se mia sunĹrthsh, h sunĹrthsh aută eÐnai h arqikă? H apĹnthsh eÐnai arnhtikă, dhl. den eÐnai pĹnta h arqikă, ìmwc kai ta apotelèsmata den eÐnai apogohteutikĹ, dhl. oi sunhjismènec gnwstèc sunartăseic èqoun seirèc Taylor pou sugklÐnoun sfl autèc, tètoiec sunartăseic onomĹzontai analutikèc sunartăseic. Wstìso ekeÐno pou ja prèpei na tonÐsoume eÐnai ìti mia seirĹ Taylor ja sugklÐnei sth sunĹrthsă thc, se mia perioqă tou x_0, an kai mìno an, to upìloipo gia kĹje x sthn perioqă aută, teÐnei sto mhdèn kajÿc to n teÐnei sto Ĺpeiro dhl.

lim_{n→∞} R_n(x) = 0 ⇔ lim_{n→∞} ( f(x) − n−1∑ k=0 f^{(k)}(x_0) k! (x − x_0)^k ) = 0,

∀x ∈ (x_0 − r, x_0 + r).

ParĹdeigma 4.9Na brejeÐ h seirĹ Maclaurin gia thn sunĹrthsh f(x) = cos x

LÔsh Ac grĹyoume arqikĹ tic n paragÿgouc thc sunĹrthshc f(x) = cos x.

f^′(x) = − sin x = cos (x + π 2 ), f^{′′}(x) = − sin (x + π 2 ) = cos (x + 2 π 2 ), f^{′′′}(x) = − sin (x + 2 π 2 ) = cos (x + 3 π 2 ), . . . , f^{(n)}(x) = cos (x + n π 2 ). ’Etsi èqoume ìti f^{(2k+1)}(x) = 0 kai f^{(2k)}(x) = (−1)^k gia k = 1, 2, . . .. Profanÿc h seirĹ Maclaurin gia thn sunĹrthsh f(x) = cos x eÐnai h

f(x) = 1 + ∞∑ n=1 (−1)^n x^{2n} (2n)!

= 1 − x^2 2! + x^4 4! − x^6 6! + · · · (4.19)

MAJHMATIKA I 123

Jètontac x^2 = z sth seirĹ (4.19) paÐrnoume th seirĹ

f(x) = 1 + ∞∑ n=1 (−1)^n z^n (2n)!

= 1 − z 2! + z^2 4! − z^3 6! + · · · (4.20)

JumÐzoume, gia thn aktÐna sÔgklishc r twn dunamoseirÿn eÐqame dei ìti r = 1 ρ , ìpou ρ = lim | a_{n+1} a_n |. ’Etsi èqoume

ρ = lim | a_{n+1} a_n

| = lim | | 1 (2n+2)! 1 (2n)! | | = lim 1 (2n + 1)(2n + 2)

= 0.

Dhl. h seirĹ (4.20) sugklÐnei ∀z ≥ 0, opìte h seirĹ (4.19) sugklÐnei ∀x ∈ R. Gia to upìloipo èqoume

|R_n(x)| = | | | cos (ξ + n π 2 ) x^{2n} (2n)! | | | < | | | x^{2n} (2n)! | | | −−→n→∞ 0,

afoÔ | cos (ξ + n^π_2 )| < 1 kai lim_{n→∞}^{x2n}_{(2n)!} = 0 apì to ParĹdeigma 2.32. Apì to prohgoÔmeno parĹdeigma gÐnetai fanerì ìti:

Paratărhsh 4.7.1Mia seirĹ Taylor ja sugklÐnei sth sunĹrthsă thc, se mia perioqă tou x_0, an kai mìno an ìlec oi parĹgwgoi eÐnai fragmènec sthn perioqă aută, afoÔ to upìloipo gia kĹje x sthn perioqă aută ja teÐnei sto mhdèn, kajÿc to n ja teÐnei sto Ĺpeiro apì to ParĹdeigma 2.32.

ParĹdeigma 4.10GrĹyte upì morfăn seirĹc Maclaurin th sunĹrthsh y = arctan x kai na brejeÐ h aktÐna sÔgklisăc thc.

LÔsh JewroÔme th sunĹrthsh f(x) = arctan x, opìte paragwgÐzontac amèswc paÐrnoume f^′(x) = 1 1 + x^2

⇒ (1 + x^2)f^′(x) = 1, (4.21)

paragwgÐzontac ek nèou thn parapĹnw sqèsh èqoume

2xf^′(x) + (1 + x^2)f^{′′}(x) = 0 ⇒ f^{′′}(x) = − 2x 1 + x^2 f^′(x). (4.22)

124 ParĹgwgoc

H prÿth sqèsh apì thn (4.22) paragwgizìmenh ek nèou mac dÐnei

2f^′(x) + 4f^{′′}(x) + (1 + x^2)f^{′′′}(x) = 0 ⇒ (1 + x^2)f^{′′′}(x) = −2f^′(x) − 4f^{′′}(x), (4.23) suneqÐzontac omoÐwc mporoÔme na dhmiourgăsoume kai na apodeÐxoume ∀n ≥ 3 (h dhmiourgÐa kai h apìdeixh afănetai wc Ĺskhsh) ton epìmeno genikì tÔpo:

(n − 2)(n − 1)f^{(n−2)}(x) + 2(n − 1)f^{(n−1)}(x) + (1 + x^2)f^{(n)}(x) = 0 ⇒ (1 + x^2)f^{(n)}(x) = −(n − 2)(n − 1)f^{(n−2)}(x) − 2(n − 1)f^{(n−1)}(x), ∀n ≥ 3 (4.24)

MporoÔme tÿra na upologÐsoume thc timèc f^{(n)}(0). ’Etsi, apì tic (4.21) kai (4.22) paÐrnoume f^′(0) = 1 kai f^{′′}(0) = 0, enÿ apì th sqèsh (4.24), jètontac ìpou x to 0, epagwgikĹ prokÔptei

f^{(2n)}(0) = 0 kai f^{(2n+1)}(0) = (−1)^n(2n)!

Apì ton tÔpo (4.18) me x_0 = 0 èqoume

arctan x = x − 2! 3! x^3 + 4! 5! x^5 − 6! 7! x^7 + · · · = x − x^3 3 + x^5 5 − x^7 7 + · · · (4.25)

Ergazìmenoi ìpwc kai sto prohgoÔmeno parĹdeigma, gia thn eÔresh thc aktÐnac sÔgklishc thc seirĹc (4.25), dhmiourgoÔme th seirĹ

arctan x = x(1 − x^2 3 + x^4 5 − x^6 7 + · · · ) = x ∞∑ n=0 (−1)^n z^n 2n + 1

(4.26)

kai èqoume

ρ = lim | a_{n+1} a_n

| = lim | | | 1 (2n+1) 1 (2n−1) | | | = lim

2n − 1 2n + 1

= 1.

H seirĹ mac loipìn ja sugklÐnei ∀z ∈ [0, 1) ă ∀x ∈ (−1, 1) kai mènei na doÔme ti kĹnei sta Ĺkra tou diastămatoc. Gia x = −1 ă x = 1, h seirĹ (4.25) eÐnai mia enallĹssousa seirĹ kai efarmìzetai to Jeÿrhma 2.3.9 (tou Leibnitz), opìte sumperaÐnoume ìti kai sta Ĺkra h seirĹ sugklÐnei. To ìti h seirĹ aută eÐnai analutikă ja deiqteÐ se epìmeno kefĹlaio. Gia x = 1 prokÔptei ìti π 4 = 1 − 1 3 + 1 5 − 1 7 + · · · = ∞∑ n=0 (−1)^n 1 2n + 1 .

MAJHMATIKA I 125

O prohgoÔmenoc tÔpoc eÐnai exairetikĹ komyìc kai ja mporoÔse na eÐnai ènac tÔpoc upologismoÔ tou π, ìmwc eÐnai pĹra polÔ argìc.

H sunĹrthsh tou logarÐjmou den anaptÔssetai se seirĹ Maclaurin, afoÔ den orÐzetai sto mhdèn. AntÐ autăc sunăjwc anaptÔssetai h f(x) = ln (x + 1).

ParĹdeigma 4.11Na anaptuqjeÐ se seirĹ Maclaurin h sunĹrthsh f(x) = ln (x + 1).

LÔsh ParagwgÐzontac diadoqikĹ paÐrnoume eÔkola to genikì tÔpo

f^{(n)}(x) = (−1)^{n−1}(n − 1)! 1 (1 + x)^n

, n = 1, 2, . . .

Sto shmeÐo x_0 = 0 genikĹ èqoume f^{(n)}(x) = (−1)^{n−1}(n−1)!, n = 1, 2, . . ., opìte h seirĹ Maclaurin eÐnai

ln (x + 1) = ∞∑ n=1 x^n n! (−1)^{n−1}(n − 1)! = ∞∑ n=1 (−1)^{n−1} x^n n . H aktÐna sÔgklishc eÐnai r = 1 (na apodeiqjeÐ apì ton anagnÿsth), opìte h perioqă sÔgklishc eÐnai arqikĹ h perioqă (−1, 1). Gia x = 1 èqoume thn enallĹssousa armonikă seirĹ

ln (1 + 1) = ln 2 = ∞∑ n=1 (−1)^{n−1} 1 n = 1 − 1 2 + 1 3 − 1 4 + · · · ,

pou apì to Jeÿrhma 2.3.9 (tou Leibnitz) gnwrÐzoume ìti sugklÐnei kai to ìriì thc eÐnai plèon ln 2. Gia x = −1 èqoume thn armonikă seirĹ h opoÐa eÐnai gnwstì ìti de sugklÐnei, ìpwc Ðswc anamèname. ’Etsi, h perioqă sÔgklishc autăc eÐnai telikĹ (−1, 1]. To ìti h seirĹ sugklÐnei sth sunĹrthsă mac apodeiknÔetai wc exăc: Apì to upìloipo katĹ Lagrange (4.16), gia ìla ta x ∈ (0, 1] me ξ ∈ (0, x) èqoume |R_n(x)| = x^n n 1 (1 + ξ)^n = ( x 1 + ξ

)_n 1 n < 1 n → 0.

Apì to upìloipo katĹ Cauchy (4.17), gia ìla ta x ∈ (−1, 0) me ξ ∈ (x, 0) èqoume

|R_n(x)| =

|x(x − ξ)^{(n−1)}|

(n − 1)!

(n − 1)! 1 |1 + ξ|^n = |x| (1 + ξ) | | | x − ξ 1 + ξ | | |^{(n−1)} =

126 ParĹgwgoc

|x|^n (1 + ξ) | | | 1 −^ξ_x 1 + ξ | | |^{(n−1)} =

|x|^n (1 + ξ) | | | 1 − θ 1 + θx | | |^{(n−1)} → 0, ìpou ξ x = θ ∈ (0, 1),

afoÔ 1 − θ 1 + θx

< 1 ⇔ 1 − θ < 1 + θx ⇔ −θ < θx ⇔ −1 < x.

Ston pÐnaka (4.7) faÐnontai oi perissìtero qrhsimopoioÔmenec seirèc Maclaurin mazÐ me tic perioqèc sÔgklisăc touc.

Prin kleÐsoume thn parĹgrafo twn dunamoseirÿn Taylor, ja prèpei na poÔme ìti oi dunamoseirèc pou sugklÐnoun paragwgÐzontai xanĹ kai xanĹ qwrÐc problămata kai mac dÐnoun pĹli sugklÐnousec dunamoseirèc. DÐnoume to epìmeno Jeÿrhma qwrÐc apìdeixh.

Jeÿrhma 4.7.1An h f(x) =

∑_∞ n=0 a_nx^n èqei aktÐna sÔgklishc r, tìte • H ∑_∞

n=0 na_nx^{n−1} èqei aktÐna sÔgklishc r

• H f(x) paragwgÐzetai sto (−r, r)

• H f^′(x) =

∑_∞

n=0 na_nx^{n−1} sto (−r, r).

4.8 ShmantikĹ Jewrămata twn paragÿgwn

Oi parĹgwgoi eÐnai èna exeraitikì ergaleÐo sta qèria tou epistămona gia th melèth twn sunartăsewn kai genikìtera gia thn exagwgă sumperasmĹtwn. O foithtăc eÐnai ădh exoikeiwmènoc me orismèna Jewrămata melèthc sunartăsewn apì to LÔkeio. Edÿ, kĹpoia gnwstĹ Jewrămata ja epanalhfjoÔn gia thn plhrìthta tou keimènou allĹ kai ja sumplhrwjoÔn me apodeÐxeic, kajÿc kai me Ĺlla pou den èqoun didaqteÐ.

4.8.1 Akrìtata sunĹrthshc

Orismìc 4.8.1’Estw y = f(x) mia sunĹrthsh me pedÐo orismoÔ to A kai x_0 ∈ A. Lème ìti h sunĹrthsh parousiĹzei sto x_0 topikì mègisto (topikì elĹqisto), an upĹrqei δ > 0, ètsi ÿste na isqÔei

f(x) ≤ f(x_0) (f(x) ≥ f(x_0)) ∀x ∈ A ∩ (x_0 − δ, x_0 + δ).

MAJHMATIKA I 127

SEIRES Maclaurin SUGKLISH 1 1−x = 1 + x + x^2 + x^3 + · · · =

∑_∞ n=0 x^n x ∈ (−1, 1) 1 1+x = 1 − x + x^2 − x^3 + · · · =

∑_∞

n=0 (−1)^nx^n x ∈ (−1, 1)

ln (x + 1) = x −^{x2}_2 +^{x3}_3 − · · · =

∑_∞

n=1 (−1)^{n−1 xn}_n x ∈ (−1, 1]

e^x = 1 + x +^{x2}_{2!} +^{x3}_{3!} + · · · = 1 +

∑_∞ n=1 x^n

n! x ∈ R

sin x = x −^{x3}_{3!} +^{x5}_{5!} + · · · =

∑_∞ n=1 (−1)^{(n−1) x2n−1}_{(2n−1)!} x ∈ R

cos x = 1 −^{x2}_{2!} +^{x4}_{4!} + · · · =

∑_∞

n=1 (−1)^{(n−1) x2n}_{(2n)!} x ∈ R

arctan x = x −^{x3}_3 +^{x5}_5 − · · · =

∑_∞

n=1 (−1)^{(n−1) x2n−1}_{(2n−1)} x ∈ [−1, 1]

tanh^{−1} x = x +^{x3}_3 +^{x5}_5 + · · · =

∑_∞ n=1 x^{2n−1} (2n−1) x ∈ (−1, 1)

PÐnakac 4.1: SuqnĹ qrhsimopoioÔmenec seirèc Maclaurin

To topikì mègisto (t.m.) kai to topikì elĹqisto (t.e.) lègetai topikì akrìtato. Den prèpei na sugqèontai ta topikĹ akrìtata me ta akrìtata thc sunĹrthshc, pou gia na xeqwrÐzoun apì autĹ kaloÔntai kai olikĹ akrìtata. Profanÿc, to megalÔtero apì ta topikĹ mègista apoteleÐ to olikì mègisto kai to mikrìtero apì ta topikĹ elĹqista apoteleÐ to olikì elĹqisto. H Ôparxh topikoÔ akrìtatou se mia paragwgÐsimh sunĹrthsh mac epitrèpei na bgĹloume sumperĹsmata gia thn parĹgwgo thc sunĹrthshc sto shmeÐo autì, ìpwc mac lèei to epìmeno gnwstì Jeÿrhma.

Jeÿrhma 4.8.2(Jeÿrhma tou Fermat). An mia sunĹrthsh eÐnai paragwgÐsimh se mia perioqă tou x_0 kai sto x_0 parousiĹzei akrìtato, tìte f^′(x_0) = 0.

128 ParĹgwgoc

Apìdeixh: ’Estw ìti h sunĹrthsh parousiĹzei topikì mègisto sto x_0, tìte upĹrqei δ > 0, ètsi ÿste

f(x) − f(x_0) ≤ 0, ∀x ∈ (x_0 − δ, x_0 + δ),

apì ton Orismì 4.2.1 ìmwc èqoume

lim_{x→x−0} f(x) − f(x_0) x − x_0

= f^′_− ≥ 0, lim_{x→x+0} f(x) − f(x_0) x − x_0

= f^′_+ ≤ 0.

H Ôparxh ìmwc thc paragÿgou apodeiknÔei to Jeÿrhma. □ GewmetrikĹ to Jeÿrhma tou Fermat ermhneÔetai wc exăc: Se mia paragwgÐsimh sunĹrthsh h efaptomènh se topikì akrìtato eÐnai parĹllhlh proc ton orizìntio Ĺxona. To antÐstrofo tou Jewrămatoc 4.8.2 dustuqÿc den isqÔei. O mhdenismìc thc paragÿgou mĹc dÐnei pijanĹ akrìtata. Gia parĹdeigma, h sunĹrthsh f(x) = x^3, sto shmeÐo x_0 = 0 èqei f^′(0) = 0, ìmwc den parousiĹzei akrìtato, afoÔ aristerĹ apì to x_0 = 0 eÐnai arnhtikă kai dexiĹ jetikă. ’Ena kritărio gia thn Ôparxh akrìtatou sto shmeÐo x_0 eÐnai h gnÿsh thc monotonÐac dexiĹ kai aristerĹ apì to epÐmaqo shmeÐo x_0. An aristerĹ tou x_0 h sunĹrthsh eÐnai aÔxousa kai dexiĹ eÐnai fjÐnousa, tìte sto x_0 èqoume topikì mègisto. An aristerĹ tou x_0 h sunĹrthsh eÐnai fjÐnousa kai dexiĹ eÐnai aÔxousa, tìte sto x_0 parousiĹzei topikì elĹqisto. ’Ena Ĺllo kritărio eÐnai h gnÿsh thc timăc twn paragÿgwn uyhlìterhc tĹxhc sto shmeÐo x_0.

Jeÿrhma 4.8.3An gia mia sunĹrthsh f(x), h f^{(2n)}(x) upĹrqei kai eÐnai suneqăc se mia perioqă tou x_0 kai epiplèon isqÔei

f^′(x_0) = f^{′′}(x_0) = f^{′′′}(x_0) = · · · = f^{(2n−1)}(x_0) = 0, kai f^{(2n)}(x_0) ≠ 0, n = 1, 2, . . . ,

tìte

• f^{(2n)}(x_0) > 0 ⇒ topikì elĹqisto sto x_0

• f^{(2n)}(x_0) < 0 ⇒ topikì mègisto sto x_0.

Apìdeixh: AfoÔ h f^′(x_0) = 0, sto x_0 èqoume pijanì topikì akrìtato. ’Estw ìti f^{(2n)}(x_0) > 0, dhl h parĹgwgoc Ĺrtiac tĹxhc sto shmeÐo x_0 eÐnai jetikă kai ìlec oi parĹgwgoi mikrìterhc tĹxhc sto x_0 eÐnai mhdèn. AfoÔ h f^{(2n)} eÐnai

MAJHMATIKA I 129

suneqăc, ja eÐnai suneqăc kai se mia perioqă tou x_0. Gia kĹje x sth perioqă aută ja isqÔei to Jeÿrhma Taylor (4.15), opìte ja isqÔei

f(x) − f(x_0) =

2n−1∑

k=1 f^{(k)}(x_0) k! (x − x_0)^k + f^{(2n)}(ξ) (2n)!

(x − x_0)^{2n} > 0,

afoÔ oi ìroi tou ajroÐsmatoc eÐnai ìloi mhdèn kai o ìroc tou upoloÐpou apoteleÐtai apì jetikèc posìthtec (to ξ anăkei sthn perioqă tou x_0, pou isqÔei f^{(2n)}(x_0) > 0). Parìmoia apodeiknÔetai h deÔterh perÐptwsh, ìpou f^{(2n)}(x_0) < 0. □

ParĹdeigma 4.12’Estw h sunĹrthsh f(x) = sin (2x)+2 cos x me x ∈ [0, 2π]. Na brejoÔn ta akrìtata thc sunĹrthshc.

LÔsh EÔkola brÐskoume f^′(x) = 2 cos (2x) − 2 sin x, f^{′′}(x) = −4 sin (2x) − 2 cos x, f^{′′′}(x) = −8 cos (2x) + 2 sin x kai ìlec eÐnai suneqeÐc sunartăseic. PijanĹ akrìtata èqoume sta shmeÐa gia to opoÐa isqÔei

f^′(x) = 0 ⇔ 2 cos (2x) − 2 sin x = 0 ⇔ x = π 6 , x = 5π 6 , x = 3π 2 . Sto shmeÐo x_0 =^π_6 èqoume f^′(^π_6 ) = 0, f^{′′}(^π_6 ) = −3 √ 3, eÐnai fanerì ìti loipìn èqoume topikì mègisto sto sugkekrimèno shmeÐo. Sto shmeÐo x_0 =^{5π}_6 èqoume f^′(^{5π}_6 ) = 0, f^{′′}(^{5π}_6 ) = 3 √ 3, opìte èqoume topikì elĹqisto. Gia to shmeÐo x_0 =^{3π}_2 èqoume f^′(^{3π}_2 ) = 0, f^{′′}(3^π_2 ) = 0 kai f^{′′′}(^{3π}_2 ) = 6, pou shmaÐnei ìti den eÐnai diĹforh apì to mhdèn, Ĺrtiac tĹxhc parĹgwgoc, sfl autì to shmeÐo, opìte to Jeÿrhma (4.8.3) den efarmìzetai. H grafikă parĹstash autăc faÐnetai sto Sqăma 4.26. BohjoÔmenoi apì to sqăma na apofanjeÐte gia th monotonÐa thc sunĹrthshc sto shmeÐo x_0 =^{3π}_2 .

4.8.2 ’Alla Jewrămata

’Ena apì ta plèon gnwstĹ Jewrămata thc anĹlushc eÐnai to Jeÿrhma tou Rolle.

130 ParĹgwgoc

Sqăma 4.26: H sunĹrthsh f(x) = sin (2x) + 2 cos x.

Jeÿrhma 4.8.4(Jeÿrhma tou Rolle). ’Estw f(x) mia sunĹrthsh orismènh kai suneqăc sto kleistì diĹsthma [a, b] kai paragwgÐsimh sto anoiktì diĹsthma (a, b). An isqÔei f(a) = f(b), tìte upĹrqei kĹpoio shmeÐo x_0 ∈ (a, b) gia to opoÐo isqÔei f^′(x_0) = 0.

Apìdeixh: AfoÔ h sunĹrthsh eÐnai suneqăc, apì to Jeÿrhma 3.9.6 ja upĹrqoun x_1 kai x_2, ÿste f(x_1) = max_{x∈Af} f(x) = M kai f(x_2) = min_{x∈Af} f(x) = m. An M = m, tìte h sunĹrthsh eÐnai stajeră kai mĹlista f(x) = f(a), opìte kai f^′(x) = 0, ∀x ∈ A_f .

An M ≠ m, tìte èna toulĹqiston apì ta duo ja eÐnai diaforetikì apì to f(a), èstw ìti f(x_0) = M ≠ f(a) me x_0 ∈ (a, b), opìte apì to Jeÿrhma 4.8.2 kai f^′(x_0) = 0. □ GewmetrikĹ, to parapĹnw Jeÿrhma ermhneÔetai wc exăc: An mia suneqăc sunĹrthsh f(x) sumbaÐnei na paÐrnei tic Ðdiec timèc sta Ĺkra enìc kleistoÔ diastămatoc [a, b], tìte upĹrqei èna toulĹqiston shmeÐo sto anoiktì diĹsthma (a, b) pou h efaptomènh autăc eÐnai parĹllhlh ston orizìntio Ĺxona, upì thn proôpìjesh ìti h sunĹrthsh eÐnai paragwgÐsimh sfl autì. Ta parapĹnw faÐnontai sto Sqăma 4.27.

Pìrisma 4.8.5MetaxÔ duo rizÿn miac paragwgÐsimhc sunĹrthshc f(x) upĹrqei toulĹqiston mia rÐza thc paragÿgou thc.

MAJHMATIKA I 131

Sqăma 4.27: Ta Jewrămata Rolle kai Lagrange.

Apìdeixh: AfoÔ h sunĹrthsh f(x) eÐnai paragwgÐsimh, ja eÐnai kai suneqăc. ’Estw ρ_1 kai ρ_2 oi duo rÐzec autăc. Tìte f(ρ_1) = f(ρ_2) = 0, opìte isqÔei to Jeÿrhma tou Rolle kai sunepÿc upĹrqei ξ ∈ (ρ_1, ρ_2), ètsi ÿste f^′(x_0) = 0. □

GenÐkeush tou parapĹnw apoteleÐ to epìmeno Jeÿrhma, pou eÐnai gnwstì wc Jeÿrhma thc mèshc timăc ă Jeÿrhma tou Lagrange.

Jeÿrhma 4.8.6(Jeÿrhma tou Lagrange). ’Estw f(x) mia sunĹrthsh orismènh kai suneqăc sto kleistì diĹsthma [a, b] kai paragwgÐsimh sto anoiktì diĹsthma (a, b). Tìte upĹrqei kĹpoio shmeÐo x_0 ∈ (a, b), gia to opoÐo isqÔei f^′(x_0) = f(a) − f(b) a − b

(4.27) . Apìdeixh: JewroÔme th sunĹrthsh F (x) = f(x) − f(b) − f(a) − f(b) a − b

(x − b).

H sunĹrthsh aută eÐnai suneqăc sto [a, b], ìpwc kai h f(x). EpÐshc, eÐnai paragwgÐsimh sto anoiktì diĹsthma (a, b), ìpwc kai h f(x). Epiplèon,

132 ParĹgwgoc

F (a) = F (b) = 0, opìte isqÔei to Jeÿrhma tou Rolle. ’Etsi, upĹrqei kĹpoio shmeÐo x_0 ∈ (a, b) gia to opoÐo isqÔei F^′(x_0) = 0, apì to opoÐo prokÔptei h sqèsh (4.27). □

GewmetrikĹ, to parapĹnw Jeÿrhma ermhneÔetai wc exăc: An mia suneqăc sunĹrthsh f(x) sumbaÐnei na eÐnai suneqăc se èna kleistì diĹsthma [a, b] kai paragwgÐsimh sto anoiktì diĹsthma (a, b), tìte upĹrqei èna toulĹqiston shmeÐo pou h efaptomènh thc eÐnai parĹllhlh sth qordă pou enÿnei ta Ĺkra. Ta parapĹnw faÐnontai sto Sqăma 4.27. ’Allh ermhneÐa ja mporoÔse na eÐnai h exăc: se mia sunĹrthsh pou plhroÐ tic proôpojèseic tou Jewrămatoc tou Lagrange, upĹrqei kĹpoio shmeÐo sto anoiktì diĹsthma (a, b) pou h mèsh timă thc sunĹrthshc gÐnetai Ðsh me to rujmì metabolăc autăc. TrÐa shmantikĹ Jewrămata prokÔptoun wc Ĺmesec sunèpeiec tou Jewrămatoc tou Lagrange. To èna apì autĹ anafèretai sth monotonÐa thc sunĹrthshc.

Jeÿrhma 4.8.7’Estw f mia sunĹrthsh, orismènh kai paragwgÐsimh sto Δ. Tìte f^′(x) = 0, ∀x ∈ Δ ⇐⇒ f(x) = c, ∀x ∈ Δ,

ìpou c ènac stajerìc pragmatikìc arijmìc.

Apìdeixh: ’Estw ìti sto shmeÐo x_0 ∈ Δ èqoume f(x_0) = c. Tìte, gia kĹje shmeÐo x_1 ∈ Δ ja isqÔei to Jeÿrhma tou Lagrange, opìte

f(x_1) − f(x_0)

x_1 − x_0

= f^′(ξ) = 0 ⇔ f(x_1) − f(x_0) = 0 ⇔ f(x_1) = f(x_0) = c

kai epomènwc f(x) = c, ∀x ∈ Δ. □

Jeÿrhma 4.8.8’Estw f kai g duo sunartăseic orismènec kai paragwgÐsimec sto Δ. Tìte

f^′(x) = g^′(x), ∀x ∈ Δ ⇐⇒ f(x) = g(x) + c, ∀x ∈ Δ,

ìpou c ènac stajerìc pragmatikìc arijmìc.

MAJHMATIKA I 133

Apìdeixh: JewroÔme thn F (x) = f(x) − g(x), gifl aută isqÔei F^′(x) = 0. Apì to prohgoÔmeno Jeÿrhma èqoume F (x) = c ⇔ f(x) = g(x) + c. □

Ta duo teleutaÐa Jewrămata eÐnai idiaÐtera shmantikĹ gia ton Oloklhrwtikì Logismì pou ja meletăsoume sto epìmeno KefĹlaio. To Jeÿrhma 4.8.8, epiplèon, mac lèei ìti h isìthta twn paragÿgwn duo sunartăsewn den odhgeÐ kai se isìthta twn sunartăsewn.

ParĹdeigma 4.13Na deiqteÐ ìti h sunĹrthsh

f(x) = 2 arctan x − arcsin 2x 1 + x^2

, |x| < 1

eÐnai stajeră kai na brejeÐ h timă thc.

LÔsh Gia na eÐnai stajeră h sunĹrthsh, ja prèpei h parĹgwgìc thc na eÐnai Ðsh me mhdèn. EÐnai ădh gnwstì ìti

(arctan x)^′ = 1 1 + x^2

, (arcsin x)^′ = 1 √ 1 − x^2 , opìte

(2 arctan x − arcsin 2x 1 + x^2

)^′ = 2 1 + x^2 − 1 2 √ 1 − (^{2x}_{1+x2} )^2

( 2x 1 + x^2

)_′

= 2 1 + x^2 − 1 + x^2 1 − x^2 · 2(1 + x^2) − 4x^2 (1 + x^2)^2

= 0.

AfoÔ h parĹgwgoc thc sunĹrthshc eÐnai mhdèn, h sunĹrthsh eÐnai stajeră kai arkeÐ na broÔme thn timă thc gia x = 0. ’Etsi èqoume f(0) = 2 arctan 0 − arcsin 0 = 0.

Jeÿrhma 4.8.9Mia sunĹrthsh f(x) paragwgÐsimh se èna diĹsthma Δ eÐnai

a) aÔxousa sfl autì, an kai mìnon an f^′(x) ≥ 0, x ∈ Δ

b) fjÐnousa sfl autì, an kai mìnon an f^′(x) ≤ 0, x ∈ Δ

134 ParĹgwgoc

Apìdeixh: a) ’Estw h sunĹrthsh f(x) kai duo shmeÐa thc x_1 kai x_2 sto Δ. ’Estw epiplèon ìti x_1 < x_2, tìte h f(x) eÐnai suneqăc sto [x_1, x_2] kai paragwgÐsimh sto anoiktì (x_1, x_2), opìte apì to Jeÿrhma tou Lagrange ja upĹrqei ξ ∈ (x_1, x_2) me

f^′(ξ) = f(x_2) − f(x_1) (x_2 − x_1)

⇔ f(x_2) − f(x_1) = f^′(ξ)(x_2 − x_1)

kai afoÔ f^′(ξ) > 0 prokÔptei f(x_1) < f(x_2). To b) apodeiknÔetai parìmoia. □

To Jeÿrhma tou Lagrange se sunduasmì me th monotonÐa thc sunĹrthshc gÐnetai èna isqurì ergaleÐo gia thn apìdeixh anisotătwn.

ParĹdeigma 4.14Na deiqteÐ h epìmenh anisìthta

(y − x)a^x < a^y − a^x ln a

< (y − x)a^y, a > 1 kai y > x.

LÔsh AnadiatĹssontac thn anisìthta prokÔptei h epìmenh

a^x ln a < a^y − a^x y − x

< a^y ln a, a > 1 kai y > x,

thc opoÐac h mesaÐa parĹstash moiĹzei polÔ me ekeÐnh thc sqèshc tou Jewrămatoc tou Lagrange me f(t) = a^t, h opoÐa eÐnai suneqăc sto [x, y] kai paragwgÐsimh sto (x, y) mĹlista f^′(t) = a^t ln a. Opìte, isqÔei to Jeÿrhma tou Lagrange ètsi

a^y −a^x

y−x = a^ξ ln a me ξ ∈ (x, y). AfoÔ a > 1, èpetai ìti h f eÐnai aÔxousa, ètsi x < ξ < y ⇒ a^x ln a < a^ξ ln a < a^y ln a, dhl.

a^x ln a < a^y − a^x y − x

= a^ξ ln a < a^y ln a.

H gnÿsh tou prosămou thc paragÿgou thc sunĹrthshc se sunduasmì me to Jeÿrhma 4.8.2 mac lÔnoun to prìblhma twn akrìtatwn thc sunĹrthshc.

ParĹdeigma 4.15Na melethjeÐ wc proc th monotonÐa kai ta akrìtata h sunĹrthsh f(x) = x^{−x} me x ∈ (0, ∞).

MAJHMATIKA I 135

LÔsh H sunĹrthsă mac eÐnai paragwgÐsimh sto pedÐo orismoÔ thc kai mĹlista isqÔei

f^′(x) = (x^{−x})^′ = ( e^{−x ln x}

)_′ = ( e^{−x ln x} ) (− ln x − x 1 x ) = −x^{−x}(ln x + 1).

Opìte f^′(x) = 0 ⇔ x = 1/e, sunepÿc sto shmeÐo x_0 = 1/e h sunĹrthsh parousiĹzei akrìtato. AfoÔ x < 1/e ⇔ ln x + 1 < 0 kai x^{−x} > 0, amèswc paÐrnoume ìti h f eÐnai aÔxousa sto diĹsthma (0, 1/e). EpÐshc, afoÔ x > 1/e ⇔ ln x + 1 > 0, amèswc paÐrnoume ìti h f eÐnai fjÐnousa sto diĹsthma (1/e, ∞). ’Etsi, sto shmeÐo x_0 = 1/e h sunĹrthsh parousiĹzei topikì mègisto. H prohgoÔmenh melèth sunoyÐzetai ston epìmeno pÐnaka

x 0 1/e ∞ f^′ + 0` f t.m. � � � � � � � � � � To Jeÿrhma thc mèshc timăc tou Lagrange, gia sunartăseic dosmènec me parametrikèc exisÿseic (x = g(t) kai y = f(t)), paÐrnei thn parakĹtw pio genikă morfă kai eÐnai gnwstì wc Jeÿrhma thc mèshc timăc tou Cauchy.

Jeÿrhma 4.8.10(Jeÿrhma tou Cauchy) ’Estw duo sunartăseic f kai g suneqeÐc sto kleistì diĹsthma [a, b] kai paragwgÐsimec sto anoiktì diĹsthma (a, b) me g(b) ≠ g(a). An g^′(x) ≠ 0 ∀x ∈ (a, b), tìte upĹrqei ξ ∈ (a, b) me

f(b) − f(a) g(b) − g(a) = f^′(ξ) g^′(ξ) .

Apìdeixh: JewroÔme th sunĹrthsh F (x) = f(x)(g(b) − g(a)) − g(x)(f(b) − f(a)). H sunĹrthsh aută plhroÐ tic sunjăkec tou Jewrămatoc tou Rolle kai sunepÿc upĹrqei ξ ∈ (a, b) me F^′(ξ) = 0. AfoÔ g^′(x) ≠ 0 ∀x ∈ (a, b), tìte kai g(b) ≠ g(a), opìte

F^′(ξ) = 0 ⇔ f^′(ξ)(g(b) − g(a)) = g^′(ξ)(f(b) − f(a)) ⇔ f(b) − f(a) g(b) − g(a) = f^′(ξ) g^′(ξ) . □

136 ParĹgwgoc

ParĹdeigma 4.16JewroÔme th sunĹrthsh f pou dÐnetai me tic parametrikèc exisÿseic x = 2t + 1, y = t^2 − 2, t ∈ R.

Na brejeÐ shmeÐo M(x_0, y_0), sto opoÐo h efaptomènh eÐnai parĹllhlh proc th qordă AB, ìpou A(−3, 2) kai B(3, −1).

LÔsh Apì tic suntetagmènec twn shmeÐwn A kai B, mporoÔme na diapistÿsoume ìti t ∈ [−2, 1]. Sto diĹsthma autì, oi sunartăseic x kai y plhroÔn to Jeÿrhma tou Cauchy. ’Etsi

y(b) − y(a) x(b) − x(a) = y^′(ξ) x^′(ξ) ⇔ −1 − 2 3 − (−3) = 2ξ 2 ⇔ ξ = − 1 2 . Sunepÿc, h parĹllhlh efaptomènh proc th qordă AB eÐnai sto shmeÐo M(0, −7/4).

ParĹdeigma 4.17’Estw h f paragwgÐsimh sto [a, b] me f^′(a) = f^′(b). Na deiqteÐ ìti ∃ ξ ∈ (a, b) me f^′(ξ) = f(ξ) − f(a) ξ − a . LÔsh JewroÔme thn

g : [a, b] → R, g(x) =

{_{f(x)−f(a)} x−a , x ≠ a f^′(a), x = a .

H g eÐnai suneqăc sto [a, b] (apodeiknÔetai eÔkola!) kai epomènwc èqei mègisto stoiqeÐo (M) kai elĹqisto (m).

1^o) An m = M, profanÿc h g eÐnai stajeră kai h f eÐnai eujeÐa. Tìte oi isqurismoÐ mac isqÔoun.

2^o) An m ≠ M, tìte ∃ ξ_1 kai ξ_2 ∈ [a, b] me g(ξ_1) = m kai g(ξ_2) = M .

An ξ_1 ă ξ_2 ∈ (a, b) tìte prĹgmati (Jeÿrhma tou Fermat)

∃ ξ ∈ (a, b) me g^′(ξ) = 0 ⇒ f^′(ξ) = f(ξ) − f(a) ξ − a .

MAJHMATIKA I 137

Sth sunèqeia ja deÐxoume ìti den eÐnai dunatìn na èqoume ta ξ_1 kai ξ_2 sta Ĺkra. ’Estw qwrÐc blĹbh thc genikìthtac ξ_1 = a kai ξ_2 = b. ’Etsi èqoume

m = g(ξ_1) = g(a) = f^′(a) = f^′(b). (4.28)

EpÐshc

g^′(b) = f^′(b) b − a − f(b) − f(a) (b − a)^2 = f^′(b) b − a − g(b) (b − a) = 1 b − a

(m − M) < 0. (4.29)

’Omwc tìte h g sto b eÐnai gnhsÐwc fjÐnousa, opìte ∃ x se mia perioqă tou b, ètsi ÿste g(x) > g(b). ’Atopo.

4.9 Kanìnac tou De l’ Hôspital

Sto Jeÿrhma 3.8.8 meletăsame thn eÔresh kai thn antimetÿpish orÐwn sunartăsewn, ìpou oi prĹxeic metaxÔ twn orÐwn epitrèpontai. Wstìso, amèswc metĹ, sto ParĹdeigma 3.15, eÐdame ìti upĹrqoun ìria, ta opoÐa den eÐnai dunatìn na antimetwpistoÔn me to Jeÿrhma 3.8.8, epeidă oi prĹxeic den epitrèpontai. PrĹxeic pou den epitrèpontai kai sunăjwc anafèrontai wc aprosdiìristec morfèc eÐnai oi exăc: 0 0 , 0 · ∞, ∞ ∞ , ∞ − ∞, 0^0, 1^∞, ∞^0, 0^∞.

’Iswc, ekeÐno pou prèpei na xekajarÐsoume eÐnai ìti se ì,ti akoloujeÐ de ja orÐsoume kainoÔrgiec prĹxeic, ÿste autèc pou den epitrèpontai na epitrèpontai sto mèllon, oÔte ja prosdiorÐsoume autèc tic morfèc. EkeÐno pou ja kĹnoume eÐnai ìti ja proteÐnoume mejìdouc gia thn eÔresh orÐwn twn opoÐwn o prosdiorismìc katalăgei se prĹxeic pou den epitrèpontai.

Jeÿrhma 4.9.1’Estw duo sunartăseic f kai g, orismènec kai suneqeÐc sfl èna diĹsthma [a, b] me f(a) = g(a) = 0 kai paragwgÐsimec sto (a, b) me g^′(x) ≠ 0 sfl autì. tìte lim_{x→a+} f(x) g(x)

= lim_{x→a+} f^′(x) g^′(x) .

138 ParĹgwgoc

Apìdeixh: ParathroÔme ìti oi sunjăkec tou Jewrămatoc eÐnai oi sunjăkec tou Jewrămatoc 4.8.10. JewroÔme, loipìn, tuqaÐo shmeÐo x ∈ [a, b], opìte apì to Jeÿrhma tou Cauchy, afoÔ f(a) = g(a) = 0, èqoume

f(x) g(x) = f(x) − f(a) g(x) − g(a) = f^′(ξ) g^′(ξ) me ξ ∈ (a, x). (4.30)

Epeidă x → a^+ sunepĹgetai ξ → a^+, tìte apì thn (4.30) ja èqoume ìti

lim_{x→a+} f(ξ) g(ξ)

= lim_{x→a+} f^′(ξ) g^′(ξ)

= lim_{ξ→a+} f^′(ξ) g^′(ξ)

= lim_{x→a+} f^′(x) g^′(x) □

Paratărhsh 4.9.1Ja mporoÔse kĹpoioc na parathrăsei ta exăc:

• Ta parapĹnw isqÔoun akribÿc ta Ðdia gia ìria apì aristerĹ.

• Upì thn proôpìjesh ìti oi sunartăseic eÐnai perissìterec forèc paragwgÐsimec, to Jeÿrhma efarmìzetai ki Ĺllec forèc an qreiasteÐ.

• To Jeÿrhma isqÔei kai gia sunartăseic orismènec kai suneqeÐc sfl èna diĹsthma (a, b] me lim_{x→a}+ f(x) = lim_{x→a}+ g(x) = 0, afoÔ tìte mporoÔme na orÐsoume tic sunartăseic

F (x) = { f(x), an x ≠ a 0, an x = a kai G(x) = { g(x), an x ≠ a 0, an x = a

kai na efarmìsoume to Jeÿrhma.

• To Jeÿrhma isqÔei kai sthn perÐptwsh pou to diĹsthma orismoÔ eÐnai thc morfăc (−∞, b], afoÔ allĹzontac th metablhtă kai jètontac x =^1_t , dhmiourgoÔme sunjăkec katĹllhlec gia thn efarmogă tou Jewrămatoc tou De l’ Hôspital.

ParĹdeigma 4.18Na brejeÐ to ìrio

lim_{x→0} x − sin x x − tan x .

MAJHMATIKA I 139

LÔsh ParathroÔme ìti plhroÔntai oi proôpojèseic tou Jewrămatoc 4.9.1, opìte paÐrnoume

lim_{x→0} x − sin x x − tan x

= lim_{x→0}

1 − cos x − tan^2 x

= lim_{x→0} sin x −2 tan x(1 + tan^2 x) = − lim_{x→0} cos x 2(1 + tan^2 x) = − 1 2 . Gia thn perÐptwsh pou h aprosdiìristh morfă eÐnai^∞ isqÔei to deÔtero Jeÿrhma tou De l’ Hôspital, to opoÐo dÐnetai sth sunèqeia qwrÐc apìdeixh (o anagnÿsthc pou endiafèretai ja mporoÔse na dei thn apìdeixh sta ([2], [5], [7])).

Jeÿrhma 4.9.2’Estw duo sunartăseic f kai g, orismènec, suneqeÐc kai paragwgÐsimec sfl èna diĹsthma (a, b) me lim_{x→a}+ f(x) = lim_{x→a}+ g(x) = ∞ kai g^′(x) ≠ 0 sfl autì. an upĹrqei to

lim_{x→a+} f^′(x) g^′(x)

= l, l ∈ R,

tìte lim_{x→a+} f(x) g(x)

= lim_{x→a+} f^′(x) g^′(x) . Paratărhsh 4.9.2Ja mporoÔse kĹpoioc na parathrăsei ta exăc:

• H paratărhsh (4.9.1) isqÔei tropopoihmènh kai gia toÔto to Jeÿrhma.

• To l mporeÐ na eÐnai kai to ∞, afoÔ an lim_{x→a}+^{f ′(x)}_{g′(x)} = ∞, tìte lim_{x→a}+^{g′(x)}_{f ′(x)} = 0.

• H Ôparxh tou orÐou lim_{x→a}+^{f ′(x)}_{g′(x)} = l, l ∈ R eÐnai shmantikă, afoÔ diaforetikĹ prokÔptoun {Ĺtopa}, ìpwc ja doÔme amèswc.

ParĹdeigma 4.19ExetĹste an isqÔei to deÔtero Jeÿrhma tou De l’ Hôspital gia to ìrio. lim_{x→∞} x x + sin x Na to upologÐsete!

140 ParĹgwgoc

LÔsh An jèsoume f(x) = x kai g(x) = x + sin(x), profanÿc kai oi duo eÐnai suneqeÐc kai paragwgÐsimec pantoÔ sto R kai ta ìrio eÐnai lim_{x→∞} f(x) = lim_{x→∞} g(x) = ∞. ’Omwc, to ìrio

lim_{x→∞} f^′(x) g^′(x)

= lim_{x→∞} 1 1 + cos x

den upĹrqei, afoÔ autì talanteÔetai apì^1_2 mèqri +∞. ’Etsi, to deÔtero Jeÿrhma tou De l’ Hôspital gia to ìrio den efarmìzetai. EÔkola ìmwc upologÐzoume ìti lim_{x→∞} x x + sin x

= lim_{x→∞} 1 1 +^{sin x}_x

= 1.

Oi Ĺllec aprosdiìristec morfèc antimetwpÐzontai mèsa apì tic duo prohgoÔmenec. ’Etsi, gia parĹdeigma, an èqoume duo sunartăseic gia tic opoÐec sumbaÐnei lim_{x→a} f(x) = 0 kai lim_{x→∞} g(x) = ∞ ki emeÐc jèloume na upologÐsoume to ìrio lim_{x→a} (f(x)g(x)), tìte ekmetalleuìmaste to gegonìc ìti lim_{x→a}^1_{g(x)} = 0 kai lim_{x→a}^1_{f(x)} = ±∞, opìte èqoume na upologÐsoume to ìrio

lim_{x→a} f(x) 1 g(x)

= 0, ă lim_{x→a} g(x) 1 f(x) , pou to prÿto eÐnai thc morfăc^0 kai to deÔtero^∞ .

An èqoume duo sunartăseic gia tic opoÐec sumbaÐnei lim_{x→a} f(x) = ∞ kai lim_{x→∞} g(x) = ∞ ki emeÐc jèloume na upologÐsoume to ìrio lim_{x→a} (f(x) − g(x)), tìte, an gÐnontai prĹxeic, autèc sunăjwc mac odhgoÔn se mia apì tic prohgoÔmenec morfèc. epÐshc ekmetalleuìmaste to gegonìc ìti lim_{x→a}^1_{g(x)} = 0 kai lim_{x→a}^1_{f(x)} = 0, opìte èqoume na upologÐsoume to ìrio

lim_{x→a} ( 1 1 f(x) − 1_1

g(x) ) = lim_{x→a} 1 g(x) − 1 f(x) 1 f(x) 1 g(x) , pou eÐnai thc morfăc^0 .

Oi Ĺllec morfèc eÐnai ekjetikèc kai antimetwpÐzontai me th gnwstă idiìthta twn logarÐjmwn, afoÔ exasfalÐsoume ìti plhroÔntai oi periorismoÔc twn logĹrijmwn, f(x)^{g(x)} = e^{ln (f(x)g(x))} = e^{g(x) ln (f(x))},

opìte èqoume pĹntote na antimetwpÐsoume th morfă 0 · ∞.

MAJHMATIKA I 141

Prin kleÐsoume autăn thn parĹgrafo, ja prèpei na tonÐsoume ìti o Ka-

nìnac tou De l’ Hôspital eÐnai èna isqurìtato ergaleÐo gia thn eÔresh orÐwn,

wstìso upĹrqoun periptÿseic, p.q. se periptÿseic me rizikĹ, pou prèpei na

katafÔgoume stic klassikèc mejìdouc, afoÔ autìc de dÐnei lÔsh.

ParĹdeigma 4.20Na upologÐsete to ìrio

lim_{x→1} √ x^2 + 1 − √ 2x √ 2x + 1 − √ x^2 + 2 .

LÔsh Prospajÿntac, tÿra, na efarmìsoume ton kanìna tou De l’ Hôspital

katalăgoume se adièxodo, afoÔ jètontac f(x) = √ x^2 + 1 − √ 2x kai g(x) = √ 2x + 1 − √ x^2 + 2 èqoume

f^′(x)

g^′(x) = √ 2x + 1 √ x^2 + 2( √ x^2 + 1 − √ 2x) √ 2x √ x^2 + 1( √ 2x + 1 − √ x^2 + 2) . PollaplasiĹzontac ìmwc, me katĹllhlec parastĹseic arijmhtă kai paranoma-

stă paÐrnoume

f(x)

g(x) = (x^2 + 1 − 2x)( √ x^2 + 1 + √ 2x + 1)

(2x + 1 − x^2 − 2)( √ x^2 + 2 + √ 2x) = ( √ x^2 + 1 + √ 2x + 1) ( √ x^2 + 2 + √ 2x)^{x→1}

� 1 .

4.10 AsÔmptwtec

H sumperiforĹ enìc shmeÐou M(x, y) miac sunĹrthshc y = f(x) gÔrw

apì èna shmeÐo M(x_0, y_0) tou pragmatikoÔ epipèdou, dhl. enìc shmeÐou me

suntetagmènec pragmatikèc, eÔkola ă dÔskola mporeÐ, en gènei, na prosdioristeÐ

ă na katasteÐ gnwstă. H sumperiforĹ tou ìmwc sto Ĺpeiro eÐnai kĹti pou den

eÐnai eÔkolo na apeikonisteÐ. EkeÐno pou, Ðswc, ja mac èdine mia eikìna sqetikĹ

me th sumperiforĹ tou eÐnai to katĹ pìso to shmeÐo mac plhsiĹzei sta shmeÐa

miac eujeÐac, afoÔ h sumperiforĹ thc eujeÐac sto Ĺpeiro eÐnai gnwstă.

Treic katastĹseic eÐnai dunatìn na emfanistoÔn gia tic suntetagmènec tou

shmeÐou M(x, y):

1. To x → x_0 ∈ R kai y → ∞

142 ParĹgwgoc

2. To x → ∞ kai y → y_0 ∈ R

3. To x → ∞ kai y → ∞.

Sthn prÿth perÐptwsh, kajÿc to x → x_0 kai y → ∞, h sunĹrthsă mac teÐnei sthn eujeÐa x = x_0, gifl autì orÐzoume

Orismìc 4.10.1H eujeÐa x = x_0 eÐnai katakìrufh asÔmptwth thc sunĹrthshc f, an lim_{x→x0} f(x) = +∞ ă −∞.

Sthn perÐptwsh aută kajorÐzetai kai h pleurĹ apì thn opoÐa plhsiĹzoun ta shmeÐa thc sunĹrthsăc mac ta shmeÐa thc eujeÐac, afoÔ eÐnai gnwstì to pÿc teÐnei to x sto x_0. PijanĹ shmeÐa gia èlegqo eÐnai ta shmeÐa pou mhdenÐzoun ton paranomastă kai genikĹ ta shmeÐa sta opoÐa den orÐzetai h sunĹrthsh. Gia tic Ĺllec duo periptÿseic jewroÔme th sunĹrthsh thc eujeÐac y = ax + b kai ja prospajăsoume na prosdiorÐsoume touc suntelestèc a kai b, ìtan to ìrio thc diaforĹc f(x) − ax − b teÐnei sto mhdèn.

lim_{x→∞} (f(x) − ax − b) = 0 ⇒ lim_{x→∞} x

(f(x) x − a − b x ) = 0 ⇒ lim_{x→∞} f(x) x = a,

lim_{x→∞} (f(x) − ax − b) = 0 ⇒ lim_{x→∞} (f(x) − ax) = b.

’Etsi dÐnoume ton epìmeno orismì

Orismìc 4.10.2H eujeÐa y = ax + b eÐnai plĹgia asÔmptwth thc sunĹrthshc f, an lim_{x→∞}^{f(x)}_x = a kai lim_{x→∞} (f(x) − ax) = b. ’Otan a = 0, tìte lim_{x→∞} f(x) = b kai h eujeÐa lègetai orizìntia asÔmptwth.

ParĹdeigma 4.21Na brejoÔn oi asÔmptwtec twn sunartăsewn

f(x) =

{_{sin x} x , x ≠ 0 1, x = 0

, g(x) = x^2 + 2 x + 1 . LÔsh Gia thn prÿth sunĹrthsh to shmeÐo x = 0 eÐnai shmeÐo pou prèpei na prosèxoume gia katakìrufh asÔmptwth. AfoÔ ìmwc èqoume lim_{x→0} f(x) = 1, den èqoume katakìrufo asÔmptwth. EÔkola kĹpoioc brÐskei

lim_{x→∞} f(x) x = lim_{x→∞} sin x x^2

= 0 kai lim_{x→∞} f(x) = lim_{x→∞} sin x x = 0.

MAJHMATIKA I 143

Sqăma 4.28: Oi sunartăseic f(x) kai g(x)

’Etsi h eujeÐa y = 0 eÐnai orizìntia asÔmptwth.

Gia th deÔterh sunĹrthsh to shmeÐo x = −1 eÐnai shmeÐo ìpou den orÐzetai h sunĹrthsh kai gifl autì prèpei na exetĹsoume gia katakìrufh asÔmptwth. AfoÔ èqoume lim_{x→0} g(x) = ∞, èqoume katakìrufh asÔmptwth thn eujeÐa x = −1. EpÐshc, eÔkola kĹpoioc brÐskei

lim_{x→∞} f(x) x = lim_{x→∞} x^2 + 2 x^2 + x

= 1 kai lim_{x→∞} f(x) − x = lim_{x→∞}

−x + 2 x − 1

= −1.

’Etsi h eujeÐa y = x − 1 eÐnai plĹgia asÔmptwth. Oi grafikèc parastĹseic twn duo sunartăsewn me tic asÔmptwtèc touc faÐnontai sto Sqăma 4.28.

4.11 Kurtèc kai koÐlec sunartăseic

H kampulìthta sth grafikă parĹstash miac sunĹrthshc eÐnai èna Ĺllo qarakthristikì pou endiafèrei. EÐnai stenĹ sundedemènh me thn ènnoia thc kurtăc kai koÐlhc sunĹrthshc, ènnoiec pou eÐnai stenĹ sundedemènec me th jewrÐa thc beltistopoÐhshc. O prwtoetăc foithtăc eÐnai exoikeiwmènoc me thn ènnoia thc kurtìthtac apì to GumnĹsio, afoÔ apì polÔ nwrÐc èqei akoÔsei gia kurtèc gwnÐec, kurtĹ sqămata k.lp. Ta kurtĹ sÔnola èqoun thn idiìthta ìti, an enÿsoume duo opoiadăpote shmeÐa touc me èna eujÔgrammo tmăma, olìklhro to

144 ParĹgwgoc

Sqăma 4.29: H parĹstash thc kurtăc sunĹrthshc f : [a, b] → R.

tmăma brÐsketai mèsa sto sqăma. An ϑ ∈ (0, 1), tìte o grammikìc sunduasmìc ϑx_0 + (1 − ϑ)x_1 ekfrĹzei kĹje eswterikì shmeÐo tou eujugrĹmmou tmămatoc x_0x_1. (Bl. ’Askhsh 4.13).

Orismìc 4.11.1H sunĹrthsh f : [a, b] → R, lème ìti eÐnai kurtă sto [a, b] an gia kĹje x_0 kai x_1 sto [a, b] kai kĹje ϑ ∈ (0, 1) isqÔei ϑf(x_0) + (1 − ϑ)f(x_1) ≥ f(ϑx_0 + (1 − ϑ)x_1). (4.31) H f kaleÐtai koÐlh, ìtan h −f eÐnai kurtă.

EÔkola diapistÿnei kaneÐc ìti gia thn koÐlh sunĹrthsh h anisìthta isqÔei me antÐjeth forĹ. O kurtìc sunduasmìc twn x_0 kai x_1 eÐnai profanÿc èna eswterikì shmeÐo x twn x_0x_1 kai mac dÐnei x = ϑx_0 + (1 − ϑ)x_1 ⇔ ϑ = x − x_0 x_1 − x_0

. (4.32) GÐnetai, plèon, fanerì ìti h sqèsh (4.31), sunduasmènh me thn (4.32), mac dÐnei f(x) ≤ f(x_1) + ϑ(f(x_1) − f(x_0)) = f(x_1) + f(x_1) − f(x_0) x_1 − x_0

(x − x_0).

H teleutaÐa, gewmetrikĹ, lèei ìti kĹje shmeÐo thc kampÔlhc brÐsketai kĹtw apì th qordă AB, ìpou A(x_0, f(x_0)) kai B(x_1, f(x_1)). (Bl. Sqăma 4.29).

MAJHMATIKA I 145 ParĹdeigma 4.22Na deiqteÐ ìti h sunĹrthsh f(x) = |x| eÐnai kurtă. LÔsh PrĹgmati gia kĹje x_0 kai x_1 isqÔei

f(ϑx_0 + (1 − ϑ)x_1) = |ϑx_0 + (1 − ϑ)x_1| ≤ |ϑx_0| + |(1 − ϑ)x_1| = ϑ|x_0| + (1 − ϑ)|x_1| = ϑf(x_0) + (1 − ϑ)f(x_1), afoÔ oi posìthtec ϑ kai 1 − ϑ eÐnai jetikèc.

ParĹdeigma 4.23Na deiqteÐ ìti h sunĹrthsh f(x) = x^2 eÐnai kurtă. LÔsh PrĹgmati gia kĹje x_0 kai x_1 isqÔei ϑf(x_0) + (1 − ϑ)f(x_1) ≥ f(ϑx_0 + (1 − ϑ)x_1) ⇔ ϑx^2_0 + (1 − ϑ)x^2_1 ≥ (ϑx_0 + (1 − ϑ)x_1)^2 ⇔ ϑx^2_0 + (1 − ϑ)x^2_1 ≥ ϑ^2x^2_0 + (1 − ϑ)^2x^2_1 + 2ϑ(1 − ϑ)x_0x_1 ⇔ ϑ(1 − ϑ)(x_0 − x_1)^2 ≥ 0, pou isqÔei, afoÔ ϑ(1 − ϑ)(x_0 − x_1)^2 > 0.

Oi kurtèc sunartăseic èqoun duo spoudaÐec idiìthtec, tic opoÐec ja anafèroume qwrÐc apìdeixh. O foithtăc pou endiafèretai ja mporoÔse na koitĹxei se biblÐa Majhmatikăc AnĹlushc p.q. ([2],[7]).

• KĹje kurtă sunĹrthsh f orismènh sfl èna diĹsthma [a, b] eÐnai suneqăc. • Gia kĹje kurtă sunĹrthsh f orismènh sfl èna diĹsthma [a, b], se kĹje shmeÐo tou diastămatìc thc, upĹrqoun oi pleurikèc parĹgwgoi.

Jeÿrhma 4.11.2’Estw h sunĹrthsh f pou eÐnai orismènh kai paragwgÐsimh sto diĹsthma [a, b]. h f eÐnai kurtă sto parapĹnw diĹsthma, an kai mìnon an gia kĹje x kai y me x ≠ y sto [a, b] isqÔei f(y) ≥ f(x) + (y − x)f^′(x). (4.33)

146 ParĹgwgoc Apìdeixh: Ja deÐxoume, arqikĹ, ìti an isqÔei h sqèsh (4.33), h sunĹrthsh eÐnai kurtă. ’Estw y kai z duo tuqaÐa shmeÐa sto [a, b] kai x ∈ (y, z), opìte x = ϑy + (1 − ϑ)z me ϑ ∈ (0, 1). AfoÔ isqÔei h sqèsh (4.33), èqoume f(y) ≥ f(x) + (y − x)f^′(x) ⇔ ϑf(y) ≥ ϑf(x) + ϑ(y − x)f^′(x) f(z) ≥ f(x) + (z − x)f^′(x) ⇔ (1 − ϑ)f(z) ≥ (1 − ϑ)f(x) + (1 − ϑ)(z − x)f^′(x) Prosjètontac katĹ mèlh tic duo prohgoÔmenec èqoume ϑf(y) + (1 − ϑ)f(z) ≥ ϑf(x) + (1 − ϑ)f(x) + [ϑy + (1 − ϑ)z − ϑx − (1 − ϑ)x]f^′(x) = f(x) + (x − x)f^′(x) = f(x) = f(ϑy + (1 − ϑ)z).

Antistrìfwc, jewroÔme tÿra ìti h f eÐnai kurtă kai x, y duo shmeÐa sto [a, b] me x ≠ y, tìte gia kĹje ϑ ∈ (0, 1) ja isqÔei

f((1 − ϑ)x + ϑy) − f(x) ϑ ≤ (1 − ϑ)f(x) + ϑf(y) − f(x) ϑ = f(y) − f(x).

To prÿto mèloc thc prohgoÔmenhc sqèshc anadiatassìmeno mac dÐnei f((1 − ϑ)x + ϑy) − f(x) ϑ = (y − x) f(x + ϑ(y − x)) − f(x) ϑ(y − x) , opìte prokÔptei h epìmenh anisìthta (y − x) f(x + ϑ(y − x)) − f(x)

ϑ(y − x)

≤ f(y) − f(x).

H teleutaÐa me ϑ → 0 dÐnei

(y − x)f^′(x) ≤ f(y) − f(x) ⇔ f(y) ≥ f(x) + (y − x)f^′(x), pou eÐnai h zhtoÔmenh. □

Duo shmantikèc, diaforetikèc gewmetrikèc proseggÐseic mporoÔn na gÐnoun sto prohgoÔmeno Jeÿrhma.

• H prÿth eÐnai h exăc: KĹje shmeÐo thc kampÔlhc brÐsketai pĹnw apì opoiadăpote efaptomènh thc.

MAJHMATIKA I 147

Sqăma 4.30: H ermhneÐa tou Jewrămatoc 4.11.2.

• Gia th deÔterh qreiĹzetai mia mikră tropopoÐhsh thc sqèshc (4.33). An y > x mac dÐnei

f(y) ≥ f(x) + (y − x)f^′(x) ⇔ f(y) − f(x) y − x

≥ f^′(x), (4.34)

enÿ an y < x, paÐrnoume

f(y) ≥ f(x) + (y − x)f^′(x) ⇔ f(y) − f(x) y − x

≤ f^′(x). (4.35)

EkeÐno pou gÐnetai, tÿra, fanerì eÐnai ìti h klÐsh opoiasdăpote qordăc thc kampÔlhc eÐnai megalÔterh apì thn klÐsh thc efaptomènhc thc, sto aristerì thc Ĺkro, kai mikrìterh apì thn klÐsh thc efaptomènhc thc, sto dexiì thc Ĺkro.

Ta parapĹnw faÐnontai parastatikĹ sto Sqăma 4.30.

’Hdh èqei faneÐ ìti h kurtìthta thc grafikăc parĹstashc thc sunĹrthshc èqei stenă sqèsh me thn parĹgwgo autăc. To epìmeno Jeÿrhma epibebaiÿnei tou lìgou to alhjèc.

Jeÿrhma 4.11.3’Estw h sunĹrthsh f pou eÐnai orismènh kai paragwgÐsimh sto diĹsthma [a, b]. h f eÐnai kurtă sto parapĹnw diĹsthma, an kai mìnon an h f^′ eÐnai aÔxousa sfl autì.

148 ParĹgwgoc

Sqăma 4.31: H ermhneÐa thc apìdeixhc tou Jewrămatoc 4.11.3.

Apìdeixh: JewroÔme arqikĹ ìti h f eÐnai kurtă. ’Estw tÿra x kai y duo shmeÐa tou [a, b] me x < y. Apì to prohgoÔmeno Jeÿrhma 4.11.2 kai idiaÐtera apì tic sqèseic (4.34) kai (4.35) paÐrnoume

f^′(x) < f(y) − f(x) y − x = f(x) − f(y) x − y

< f^′(y).

Antistrìfwc, an h f^′ eÐnai aÔxousa kai x, y duo shmeÐa tou [a, b] me x < y, tìte, apì to Jeÿrhma 4.8.6 (Jeÿrhma tou Lagrange) kai to gegonìc ìti h f^′ eÐnai aÔxousa, ja upĹrqei kĹpoio shmeÐo ξ me x < ξ < y, ètsi ÿste

f^′(x) < f^′(ξ) = f(y) − f(x) y − x

< f^′(y)

To eujÔ kai to antÐstrofo apeikonÐzontai sto Sqăma 4.31. □

Apì to Jeÿrhma 4.8.9 prokÔptei ìti h f^′ aÔxousa isodunameÐ me th f^{′′} jetikă, upì thn proôpìjesh ìti h f^′ paragwgÐzetai. ’Etsi, abÐasta, prokÔptei to epìmeno Pìrisma.

Pìrisma 4.11.4’Estw h sunĹrthsh f pou eÐnai orismènh kai duo forèc paragwgÐsimh sto diĹsthma [a, b]. h f eÐnai kurtă sto parapĹnw diĹsthma, an kai mìnon an h f^{′′} eÐnai jetikă sfl autì.

MAJHMATIKA I 149

’Osa proanafèrame gia tic kurtèc sunartăseic isqÔoun katĹllhla prosarmosmèna kai gia tic koÐlec. ’Etsi, sto prohgoÔmeno pìrisma me tic Ðdiec proôpojèseic h f^{′′} < 0 isodunameÐ me koÐlh sunĹrthsh k.lp. AxÐzei na tonÐsoume ìti to shmeÐo sto opoÐo mia sunĹrthsh f allĹzei kampulìthta, dhl. apì kurtă gÐnetai koÐlh ă apì koÐlh kurtă, lègetai {shmeÐo kampăc} (sv.k.). Wc pijanĹ shmeÐa kampăc elègqoume ta shmeÐa sta opoÐa mhdenÐzetai h f^{′′}, efìson upĹrqei ă den orÐzetai h f^′ (p.q. f^′_− ≠ f^′_+).

ParĹdeigma 4.24Na brejoÔn ta shmeÐa kampăc kai na melethjeÐ wc proc thn kampulìthta, dhl. pìte eÐnai kurtă kai pìte koÐlh, h sunĹrthsh

f(x) = { sin x, x ∈ (−^{2π}_3 ,^{2π}_3 ] sin (x −^π_3 ), x ∈ (^{2π}_3 , 2π)

LÔsh H deÔterh parĹgwgoc thc sunĹrthshc eÐnai

f^{′′}(x) = { − sin x, x ∈ (−^{2π}_3 ,^{2π}_3 ) − sin (x −^π_3 ), x ∈ (^{2π}_3 , 2π) .

Sto shmeÐo x_0 =^{2π}_3 aută den orÐzetai, afoÔ den orÐzetai h prÿth parĹgwgoc sto shmeÐo autì. PrĹgmati kĹpoioc eÔkola mporeÐ na upologÐsei (na brejeÐ!) ìti f^′_−( 2π 3 ) = − 1 2 ≠ 1 2 = f^′_+( 2π 3 ). EpÐshc, f^{′′}(x) = 0 mac dÐnei ta shmeÐa x_1 = 0 kai x_2 =^{4π}_3 , ta opoÐa eÐnai krÐsima shmeÐa gia shmeÐa kampăc. H melèth tou prosămou thc deÔterhc paragÿgou kai thc kampulìthtac thc sunĹrthshc faÐnetai ston parakĹtw pÐnaka:

x −^{2π}_3 0^{2π}_3^{4π}_3 2π f^{′′} − 0 + ‖ + 0 − f � � � �

enÿ h grafikă parĹstash autăc dÐnetai sto Sqăma 4.32.

Prin kleÐsoume thn parĹgrafo aută, ja dÿsoume èna Jeÿrhma antÐstoiqo tou Jewrămatoc 4.8.3, ìpou h Ôparxh shmeÐou kampăc exasfalÐzetai apì th gnÿsh thc timăc thc paragÿgou uyhlìterhc tĹxhc.

150 ParĹgwgoc

Sqăma 4.32: H grafikă parĹstash thc f tou paradeÐgmatoc (4.24).

Jeÿrhma 4.11.5An gia mia sunĹrthsh f orismènh sto diĹsthma [a, b], oi 2n + 1 parĹgwgoi thc f upĹrqoun kai eÐnai suneqeÐc kai epiplèon

f^{′′}(x_0) = f^{′′′}(x_0) = · · · = f^{(2n)}(x_0) = 0 kai f^{(2n+1)}(x_0) ≠ 0 me n ≥ 1,

tìte sto x_0 èqoume shmeÐo kampăc.

Apìdeixh: AnaptÔssontac thn f se seirĹ Taylor gÔrw apì to shmeÐo x_0 èqoume

f(x) = f(x_0)+(x−x_0)f^′(x_0)+

2n−1∑

k=2 (x − x_0)^k k! f^{(k)}(x_0) 0 + (x − x_0)^{2k+1} (2k + 1)!

f^{(2k+1)}(ξ).

’Etsi, an f^{(2k+1)}(x_0) > 0, h posìthta^{(x−x0)2k+1}_{(2k+1)!} dexiĹ tou x_0 eÐnai jetikă, opìte f(x) = f(x_0) + (x − x_0)f^′(x_0) > 0 kai h f eÐnai kurtă (apì to Jeÿrhma 4.11.2), enÿ aristerĹ tou x_0 h posìthta^{(x−x0)2k+1}_{(2k+1)!} eÐnai arnhtikă kai h f eÐnai koÐlh. Sunepÿc, sto x_0 allĹzei h monotonÐa. Parìmoia sumbaÐnoun, an f^{(2k+1)}(x_0) < 0. □

MAJHMATIKA I 151

4.12 H Melèth thc sunĹrthshc

Sugkentrÿnontac ìla ìsa anafèrame mèqri tÿra ja mporoÔsame, genikĹ, na poÔme ìti gia na meletăsoume mia sunĹrthsh mporoÔme ă prèpei na kĹnoume tic epìmenec enèrgeiec:

• BrÐskoume to pedÐo orismoÔ thc f kai exetĹzoume thn periodikìthta kai tic summetrÐec (Ĺrtia`perittă) autăc, efìson eÐnai efiktì.

• EntopÐzoume ìsa qarakthristikĹ shmeÐa thc sunĹrthshc (shmeÐa tomăc me touc Ĺxonec) mporoÔme.

• ExetĹzoume th sunèqeia autăc sta diastămata pou orÐzetai, dÐnontac prosoqă sta Ĺkra autÿn.

• BrÐskoume tic asÔmptwtec autăc, an upĹrqoun.

• BrÐskoume thn parĹgwgo autăc kai me th boăjeiĹ thc meletoÔme th monotonÐa kai entopÐzoume ta akrìtata exetĹzontac th sunĹrthsh sta krÐsima shmeÐa thc.

• BrÐskoume th deÔterh parĹgwgo f^{′′}, an upĹrqei, kai me th boăjeiĹ thc meletoÔme thn kampulìthtĹ thc kai entopÐzoume ta shmeÐa kampăc exetĹzontac thn sunĹrthsh sta krÐsima shmeÐa thc f^′.

ParĹdeigma 4.25Na melethjeÐ h sunĹrthsh

f(x) = { |x|^x, x ≠ 0 1, x = 0 .

LÔsh Wc pedÐo orismoÔ thc sunĹrthshc jewroÔme to R, afoÔ aută orÐzetai pantoÔ mèsa sfl autì. SummetrÐec kai periodikìthtec den upĹrqoun kai wc ek toÔtou ja meletăsoume thn f(x) wc proc th sunèqeia. H sunĹrthsh mporeÐ na grafeÐ wc |x|^x = e^{x ln |x|}, me x ∈ (−∞, 0) ∪ (0, ∞). ’Etsi, mporoÔme na doÔme ìti aută eÐnai suneqăc kai sto (−∞, 0) kai sto (0, ∞). H f eÐnai suneqăc sto shmeÐo x_0 = 1, ìpou prĹgmati èqoume

lim_{x→0} |x|^x = lim_{x→0} e^{x ln |x|} = e^{limx→0 x ln |x|} = e^0 = 1 = f(0),

152 ParĹgwgoc

afoÔ paÐrnontac upìyh mac th sqèsh (4.6) mporoÔme na broÔme

lim_{x→0} x ln |x| = lim_{x→0} ln |x|_1 x = lim_{x→0}

(ln |x|)^′ (^1_x )^′

= lim_{x→0} 1 x −^1_{x2}

= lim_{x→0} x = 0.

O orizìntioc Ĺxonac eÐnai asÔmptwth thc kampÔlhc mac, afoÔ eÔkola prokÔptei ìti lim_{x→−∞} |x|^x = 0, enÿ plĹgiec den upĹrqoun.

H parĹgwgoc sta diastămata thc sunèqeiĹc thc eÐnai f^′(x) = (|x|^x)^′ = |x|^x(ln |x| + 1), enÿ sto shmeÐo x_0 = 0 èqoume

f^′(1) = lim_{x→0}

|x|^x − 1 x = lim_{x→0}

|x|^x(ln |x| + 1) 1 = −∞.

Me f^′(x) = 0 ⇔ ln |x| = −1 ⇔ |x| = e^{−1}. Ta krÐsima shmeÐa, loipìn, eÐnai x_0 = 0, x_1 = −1/e, x_2 = 1/e. To prìshmo thc paragÿgou exartĹtai apì to prìshmo thc posìthtac ln |x| + 1, afoÔ |x|^x > 0. ’Etsi, prokÔptei o parakĹtw pÐnakac, ìpou faÐnontai ta topikĹ mègista, elĹqista kai h monotonÐa.

x ∞ −1/e 0 1/e ∞ f^′(x) + 0 − ‖ − + f(x) � � � � t.m. � � � � � � � � t.e. � � � �

Gia th deÔterh parĹgwgo èqoume ìti sto shmeÐo x_0 = 0 aută den orÐzetai kai wc ek toÔtou to shmeÐo autì eÐnai krÐsimo shmeÐo. Sta diastămata orismoÔ thc èqoume ìti f^{′′}(x) = |x|^x[(ln |x| + 1)^2 +^1_x ]. EÐnai fanerì ìti f^{′′}(x) > 0, ∀x > 0, enÿ gia x < 0, afoÔ |x|^x > 0, jewroÔme th sunĹrthsh g(x) = (ln (−x) + 1)^2 +^1_x kai eÔkola mporoÔme na apodeÐxoume (h apìdeixh mènei gia Ĺskhsh) ìti èqei monadikă rÐza thn timă x_3 = −1. ’Etsi, mporoÔme na dhmiourgăsoume ton parakĹtw pÐnaka, ston opoÐo faÐnetai h kampulìthta autăc.

x ∞ −1 0 ∞ f^{′′}(x) + 0 − ‖ + f(x) � sv.k. � sv.k. �

H grafikă thc parĹstash faÐnetai sto Sqăma 4.33.

MAJHMATIKA I 153

Sqăma 4.33: H grafikă parĹstash thc f(x) = |x|^x.

Askăseic

’Askhsh 4.1DeÐxte ìti, an mia sunĹrthsh den eÐnai suneqăc sto shmeÐo x_0, tìte den paragwgÐzetai sfl autì.

’Askhsh 4.2ExetĹste wc proc th sunèqeia kai thn paragÿgish sto shmeÐo 0 th sunĹrthsh

f(x) = 3√ x + 1, x > 0 0, x = 0 3√ x − 1, x < 0 .

’Askhsh 4.3DeÐxte ìti, an duo sunartăseic paragwgÐzontai n forèc, tìte isqÔei

1) (f ·g)^{′′} = f ·g^{′′} +2f^′g^′ +f^{′′} ·g, 2) (f ·g)^{(3)} = f ·g^{(3)} +3f^′g^{′′} +3f^{′′}g^′ +f^{(3)} ·g.

(Măpwc manteÔete to genikì tÔpo?)

’Askhsh 4.4Na brejoÔn oi parĹgwgoi twn peplegmènwn sunartăsewn

1) 3^x − 3^y = 3^{x−y}, 2) x + y = ln (x + y), me x + y > 0, 3) √ x^2 + y^2 = e^{arctan xy} , me y ≠ 0.

154 ParĹgwgoc

’Askhsh 4.5BreÐte to diaforikì twn f(x) = cos x kai f(x) = sin x. Na qrhsimopoihjoÔn, gia na brejeÐ mia proseggistikă timă gia ta a)cos^π_{50} b)sin 0.0012.

’Askhsh 4.6Na brejoÔn me dunamoseirèc ta e^{ix} kai cos x + i sin x, ìpou i = √ −1. Na sugkrijoÔn.

’Askhsh 4.7DeÐxte ìti oi parakĹtw sunartăseic diafèroun katĹ stajerĹ, afoÔ prÿta entopÐsete to koinì pedÐo orismoÔ touc (a ≠ 0). 1) { f_1(x) =^1_a arg tanh^x_a f_2(x) =^1_{2a} ln^{a+x}_{a−x} 2) { g_1(x) = arg sinh^x_a g_2(x) = ln |x + √ x^2 − a^2|

’Askhsh 4.8’Ena kommĹti sÔrma kìbetai se duo kommĹtia kai kataskeuĹzoume èna tetrĹgwno ki ènan kÔklo. BreÐte se poio shmeÐo tou prèpei na kopeÐ to sÔrma, ÿste to Ĺjroisma twn embadÿn twn duo sqhmĹtwn na eÐnai mègisto.

’Askhsh 4.9Sto diplanì sqăma o parathrhtăc (P) prèpei na pĹei to suntomìtero dunatì sto parathrhtărio, entìc thc lÐmnhc (S). Sto èdafoc o parathrhtăc trèqei me taqÔthta 6Km/h, enÿ sth lÐmnh me th misă. Na brejeÐ, qrhsimopoiÿntac th mèjodo thc diqotìmhshc ă ìpoio Ĺllo trìpo jèlete, to shmeÐo (M), an eÐnai gnwstì ìti PA=100m, SB=60m kai AB=200m.

’Askhsh 4.10Sfl èna kulindrikì doqeÐo aktÐnac R = 10cm, se ugrì ikanoÔ Ôyouc h fulĹssontai 10^6 mìria sfairikoÔ organismoÔ aktÐnac r = 0.01cm. Na brejeÐ o rujmìc metabolăc thc aktÐnac twn organismÿn, an to Ôyoc thc stĹjmhc tou ugroÔ anebaÐnei me taqÔthta 0.2cm/sec.

’Askhsh 4.11Jewrÿntac ìti to wriaÐo kìstoc enìc skĹfouc, pou kineÐtai me stajeră taqÔthta, dÐnetai apì ton tÔpo a + bv^n, n > 1, ìpou a kai b stajerèc, na brejeÐ h taqÔthta pou prèpei na kineÐtai, autì ÿste na èqoume to elĹqisto kìstoc.

MAJHMATIKA I 155

’Askhsh 4.12Na brejeÐ to orjogÿnio (me pleurèc parĹllhlec proc touc Ĺxonec), me to mègisto embadìn, pou eggrĹfetai sthn èlleiyh

x^2 a^2 + y^2 b^2

= 1.

’Askhsh 4.13An ϑ ∈ (0, 1), na deiqjeÐ ìti o grammikìc sunduasmìc ϑx_0 + (1 − ϑ)x_1 ekfrĹzei kĹje eswterikì shmeÐo tou eujugrĹmmou tmămatoc x_0x_1 a)x_0, x_1 ∈ R b)x_0, x_1 ∈ R^2.

156 ParĹgwgoc

Aìristo Oloklărwma

5.1 GenikĹ

To antÐstrofo prìblhma thc paragÿgishc eÐnai h oloklărwsh. Oloklărwsh dhl. eÐnai h diadikasÐa, me thn opoÐa, ìtan mac dÐnetai mia sunĹrthsh, emeÐc brÐskoume apì poia sunĹrthsh proălje aută me paragÿgish. DiaforetikĹ, ìtan gnwrÐzoume to rujmì metabolăc miac sunĹrthshc brÐskoume th sunĹrthsh sthn opoÐa antistoiqeÐ. To plăjoc twn pragmatikÿn problhmĹtwn stic diĹforec epistămec eÐnai akribÿc autoÔ tou eÐdouc. GnwrÐzoume to rujmì metabolăc miac sunĹrthshc kai ìqi thn Ðdia th sunĹrthsh ă gnwrÐzoume mia sqèsh pou sundèei th sunĹrthsh me to rujmì metabolăc autăc kai yĹqnoume na broÔme th sunĹrthsh. Se antÐjesh me to prìblhma thc paragÿgishc to prìblhma thc oloklărwshc eÐnai megĹlo kai polÔploko. Wstìso, sqetikĹ me to prìblhma autì, èqoun gÐnei pĹra pollĹ mèqri sămera kai se èna megĹlo arijmì problhmĹtwn èqei dojeÐ lÔsh.

5.2 OrismoÐ kai stoiqeiÿdh oloklhrÿmata

Orismìc 5.2.1’Estw h sunĹrthsh f me A_f ⊆ R. an upĹrqei mia Ĺllh sunĹrthsh F , ÿste gia kĹje x sto A_f na isqÔei

F^′(x) = f(x) ă dF (x) = f(x)dx, (5.1)

tìte h sunĹrthsh F onomĹzetai arqikă thc f.

Sto Jeÿrhma 4.8.8 eÐdame ìti, an duo sunartăseic diafèroun katĹ stajerĹ, èqoun tic Ðdiec paragÿgouc. Autì shmaÐnei ìti mia sunĹrthsh mporeÐ na

158 Aìristo oloklărwma

èqei pollèc arqikèc sunartăseic ă kalÔtera, an F eÐnai mia arqikă thc f tìte

to sÔnolo twn arqikÿn autăc dÐnetai apì ton tÔpo F (x) + C.

Orismìc 5.2.2’Estw h sunĹrthsh f me A_f ⊆ R. an h sunĹrthsh F eÐnai mia

arqikă thc f, tìte h genikă morfă F (x) + C onomĹzetai aìristo oloklărwma

thc f kai sumbolÐzetai ∫ f(x)dx = F (x) + C. (5.2)

Wc Ĺmesec sunèpeiec tou orismoÔ kai tou gegonìtoc ìti F^′(x) = f(x) èqoume

tic exăc stoiqeiÿdeic idiìthtec: • ∫ f(x)dx = ∫ F^′(x)dx = ∫ dF (x) = F (x) + C.

•^d_{dx} ∫ f(x)dx = F^′(x) = f(x). • d ∫ f(x)dx = F^′(x)dx = f(x)dx.

Ja mporoÔse, Ðswc, kĹpoioc na parathrăsei ìti oi duo prĹxeic, thc paragÿgishc

kai thc oloklărwshc, eÐnai katĹ kĹpoio trìpo antÐstrofec, me exaÐresh Ðswc

to stajerì prosjetèo C. Apì tic stoiqeiÿdeic idiìthtec thc oloklărwshc kai

th gnÿsh mac sqetikĹ me tic paragÿgouc, mporoÔme na èqoume ton parakĹtw

pÐnaka oloklărwshc, me th sumfwnÐa ìti oi sunartăseic orÐzontai.

GnwstĹ oloklhrÿmata GnwstĹ oloklhrÿmata ∫ 0dx = C

∫_1

cos^2 x dx = tan x + C ∫ x^adx =^1_{a+1}x^{a+1} + C, a ≠ −1 ∫ e^xdx = e^x + C ∫_1

x dx = ln |x| + C ∫ a^xdx =^{ax}_{ln x} + C ∫ cos xdx = sin x + C ∫ sinh xdx = cosh x + C ∫ sin xdx = − cos x + C ∫ cosh xdx = sinh x + C ∫ (1 + tan^2 x)dx = tan x + C

∫_1

cosh^2 x dx = tanh x + C

GewmetrikĹ, to aìristo oloklărwma ekfrĹzei mia monoparametrikă oiko-

gèneia kampÔlwn, dhl. to aìristo oloklărwma den eÐnai mia kampÔlh allĹ èna

plăjoc kampÔlwn, parĹllhlwn metaxÔ touc, ìpwc faÐnetai sto Sqăma 5.34.

MAJHMATIKA I 159

Sqăma 5.34: Aìristo oloklărwma: Mia monoparametrikă oikogèneia kampÔlwn

An apaităsoume h kampÔlh na pernĹ apì sugkekrimèno shmeÐo M(x_0, y_0), tìte h stajerĹ C prosdiorÐzetai kai h kampÔlh orÐzetai plărwc.

ParĹdeigma 5.1ProsdiorÐste thn kampÔlh, h opoÐa dièrqetai apì to shmeÐo M(1, 2) kai èqei rujmì metabolăc 3x^2 − 2x + 1.

LÔsh ∫ (3x^2 − 2x + 1)dx = ∫ (x^3 − x^2 + x)^′dx = ∫ d(x^3 −x^2 +x) = x^3 −x^2 +x+C.

AfoÔ h kampÔlh dièrqetai apì to shmeÐo M(1, 2), èqoume

2 = 1^3 − 1^2 + 1 + C ⇔ C = 1.

5.3 Idiìthtec tou Oloklhrÿmatoc

Apì tic stoiqeiÿdeic idiìthtec tou oloklhrÿmatoc prokÔptoun eÔkola tèsseric basikèc idiìthtec tou oloklhrÿmatoc, tic opoÐec sunoyÐzoume upì morfăn Jewrămatoc.

160 Aìristo oloklărwma

Jeÿrhma 5.3.1An duo sunartăseic f kai g eÐnai oloklhrÿsimec sfl èna diĹsthma Δ kai F h arqikă thc f, tìte isqÔei ∫ λf(x)dx = λ ∫ f(x)dx, λ ≠ 0 (5.3) ∫ ( f(x) + g(x) ) dx = ∫ f(x)dx + ∫ g(x)dx (5.4) ∫ f^′(x)g(x)dx = f(x)g(x) − ∫ f(x)g^′(x)dx (5.5) ∫ g(x)df(x) = f(x)g(x) − ∫ f(x)dg(x) ∫ f(g(x))g^′(x)dx = ∫ f(g(x))dg(x) = F (g(x)) + C. (5.6)

EkeÐno, Ðswc, pou ja èprepe na parathrăsoume eÐnai ìti to λ ≠ 0 sthn (5.3) tou prohgoÔmenou Jewrămatoc eÐnai ousiÿdec, afoÔ gia λ = 0 den isqÔei, enÿ thn (5.5) thn sunantĹme sth bibliografÐa wc oloklărwsh katĹ parĹgontec.

ParĹdeigma 5.2Na upologistoÔn ta oloklhrÿmata: 1) ∫ (2x^5 + 3x^2 − x)dx, 2) ∫ ( √ x +^3 √ x)dx, 3) ∫ (cos x − 1 √ x )dx.

LÔsh 1) ∫ (2x^5 + 3x^2 − x)dx = 2 ∫ x^5dx + 3 ∫ x^2dx − ∫ xdx = x^6 3 + x^3 + x^2 2 + C,

2) ∫ ( √ x +^3 √ x)dx = ∫ x^{12} dx + ∫ x^{13} dx = x^32_3 2 + x^43_4 3 + C = 2 3 x^{32} + 3 4 x^{43} + C,

3) ∫ (cos x − 1 √ x )dx = ∫ cos xdx− ∫ x^{− 12} dx = sin x− x^12 1 2 +C = sin x−2x^{12} +C.

ParĹdeigma 5.3EpÐshc ta oloklhrÿmata: 1) ∫ x cos xdx, 2) ∫ e^x cos xdx, 3) ∫ ln xdx.

MAJHMATIKA I 161

LÔsh 1) ∫ x cos xdx = ∫ x(sin x)^′dx = x sin x − ∫ sin x(x)^′dx =

x sin x − ∫ sin xdx = x sin x − cos x + C, 2) ∫ e^x cos xdx = ∫ (e^x)^′ cos xdx = e^x cos x − ∫ (cos x)^′e^xdx =

e^x cos x + ∫ sin x(e^x)^′dx = e^x cos x + e^x sin x − ∫ (sin x)^′e^xdx =

e^x cos x + e^x sin x − ∫ cos xe^xdx ⇔ 2 ∫ e^x cos xdx = e^x cos x + e^x sin x,

opìte ∫ e^x cos xdx = 1 2 (e^x cos x + e^x sin x) + C 3) ∫ ln xdx = x ln x − ∫ xd ln x = x ln x − ∫ x 1 x dx = x ln x − x + C.

ParĹdeigma 5.4EpÐshc ta oloklhrÿmata: 1) ∫ 1 (ax + b)^3 dx, 2) ∫ ln x x dx, 3) ∫ x 1 − 2x^2 dx.

LÔsh JumÐzoume tic idiìthtec tou diaforikoÔ d(ax) = adx kai d(x + b) = dx. 1) ∫ 1 (ax + b)^3 dx = 1 a ∫ 1 (ax + b)^3 d(ax + b) = − 1 2a(ax + b)^2

+ C.

2) ∫ ln x x dx = ∫ ln xd ln x =

(ln x)^2 2 + C. 3) ∫ x 1 − 2x^2 dx = − 1 2 ∫ 1 1 − 2x^2 d(1 − 2x^2) = − 1 2 ln |1 − 2x^2| + C.

162 Aìristo oloklărwma

5.4 Teqnikèc oloklărwshc

’Hdh, èqei anaferjeÐ ìti h oloklărwsh eÐnai èna dÔskolo prìblhma sta MajhmatikĹ kai mĹlista merikĹ oloklhrÿmata, akìmh kai aplÿn ekfrĹsewn, den orÐzoun stoiqeiÿdeic sunartăseic kai eÐnai adÔnato na antimetwpistoÔn me aplì trìpo, ìpwc gia parĹdeigma ta ∫ e^{−x2} dx,

∫_{ex}

x dx,

∫_1

ln x dx

∫_{sin x} x dx,

∫_{cos x} x dx k.a. ([8]). Sth sunèqeia, ja dojoÔn orismènec teqnikèc gia thn antimetÿpish tou problămatoc, ìmwc de filodoxoÔme na exantlăsoume ìlec tic periptÿseic. Gia plèon eidikèc periptÿseic o anagnÿsthc ja prèpei na anazhtăsei boăjeia se perissìtero eidikĹ suggrĹmmata sth bibliografÐa p.q. ([2],[8],[5]).

5.4.1 Allagă metablhtăc

JewroÔme th sunĹrthsh f : A_f → R kai èstw mia sunĹrthsh ϕ : I → A_f me suneqă prÿth parĹgwgo kai tètoia ÿste ϕ^′(t) ≠ 0 gia kĹje t ∈ I. An jèsoume x = ϕ(t), tìte antÐ tou oloklhrÿmatoc ∫ f(x)dx prokÔptei to oloklărwma ∫

f(ϕ(t))ϕ^′(t)dt,

to opoÐo pollèc forèc eÐnai pio eÔkolo ston upologismì tou apfl ì,ti to arqikì. AfoÔ h sunĹrthsh ϕ epilèqthke ètsi ÿste na upĹrqei h antÐstrofă thc, tìte, an Φ(t) mia parĹgousa thc prohgoÔmenhc, ja isqÔei ∫ f(x)dx = ∫ f(ϕ(t))ϕ^′(t)dt = Φ(ϕ^{−1}(x)) + C. (5.7)

Wstìso sthn prĹxh merikèc forèc jewroÔme th sunĹrthsh ϕ^{−1} kai sth sunèqeia brÐskoume th ϕ.

ParĹdeigma 5.5Na brejeÐ to oloklărwma ∫ x √ 2x + 3dx.

LÔsh Jètontac t = √ 2x + 3, t > 0 paÐrnoume x =^1_2 (t^2 − 3), opìte dx = tdt kai èqoume: ∫ x √ 2x + 3dx = ∫ 1 2 (t^2 − 3)ttdt = 1 2 ∫ (t^4 − 3t^2)dt = 1 2 (t^5 5 − 3t^3 3 ) + C

MAJHMATIKA I 163 = 1 10 (√ 2x + 3

)_5 − 1 2 (√ 2x + 3

)_3 + C.

To poio metasqhmatismì ja qrhsimopoiăsoume eÐnai basikĹ jèma empeirÐac kai exoikeÐwshc me thn oloklărwsh. Wstìso, orismènoi metasqhmatismoÐ eÐnai klasikoÐ kai sthn prospĹjeiĹ mac den touc agnooÔme, gifl autì touc dÐnoume ston epìmeno pÐnaka:

parĹstash metasqhmatismìc diaforikì 1 + x^2 x = tan θ dx = (1 + tan^2 θ)dθ a^2 + x^2 x = a tan θ dx = a(1 + tan^2 θ)dθ √ 1 + x^2 x = tan θ dx = (1 + tan^2 θ)dθ √ a^2 + x^2 x = a tan θ dx = a(1 + tan^2 θ)dθ √ 1 − x^2 x = sin θ dx = cos θdθ √ a^2 − x^2 x = a sin θ dx = a cos θdθ √ x^2 − 1 x =^1_{sin θ} dx =^{− cos θ}_{sin2 θ} dθ √ x^2 − a^2 x =^a_{sin θ} dx =^{−a cos θ}_{sin2 θ} dθ

(5.8)

ParĹdeigma 5.6Na upologistoÔn ta oloklhrÿmata: 1) ∫ 1 a^2 + x^2 dx, 2) ∫ 1 √ a^2 − x^2 dx, 3) ∫ 1 x √ x^2 − a^2 dx.

LÔsh 1) Apì ton pÐnaka (5.8) jètoume x = a tan θ kai dx = a(1 + tan^2 θ)dθ, opìte èqoume ∫ 1 a^2 + x^2 dx = ∫ 1 a^2(1 + tan^2 θ) a(1+tan^2 θ)dθ = 1 a ∫ dθ = 1 a θ = 1 a arctan x a +C PĹli apì ton pÐnaka (5.8) jètoume x = a sin θ kai dx = a cos θdθ, opìte èqoume 2) ∫ 1 √ a^2 − x^2 dx = ∫ 1 a √ 1 − sin^2 θ a cos θdθ = ∫ 1 cos θ cos θdθ = ∫ dθ = arcsin x a +C EpÐshc, apì ton pÐnaka (5.8) jètoume x =^a_{sin θ} kai dx =^{−a cos θ}_{sin2 θ} dθ, opìte èqoume 3) ∫ 1 x √ x^2 − a^2 dx = ∫ 1 a^a_{sin θ}

√_{cos2 θ}

sin^2 θ

−a cos θ sin^2 θ dθ = − 1 a ∫ dθ = − 1 a arcsin a x +C.

164 Aìristo oloklărwma

Me a = 1 oi duo prÿtec eÐnai anamenìmenec, afoÔ kĹpoioc pou jumĹtai tic paragÿgouc twn kuklometrikÿn sunartăsewn apì to prohgoÔmeno kefĹlaio ja mporoÔse na tic pĹrei Ĺmesa.

Paratărhsh 5.4.1KĹpoiec forèc, ston pÐnaka (5.8), exuphreteÐ antÐ twn sin θ kai cos θ na jètoume sinh θ kai cosh θ tropopoiÿntac katĹllhla ta diaforikĹ.

5.4.2 Oloklhrÿmata trigwnometrikÿn sunartăsewn

Mia megĹlh kathgorÐa oloklhrwmĹtwn eÐnai aută thc o oloklărwshc twn trigwnometrikÿn sunartăsewn. Sfl aută ja prèpei kĹpoioc na èqei upìyh tou tic trigwnometrikèc tautìthtec thc paragrĹfou (3.6.4). Ja dÿsoume tic diĹforec mejìdouc upì morfăn paradeigmĹtwn kai o foithtăc ac prosèxei th mejodologÐa.

ParĹdeigma 5.7Na upologisjoÔn ta oloklhrÿmata: 1) ∫ sin^n x cos xdx, 2) ∫ cos^n x sin xdx.

LÔsh ’Eqontac upìyh ìti d sin x = cos xdx, paÐrnoume 1) ∫ sin^n x cos xdx = ∫ sin^n xd sin x =

{_{sinn+1 x}

n+1 , n ≠ −1 ln | sin x|, n = −1 . AntÐstoiqa energoÔme gia to 2). (Na gÐnei wc Ĺskhsh.)

ParĹdeigma 5.8Na upologisjoÔn ta oloklhrÿmata: 1) ∫ tan xdx, 2) ∫ tan^2 xdx, 3) ∫ tan^n xdx 2 < n ∈ N.

LÔsh 1) Apì thn gnwstă tautìthta tan x =^{sin x}_{cos x} èqoume ∫ tan xdx = ∫ sin x cos x dx = − ∫ 1 cos x d cos x = − ln | cos x| + C.

MAJHMATIKA I 165

2) Prosjafairÿntac to 1, paÐrnoume ∫ tan^2 xdx = ∫ (1 + tan^2 x − 1)dx = tan x − x + C.

3) Pollèc forèc, sthn prospĹjeiĹ mac na broÔme kĹpoia oloklhrÿmata dhmiourgoÔme anagwgikoÔc tÔpouc, ìpwc sthn perÐptwsh pou tÿra diapragmateuìmaste. ∫ tan^n xdx = ∫ tan^{n−2} x tan^2 xdx = ∫ tan^{n−2} x(1 + tan^2 x − 1)dx = ∫ tan^{n−2} x (1 + tan^2 x)dx

d tan x − ∫ tan^{n−2} xdx = tan^{n−1} x n − 1 − ∫ tan^{n−2} xdx.

EÐnai fanerì ìti, me ton anagwgikì tÔpo pou dhmiourgăsame, ja phgaÐnoume proc ta pÐsw, meiÿnontac ton ekjèth katĹ dÔo kĹje forĹ, kai ja katalăxoume ă sto 1), an to n eÐnai perittì ă sto 2), an autì eÐnai Ĺrtio.

ParĹdeigma 5.9Na upologisjoÔn ta oloklhrÿmata: 1) ∫ sin^{2n+1} xdx, 2) ∫ cos^{2n+1} xdx, 3) ∫ 1 cos^{2n} x dx, 4) ∫ 1 sin^{2n} x dx

LÔsh Perittèc dunĹmeic tou hmitìnou kai sunhmitìnou oloklhrÿnontai sqetikĹ eÔkola 1) ∫ sin^{2n+1} xdx = ∫ sin^{2n} x sin xdx = − ∫ sin^{2n} xd cos x = − ∫ (1 − cos^2 x)^nd cos x.

To teleutaÐo, ìmwc, eÐnai oloklărwma poluwnÔmou, afoÔ autì mporeÐ na anaptuqjeÐ wc diÿnumo tou Newton se ìrouc tou cos^2 x. Parìmoia to 2). (Na gÐnei wc Ĺskhsh.)

LÐgo pio dÔskola eÐnai ta prĹgmata sta Ĺlla duo oloklhrÿmata. sto prÿto apfl autĹ paÐrnoume upìyh mac ìti^1_{cos2 x} =^{cos2 x+sin2 x}_{cos2 x} = 1 + tan^2 x. ’Etsi èqoume 3) ∫ 1 cos^{2n} x dx = ∫ 1 cos^{2(n−1)} x 1 cos^2 x dx = ∫ (1 + tan^2)^{n−1}d tan x.

166 Aìristo oloklărwma

’Opwc kai prohgoÔmena, to teleutaÐo eÐnai oloklărwma poluwnÔmou, afoÔ autì mporeÐ na anaptuqjeÐ wc diÿnumo tou Newton se ìrouc thc tan^2 x. Sto Ĺllo paÐrnoume upìyh mac ìti^1_{sin2 x} =^{1+tan2 x}_{tan2 x} . ’Etsi èqoume 4) ∫ 1 sin^{2n} x dx = ∫ ( 1 + tan^2 x tan^2 x

)_n

dx = ∫ ( 1 + tan^2 x

tan^2 x

)_{n−1} (1 + tan2 x) tan^2 x dx = ∫ ( 1 + tan^2 x

tan^2 x

)_{n−1} 1

tan^2 x d tan x = ∫ ( 1 + 1 tan^2 x

)_{n−1} 1 tan^2 x d tan x.

To teleutaÐo mporeÐ na anaptuqjeÐ wc diÿnumo tou Newton se ìrouc tou^1_{tan2 x} kai eÔkola, plèon, na to upologÐsoume.

ParĹdeigma 5.10Na upologistoÔn ta oloklhrÿmata: 1) ∫ cos^2 xdx, 2) ∫ sin^2 xdx, 3) ∫ cos^2 x sin^2 xdx.

LÔsh Gia tic Ĺrtiec dunĹmeic twn hmitìnwn kai sunhmitìnwn qrhsimopoioÔme touc tÔpouc sin^2 x =^1_2 (1 − cos 2x) kai cos^2 x =^1_2 (1 + cos 2x). 1) ∫ cos^2 xdx = ∫ 1 2 (1 + cos 2x)dx = 1 2 1 2 ∫ (1 + cos 2x)d2x = 1 4 ( 2x+sin 2x ) +C

2) ∫ sin^2 xdx = ∫ 1 2 (1 − cos 2x)dx = 1 2 1 2 ∫ (1 − cos 2x)d2x = 1 4 ( 2x−sin 2x ) +C 3) ∫ cos^2 x sin^2 xdx = ∫ cos^2 x(1 − cos^2 x)dx = ∫ cos^2 xdx − ∫ cos^4 xdx = 1 4 ( 2x + sin 2x ) − ∫ ( 1 2 (1 + cos 2x)

)_2

dx = · · · = 1 4 ( 2x + sin 2x ) − (3 8 x + 1 4 sin 2x + 1 32 sin 4x ) + C = x 8 − 1 32 sin 4x + C.

ParĹdeigma 5.11Na upologisjoÔn ta o Oloklhrÿmata: 1) ∫ sin 4x sin 5xdx, 2) ∫ cos 4x cos 5xdx, 3) ∫ sin 4x cos 5xdx.

MAJHMATIKA I 167

LÔsh Gia th lÔsh ja qrhsimopoiăsoume sqetikoÔc tÔpouc apì thn parĹgrafo (3.6.4). Ja broÔme to prÿto oloklărwma kai ta upìloipa ja parameÐnoun wc askăseic. 1) ∫ sin 4x sin 5xdx = ∫ 1 2 (cos (4x − 5x) − cos (4x + 5x))dx = 1 2 ∫ (cos (−x) − cos 9x)dx = 1 2 (sin x − 1 9 sin 9x) + C.

5.4.3 Oloklărwsh rhtÿn sunartăsewn

H mèjodoc pou proteÐnetai eÐnai genikă kai lÔnei to prìblhma thc oloklărwshc twn rhtÿn sunartăsewn, wstìso, lìgw tou ìti sthrÐzetai sthn eÔresh ìlwn twn rizÿn tou poluÿnumou tou paronomastă, den mporeÐ na efarmosteÐ ìtan kĹti tètoio den epitugqĹnetai. ’Estw loipìn to oloklărwma ∫ Q_m(x) P_n(x) dx, m < n. (5.9)

Sthn èkfrash (5.9) katalăgoume pĹnta, ìtan èqoume na oloklhrÿsoume rhtă sunĹrthsh, afoÔ gia tic periptÿseic ìpou m ≥ n mporoÔme na kĹnoume EukleÐdia diaÐresh kai na èqoume na oloklhrÿsoume èna poluÿnumo bajmoÔ m − n kai mia èkfrash thc morfăc (5.9).

ParĹdeigma 5.12Na grĹyete to klĹsma^{x3}_{x2−2x−1} wc Ĺjroisma enìc poluwnÔmou kai enìc klĹsmatoc thc morfăc (5.9).

LÔsh KĹnontac EukleÐdia diaÐresh tou arijmhtă me ton paronomastă, paÐrnou- me x^3 x^2 − 2x − 1

= x + 2 +

3x − 2 x^2 − 2x + 1 . ArqÐzoume thn anĹptuxh thc mejìdou me tic plèon aplèc periptÿseic.

ParĹdeigma 5.13Na upologistoÔn ta oloklhrÿmata: 1) ∫ 1 (x − r)^k dx, 2) ∫ 1 (x^2 + 1)^k dx, 3) ∫ x + b (x^2 + 1)^k dx.

168 Aìristo oloklărwma

LÔsh 1) ∫ 1 (x − r)^k dx = ∫ 1 (x − r)^k d(x − r) = { ln |x − r| + C, k = 1 −^1

(k−1)(x−r)^{k−1} , k ≠ 1 . 2) H perÐptwsh k = 1 èqei melethjeÐ sto ParĹdeigma 5.6. ja meletăsoume thn perÐptwsh k > 1.

I_k = ∫ 1 (x^2 + 1)^k dx = ∫ x^2 + 1 − x^2 (x^2 + 1)^k dx = ∫ x^2 + 1 (x^2 + 1)^k dx − ∫ x^2 (x^2 + 1)^k dx = ∫ 1 (x^2 + 1)^{k−1} dx I_{k−1} − ∫ x^2 (x^2 + 1)^k dx = ∫ 1 (x^2 + 1)^{k−1} dx I_{k−1} − ∫ x x (x^2 + 1)^k dx dA(x)

’Omwc dA(x) = −d^1_{2(k−1)(x2+1)k−1} , opìte to deÔtero oloklărwma thc prohgoÔmenhc sqèshc gÐnetai ∫ xdA(x) = − ∫ xd 1 2(k − 1)(x^2 + 1)^{k−1} = − x 2(k − 1)(x^2 + 1)^{k−1} + 1 2(k − 1) ∫ 1 (x^2 + 1)^{k−1} dx I_{k−1} .

’Etsi loipìn èqoume thn anadromikă sqèsh

I_k = I_{k−1}− 1 2(k − 1)

I_{k−1}+ x 2(k − 1)(x^2 + 1)^{k−1} = 2k − 3 2(k − 1)

I_{k−1}+ x 2(k − 1)(x^2 + 1)^{k−1} . 3) Gia thn teleutaÐa perÐptwsh mporoÔme na pĹroume ∫ x + b (x^2 + 1)^k dx = ∫ x (x^2 + 1)^k dx + ∫ b (x^2 + 1)^k dx

= 1 2 ∫ 1 (x^2 + 1)^k d(x^2 + 1)

1) perÐptwsh +b ∫ 1 (x^2 + 1)^k dx 2) perÐptwsh .

• ’Estw ìti to poluÿnumo tou paronomastă, P_n(x), èqei n aplèc pragmatikèc rÐzec, tic r_1, r_2, . . ., r_n.

MAJHMATIKA I 169

Sthn perÐptwsh aută, apodeiknÔetai ìti to klĹsma^{Qm(x)}_{Pn(x)} grĹfetai wc Ĺjroisma stoiqeiwdÿn klasmĹtwn, ìpou o arijmhtăc eÐnai mia stajerĹ (poluÿnumo mhdenikoÔ bajmoÔ) kai o paronomastăc monÿnumo, dhl. sth morfă

Q_m(x) P_n(x) = a_1 (x − r_1) + a_2 (x − r_2) + a_3 (x − r_3)

+ · · · + a_n (x − r_n) . Oi arijmhtèc tou deutèrou mèlouc upologÐzontai kĹnontac tic apaloifèc kai exisÿnontac touc arijmhtèc, opìte dhmiourgoÔme sÔsthma n exisÿsewn me n agnÿstouc, eÐte apaitÿntac na èqoun touc Ðdiouc suntelestèc ta duo poluÿnuma eÐte dÐnontac n diaforetikèc timèc sth metablhtă, sunăjwc tic Ðdiec tic rÐzec.

ParĹdeigma 5.14Na upologÐsete ta oloklhrÿmata 1) ∫ 2x + 1 (x − 2)(x + 3) dx 2) ∫ x − 1 (2x − 1)(x + 2) dx

LÔsh Ja qrhsimopoiăsoume kai touc duo trìpouc prosdiorismoÔ twn suntelestÿn pou proanafèrame: 1) 2x + 1 (x − 2)(x + 3) = a_1 x − 2 + a_2 x + 3 = a_1(x + 3) + a_2(x − 2) (x − 2)(x + 3) = (a_1 + a_2)x + 3a_1 − 2a_2 (x − 2)(x + 3)

’Etsi èqoume a_1 + a_2 = 2 kai 3a_1 − 2a_2 = 1, opìte lÔnontac to sÔsthma telikĹ paÐrnoume a_1 = 1 kai a_2 = 1. Gia to oloklărwma èqoume ∫ 2x + 1 (x − 2)(x + 3) dx = ∫ ( 1 x − 2 + 1 x + 3

)dx = ln |x − 2| + ln |x + 3| + C.

2) x − 1 (2x − 1)(x + 2) = a_1 2x − 1 + a_2 x + 2 = a_1(x + 2) + a_2(2x − 1) (2x − 1)(x + 2) . ’Etsi èqoume a_1(x + 2) + a_2(2x − 1) = x − 1, opìte gia x = −2 kai x =^1_2 paÐrnoume a_1 = −^1_5 kai a_2 =^3_5 . Gia to oloklărwma èqoume ∫ x − 1 (2x − 1)(x + 2) dx = 1 5 ∫ ( −1 2x − 1 + 3 x + 2

)dx = 1 5 (− 1 2 ln |2x−1|+3 ln |x + 2|)+C.

• ’Estw ìti to poluÿnumo P_n(x) èqei mia rÐza pragmatikă pollaplìthtac n_1 thn r_1, kai n − n_1 rÐzec aplèc pragmatikèc tic r_2, r_3, . . ., r_{n−n1+1}.

170 Aìristo oloklărwma

Sthn perÐptwsh aută apodeiknÔetai ìti to klĹsma^{Qm(x)}_{Pn(x)} grĹfetai sth morfă:

Q_m(x) P_n(x) = a_1 (x − r_1) + a_2 (x − r_1)^2

+· · ·+ a_{n1} (x − r_1)^{n1} + b_1 (x − r_2)

+· · ·+ b_{n−n1} (x − r_{n−n1+1}) , dhl., tÿra, sta stoiqeiÿdh klĹsmata èqoun prostejeÐ ìla ta klĹsmata pou prokÔptoun, an jètoume ston arijmhtă stajerèc kai ston paronomastă diadoqikĹ ìlec tic dunĹmeic tou monwnÔmou, pou antistoiqeÐ sthn pollaplă rÐza, apì thn prÿth mèqri thn n_1−ostă. Oi arijmhtèc tou deutèrou mèlouc upologÐzontai kĹnontac tic apaloifèc kai exisÿnontac touc arijmhtèc, opìte dhmiourgoÔme, me touc gnwstoÔc trìpouc, sÔsthma n exisÿsewn me n agnÿstouc.

ParĹdeigma 5.15Na upologÐsete ta oloklhrÿmata: 1) ∫ 2x + 1 (x − 2)^2 dx, 2) ∫ x^2 + 1 (x − 1)^2(x + 2) dx.

LÔsh 1) 2x + 1 (x − 2)^2 = a_1 x − 2 + a_2 (x − 2)^2 = a_1(x − 2) + a_2 (x − 2)^2 = a_1x − 2a_1 + a_2 (x − 2)^2

’Etsi èqoume a_1 = 2 kai −2a_1 + a_2 = 1, opìte paÐrnoume a_1 = 2 kai a_2 = 5. Gia to oloklărwma èqoume: ∫ 2x + 1 (x − 2)^2 dx = ∫ ( 2 (x − 2) + 5 (x − 2)^2

)dx = 2 ln |x − 2| − 5 x − 2

+ C.

Gia to deÔtero oloklărwma paÐrnoume: 2) x^2 + 1 (x − 1)^2(x + 2) = a_1 x − 1 + a_2 (x − 1)^2 + b_1 x + 2 = a_1(x − 1)(x + 2) (x − 1)^2(x + 2) + a_2(x + 2) (x − 1)^2(x + 2) + b_1(x − 1)^2 (x − 1)^2(x + 2) = a_1(x − 1)(x + 2) + a_2(x + 2) + b_1(x − 1)^2 (x − 1)^2(x + 2) = (a_1 + b_1)x^2 + (a_1 + a_2 − 2b_1)x − 2a_1 + 2a_2 + b_1 (x − 1)^2(x + 2) .

MAJHMATIKA I 171

’Etsi èqoume a_1 + b_1 = 1, a_1 + a_2 − 2b_1 = 0 kai −2a_1 + 2a_2 + b_1 = 1, opìte paÐrnoume a_1 =^4_9 , a_2 =^2_3 kai b_1 =^5_9 . Gia to oloklărwma èqoume: ∫ x^2 − 1 (x − 1)^2(x + 2) dx = 1 9 ∫ ( 4 x − 1 + 6 (x − 1)^2 + 5 x − 2 ) dx = 1 9 (4 ln |x − 1| − 6 x − 1

+ 5 ln |x − 2|) + C.

Paratărhsh 5.4.2Me anĹlogo trìpo antimetwpÐzontai kai ìlec oi periptÿseic pou èqoun pollaplèc rÐzec perissìterec apì mÐa.

• ’Estw ìti to poluÿnumo P_n(x) èqei rÐzec aplèc migadikèc tic r_1, r_2, . . ., r_{m1} kai n − 2m_1 rÐzec pragmatikèc.

Sthn perÐptwsh aută, to poluÿnumo P_n(x) ja èqei rÐzec kai tic suzugeÐc twn r_1, r_2, . . ., r_{m1} , tic r_1 r_2, . . ., r_{m1} . ’Etsi, ìtan to P_n(x) analÔetai se ginìmeno paragìntwn, ja upĹrqoun sto ginìmeno kai tetragwnikoÐ ìroi thc morfăc x^2 − s_ix+p_i, i = 1(1)m_1, ìpou s_i = r_i +r_i kai p_i = r_i ·r_i. Sta stoiqeiÿdh klĹsmata, tÿra, emfanÐzontai ìla ekeÐna ta klĹsmata, pou èqoun ston arijmhtă touc monÿnuma kai ston paronomastă touc tic tetragwnikèc morfèc, dhl.

Q_m(x) P_n(x) = a_1x + b1 x^2 − s_1x + p_1

+ · · · + a_{m1} x + b_{m1} x^2 − s_{m1} x + p_{m1} + ∑ (stoiqeiÿdh klĹsmata pragmatikÿn rizÿn ).

ParĹdeigma 5.16Na upologistoÔn ta oloklhrÿmata: 1) ∫ 2x^2 + x + 1 x^3 + x^2 + x + 1 dx, 2) ∫ x^2 + 2x + 2 (x^2 + x + 1)(x^2 + 2) dx. LÔsh 1) O paronomastăc tou prÿtou klĹsmatoc grĹfetai x^3 + x^2 + x + 1 = (x + 1)(x^2 + 1). ’Etsi, h anĹlush eÐnai:

2x^2 + x + 1 x^3 + x^2 + x + 1 = a x + 1 + bx + c x^2 + 1 = (a + b)x^2 + (b + c)x + a + c (x + 1)(x^2 + 1) ,

172 Aìristo oloklărwma

opìte prokÔptoun oi exisÿseic a + b = 2, b + c = 1 kai a + c = 1 kai telikĹ a = 1, b = 1 kai c = 0. Gia to oloklărwma, metĹ apì tic antikatastĹseic, èqoume I = ∫ 2x^2 + x + 1 x^3 + x^2 + x + 1 dx = ∫ 1 x + 1 dx + ∫ x x^2 + 1 dx, ta opoÐa upologÐzontai me thn teqnikă pou anaptÔqjhke sto ParĹdeigma 5.13. ètsi

I = ln |x + 1| + ∫ 1 x^2 + 1 d(x^2 + 1) = ln |x + 1| + ln(x^2 + 1) + C.

2) O paronomastăc tou deutèrou klĹsmatoc den analÔetai se prwtobĹjmiouc parĹgontec afoÔ oi tetragwnikèc morfèc èqoun migadikèc rÐzec. ’Etsi, gia ta stoiqeiÿdh klĹsmata èqoume:

x^2 + 2x + 2 (x^2 + x + 1)(x^2 + 2) = ax + b x^2 + x + 1 + cx + d x^2 + 2 = (a + c)x^3 + (b + c + d)x^2 + (a + c + d)x + 2b + d (x + 1)(x^2 + 1) , opìte prokÔptoun oi exisÿseic a + c = 0, b + c + d = 1, a + c + d = 2 kai 2b + d = 2 kai telikĹ a =^2_3 , b =^1_3 , c = −^2_3 kai d =^4_3 . Gia to oloklărwma, metĹ apì tic antikatastĹseic, èqoume: I = ∫ x^2 + 2x + 2 (x^2 + x + 1)(x^2 + 2) dx =

∫_{23} x +^1_3 x^2 + x + 1 dx I_1 + ∫ −^2_3 x +^4_3 x^2 + 2 dx I_2

’Omwc

I_1 = 1 3 ∫ 2x + 1 x^2 + x + 1 dx = 1 3 ∫ 1 x^2 + x + 1 d(x^2 + x + 1) = 1 3 ln (x^2 + x + 1) kai I_2 = − 1 3 ∫ 2x − 4 x^2 + 2 dx = − 1 3 ∫ 2x x^2 + 2 dx + 1 3 ∫ 4 x^2 + 2 dx = − 1 3 ∫ 1 x^2 + 2 d(x^2 + 2) + 4 3 ∫ 1 x^2 + 2 dx I_3 .

MAJHMATIKA I 173

’Omwc to I_3 oloklărwma èqei melethjeÐ sto ParĹdeigma 5.6. ’Etsi èqoume I = 1 3 ln (x^2 + x + 1) − 1 3 ln (x^2 + 2) + 2 √ 2 3 arctan x √ 2 2 + C.

• ’Estw ìti to poluÿnumo P_n(x) èqei rÐzec migadikèc aplèc kai pollaplèc kai rÐzec pragmatikèc aplèc kai pollaplèc.

Sthn perÐptwsh aută, isqÔoun ìla ta prohgoÔmena kai epiplèon sta stoiqeiÿdh klĹsmata prostÐjentai ìla ta klĹsmata pou prokÔptoun, an jètoume ston arijmhtă monÿnuma kai ston paronomastă diadoqikĹ ìlec tic dunĹmeic twn tetragwnikÿn morfÿn, pou antistoiqoÔn stic pollaplèc migadikèc rÐzec, apì thn prÿth mèqri ekeÐnhc tou bajmoÔ pollaplìthtĹc thc.

ParĹdeigma 5.17Na analujeÐ se stoiqeiÿdh klĹsmata h rhtă parĹstash

2x^3 − x^2 + 3x − 2 (x − 1)^3(x^2 + x + 2)^2

LÔsh

2x^3 − x^2 + 3x − 2 (x − 1)^3(x^2 + x + 2)^2 = a_1 x − 1 + a_2 (x − 1)^2 + a_3 (x − 1)^3 + b_1x + c_1 x^2 + x + 2 + b_2x + c_2 (x^2 + x + 2)^2 . opìte metĹ apì tic sqetikèc prĹxeic brÐskoume

a_1 = − 25 128 , a_2 = 1 4 , a_3 = 1 8 , b_1 = − 3 32 , c_1 = 14 32 , b_2 = 25 128 , c_2 = 18 128 . Pollèc forèc gia thn oloklărwsh trigwnometrikÿn parastĹsewn, kĹnontac qrăsh twn tÔpwn

sin ϑ =

2 tan^ϑ_2 1 + tan^{2 ϑ}_2

, cos ϑ =

1 − tan^{2 ϑ}_2 1 + tan^{2 ϑ}_2

, tan ϑ =

2 tan^ϑ_2 1 − tan^{2 ϑ}_2

thc paragrĹfou (3.6.4) kai metasqhmatismÿn, katalăgoume se oloklărwsh rhtÿn parastĹsewn.

174 Aìristo oloklărwma

ParĹdeigma 5.18Na upologÐsete ta oloklhrÿmata: 1) ∫ 1 sin x dx, 2) ∫ 1 cos x dx.

LÔsh Ja ta upologÐsoume me diaforetikì trìpo kai ja afăsoume wc Ĺskhsh thn enallagă twn trìpwn ston upologismì.

1) I_1 = ∫ 1 sin x dx = ∫ 1 2 tan^x_2 1+tan^{2 x}_2

dx = ∫ 1 + tan^{2 x}_2 2 tan^x_2 dx

Jètontac u = tan^x_2 , èqoume du = (1 + tan^{2 x}_2 )^1_2 dx, opìte

I_1 = ∫ 1 u du = ln |u| + C = ln tan | x 2 | + C.

2) I_2 = ∫ 1 cos x dx = ∫ cos x cos^2 x dx = ∫ cos x 1 − sin^2 x dx Jètontac u = sin x, èqoume du = cos xdx, opìte èqoume

I_2 = ∫ 1 1 − u^2 du = ∫ 1 (1 − u)(1 + u) du = · · · = 1 2 ln 1 + sin x 1 − sin x

+ C.

5.4.4 Oloklărwsh Ĺrrhtwn parastĹsewn

EkfrĹseic thc morfăc^k

√_{ax+b}

cx+d sthn upì oloklărwsh parĹstash antika-

jÐstantai apì mia metablhtă u kai pollèc forèc mac bgĹzoun apì to adièxodo.

ParĹdeigma 5.19Na deÐxete ìti ta oloklhrÿmata

1) I_1 =

∫_3√ 8x − 1 x + 1 dx, 2) I_2 =

∫_3√ (x + 1)(x − 1)^2dx

ekfrĹzontai me aplèc algebrikèc parastĹseic.

MAJHMATIKA I 175

LÔsh 1) Qrhsimopoiÿntac ton parapĹnw metasqhmatismì èqoume 3 √ 8x − 1 x + 1

= u ⇔ u^3 =

8x − 1 x + 1

⇔ x = − u^3 + 1 u^3 − 8 . PaÐrnontac diaforikĹ sthn teleutaÐa prokÔptei

dx = −

3u^2(u^3 − 8) − (u^3 + 1)3u^3 (u^3 − 8)^2 du =

27u^2 (u − 2)^2(u^2 + 2u + 4)^2 du. ’Etsi kĹnontac tic antikatastĹseic èqoume

I_1 = ∫ 27u^3 (u − 2)^2(u^2 + 2u + 4)^2 du = 27 ∫ u^3 (u − 2)^2(u^2 + 2u + 4)^2

R(u) du.

’Omwc, h rhtă èkfrash R(u) mporeÐ na analujeÐ se stoiqeiÿdh klĹsmata kai mĹlista metĹ apì tic sqetikèc prĹxeic èqoume

R(u) = 1 36(u − 2) + 1 18(u − 2)^2 − u + 6 36(u^2 + 2u + 4) + u + 2 3(u^2 + 2u + 4)^2 . EÐnai fanerì, loipìn, ìti ta stoiqeiÿdh klĹsmata oloklhrÿnontai kai paÐrnoume thn telikă èkfrash, afoÔ antikatastăsoume th metablhtă u. KatalabaÐnei kĹpoioc ìti mia tètoia èkfrash, pou sthn prĹxh eÐnai idiaÐtera polÔplokh, mìno jewrhtikă axÐa mporeÐ na èqei. Gia th qrăsh thc sta orismèno oloklhrÿmata, qreiazìmaste th boăjeia hlektronikoÔ upologistă kai fusikĹ upologistikèc mejìdouc.

2) PollaplasiĹzontac me x − 1 arijmhtă kai paronomastă sthn upìrizo posìthta paÐrnoume 3 √ (x + 1)(x − 1)^3 x − 1

= (x − 1)^3 √ x + 1 x − 1 . Me to metasqhmatismì pou proanafèrame kai akoloujÿntac mia anĹlogh poreÐa me thn prohgoÔmenh perÐptwsh èqoume 3 √ x + 1 x − 1

= u ⇔ · · · ⇔ dx = −

6u^2 (u − 1)^2(u^2 + u + 1)^2 du.

176 Aìristo oloklărwma

KĹnontac tic sqetikèc antikatastĹseic telikĹ paÐrnoume

I_2 = ∫ (x − 1)^3 √ x + 1 x − 1 dx = · · · = −12 ∫ u^3 (u − 1)^3(u^2 + u + 1)^3 du. EÐnai fanerì ìti kai to deÔtero oloklărwma ekfrĹzetai, polÔploka men, me aplèc algebrikèc parastĹseic de.

Gia rizikĹ me triÿnumo ( √ ax^2 + bx + c), ektìc twn trigwnometrikÿn metasqhmatismÿn, proteÐnontai kai oi metasqhmatismoÐ Euler, ètsi

• ìtan a > 0, jètoume √ ax^2 + bx + c = √ ax + t, opìte

ax^2 + bx + c = ax^2 + 2xt √ a + t^2 ⇔ x = t^2 − c b − 2t √ a • ìtan c > 0, jètoume √ ax^2 + bx + c = xt + √ c, opìte

ax^2 + bx + c = x^2t^2 + 2xt √ c + c ⇔ ax + b = xt^2 + 2t √ c ⇔ x = 2t √ c − b a − t^2

• ìtan to triÿnumo èqei duo pragmatikèc rÐzec diaforetikèc metaxÔ touc tic r_1 kai r_2, jètoume √ ax^2 + bx + c = t|x − r_1|, opìte

ax^2+bx+c = t^2(x−r_1)^2 ⇔ a(x−r_1)(x−r_2) = t^2(x−r_1)^2 ⇔ x = ar_2 − r_1t^2 a − t^2 . Kai stic treic periptÿseic telikĹ katalăgoume se rhtèc ekfrĹseic tou t.

ParĹdeigma 5.20Na upologÐsete ta oloklhrÿmata

1) I_1 = ∫ 1 √ x^2 + x − 1 dx, 2) I_2 = ∫ 1 √ −x^2 + 3x − 2 dx.

LÔsh 1) AfoÔ a = 1 > 0, jètoume √ x^2 + x − 1 = x + t, opìte √ x^2 + x − 1 = x + t ⇒ x^2 + x − 1 = x^2 + t^2 + 2xt ⇔ x = t^2 + 1 1 − 2t ,

MAJHMATIKA I 177

ètsi √ x^2 + x − 1 = t^2 + 1 1 − 2t

+ t =

−t^2 + t + 1 2t − 1 kai dx =

2(−t^2 + t + 1) (2t − 1)^2 dt. KĹnontac tic antikatastĹseic èqoume

I_1 = ∫ 2t − 1 −t^2 + t + 1

2(−t^2 + t + 1) (2t − 1)^2 dt = ∫ 2 (2t − 1) dt = ln |2t − 1| + C.

Jètontac t = −x+ √ x^2 + x − 1 èqoume I_1 = ln | − 1 − 2x + 2 √ x^2 + x − 1|+C.

2) H upìrizoc posìthta eÐnai jetikă posìthta gia x ∈ (1, 2), afoÔ r_1 = 1 kai r_2 = 2 eÐnai oi rÐzec tou triwnÔmou kai metaxÔ twn rizÿn, to prìshmo tou triwnÔmou eÐnai eterìshmo tou a = −3 < 0. Me ton trÐto metasqhmatismì tou Euler èqoume √ −x^2 + 3x − 2 = t(x − 1) ⇔ · · · ⇔ x = t^2 + 2 t^2 + 1 , ètsi √ −x^2 + 3x − 1 = t( t^2 + 2 t^2 + 1

− 1) = t t^2 + 1 kai dx = −2t (t^2 + 1)^2 dt. Antikajistÿntac paÐrnoume I_2 = −2 ∫ 1 t^2 + 1 dt = −2 arctan t + C.

Jètontac t = √ 2 − x x − 1 èqoume I_2 = −2 arctan √ 2 − x x − 1

+ C.

Askăseic

’Askhsh 5.1Na upologistoÔn ta oloklhrÿmata: 1) ∫ 3^{2x+1}dx, 2) ∫ 3^xe^{2x}dx, 3) ∫ e^{2x} 1 x^2 dx, 4) ∫ x(1 + tan^2(1 − x^2))dx.

’Askhsh 5.2EpÐshc na upologistoÔn ta oloklhrÿmata: 1) ∫ 3^{sin x}cosxdx, 2) ∫ tan x ln (cos x)dx, 3) ∫ 3^x sin xdx, 4) ∫ ln x √ x dx,

5) ∫ sin (3x) sin (7x)dx, 6) ∫ cos (3x) sin (7x)dx, 7) ∫ sin^3 x sin^7 xdx.

178 Aìristo oloklărwma

’Askhsh 5.3Na upologistoÔn ta oloklhrÿmata, qrhsimopoiÿntac touc antÐ-

stoiqouc metasqhmatismoÔc. 1) ∫ 1 √ e^x + 1 dx, e^x = t ă x = ln t, 2) ∫ 2 + √ x + 3 √ x + 3 dx, √ x + 3 = t.

’Askhsh 5.4Na upologistoÔn ta oloklhrÿmata: 1) ∫ x 2x^2 + x − 1 dx, 2) ∫ x^3

(x − 1)^2(x^2 + 2) dx, 3) ∫ e^{3x}

(e^x − 1)(e^x + 2)^2 dx

’Askhsh 5.5Na upologistoÔn ta oloklhrÿmata, qrhsimopoiÿntac touc antÐ-

stoiqouc metasqhmatismoÔc. 1) ∫ 1 x √ x^2 + 4 dx, a)Euler kai b)trigwnometrikì ,

2) ∫ cos x

sin^2 x − sin x − 2 dx, sin x = t 3) ∫ sin x

1 − sin x dx, 4) ∫ cos x

1 + cos x dx, tan x 2 = t.

Orismèno Oloklărwma

6.1 GenikĹ

Apì to GumnĹsio akìmh eÐnai gnwstì ìti to embadìn tou kÔklou eÐnai πr^2 ìpou π = 3, 14159 . . .. Sto LÔkeio ègine gnwstì ìti h parapĹnw mètrhsh proèkuye paÐrnontac to ìrio sto embadìn enìc kanonikoÔ polugÿnou eggegrammènou (ă perigegrammènou) ston kÔklo, diplasiĹzontac suneqÿc tic pleurèc tou kai ìti ofeÐletai stouc arqaÐouc ’Ellhnec kai mĹlista ston Arqimădh. Bèbaia, oi arqaÐoi ’Ellhnec upolìgisan to embadìn kai Ĺllwn kampulìgrammwn sqhmĹtwn qrhsimopoiÿntac th mèjodo pou qrhsimopoÐhse o Arqimădhc, h opoÐa sămera kaleÐtai {mèjodoc thc exĹntlhshc}. Sth mèjodo aută sthrÐqjhkan, polloÔc aiÿnec argìtera, oi EurwpaÐoi majhmatikoÐ kai dhmioÔrghsan ton Oloklhrwtikì Logismì, me ton opoÐo ja asqolhjoÔme sta epìmena.

JewroÔme th suneqă sunĹrthsh f sto kleistì diĹsthma [a, b], gia thn opoÐa isqÔei f(x) ≥ 0, ∀x ∈ [a, b], h opoÐa mazÐ me tic eujeÐec x = a, x = b kai ton orizìntio Ĺxona y = 0 perikleÐoun mia epifĹneia (sto Sqăma ?? èna kampulìgrammo trapèzio). Gia ton upologismì tou embadoÔ autăc thc epifĹneiac qwrÐzoume to eujÔgrammo tmăma [a, b] se n tmămata me ta endiĹmesa shmeÐa x_1, x_2, . . . , x_{n−1} kai orÐzoume tic eujeÐec x = x_i, i = 1(1)n−1. SunolikĹ, oi n+1 kĹjetec eujeÐec ston orizìntio Ĺxona, oi n − 1 pou orÐsthkan apì ta endiĹmesa shmeÐa x_i, i = 1(1)n − 1 kai oi dÔo ekeÐnec pou orÐzontai apì ta shmeÐa x_0 = a kai x_n = b, orÐzoun n lwrÐdec parĹllhlec metaxÔ touc. Metaferìmaste sth lwrÐda pou orÐzetai apì tic diadoqikèc eujeÐec x = x_i kai x_{i+1}, èstw thn λ_i kai ì,ti isqÔei gifl aută ja isqÔei gia ìlec. Sto diĹsthma [x_i, x_{i+1}] h sunĹrthsă mac paÐrnei megÐsth timă, èstw thn M_i kai elaqÐsth èstw thn m_i. An E_i eÐnai to

180 Orismèno oloklărwma

PSfrag replacementc

Sqăma 6.35: H efaptomènh thc y = f(x).

embadìn tou stoiqeiÿdouc kampulìgrammou trapezÐou, gifl autì ja isqÔei:

m_i(x_{i+1} − x_i) ≤ E_i ≤ M_i(x_{i+1} − x_i). i = 0(1)n − 1 (6.1)

AjroÐzontac ìla ta stoiqeiÿdh embadĹ thc sqèshc (6.1), paÐrnoume

L_n = n∑ i=1 m_i(x_i − x_{i−1}) ≤ E = n∑ i=1 E_i ≤ n∑ i=1 M_i(x_i − x_{i−1}) = U_n. (6.2)

To embadìn L_n antistoiqeÐ sta orjogÿnia pou eÐnai sto eswterikì tou sqămatìc mac kai U_n antistoiqeÐ sta orjogÿnia pou eÐnai sto exwterikì tou. Ja exuphretoÔse to skopì mac h meÐwsh thc diaforĹc tou U_n − L_n, kai an eÐnai dunatì, na gÐnei aută mhdèn. Gia to skopì autì steneÔoume tic lwrÐdec me ton exăc trìpo: AuxĹnoume ton arijmì twn eswterikÿn shmeÐwn kai paÐrnoume ta x^′_j , j = 1(1)n^′ − 1, ètsi ÿste

max_j |x^′_{j+1} − x^′_j | = max_j Δx^′_j < max_i Δx_i = max_i |x_{i+1} − x_i|.

FaÐnetai, tÿra, (bl. Sqăma ??) ìti h tejlasmènh pou sqhmatÐzei h Ĺnw pleurĹ twn orjogÿniwn, plhsiĹzei perissìtero sthn kampÔlh kai h diaforĹ U_n − L_n meiÿnetai.

ApodeiknÔetai ìti, h apìdeixh sthrÐzetai sthn ènnoia thc {omoiìmorfhc sunèqeiac} kai wc ek toÔtou xefeÔgei tou skopoÔ tou parìntoc egqeiridÐou, gia tic

MAJHMATIKA I 181

suneqeÐc sunartăseic f, kajÿc to max_j Δx^′_j → 0 to n → ∞ kai h diaforĹ (U_n − L_n) → 0. Epomènwc, lim_{n→∞} L_n = lim_{n→∞} U_n = E.

AfoÔ jewrăsame th sunĹrthsh f suneqă, sto diĹsthma [x_{i−1}, x_i] ja isqÔei pĹnta m_i ≤ f(c_i) ≤ M_i, ∀c_i ∈ [x_{i−1}, x_i] (6.3) kai epomènwc_n ∑ i m_iΔx_i ≤ n∑ i f(c_i)Δx_i ≤ n∑ i M_iΔx_i. (6.4)

To gegonìc (U_n − L_n) → 0, mac lèei ìti to ìrio lim max_j Δx_j →0 n∑ i=1 f(c_i)Δx_i = S (6.5)

upĹrqei kai eÐnai anexĹrthto thc epilogăc twn c_i.

Orismìc 6.1.1An h sunĹrthsh f eÐnai orismènh kai suneqăc sto [a, b], tìte to ìrio thc sqèshc (6.5) onomĹzetai oloklărwma Riemann thc f sto [a, b] ă orismèno oloklărwma thc f apì to a sto b kai sumbolÐzetai

lim_{n→∞} n∑ i=1 f(c_i)Δx_i =

∫_b a f(x)dx. (6.6)

Orismìc 6.1.2An h sunĹrthsh f eÐnai orismènh kai suneqăc sto [a, b], tìte ∫_a b f(x)dx = −

∫_b a f(x)dx kai

∫_a a f(x)dx = 0. (6.7)

GÐnetai fanerì ìti to orismèno oloklărwma eÐnai dunatìn na paÐrnei kai arnhtikèc timèc, pou shmaÐnei ìti tÿra de ja ekfrĹzei èna embadìn, me thn ènnoia pou to gnwrÐzoume apì to LÔkeio. Ja ekfrĹzei embadìn me th gnwstă ènnoia mìnon, ìtan f(x) ≥ 0 kai a < b, diaforetikĹ ja ekfrĹzei èna proshmasmèno embadìn.

Paratărhsh 6.1.1H metablhtă x sto orismèno oloklărwma den paÐzei kanèna rìlo. MporeÐ na eÐnai opoiadăpote Ĺllh. Dhl. ta sÔmbola ∫_b a f(x)dx,

∫_b a f(t)dt,

∫_b a f(u)du

paristĹnoun to Ðdio orismèno oloklărwma.

182 Orismèno oloklărwma

Paratărhsh 6.1.2ApodeiknÔetai ìti h sqèsh (6.6) tou orismoÔ (6.1.1) isqÔei kai sthn perÐptwsh pou h sunĹrthsh f eÐnai fragmènh kai èqei èna peperasmèno plăjoc shmeÐwn asunèqeiac.

Paratărhsh 6.1.3Gia mia leptomeră melèth thc katĹ Riemann oloklărwshc o anagnÿsthc pou endiafèretai mporeÐ na katafÔgei se biblÐa Majhmatikăc AnĹlushc p.q. ([7], [5], [3], [4]).

ParĹdeigma 6.1Na upologÐsete ta orismèna oloklhrÿmata 1) ∫_2 1 xdx, 2)

∫_2 0 x^2dx, 3)

∫_1 0 √ xdx, 4)

∫_1 0 e^xdx,

qrhsimopoiÿntac exwterikĹ ă eswterikĹ orjogÿnia, afoÔ prÿta diairejoÔn ta sqetikĹ diastămata se n isomăkh tmămata.

LÔsh 1) To diĹsthma [1, 2] to qwrÐzoume se n isomăkh tmămata măkouc Δx =^1_n me ta shmeÐa 1 = x_0, x_1 = 1 +^1_n , x_2 = 1 + 2^1_n , . . . , x_i = 1 + i^1_n , . . . , x_n = 2. Apì ton Orismì 6.1.1 kai qrhsimopoiÿntac eswterikĹ orjogÿnia ja isqÔei:

n−1∑ i=0 f(x_i)Δx = n−1∑ i=0 (1 + i 1 n ) 1 n = 1 n (^{n−1}∑ i=0 1 + 1 n n−1∑ i=0 i ) = 1 n ( n + 1 n n(n − 1) 2 )

opìte

∫_2 1 xdx = lim (1 + n(n − 1) 2n^2 ) = 3 2 . 2) To diĹsthma [1, 2] to qwrÐzoume se n isomăkh tmămata măkouc Δx =^2_n me ta shmeÐa 0 = x_0, x_1 =^2_n , x_2 = 2^2_n , . . . , x_i = i^2_n , . . . , x_n = 2. Apì ton Orismì 6.1.1 kai qrhsimopoiÿntac exwterikĹ orjogÿnia ja isqÔei: n∑ i=1 f(x_i)Δx = n∑ i=1 (i 2 n )^2 2 n = 8 n^3 n∑ i=1 i^2 = 8 n^3 n(n + 1)(2n + 1) 6

opìte

∫_2 0 x^2dx = lim

8n(n + 1)(2n + 1) 6n^3 = 8 3 .

MAJHMATIKA I 183

3) To diĹsthma [0, 1] to qwrÐzoume se n isomăkh tmămata măkouc Δx =^1_n me ta shmeÐa 0 = x_0, x_1 =^1_n , x_2 = 2^1_n , . . . , x_i = i^1_n , . . . , x_n = 1. Apì ton Orismì 6.1.1 kai qrhsimopoiÿntac exwterikĹ orjogÿnia ja isqÔei: n∑ i=1 f(x_i)Δx = n∑ i=1 √ i 1 n 1 n = n∑ i=1 √ i n √ n

opìte

∫_1 0 √ xdx = lim √ 1 + √ 2 + · · · + √ n n √ n . ’Omwc apì to kritărio tou Stolz (2.2.20) ja èqoume

∫_1 0 √ xdx = lim √ n + 1 (n + 1) √ n + 1 − n √ n = lim √ n + 1 [ (n + 1) √ n + 1 + n √ n ] (n + 1)^3 − n^3

= · · · = 2 3 . 4) To diĹsthma [0, 1] to qwrÐzoume se n isomăkh tmămata măkouc Δx =^1_n me ta shmeÐa 0 = x_0, x_1 =^1_n , x_2 = 2^1_n , . . . , x_i = i^1_n , . . . , x_n = 1. Apì ton Orismì (6.1.1 kai qrhsimopoiÿntac eswterikĹ orjogÿnia ja isqÔei:

n−1∑ i=0 f(x_i)Δx = n−1∑ i=0 e^{i 1n} 1 n = h n−1∑ i=0 e^{ih}, jètontac 1 n = h

èqoume

∫_1 0 e^xdx = lim_{h→0} h n−1∑ i=0 e^{ih} = lim_{h→0} h(1 + e^h + e^{2h} + · · · + e^{(n−1)h}).

H prohgoÔmenh sqèsh, to gegonìc ìti nh = 1 kai o kanìnac tou De l’ Hôspital, telikĹ, dÐnoun

∫_1 0 e^xdx = lim_{h→0} h e^{nh} − 1 e^h − 1

= lim_{h→0} (e − 1) h e^h − 1

= e − 1.

6.2 Idiìthtec tou orismènou oloklhrÿmatoc

Mia seirĹ apì basikèc idiìthtec tou orismènou oloklhrÿmatoc aporrèoun apì ton orismì, tic opoÐec ja dÿsoume sto epìmeno Jeÿrhma.

184 Orismèno oloklărwma

Jeÿrhma 6.2.1(Idiìthtec) ’Estw oi f kai g duo suneqeÐc sunartăseic sto diĹsthma [a, b]. Tìte isqÔoun: ∫_b a (f(x) ± g(x))dx =

∫_b a f(x)dx ±

∫_b a g(x)dx, (6.8)

∫_b a kf(x)dx = k

∫_b a f(x)dx, (6.9)

f(x) ≥ g(x), sto [a, b] ⇒

∫_b a f(x)dx ≥

∫_b a g(x)dx, (6.10) min x∈[a,b]

f(x)(b − a) ≤

∫_b a f(x)dx ≤ max_{x∈[a,b]} f(x)(b − a), (6.11)

an h f eÐnai suneqăc sto [min{a, b, c}, max{a, b, c}] ∫_c a f(x)dx +

∫_b c f(x)dx =

∫_b a f(x)dx. (6.12)

Apì tic basikèc idiìthtec mporoÔme na antlăsoume Ĺllec shmantikèc idiìthtec tou oloklhrwtikoÔ logismoÔ. Gia parĹdeigma, apì thn idiìthta (6.10) kai to gegonìc ìti −f(x) ≤ |f(x)| kai f(x) ≤ |f(x)| sumperaÐnoume ìti −

∫_b a f(x)dx ≤ ∫_b a |f(x)|dx kai

∫_b a f(x)dx ≤

∫_b a |f(x)|dx, opìte èqoume | | ∫_b a f(x)dx | | ≤ ∫_b a |f(x)|dx.

An jewrăsoume tic suneqeÐc sunartăseic f kai g sto diĹsthma [a, b] kai ènan arijmì k ∈ R, tìte afoÔ (kf(x) + g(x))^2 ≥ 0, ja isqÔei kai ∫_b a (kf(x) + g(x))^2dx = k^2

∫_b a (f(x))^2dx + 2k

∫_b a f(x)g(x)dx +

∫_b a (g(x))^2dx ≥ 0.

’Omwc to teleutaÐo eÐnai èna triÿnumo wc proc k, mìnima mh arnhtikă posìthta ìpwc akribÿc eÐnai to a tou, dhl to

∫_b a (f(x))^2dx. Sthn perÐptwsh aută prèpei na èqei mh jetikă diakrÐnousa. ’Etsi apodeÐxame to epìmeno.

Jeÿrhma 6.2.2(Cauchy–Schwartz gia sunartăseic) An oi f kai g eÐnai duo suneqeÐc sunartăseic sto diĹsthma [a, b], tìte isqÔei ( ∫ b a f(x)g(x)dx

)_2 ≤ ∫_b a (f(x))^2dx

∫_b a (g(x))^2dx.

MAJHMATIKA I 185

Me dedomèno ìti b > a, h idiìthta (6.11) grĹfetai ÿc exăc: min x∈[a,b]

f(x) ≤ 1 b − a

∫_b a f(x)dx ≤ max_{x∈[a,b]} f(x). (6.13)

AfoÔ h sunĹrthsh eÐnai suneqăc sto [a, b], apì to Jeÿrhma 3.9.8 (twn endiĹmeswn timÿn) prokÔptei to epìmeno.

Jeÿrhma 6.2.3(Mèshc timăc suneqoÔc sunĹrthshc.) An h f eÐnai mia suneqăc sunĹrthsh sto diĹsthma [a, b], tìte upĹrqei èna shmeÐo ξ ∈ [a, b], ÿste

f(ξ) = 1 b − a

∫_b a f(x)dx. (6.14)

To dexiì mèloc thc (6.14) ekfrĹzei th mèsh timă thc sunĹrthshc f. GewmetrikĹ to Jeÿrhma autì ermhneÔetai wc exăc: MetaxÔ tou a kai tou b upĹrqei kĹpoio shmeÐo ξ, gia to opoÐo to orjogÿnio pou èqei gia Ôyoc thn timă thc sunĹrthshc sto shmeÐo autì kai bĹsh to tmăma [a, b] èqei to Ðdio embadìn me to orismèno oloklărwma thc f sto [a, b].

Apì thn idiìthta (6.12) kai thn paratărhsh (6.1.2) mporeÐ kĹpoioc na sumperĹnei ìti o orismìc tou orismènou oloklhrÿmatoc isqÔei akìmh kai gia èna peperasmèno plăjoc shmeÐwn asunèqeiac. Oi sunartăseic me èna peperasmèno plăjoc shmeÐwn asunèqeiac, epeidă akribÿc gifl autèc tic sunartăseic upĹrqei to orismèno oloklărwma, anăkoun se mia eurÔterh kathgorÐa sunartăsewn, pou kaloÔntai {oloklhrÿsimec} sunartăseic.

6.3 To jemeliÿdec Jeÿrhma tou oloklhrwtikoÔ logismoÔ

H eÔresh tou orismènou oloklhrÿmatoc dia mèsou tou orismoÔ eÐnai genikĹ dÔskolh kai oÔte oi idiìthtec, pou eÐdame, bohjoÔn idiaÐtera. H sÔndesh ìmwc tou orismènou oloklhrÿmatoc me to aìristo lÔnei kuriolektikĹ ta qèria tou epistămona kai kĹnei ton oloklhrwtikì logismì èna dunatì ergaleÐo gia thn epistămh tou.

186 Orismèno oloklărwma

Sqăma 6.36: H parĹgousa F (x).

’Estw f mia orismènh kai suneqăc sunĹrthsh se èna diĹsthma [a, b] kai x èna tuqaÐo shmeÐo autoÔ. OrÐzetai tìte h sunĹrthsh

F (x) =

∫_x a f(t)dt. (6.15)

H metablhtă t tèjhke gia na mhn upĹrqei sÔgqush me th metablhtă x. GewmetrikĹ h sunĹrthsh F ekfrĹzei to embadìn kĹtw apì th sunĹrthsh f sto diĹsthma [a, x], ìpwc faÐnetai sto Sqăma 6.36. MĹlista eÐnai fanerì ìti F (b) isoÔtai me to orismèno oloklărwma thc f sto diĹsthma [a, b], dhl. F (b) =

∫_b a f(t)dt kai F (a) =

∫_a a f(t)dt = 0.

Jeÿrhma 6.3.1’Estw f mia orismènh kai suneqăc sunĹrthsh se èna diĹsthma [a, b]. Tìte h sunĹrthsh thc (6.15) eÐnai mia parĹgousa thc f, dhl. F^′(x) = f(x).

Apìdeixh: AfoÔ h sunĹrthsh f eÐnai suneqăc, tìte gia kĹje ξ me ξ ∈ [x, x_0) ă ξ ∈ (x_0, x] ja isqÔei lim_{x→x0} f(ξ) = f(x_0) (bl. ’Askhsh 3.14). ’Estw tÿra èna tuqaÐo shmeÐo x_0 ∈ (a, b). H parĹgwgoc thc F (x) sto shmeÐo x_0 eÐnai

F^′(x_0) = lim_{x→x0}

F (x) − F (x_0) x − x_0

= lim_{x→x0}

∫_x a f(t)dt −

∫_{x0} a f(t)dt x − x_0 =

MAJHMATIKA I 187

lim_{x→x0}

∫_x

x_0 f(t)dt

x − x_0

= lim_{x→x0} f(ξ)(x − x_0) x − x_0

= lim_{x→x0} f(ξ) = f(x_0),

afoÔ apì to Jeÿrhma 6.2.3 isqÔei

∫_{x0+h}

x_0 f(t)dt = f(ξ)(x − x0) me ξ ∈ [x, x0].

Epeidă to x_0 to părame tuqaÐa, to Ðdio ja isqÔei gia kĹje shmeÐo tou diastămatoc (a, b). □ Me to prohgoÔmeno Jeÿrhma ousiastikĹ brăkame ìlec tic parĹgousec thc f, afoÔ gnwrÐzoume ìti autèc diafèroun katĹ stajerĹ dhl. an G eÐnai mia parĹgousa thc f, aută ja eÐnai G(x) = F (x) + C, epeidă G(a) = F (a) + C kai F (a) = 0 èqoume G(a) = C. Epiplèon ∫_b a f(x)dx = F (b) = G(b) − C = G(b) − G(a).

’Etsi apodeÐxame to epìmeno Jeÿrhma.

Jeÿrhma 6.3.2(Jemeliÿdec Jeÿrhma tou oloklhrwtikoÔ logismoÔ). An h f eÐnai orismènh kai suneqăc se èna diĹsthma [a, b] kai G mia parĹgousa autăc, tìte ∫_b a f(x)dx = G(x) | |^b a = G(b) − G(a).

ParĹdeigma 6.2Na brejoÔn ta oloklhrÿmata: 1) ∫_2 0 x^2dx 2)

∫_1 0 √ xdx, 3)

∫_1 0 e^xdx 4)

∫_e 1 1 x dx. LÔsh 1) ∫_2 0 x^2dx = x^3 3 | |^2 0 = 2^3 3 − 0^3 3 = 8 3 . 2) ∫_1 0 √ xdx = x^{3/2} 3/2 | | |^1_0 = 2 3 . 3) ∫_1 0 e^xdx = e^x | |^1_0 = e − 1. 4) ∫_e 1 1 x dx = ln x | |^e_1 = 1 − 0 = 1.

FusikĹ, h kainoÔrgia diadikasÐa pou efarmìsthke edÿ den èqei kamiĹ sqèsh me ekeÐnh tou paradeÐgmatoc (6.1), ektìc apì to apotèlesma pou eÐnai, profanÿc, to Ðdio. EÐnai pio komyă, pio eÔkolh kai polÔ pio grăgorh.

188 Orismèno oloklărwma

6.3.1 Mèjodoi oloklărwshc

Jeÿrhma 6.3.3’Estw f kai g duo sunartăseic orismènec kai suneqeÐc sto [a, b], me suneqeÐc paragÿgouc sfl autì. Tìte isqÔei

∫_b a f^′(x)g(x)dx = f(x)g(x) | | |^b_a −

∫_b a f(x)g^′(x)dx.

Apìdeixh: Na gÐnei apì ton anagnÿsth. □

ParĹdeigma 6.3Na upologÐsete ta oloklhrÿmata: 1) ∫ π_2 0 x cos xdx, 2)

∫ π_2 0 sin^5 xdx, 3)

∫ π_2 0 sin^6 xdx.

LÔsh 1) ∫ π_2 0 x cos xdx = x sin x | | π 2 0 − ∫ π_2 0 sin xdx = x sin x | | π 2 0 + cos x | | π 2 0 = π 2 − 1.

2) I_n =

∫ π_2 0 sin^n xdx =

∫ π_2 0 sin^{n−1} x sin xdx = − sin^{n−1} cos x | | π 2 0 + (n − 1)

∫ π_2 0 sin^{n−2} x cos^2 xdx = (n − 1)

∫ π_2 0 sin^{n−2} x(1 − sin^2 x)dx

opìte I_n = (n − 1)I_{n−2} − (n − 1)I_n ⇔ I_n = n − 1 n I_{n−2}.

Efarmìzontac ton teleutaÐo tÔpo anadromikĹ paÐrnoume ta apotelèsmatĹ mac.

Jeÿrhma 6.3.4’Estw h sunĹrthsh f(x) orismènh kai suneqăc sto diĹsthma [a, b] kai x = g(t), ìpou g mia sunĹrthsh orismènh kai me suneqă parĹgwgo sto diĹsthma [σ, τ]. An g(σ) = a kai g(τ) = b, tìte

∫_τ σ f(g(t))g^′(t)dt =

∫_b a f(x)dx.

MAJHMATIKA I 189

Apìdeixh: An F (x) mia parĹgousa thc f, tìte F^′(x) = f(x) kai

∫_b a f(x)dx = F (b) − f(a). Epiplèon, apì thn parĹgwgo sÔnjethc sunĹrthshc isqÔei ( F (g(t))

)_′

= F^′(g(t))g^′(t) = f(g(t))g^′(t)

ètsi èqoume

∫_τ σ f(g(t))g^′(t)dt =

∫_τ σ ( F (g(t))

)_′

dt = F (g(τ)) − F (f(σ) =

F (b) − F (a) =

∫_{b=g(τ )}

a=g(σ)

f(x)dx. □ Edÿ ja prèpei na parathrăsoume ìti o tÔpoc tou Jewrămatoc 6.3.4 efarmìzetai kai antÐstrofa. Ac jumhjoÔme thn allagă metablhtăc apì to aìristo oloklărwma. Sthn perÐptwsh aută, jètontac x = g(t) kai upì thn proôpìjesh ìti h g eÐnai antistrèyimh, exuphreteÐ h morfă ∫_b a f(x)dx =

∫_g−1_{(b)}

g^{−1}(a)

f(g(t))g^′(t)dt.

ParĹdeigma 6.4Na upologistoÔn ta orismèna oloklhrÿmata: 1) ∫ π_2 0 sin^3 x cos xdx, 2)

∫_a −a √ a^2 − x^2dx, a > 0

LÔsh 1) ∫ π_2 0 sin^3 x cos xdx =

∫ π_2 0 sin^3 x(sin x)^′dx =

∫_{1=sin} π_2

0=sin 0

u^3du = u^4 4 | |^1_0 = 1 4 2) Jètontac x = a cos t, èqoume dx = −a sin tdt, opìte t = cos^{−1 x}_a , ètsi ∫_a −a √ a^2 − x^2dx =

∫_{0=arccos} a

π=arccos^{−a}_a a √ 1 − cos^2 t(−a sin t)dt = −a^2

∫_0 π sin^2 tdt =

190 Orismèno oloklărwma

· · · = πa^2 2 , èna apotèlesma pou mĹllon ja èprepe na perimènoume, afoÔ to parapĹnw oloklărwma eÐnai ousiastikĹ to embadìn enìc hmikuklÐou aktÐnac a.

FusikĹ, kĹpoia problămata mporeÐ na èqoun mia megalÔterh duskolÐa, ìmwc autì den prèpei na katabĹlei ton foithtă. ExĹllou o shmerinìc foithtăc kai aurianìc epistămonac pĹntote ja prospajeÐ na epilÔsei kĹpoio prìblhma.

ParĹdeigma 6.5’Estw h f suneqăc kai aÔxousa sto [a, b]. Na deiqteÐ ìti ∫_b a xf(x)dx ≥ a + b 2 ∫_b a f(x)dx.

LÔsh EÔkola mporeÐ na dei kĹpoioc (me allagă metablhtăc) ìti ∫_b a f(x)dx =

∫_b a f(a + b − x)dx

’Etsi ∫_b a xf(x)dx =

∫_b a (a + b − x)f(a + b − x)dx = ∫_b a (a + b)f(a + b − x)dx −

∫_b a xf(a + b − x)dx

= (a + b)

∫_b a f(a + b − x)dx −

∫_b a xf(a + b − x)dx =

(a + b)

∫_b a f(x)dx −

∫_b a xf(a + b − x)dx (6.16)

ArkeÐ na deÐxoume ìti ∫_b a xf(x)dx ≥

∫_b a xf(a + b − x)dx (6.17)

MAJHMATIKA I 191

Sqăma 6.37: H apeikìnish twn f(x) kai f(a + b − x).

’Omwc isqÔei (to stajerì prìshmo twn duo sunartăsewn, eÔkola prokÔptei apì to ìti h f(x) eÐnai aÔxousa, exĹllou faÐnetai kai sto Sqăma 6.37,) ∫_b a x[f(x) − f(a + b − x)]dx =

∫ a+b_2 a x[f(x) − f(a + b − x) ≤0 ]dx + ∫_b a+b 2 x[f(x) − f(a + b − x) ≥0 ]dx.

Apì to Jeÿrhma thc mèshc timăc tou OloklhrwtikoÔ LogismoÔ èqoume ∫_b a x[f(x) − f(a + b − x)]dx = ξ_1

∫ a+b_2 a [f(x) − f(a + b − x)]dx + ξ_2

∫_b a+b 2 [f(x) − f(a + b − x)]dx.

Me allagă metablhtăc pĹli sto prÿto oloklărwma tou deutèrou mèlouc paÐr-

192 Orismèno oloklărwma

noume

∫_b a x[f(x) − f(a + b − x)]dx = ξ_1

∫_b a+b 2 [f(a + b − x) − f(x)]dx

+ ξ_2

∫_b a+b 2 [f(x) − f(a + b − x)]dx

= (ξ_2 − ξ_1)

∫_b a+b 2 [f(x) − f(a + b − x)]dx

≥ 0.

6.3.2 Arijmhtikă oloklărwsh

JewroÔme th suneqă sunĹrthsh f sto diĹsthma [a, b]. Gia eukolÐa jètoume a = x_0, b = x_1, y_0 = f(x_0), y_1 = f(x_1) kai h = x_1 − x_0. ProseggÐzontac th sunĹrthsh f me thn eujeÐa y = y_1 − y_0 x_1 − x_0

(x − x_0) + y_0

ja èqoume ∫_b a f(x)dx =

∫_{x1}

x_0

f(x)dx ≈

∫_{x1}

x_0

( y_1 − y_0

x_1 − x_0

(x − x_0) + y_0 ) dx = · · · = h 2 (y_0+y_1).

Diairÿntac to diĹsthma [a, b] se n isomăkh diastămata me ta shmeÐa a = x_0, x_1, x_2, . . . , x_{n−1}, x_n = b, prokÔptei o epìmenoc tÔpoc, pou eÐnai gnwstìc wc genikeumènoc kanìnac tou trapezÐou ∫_{x1}

x_0

f(x)dx ≈ h 2 (y_0 + 2y_1 + 2y_1 + · · · + 2y_{n−1} + y_n), (6.18)

ìpou h =^{b−a}_n .

ParĹdeigma 6.6Na upologÐsete to Oloklărwma ∫_{2.5} 1.5 x x^3 − 2 dx qrhsimopoiÿntac to genikeumèno kanìna tou trapezÐou (6.18), qwrÐzontac to diĹsthma oloklărwshc se 10 upodiastămata

MAJHMATIKA I 193

LÔsh AfoÔ ja qrhsimopoiăsoume ton kanìna tou trapezÐou gia 10 diastămata, ja èqoume n = 10 kai h = 0.1, opìte x_0 = 1.5 kai x_i = 1.5 + i · h, i = 1(1)10. Gia tic timèc twn x_i brÐskoume tic antÐstoiqec y_i dhladă y_0 = 0.763359, y_1 = 0.583591, y_2 = 0.469729, y_3 = 0.391027, y_4 = 0.333333, y_5 = 0.289216, y_6 = 0.254394, y_7 = 0.226222, y_8 = 0.202977, y_9 = 0.183486, y_{10} = 0.166923. Apì ton tÔpo (6.18) brÐskoume ∫_{2.5} 1.5 x x^3 − 3 dx = 0.1 2 (0.763359 + 2 · 0.583591 + 2 · 0.469729 + 2 · 0.391027

+ 2 · 0.333333 + 2 · 0.289216 + 2 · 0.254394 + 2 · 0.226222 + 2 · 0.202977 + 2 · 0.183486 + 0.166923) = 0.415105.

6.4 Efarmogèc tou orismènou oloklhrÿmatoc

6.4.1 To embadìn

’Hdh èqoume dei ìti me to orismèno oloklărwma miac mh arnhtikăc suneqoÔc sunĹrthshc f sto diĹsthma [a, b] upologÐzoume to embadìn tou qwrÐou, pou perièqetai metaxÔ thc kampÔlhc tou orizìntiou Ĺxona kai twn eujeiÿn x = a kai x = b.

’Otan h sunĹrthsh eÐnai mh jetikă, tìte to qwrÐo pou orÐzetai apì th sunĹrthsh f eÐnai summetrikì, wc proc ton orizìntio Ĺxona, me to qwrÐo pou orÐzetai apì th sunĹrthsh −f kai wc ek toÔtou ja èqei to Ðdio embadìn. ’Etsi, sthn perÐptwsh aută to embadìn ja upologÐzetai apì to

∫_b a −f(x)dx. GenikĹ, loipìn, to embadìn thc perioqăc pou perikleÐetai apì mia sunĹrthsh f, ton orizìntio Ĺxona kai tic eujeÐec x = a kai x = b ja upologÐzetai apì ton tÔpo E = ∫_b a |f(x)|dx.

FusikĹ, lambĹnontac upìyh mac th gewmetrÐa tou sqămatoc mporoÔme na upologÐzoume embadĹ perioqÿn metaxÔ duo kampÔlwn kai twn eujeiÿn x = a kai x = b.

ParĹdeigma 6.7Na upologÐsete to embadìn metaxÔ twn sunartăsewn f(x) = x^2, g(x) = √ x kai twn eujeiÿn x = 0 kai x = 2.

194 Orismèno oloklărwma

Sqăma 6.38: H perioqă metaxÔ duo sunartăsewn. ’Elleiyh

LÔsh ’Opwc mporeÐ kaneÐc na dei sto Sqăma 6.38, aristerĹ, oi duo kampÔlec tèmnontai sta shmeÐa (0, 0) kai (1, 1) kai sto diĹsthma [0, 1] èqoume g(x) ≥ f(x), enÿ sto diĹsthma [1, 2] èqoume f(x) ≥ g(x). ’Etsi, to zhtoÔmeno embadìn eÐnai E = ∫_1 0 ( √ x − x^2)dx +

∫_2 1 (x^2 − √ x)dx = · · · =

10 − 4 √ 2 3 .

Stic periptÿseic pou oi kampÔlec dÐnontai me tic parametrikèc exisÿseic touc, ousiastikĹ prìkeitai gia allagă metablhtăc, dhl. enÿ eÐqame thn y = f(x), jèsame x = x(t) kai proèkuye y = f(x(t)) = y(t). ’Etsi isqÔei h jewrÐa thc allagăc metablhtăc, opìte èqoume: E = ∫_b a f(x)dx =

∫_{t2}

t_1

y(t)x^′(t)dt. (6.19)

ParĹdeigma 6.8Na upologÐsete to embadìn thc èlleiyhc (3.31) tou Sqămatoc 6.38 x = a sin ϑ, y = b cos ϑ kai ϑ ∈ [0, 2π].

LÔsh Qrhsimopoiÿntac ton tÔpo (6.19) kai tic parametrikèc exisÿseic thc èlleiyhc sto prÿto tetarthmìrio brÐskoume 1 4 E = ∫ π_2 0 y(t)x^′(t)dϑ =

∫ π_2 0 b cos ϑa cos ϑdϑ = ab

∫ π_2 0 cos^2 ϑdϑ =

MAJHMATIKA I 195

PSfrag replacementc

Sqăma 6.39: H efaptomènh thc y = f(x).

ab ∫ π_2 0 1 4 (cos 2ϑ + 1)d2ϑ = ab 4 [ sin (2ϑ) + 2ϑ

] π_2 0 = abπ 4 . ’Etsi èqoume ìti to embadìn thc èlleiyhc eÐnai E = πab.

6.4.2 To măkoc kampÔlhc

Gia na skiagrafăsoume ton upologismì tou măkouc miac kampÔlhc skeftìmaste wc exăc: JewroÔme ìti h kampÔlh mac qwrÐzetai se n tmămata kai kĹje èna apì autĹ ta proseggÐzoume me th qordă touc. ’Etsi gia to tmăma P Q ja èqoume L_{P Q} ≈ L = √ (Δx)^2 + (Δy)^2,

opìte gia olìklhrh thn kampÔlh kai upì thn proôpìjesh ìti to ìrio upĹrqei, kajÿc to n → ∞ ètsi ÿste kai to Δx → 0, ja isqÔei

L_{AB} = lim_{n→∞} n∑ i=1 L_i = lim_{n→∞} n∑ i=1 √ (Δx_i)^2 + (Δy_i)^2 (6.20)

Upojètoume tÿra ìti h sunĹrthsh y = f(x) eÐnai paragwgÐsimh me suneqă parĹgwgo. Apì to Jeÿrhma thc mèshc timăc tou diaforikoÔ logismoÔ (4.8.6)

196 Orismèno oloklărwma

ja èqoume ìti Δy_i = f(x_{i+1}) − f(x_i) = (x_{i+1} − x_i)f^′(ξ_i) = Δx_if^′(ξ_i), opìte h (6.20) grĹfetai

L_{AB} = lim_{n→∞} n∑ i=1 √ (Δx_i)^2 + (Δx_if^′(ξ_i))^2 = lim_{n→∞} n∑ i=1 √ 1 + (f^′(ξ_i))^2Δx_i

ă telikĹ

L_{AB} =

∫_b a √ 1 + (f^′(x))^2dx (6.21)

Upojètoume tÿra ìti h kampÔlh dÐnetai me tic parametrikèc exisÿseic x = x(t) kai y = y(t) me t ∈ [t_1, t_2] kai kĹje shmeÐo P (x, y) thc kampÔlhc paÐrnetai mìno mia forĹ, kajÿc to t dianÔei to [t_1, t_2], kai epÐ plèon oi sunartăseic x = x(t) kai y = y(t) eÐnai paragwgÐsimec me suneqeÐc paragÿgouc. tìte pĹli apì to Jeÿrhma thc mèshc timăc tou diaforikoÔ logismoÔ (4.8.6) ja èqoume

L_{AB} = lim_{n→∞} n∑ i=1 √ (x^′(ξ^′_i))^2Δt_i + (y^′(ξ^{′′}_i ))^2Δt_i =

∫_b a √ (x^′(t))^2 + (y^′(t))^2dt. (6.22)

ParĹdeigma 6.9Na upologÐsete to măkoc tou kÔklou (O, r) qrhsimopoiÿntac a) ton tÔpo (6.21) kai b) ton tÔpo (6.22).

LÔsh 1) ’Estw x^2 + y^2 = r^2 o kÔkloc (O, r), opìte to măkoc tou hmikuklÐou f(x) = √ r^2 − x^2 apì ton tÔpo (6.21) ja eÐnai L = ∫_r −r √ 1 + (f^′(x))^2dx = · · · = r

∫_r −r 1 √ r^2 − x^2 dx = · · · = πr.

2) ’Estw, tÿra, x = r cos ϑ, y = r sin ϑ me ϑ ∈ [0, 2π] o kÔkloc (O, r), opìte to măkoc tou hmikuklÐou (ϑ ∈ [0, π]), apì ton tÔpo (6.22) ja eÐnai L = ∫_π 0 √ (x^′(ϑ))^2 + (y^′(ϑ))^2dϑ = r

∫_π 0 1dϑ = πr,

opìte L = 2πr.

MAJHMATIKA I 197

Sqăma 6.40: Stoiqeiÿdhc kÔlindroc ek peristrofăc.

6.4.3 EpifĹneia kai ìgkoc stereÿn ek peristrofăc

’Otan mia suneqăc kampÔlh y = f(x) peristrafeÐ gÔrw apì ton Ĺxona x^′x, dhmiourgeÐtai èna stereì, pou onomĹzetai stereì ek peristrofăc. {TemaqÐzontac} to stereì me epÐpeda kĹjeta ston Ĺxona x^′x eÐnai dunatìn, me mejìdouc pou perigrĹyame prohgoumènwc, na broÔme kai na apodeÐxoume tÔpouc gia ton upologismì twn ìgkwn kai twn epifaneiÿn twn stereÿn autÿn. Sth sunèqeia ja skiagrafăsoume thn eÔresh twn sqetikÿn tÔpwn kai ìqi thn apìdeixă touc. O foithtăc pou endiafèretai ja prèpei na katafÔgei se biblÐa AnĹlushc p.q. ([4]).

Ac jewrăsoume thn kampÔlh AB tou Sqămatoc 6.40 kai duo epÐpeda pou dièrqontai apì ta shmeÐa P kai Q kai eÐnai kĹjeta ston orizìntio Ĺxona x^′x. To stoiqeiÿdec autì stereì to jewroÔme stoiqeiÿdh kÔlindro. me dedomèno ìti o ìgkoc enìc kulÐndrou dÐnetai apì ton tÔpo V = πr^2h, ja èqoume ìti o stoiqeiÿdhc ìgkoc tou ja eÐnai

dV = π[f(x)]^2dx.

Apì th sqèsh aută paÐrnoume ton tÔpo tou ìgkou tou stereoÔ ek peristrofăc, dhl.

V = π

∫_b a [f(x)]^2dx. (6.23)

198 Orismèno oloklărwma

An pĹli to stoiqeiÿdec autì stereì to jewrăsoume kìlouro kÿno, me dedomènh th sqèsh (6.20) kai to ìti o ìgkoc tou kìlourou kÿnou eÐnai V = π(r_1 + r_2)l, ìpou r_1 kai r_2 eÐnai oi aktÐnec twn bĹsewn kai l h gennătria (gia to orismì tou kÿnou pĹli qrhsimopoieÐtai h peristrofă), ja èqoume ìti h stoiqeiÿdhc epifĹneia ja eÐnai

ΔS = π ( f(x_{i−1}) + f(x_i) ) Δl = π[f(x_{i−1}) + f(x_i)] √ 1 + [f^′(ξ_i)]^2Δx.

Apì th sqèsh aută kai qrhsimopoiÿntac thn ènnoia thc omoiìmorfhc sunèqeiac apodeiknÔetai ìti to embadìn thc epifĹneiac tou stereoÔ ek peristrofăc eÐnai

E = 2π

∫_b a f(x) √ 1 + [f^′(x)]^2dx. (6.24)

ParĹdeigma 6.10Na upologÐsete ton ìgko kai thn epifĹneia miac sfaÐrac me aktÐna r.

LÔsh H sfaÐra dhmiourgeÐtai apì thn peristrofă tou hmikuklÐou y = √ r^2 − x^2 gÔrw apì ton orizìntio Ĺxona. ’Etsi apì touc tÔpouc (6.23) kai (6.24) èqoume

V = π

∫_r −r ( √ r^2 − x^2)^2dx = π

∫_r −r (r^2 − x^2)dx = 4 3 πr^3

E = 2π

∫_r −r f(x) √ 1 + [f^′(x)]^2dx = 2π

∫_r −r √ r^2 − x^2 √ 1 + [ x √ r^2 − x^2

]^2dx = 2π ∫_r −r rdx = 4πr^2.

6.4.4 ’Allec efarmogèc

Endiafèron apoktĹ o tÔpoc tou Taylor dia mèsou tou orismènou oloklhrÿmatoc. ’Otan loipìn h sunĹrthsh f eÐnai paragwgÐsimh, èqoume ∫_x

x_0

f^′(t)dt = f(x) − f(x_0) ⇔ f(x) = f(x_0) +

∫_x

x_0

f^′(t)dt

R(x) .

MAJHMATIKA I 199

An h sunĹrthsh eÐnai duo forèc paragwgÐsimh, ìpwc kai prohgoÔmena, paÐrnou- me ∫_x

x_0

f^′(t)dt = −

∫_x

x_0

(x − t)^′f^′(t)dt = −(x − t)f^′(t) | |^x_0 +

∫_x

x_0

(x − t)f^{′′}(t)dt,

opìte me aplă antikatĹstash sthn prohgoÔmenh sqèsh prokÔptei

f(x) = f(x_0) + (x − x_0)f^′(x_0) +

∫_x

x_0

(x − t)f^{′′}(t)dt

R(x) .

OmoÐwc an eÐnai treic forèc paragwgÐsimh ∫_x

x_0

(x − t)f^{′′}(t)dt = −

∫_x

x_0

( (x − t)2 2 )_′

f^{′′}(t)dt = −

(x − t)^2 2 | | |^x_0 + 1 2 ∫_x

x_0

(x − t)^2f^{′′′}(t)dt

kai pĹli me antikatĹstash èqoume

f(x) = f(x_0) + (x − x_0)f^′(x_0) +

(x − x_0)^2 2 f^{′′}(x_0) + 1 2! ∫_x

x_0

(x − t)^2f^{′′′}(t)dt

R(x) .

EpagwgikĹ mporoÔme plèon na pĹroume, upì thn proôpìjesh ìti h sunĹrthsh eÐnai n forèc paragwgÐsimh, ton tÔpo tou Taylor

f(x) = f(x_0)+(x−x_0)f^′(x_0)+

(x − x_0)^2 2! f^{′′}(x_0)+· · ·+

(x − x_0)^{n−1} (n − 1)!

f^{(n−1)}(x_0)+R(x),

ìpou to upìloipo tou tÔpou tou Taylor eÐnai

R(x) = 1 (n − 1)!

∫_x

x_0

(x − t)^{n−1}f^{(n)}(t)dt. (6.25)

Akìmh, to orismèno oloklărwma mporeÐ na qrhsimopoihjeÐ gia na deÐxoume ìti kĹpoiec sunartăseic eÐnai analutikèc, ìpwc sto epìmeno parĹdeigma.

ParĹdeigma 6.11Na deiqteÐ ìti h sunĹrthsh arctan x eÐnai analutikă.

200 Orismèno oloklărwma

LÔsh Se prohgoÔmeno parĹdeigma, sth sqèsh (4.25) eÐdame ìti h sunĹrthsh arctan x èqei th morfă

arctan x = x − x^3 3 + x^5 5 − x^7 7 + · · ·

EpÐshc eÐdame ìti h seirĹ tou deutèrou mèlouc sugklÐnei gia kĹje x me |x| ≤ 1. Ja doÔme sth sunèqeia ìti aută sugklÐnei sth sunĹrthsh arctan x. JewroÔme th sqèsh 1 1 + t^2

= 1 − t^2 + t^4 − t^6 + · · · + (−1)^nt^{2n} + (−1)^{n+1} t^{2n+1} 1 + t^2 ìroi pou apomènoun

Oloklhrÿnontac aută sto diĹsthma [0, x], prokÔptei

arctan x = x − x^3 3 + x^5 5 − x^7 7 + · · · + (−1)^n x^{2n+1} 2n + 1

+ R,

ìpou R = ∫_x 0 (−1)^{n+1} t^{2n+1} 1 + t^2 dt ’Omwc afoÔ 1 + t^2 ≥ 1, gia thn apìluth timă autoÔ ja isqÔei

|R| =

∫_x 0 t^{2n+1} 1 + t^2 dt ≤

∫_x 0 t^{2n+1}dt = x^{2n+2} 2n + 2^{n→∞}

� 0 ,

to opoÐo apodeiknÔei to zhtoÔmeno.

Pollèc eÐnai oi efarmogèc pou brÐskei to orismèno oloklărwma stic Fusikèc epistămec p.q. ropă, kèntro mĹzac, èrgo dÔnamhc, udrostatikă pÐesh allĹ kai stic Ĺllec epistămec, p.q. pleìnasma tou katanalwtă ă pleìnasma tou paragwgoÔ sthn OikonomÐa k.lp. H lÔsh dÐnetai, afoÔ lĹboume upìyh th JewrÐa kai tic teqnikèc pou anaptÔqjhkan allĹ kai th fÔsh tou problămatoc.

ParĹdeigma 6.12Na brejeÐ to kèntro mĹzac enìc omogenoÔc plakidÐou pou orÐzetai apì thn parabolă y^2 = 4 − x kai ton orizìntio Ĺxona

LÔsh Sto Sqăma 6.41 faÐnetai to plakÐdio. AfoÔ to plakÐdio eÐnai omogenèc kai o orizìntioc Ĺxonac eÐnai Ĺxonac summetrÐac, to kèntro mĹzac ja brÐsketai

MAJHMATIKA I 201

Sqăma 6.41: Kèntro mĹzac: Orizìntiec kai katakìrufec lwrÐdec.

sfl autìn, dhl. ȳ = 0. Gia ton prosdiorismì tou x̄ qwrÐzoume to plakÐdio ă se orizìntiec lwrÐdec ă se katakìrufec lwrÐdec. Sth sunèqeia, ja lÔsoume to prìblhma qrhsimopoiÿntac tic orizìntiec lwrÐdec kai wc Ĺskhsh o anagnÿsthc ac qrhsimopoiăsei gia thn epÐlush tic katakìrufec.

H stoiqeiÿdhc mĹza miac stoiqeiÿdouc lwrÐdac me stajeră puknìthta δ kai stoiqeiÿdh epifĹneia eÐnai

dm = δds = δx(y)dy (6.26)

opìte h sunolikă mĹza tou plakidÐou ja eÐnai M = ∫ s δds = δ

∫_2 −2 x(y)dy = δ

∫_2 −2 (4 − y^2)dy = δ(4y − y^3 3 ) | | |^2_{−2} = 32δ 3 . (6.27)

To kèntro mĹzac thc stoiqeiÿdouc lwrÐdac, afoÔ aută eÐnai omogenăc, brÐsketai sto kèntro thc, dhl. èqei suntetagmènec (^{x(y)}_2 , y). ’Etsi, h ropă thc lwrÐdac wc proc ton katakìrufo Ĺxona ja eÐnai

dM_y = x(y) 2 dm kai h ropă ìlwn twn lwrÐdwn mazÐ eÐnai

M_y =

∫_2 −2 x(y) 2 dm =

∫_2 −2 x(y) 2 δx(y)dy = δ 2 ∫_2 −2 (4 − y^2)^2dy =

256δ 15 . (6.28)

202 Orismèno oloklărwma

AfoÔ wc kèntro mĹzac jewroÔme to shmeÐo pou, an briskìtan ìlh h mĹza sugkentrwmènh ja mac èdine th sunolikă ropă, ja èqoume ìti

x̄M = M_y ⇔ x̄ =

M_y M = 8 5 . Askăseic

’Askhsh 6.1Na upologÐsete ta orismèna oloklhrÿmata 1) ∫_2 0 xdx, 2)

∫_1 0 x^3dx, 3)

∫_1 0 x^2dx

qrhsimopoiÿntac eswterikĹ kai exwterikĹ orjogÿnia, afoÔ prÿta diairejoÔn ta sqetikĹ diastămata se n isomăkh tmămata.

’Askhsh 6.2AfoÔ prÿta diairejeÐ to diĹsthma [a, b] se n tmămata, ta shmeÐa tou opoÐou eÐnai ìroi gewmetrikăc proìdou, p.q. x_0 = a, x_1 = aω, x_2 = aω^2, . . . , x_n = aω^n = b (profanÿc ω =^n

√_b a me lim_{n→∞} ω = 1), qrhsimopoiÿntac eswterikĹ orjogÿnia, na deÐxete ìti ∫_b a x^mdx =

{_{bm+1−am+1} m+1 , m ≠ −1 ln b − ln a, m = −1 .

’Askhsh 6.3ErmhneÔste to Jeÿrhma 6.2.3 jewrÿntac thn f taqÔthta kai to x qrìno.

’Askhsh 6.4An h f eÐnai orismènh kai suneqăc sto [a, b], h g paragwgÐsimh kai orÐzetai h sÔnjesh f ∘ g, na deiqteÐ ìti d dx ∫_{g(x)} a f(t)dt = f(g(x))g^′(x).

’Askhsh 6.5Na brejeÐ to x pou megistopoieÐ to oloklărwma d dx ∫_{x+3} x t(2 − t)dt.

MAJHMATIKA I 203

’Askhsh 6.6Na brejeÐ to ìrio me ton kanìna tou De L’ Hôpital

lim_{x→0} 1 x ∫_x 0 sin x x dt.

’Askhsh 6.7An I_n =

∫ π_2 0 sin^n xdx, parathrăste ìti a) I_{2n+1} ≤ I_{2n} ≤ I_{2n−1}, b) lim^{I2n}_{I2n+1} = 1 kai apodeÐxte ton tÔpo tou Wallis π 2 = lim

[(2n(2n − 2)(2n − 4) · · · 2 (2n − 1)(2n − 3) · · · 3

)_2 1 2n + 1 ] .

’Askhsh 6.8Na brejeÐ to embadìn thc hmièlleiyhc y = b a √ x^2 − a^2, a, b > 0.

’Askhsh 6.9(Jeÿrhma mèshc timăc tou oloklhrwtikoÔ logismoÔ) Akoloujÿntac th logikă thc apìdeixhc tou Jewrămatoc 6.2.3 deÐxte ìti, an oi f kai g duo suneqeÐc sunartăseic sto [a, b] me g(x) ≥ 0 ∀x ∈ [a, b], tìte ∃ξ ∈ [a, b] me ∫_b a f(x)g(x)dx = f(ξ)

∫_b a g(x)dx.

’Askhsh 6.10Pollèc forèc eÐnai pio eÔkolo h oloklărwsh na gÐnetai wc proc th metablhtă y. Na brejeÐ ètsi to embadìn pou perikleÐetai apì tic parabolèc y^2 = 4 − x kai y^2 = 2x − 4, afoÔ prÿta tic sqediĹsete.

’Askhsh 6.11Na brejeÐ to embadìn kai o ìgkoc thc epifĹneiac pou sqhmatÐzetai, ìtan peristrèfoume thn èlleiyh 4x^2 + y^2 = 4, a)gÔrw apì ton orizìntio kai b)gÔrw apì ton katakìrufo Ĺxona.

’Askhsh 6.12Na brejeÐ to kèntro mĹzac tou trigÿnou me korufèc ta shmeÐa O(0, 0), A(1, 0) kai B(1, 2) me thn proôpìjesh ìti to trÐgwno eÐnai omogenèc, puknìthtac δ.

204 Orismèno oloklărwma

Genikeumèno Oloklărwma

7.1 GenikĹ

Mèqri tÿra jewroÔsame th sunĹrthsh suneqă sfl èna kleistì diĹsthma [a, b] me a, b ∈ R, pou sămaine ìti h sunĹrthsh eÐnai epiplèon kai fragmènh. Me thn paratărhsh (6.1.2) mporoÔme na apantăsoume kai sthn perÐptwsh, ìpou h sunĹrthsh paramènei fragmènh sfl èna hmianoiktì diĹsthma (a, b].

Stic periptÿseic, ìpou èna toulĹqiston apì ta Ĺkra tou diastămatoc eÐnai to Ĺpeiro ă h sunĹrthsă mac apeirÐzetai sfl èna apì ta Ĺkra tou diastămatoc [a, b], to oloklărwma lègetai genikeumèno ă kataqrhstikì. Sthn prÿth perÐptwsh to genikeumèno oloklărwma lègetai A’ eÐdouc, enÿ sthn Ĺllh perÐptwsh lègetai B’ eÐdouc. ’Otan apì to èna Ĺkro thc oloklărwshc emfanÐzetai to A’ eÐdoc kai apì to Ĺllo to B’ tìte èqoume to miktì genikeumèno oloklărwma.

7.1.1 Genikeumèno oloklărwma A’ eÐdouc

To Genikeumèno oloklărwma A’ eÐdouc èqei mia apì tic epìmenec morfèc: ∫_b −∞ f(x)dx,

∫_∞ a f(x)dx,

∫_∞ −∞ f(x)dx. (7.1)

AntimetwpÐzetai kai stic treic periptÿseic me thn ènnoia tou orÐou. ’Etsi, an F eÐnai mia parĹgousa thc f, èqoume ∫_b −∞ f(x)dx = lim_{a→−∞}

∫_b a f(x)dx = F (b) − lim_{a→−∞} F (a),

206 Genikeumèno oloklărwma

Sqăma 7.42: Oi sunartăseic f(x) =^1_{x2+1} kai g(x) =^1_{x+1} .

∫_∞ a f(x)dx = lim_{b→∞}

∫_b a f(x)dx = lim_{b→∞} F (b) − F (a), ∫_∞ −∞ f(x)dx = lim_{a→−∞}

∫_c a f(x)dx + lim_{b→∞}

∫_b c f(x)dx = lim_{b→∞} F (b) − lim_{a→−∞} F (a).

ParĹdeigma 7.1UpologÐste ta oloklhrÿmata: i) ∫_∞ 0 1 x + 1 dx, ii)

∫_∞ 0 sin xdx, iii)

∫_∞ −∞ 1 x^2 + 1 dx. LÔsh Me efarmogă twn tÔpwn paÐrnoume i) ∫_∞ 0 1 x + 1 dx = lim_{b→∞}

∫_b 0 1 x + 1 dx = lim_{b→∞} [ ln (1 + x)

]_b 0 = ∞

ii) ∫_∞ 0 sin xdx = lim_{b→∞}

∫_b 0 sin xdx = lim_{b→∞} [ − cos x

]_b 0 = − lim_{b→∞}(cos b) + 1

’Omwc to teleutaÐo ìrio den upĹrqei. Sfl aută thn perÐptwsh lème ìti to oloklărwma

∫_∞ 0 sin xdx apoklÐnei.

iii)

∫_∞ −∞ 1 x^2 + 1 dx = lim_{b→∞} arctan b − lim_{a→−∞} arctan a = π 2 − (− π 2 ) = π

MAJHMATIKA I 207

Sto sqăma (7.42) faÐnetai h perioqă thc opoÐac to embadìn ekfrĹzei to kajèna apì ta oloklhrÿmata i) kai iii).

Paratărhsh 7.1.1H Ôparxh twn duo orÐwn, anexĹrthta tou enìc apì to Ĺllo, eÐnai ousiÿdhc, afoÔ h jeÿrhsh ∫_∞ −∞ f(x)dx = lim_{t→∞}

∫_t −t f(x)dx

odhgeÐ se kĹti diaforetikì, gnwstì wc {prwteÔousa timă katĹ Cauchy} (C.P.V.)

7.1.2 Genikeumèno oloklărwma B’ eÐdouc

To Genikeumèno oloklărwma B’ eÐdouc èqei mia apì tic epìmenec morfèc:

∫_b a f(x)dx, me lim_{x→a+} = ±∞,

∫_b a f(x)dx, me lim_{x→b−} = ±∞. (7.2)

AntimetwpÐzetai, ìpwc kai prohgoÔmena, me thn ènnoia tou orÐou. ’Etsi, an F eÐnai mia parĹgousa thc f, èqoume ∫_b a f(x)dx = lim_{ε→0}

∫_b a+ε f(x)dx = F (b) − lim_{ε→0} F (a + ε) ∫_b a f(x)dx = lim_{h→0}

∫_{b−h} a f(x)dx = lim_{h→0} F (b − h) − F (a)

∫_b a f(x)dx = lim_{ε→0}

∫_c a+ε f(x)dx + lim_{h→0}

∫_{b−h} c f(x)dx = lim_{h→0} F (b − h) − lim_{ε→0} F (a + ε).

ParĹdeigma 7.2UpologÐste ta oloklhrÿmata: i) ∫_1 −1 1 1 − x^2 dx, ii)

∫_1 −1 1 √ 1 − x^2 dx.

208 Genikeumèno oloklărwma

Sqăma 7.43: Oi sunartăseic f(x) =^1_{1−x2} kai g(x) =^{1√}_{1−x2} .

LÔsh i) ∫_1 −1 1 1 − x^2 dx = 1 2 ∫_1 −1 ( 1 1 − x + 1 1 + x ) dx = 1 2 ∫_1 −1 1 1 − x dx+ 1 2 ∫_1 −1 1 1 + x dx = 1 2 ( − lim_{h→0} ln |1 − x| | | |^{1−h}_{−1} + lim_{ε→0} ln |1 + x| | | |^1_{−1+ε} ) = 1 2 ( 2 ln 2 + ∞ ) = ∞ Jètontac x = sin ϑ, pou shmaÐnei dx = cos ϑdϑ, paÐrnoume ii) ∫_1 −1 1 √ 1 − x^2 dx = lim_{ε→0}

∫_c

arcsin (−1+ε)

dϑ + lim_{h→0}

∫_{arcsin (1−h)} c dϑ = π.

Sto sqăma (7.43) faÐnetai h perioqă thc opoÐac to embadìn ekfrĹzei to kajèna apì ta oloklhrÿmata i) kai ii).

7.2 Krităria sÔgklishc

Pollèc forèc eÐmaste anagkasmènoi na apofanjoÔme sqetikĹ me thn Ôparxh ă mh enìc genikeumènou oloklhrÿmatoc kai ădh èqoume dei ìti den eÐnai pĹntote eÔkolh ă dunată h eÔresh miac parĹgousac autoÔ. Se tètoiec periptÿseic prospajoÔme na dÿsoume apĹnthsh me diaforetikèc proseggÐseic tou jèmatoc, merikèc ek twn opoÐwn ja doÔme sth sunèqeia.

MAJHMATIKA I 209

7.2.1 Gia to A’ eÐdouc

Ja jewrăsoume ìti h sunĹrthsh f eÐnai suneqăc kai mh arnhtikă kai ja exetĹsoume thn perÐptwsh

∫_∞ a f(x)dx, afoÔ h perÐptwsh

∫_b −∞ f(x)dx antimetwpÐzetai parìmoia, arkeÐ na kĹnoume allagă metablhtăc jètontac −t antÐ x. ’Eqoume ădh dei ìti to genikeumèno oloklărwma ekfrĹzei to ìrio enìc embadoÔ, dhl. ∫_∞ a f(x)dx = lim_{x→∞}

∫_x a f(t)dt

E(x)

= lim_{x→∞} E(x). (7.3)

EpÐ plèon, apì to gegonìc E^′(x) = f(x) ≥ 0, sumperaÐnoume ìti h sunĹrthsh E(x) eÐnai mia aÔxousa sunĹrthsh kai epomènwc ă ja èqei ìrio ènan pragmatikì arijmì (ìtan ja frĹssetai, dec kai Ĺskhsh (3.10)) ă ja apeirÐzetai. ’Etsi, to epìmeno Jeÿrhma faÐnetai wc fusikă sunèpeia autoÔ.

Jeÿrhma 7.2.1’Estw duo suneqeÐc sunartăseic f kai g me g(x) ≥ f(x) ≥ 0, tìte ∫_∞ a g(x)dx ∈ R ⇒

∫_∞ a f(x)dx ∈ R, (7.4) ∫_∞ a f(x)dx = ∞ ⇒

∫_∞ a g(x)dx = ∞. (7.5)

Apìdeixh: Na gÐnei wc Ĺskhsh. □

ParĹdeigma 7.3Na exetĹsete wc proc th sÔgklish to oloklărwma.

∫_∞ 1 e^{−x2} dx

LÔsh To parapĹnw oloklărwma den mporeÐ na antimetwpisteÐ me ta ìria, afoÔ èqoume pei ìti den ekfrĹzetai me aplèc sunartăseic. ’Etsi èqoume

x > 1 ⇒ x^2 > x ⇒ −x^2 < −x ⇒ e^{−x2} < e^{−x}

ìmwc

∫_∞ 1 e^{−x}dx = lim_{b→∞} [ − e^{−x}

]_b 1 = 1 e , ∈ R

opìte kai to oloklărwma

∫_∞ 1 e^{−x2} dx ∈ R.

To Jeÿrhma 7.2.1 mporoÔme na to ekmetalleutoÔme katĹllhla kai na pĹroume to epìmeno polÔ shmantikì Jeÿrhma pou, exetĹzontac kĹpoio ìrio, dÐnei èna kritărio sÔgklishc.

210 Genikeumèno oloklărwma

Jeÿrhma 7.2.2An duo, mh arnhtikèc, sunartăseic f kai g eÐnai suneqeÐc kai epiplèon lim_{x→∞} f(x) g(x)

= λ, 0 < λ < ∞, (7.6)

tìte ta oloklhrÿmata ∫_∞ a f(x)dx,

∫_∞ a g(x)dx

sumperifèrontai to Ðdio, dhl. ìtan sugklÐnei to èna sugklÐnei kai to Ĺllo, ìqi ìmwc, genikĹ, sto Ðdio ìrio. EpÐ plèon

an lim_{x→∞} f(x) g(x)

= 0, tìte

∫_∞ a g(x)dx ∈ R ⇒

∫_∞ a f(x)dx ∈ R enÿ an lim_{x→∞} f(x) g(x)

= ∞, tìte

∫_∞ a g(x)dx = ∞ ⇒

∫_∞ a f(x)dx = ∞.

Apìdeixh: Apì thn isìthta (7.6) mporoÔme na pĹroume èna ε jetikì kai na broÔme x_0 > 0, ètsi ÿste 0 < λ − ε <^{f(x)}_{g(x)} < λ + ε gia kĹje x > x_0. AfoÔ g(x) > 0, isqÔei

(λ − ε)g(x) < f(x) < (λ + ε)g(x) ⇔ f(x) λ + ε

< g(x) < f(x) λ − ε

, ∀x > x_0. (7.7)

H oloklărwsh thc apìdeixhc na gÐnei wc Ĺskhsh. □

To prohgoÔmeno Jeÿrhma isqÔei gia mia genikă sunĹrthsh g kai ja ătan mĹllon dÔsqrhsto, an den sunodeuìtan kai apì mia katĹllhlh sunĹrthsh gia qrăsh. Eutuqÿc mia tètoia sunĹrthsh pou dÐnei lÔsh se èna megĹlo arijmì problhmĹtwn upĹrqei kai to genikeumèno oloklărwmĹ thc dÐnetai sto epìmeno parĹdeigma.

ParĹdeigma 7.4Na apodeiqteÐ ìti, an a > 0, tìte ∫_∞ a 1 x^p dx =

{_{a1−p}

p−1 ∈ R, p > 1 ∞, p ≤ 1 .

MAJHMATIKA I 211

LÔsh a) ’Estw p = 1.

∫_∞ a 1 x dx = lim_{b→∞} [ ln x

]_b a = lim_{b→∞} ln b − ln a = ∞.

b) ’Estw p ≠ 1.

∫_∞ a 1 x^p dx = lim_{b→∞}

[x(1−p)

1 − p

]_b a = { lim_{b→∞}^{b(1−p)}_{1−p} −^{a(1−p)}_{1−p} =^{ap−1}_{p−1} , an p > 1 lim_{b→∞}^{b(1−p)}_{1−p} −^{a(1−p)}_{1−p} = ∞, an p < 1 .

’Etsi apodeÐqthke ìti

∫_∞ a 1 x^p dx = { sugklÐnei, an p > 1 ∞, an p ≤ 1 .

ParĹdeigma 7.5Na exetĹsete an ta parakĹtw genikeumèna oloklhrÿmata sugklÐnoun: a) ∫_∞ 1 x √ x^3 + 1 dx, b)

∫_∞ 1 √ x √ x^4 + 1 dx.

LÔsh a) Jewrÿntac wc bohjhtikă sunĹrthsh thn g(x) =^{1√}_x , upologÐzoume to ìrio

lim_{x→∞} f(x) g(x)

= lim_{x→∞} x √ x √ x^3 + 1 = 1 kai sumperaÐnoume ìti to prÿto oloklărwma apeirÐzetai., afoÔ ètsi sumperifèretai to genikeumèno oloklărwma thc g.

b) Jewrÿntac wc bohjhtikă sunĹrthsh thn g(x) =^{1√}_{x3} , upologÐzoume to ìrio

lim_{x→∞} f(x) g(x)

= lim_{x→∞} √ x^3 √ x √ x^4 + 1 = 1 kai sumperaÐnoume ìti to deÔtero oloklărwma sugklÐnei, afoÔ ètsi sumperifèretai to genikeumèno oloklărwma thc g.

212 Genikeumèno oloklărwma

7.2.2 Gia to B’ eÐdouc

Gia ta genikeumèna oloklhrÿmata B’ eÐdouc, ekeÐna dhl. pou h sunĹrthsh apeirÐzetai sto èna Ĺkro tou diastămatoc [a, b], mporeÐ kĹpoioc na parathrăsei ìti autĹ eÔkola metatrèpontai se genikeumèna oloklhrÿmata A’ eÐdouc. PrĹgmati, an jewrăsoume th suneqă sunĹrthsh f, me pedÐo orismoÔ [a, b) kai lim_{x→b}− f(x) = ∞, tìte me to metasqhmatismì b − x =^1_t , èqoume ìti x → b^− ⇔ t → ∞ kai −dx = −^1_{t2} dt, opìte sqetikĹ me to genikeumèno oloklărwma paÐrnoume ∫_b a f(x)dx =

∫_∞ 1 b−a 1 t^2 f(b − 1 t )dt.

Enÿ an jewrăsoume th suneqă sunĹrthsh f, me pedÐo orismoÔ (a, b] kai lim_{x→a}+ f(x) = ∞, tìte me to metasqhmatismì x − a =^1_t , èqoume ìti isqÔei to x → a^+ ⇔ t → ∞ kai dx = −^1_{t2} dt, opìte sqetikĹ me to genikeumèno oloklărwma paÐrnoume

∫_b a f(x)dx =

∫ 1_{b−a} ∞ − 1 t^2 f(a + 1 t )dt =

∫_∞ 1 b−a 1 t^2 f(a + 1 t )dt.

Olìklhrh h jewrÐa pou anaptÔqjhke sthn prohgoÔmenh parĹgrafo isqÔei ki edÿ. ’Etsi, parajètoume ta sqetikĹ Jewrămata kai paradeÐgmata efarmogăc.

Jeÿrhma 7.2.3’Estw duo suneqeÐc sunartăseic f kai g, me pedÐo orismoÔ [a, b) (ă (a, b]) kai lim_{x→b}− f(x) = ∞, lim_{x→b}− g(x) = ∞ (ă lim_{x→a}+ f(x) = ∞, lim_{x→a}+ g(x) = ∞) kai g(x) ≥ f(x) ≥ 0, tìte ∫_b a g(x)dx ∈ R ⇒

∫_b a f(x)dx ∈ R, (7.8) ∫_b a f(x)dx = ∞ ⇒

∫_b a g(x)dx = ∞. (7.9)

ParĹdeigma 7.6Na exetĹsete wc proc th sÔgklish to genikeumèno oloklărwma ∫_1 0 sin x √ x dx.

MAJHMATIKA I 213

LÔsh AfoÔ sto (0, 1], isqÔei 0 <^{sin x√}_x <^{1√}_x kai

∫_1 0 1 √ x dx = lim_{a→0} [ 2 √ x ]_1 a = 2 − 0 = 2,

sumperaÐnoume ìti to en lìgw oloklărwma sugklÐnei en R.

Jeÿrhma 7.2.4An duo, mh arnhtikèc, sunartăseic f kai g, me pedÐo orismoÔ [a, b) (ă (a, b]) kai lim_{x→b}− f(x) = ∞, lim_{x→b}− g(x) = ∞ (ă lim_{x→a}+ f(x) = ∞, lim_{x→a}+ g(x) = ∞) eÐnai suneqeÐc kai epiplèon

lim_{x→b} f(x) g(x)

= λ, 0 < λ < ∞, (7.10)

tìte ta oloklhrÿmata ∫_b a f(x)dx,

∫_b a g(x)dx

sumperifèrontai to Ðdio, dhl. ìtan sugklÐnei to èna sugklÐnei kai to Ĺllo, ìqi ìmwc, genikĹ, sto Ðdio ìrio. EpÐ plèon

an lim_{x→b} f(x) g(x)

= 0, tìte

∫_b a g(x)dx ∈ R ⇒

∫_b a f(x)dx ∈ R, enÿ an lim_{x→b} f(x) g(x)

= ∞, tìte

∫_b a g(x)dx = ∞ ⇒

∫_b a f(x)dx = ∞.

H sunĹrthsh pou dÐnei lÔsh tÿra, se èna megĹlo arijmì problhmĹtwn eÐnai h |x − r|^{−p}, ìpou r eÐnai to Ĺkro sto opoÐo upĹrqei to prìblhma kai p katĹllhlh dÔnamh kai èna genikeumèno oloklărwmĹ thc dÐnetai sto epìmeno parĹdeigma.

ParĹdeigma 7.7Na apodeiqteÐ ìti, an a > 0, tìte

∫_b a 1 (b − x)^p dx =

{_{(b−a)1−p} 1−p ∈ R, 0 < p < 1 ∞, p ≥ 1 .

214 Genikeumèno oloklărwma

LÔsh a) ’Estw p = 1.

∫_b a 1 (b − x)^p dx = lim_{t→b} [ − ln (b − x)

]_t a = − lim_{b→∞} ln (b − t) + ln (b − a) = ∞.

b) ’Estw p ≠ 1.

∫_b a 1 (b − x)^p dx = lim_{t→b} [ − (b − x)^{(1−p)}

1 − p

]_t a = {_{(b−a)1−p}

1−p , an 0 < p < 1 ∞, an p > 1 . ’Etsi apodeÐqthke ìti ∫_b a 1 (b − x)^p dx = { sugklÐnei, an 0 < p < 1 ∞, an p ≥ 1 . ParĹdeigma 7.8Na exetĹsete, wc proc th sÔgklish, ta parakĹtw oloklhrÿmata a) ∫_3 2 x^2 + 1 x^2 − 4 dx, b)

∫_5 1 √ x √ 5 − x dx. LÔsh a) Sto Ĺkro a = 2 dhmiourgeÐtai prìblhma. JewroÔme loipìn wc bohjhtikă sunĹrthsh thn g(x) =^1_{x−2} kai paÐrnoume

lim_{x→2} f(x) g(x)

= lim_{x→2}

(x^2 + 1)(x − 2) x^2 − 4

= lim_{x→2}

(x^2 + 1) x + 2 = 5 4 , opìte to oloklărwma sumperifèretai ìpwc to

∫_3 2 g(x)dx, ìmwc apì thn Ĺskhsh (7.3) sumperaÐnoume ìti telikĹ apeirÐzetai.

b) Sto Ĺkro b = 5 dhmiourgeÐtai prìblhma. JewroÔme arqikĹ wc bohjhtikă sunĹrthsh thn g(x) =^1_{5−x} kai paÐrnoume

lim_{x→5} f(x) g(x)

= lim_{x→5}

(5 − x) √ x √ 5 − x

= lim_{x→5} √ 5 − x √ x = 0.

’Omwc to Jeÿrhma 7.2.3 den mporeÐ na efarmosteÐ, afoÔ

∫_3 2 g(x)dx = ∞. JewroÔme tÿra wc bohjhtikă sunĹrthsh thn g(x) =^{1√}_{5−x} , opìte

lim_{x→5} f(x) g(x)

= · · · = √ 5, opìte, afoÔ to

∫_3 2 g(x)dx sugklÐnei, to Ðdio ja sumbaÐnei kai gia to deÔtero oloklărwma thc Ĺskhshc.

MAJHMATIKA I 215

7.3 Genikeumèno oloklărwma kai seirèc

Mia stenă sqèsh upĹrqei metaxÔ tou genikeumènou oloklhrÿmatoc kai thc seirĹc, ìpwc ja doÔme sth sunèqeia. JewroÔme th sunĹrthsh f orismènh, suneqă kai fjÐnousa sto diĹsthma [1, ∞). Gia thn en lìgw sunĹrthsh isqÔei:

f(i + 1) ≤ f(x) ≤ f(i), ∀x ∈ [i, i + 1].

Oloklhrÿnontac apì i mèqri i + 1 èqoume

f(i + 1) ≤

∫_{i+1} i f(x)dx ≤ f(i), ∀i ≥ 1. (7.11)

AjroÐzontac tÿra apì 1 mèqri n, prokÔptei n∑ i=1 f(i + 1) ≤

∫_{n+1} 1 f(x)dx ≤ n∑ i=1 f(i). (7.12)

Afănontac to n na teÐnei sto Ĺpeiro, h sqèsh (7.12) mac dÐnei ∞∑ i=1 f(i + 1) ≤

∫_∞ 1 f(x)dx ≤ ∞∑ i=1 f(i)

isodÔnama

−f(1) + ∞∑ i=1 f(i) ≤

∫_∞ 1 f(x)dx ≤ ∞∑ i=1 f(i). (7.13)

’Etsi, apì th deÔterh anisìthta thc sqèshc (7.13), ìtan sugklÐnei h seirĹ en R sumperaÐnoume ìti kai to oloklărwma sugklÐnei, enÿ ìtan apeirÐzetai to oloklărwma, sumperaÐnoume ìti kai h seirĹ apeirÐzetai. EpÐshc apì thn prÿth anisìthta thc sqèshc (7.13), ìtan apeirÐzetai h seirĹ en R, sumperaÐnoume ìti kai to oloklărwma apeirÐzetai, enÿ ìtan sugklÐnei to oloklărwma sumperaÐnoume ìti kai h seirĹ sugklÐnei. ApodeÐxame loipìn to epìmeno Jeÿrhma.

Jeÿrhma 7.3.1An a_n mia akoloujÐa jetikÿn ìrwn kai a_n = f(n), ìpou f mia suneqăc, fjÐnousa, mh arnhtikă sunĹrthsh, tìte ∀x ≥ N h seirĹ

∑_∞ i=N f(i) kai to oloklărwma

∫_∞ N f(x)dx ja sumperifèrontai to Ðdio.

216 Genikeumèno oloklărwma

ParĹdeigma 7.9Na exetĹste wc proc th sÔgklish tic seirèc:

1) ∞∑ i=1 2 i^2 + 1

, 2) ∞∑ i=1 1 1 + √ i .

LÔsh 1) JewroÔme th sunĹrthsh f(x) =^2_{x2+1} . Aută eÐnai suneqăc, fjÐnousa kai mh arnhtikă gia x ≥ 1 (giatÐ?) AfoÔ ∫_∞ 1 f(x)dx = · · · = 2 π 4 ∈ R,

h seirĹ sugklÐnei sto R.

2) JewroÔme th sunĹrthsh f(x) =^{2√}_{x+1} . Aută eÐnai suneqăc, fjÐnousa kai mh arnhtikă gia x ≥ 1 (giatÐ?) Epeidă me bohjhtikă sunĹrthsh g(x) =^{1√}_x ,

lim_{x→∞} f(x) g(x)

= lim_{x→∞} √ x √ x + 1

= 1 kai

∫_∞ 1 1 √ x dx = ∞,

sumperaÐnoume ìti to oloklărwma

∫_∞ 1 1 1+ √ x dx apeirÐzetai, opìte kai h seirĹ apeirÐzetai.

To aristerì mèloc thc sqèshc (7.12) ja mporoÔse na pĹrei th morfă

0 ≤ n∑ i=1 f(i) −

∫_n 1 f(x)dx ≤ f(1). (7.14)

Autì shmaÐnei ìti h diaforĹ tou orÐou tou genikeumènou oloklhrÿmatoc apì to ìrio thc seirĹc brÐsketai metaxÔ tou mhdenìc kai tou f(1). EidikĹ gia thn f(x) =^1_x èqei upologisteÐ ìti n∑ i=1 1 i − ∫_n 1 1 x dx = n∑ i=1 1 i − ln n = γ = 0.5772156649 . . .

To upìloipo γ lègetai stajerĹ tou Euler, mèqri sămera èqoun upologisteÐ 263 dekadikĹ yhfÐa ([5]) kai den èqei apodeiqjeÐ akìmh an eÐnai ă ìqi Ĺrrhtoc.

MAJHMATIKA I 217

Askăseic

’Askhsh 7.1UpologÐste ta genikeumèna oloklhrÿmata 1) ∫_∞ −∞ e^x 1 + e^x dx, 2)

∫_∞ 0 1 (1 + x^2)^2 dx.

’Askhsh 7.2An h f suneqăc kai fragmènh kai p > 1, deÐxte ìti ∫_∞ a f(x) x^p dx ∈ R.

’Askhsh 7.3Na apodeiqteÐ ìti, an a, b > 0, tìte ∫_b a 1 (x − a)^p dx =

{_{(b−a)1−p} 1−p ∈ R, 0 < p < 1 ∞, p ≥ 1 .

’Askhsh 7.4ExetĹste wc proc th sÔgklish ta oloklhrÿmata 1) ∫ π_2 0 cos x x dx, 2)

∫_e 1 x ln x dx, 3)

∫_3 1 1 √ x^3 − 1 dx.

’Askhsh 7.5ExetĹste wc proc th sÔgklish tic seirèc ∞∑ i=1 2 i + 1 , ∞∑ i=1 √ i i + √ i .

218 Genikeumèno oloklărwma

PARARTHMA

8.1 GenikĹ

To prìgramma Gnuplot 4.0 eÐnai èna apì ta kalÔtera progrĹmmata sto sqediasmì grafikÿn parastĹsewn sunartăsewn allĹ kai dedomènwn. DiatÐjetai dwreĹn sto diadÔktio kai mporeÐ kĹpoioc na to brei sth dieÔjunsh:

www.gnuplot.info

MetĹ thn aposumpÐesh trèqei me diplì {klik}, ìpwc ìla ta progrĹmmata kai perimènei thn entolă mac.

ParĹdeigma 8.1SqediĹzontac me to prìgramma.

>plot sin(x)
>plot [-pi:pi] sin(x)
>plot [-pi:pi] [-1:1] sin(x)
>plot [:] [-1:1] sin(x)

Sto parĹdeigma ìlec oi entolèc kĹnoun thn Ðdia douleiĹ, dhl. sqediĹzoun th grafikă parĹstash (g.p.) thc f(x) = sin x, h prÿth ex autÿn me ta ex orismoÔ ìria tou progrĹmmatoc kai oi upìloipec me ìria pou eÐte orÐzontai kai ta duo eÐte orÐzetai to èna ex autÿn.

To gnuplot 4.0 apì mìno tou upologÐzei 100 endiĹmesa shmeÐa kai ta enÿnei me eujÔgramma tmămata. Gia megalÔterh akrÐbeia qrhsimopoioÔme thn entolă

>set samples N, ìpou N to plăjoc twn endiĹmeswn shmeÐwn.

ParĹdeigma 8.2OrÐzontac ta ìria exwterikĹ. 219

220 Eisagwgă sto Gnuplot

>set samples 1000
>set xrange [-pi:pi]
>set yrange [-1.1:1.1]
>plot sin(x), cos(x)

Oi parapĹnw entolèc orÐzoun ta ìria exwterikĹ kai kĹnoun th g.p. twn duo sunartăsewn sto Ðdio sÔsthma axìnwn me megalÔterh akrÐbeia.

Oi g.p. mporoÔn na gÐnoun me diĹforouc trìpouc, p.q. me thn entolă

>plot sin(x) w l lt 3 lw 2

h g.p. gÐnetai me grammă tÔpou 3 kai bĹjouc 2 (w(with) l(lines) lt(linetype) 3 lw(linewidth) 2). Me thn entolă

>plot sin(x) w d lt 3 lw 2

h g.p. gÐnetai me stigmèc tÔpou 3 kai bĹjouc 2 (w(with) d(dots) lt(linetype) 3 lw(linewidth) 2). Me thn entolă

>plot sin(x) w p pt 3 ps 2

h g.p. gÐnetai me shmeÐa tÔpou 3 kai megèjouc 2 (w(with) p(point) pt(pointstype) 3 ps(pointsize) 2). Me thn entolă

>plot sin(x) w lp pt 3 ps 2 lw 3 lt 4

h g.p. gÐnetai me shmeÐa tÔpou 3 kai megèjouc 2 kai grammèc bĹjouc 3 kai tÔpou 4 (w(with) lp(linespoint) pt(pointstype) 3 ps(pointsize) 2). Me thn entolă

>plot sin(x) with something

mporoÔme na dhmiourgăsoume akìmh pio pollèc g.p., antikajistÿntac th lèxh

something me mia apì tic akìloujec: impulses, steps, fsteps, histeps,
boxes, errorbars, errorlines.

8.2 Etikètec, Ĺxonec kai plègmata

ParĹdeigma 8.3BĹzontac tÐtlouc sto grĹfhma.

>set title "My first graph"
>set xlabel "Time in years \n 1980 - 2001"
>set ylabel "Cost"
>unset key
>set key t l
>set key box

MAJHMATIKA I 221

DÐnetai tÐtloc sth g.p. kai etikètec stouc Ĺxonec, enÿ me to key anafèretai ă den anafèretai h kĹje sunĹrthsh sth jèsh t(top) l(left).

ParĹdeigma 8.4GrĹfontac etikètec.

>set label 1 "f(x)" at x1, y1 font "Arial, 16" tc lt 1
>set label 2 "g(x)" at x2, y2 rotate font "Arial, 18" tc lt 5
>unset label n

MporoÔme na grĹyoume o,tidăpote kai pollèc forèc mèsa sto grĹfhma stic jèseic (x_i, y_i) me qrÿma tc(textcolor), ìpwc sth lt(linetype) n ă na anairèsoume ta parapĹnw. To >set label qwrÐc arijmì ex orismoÔ eÐnai 1 enÿ to

>unset label qwrÐc arijmì ex orismoÔ eÐnai ìla.

ParĹdeigma 8.5Jètontac timèc stouc Ĺxonec.

>set xtics axis (""-pi,"" -2, 0, 2, "pi" 3.14, "3*pi/2" 3*pi/2)
>set ytics border -1,0.25,1
>unset xtics
>unset ytics

Ex orismoÔ to prìgramma jètei kĹpoiec timèc stouc Ĺxonec kai mĹlista sto plaÐsio (border), anĹloga me th g.p. thc sunĹrthsh thn opoÐa dhmiourgeÐ. Me to >set xtics kai to >unset xtics mporoÔme na elègxoume thn katĹstash kai na jèsoume tic timèc stouc Ĺxonec ă na tic afairèsoume, na tic jèsoume me mia kainoÔrgia arqă kai èna kainoÔrgio băma. Bèbaia h oriojèthsh twn axìnwn paÐzei èna spoudaÐo rìlo sto grid pou kĹnoume.

ParĹdeigma 8.6Dhmiourgÿntac Ĺxonec.

>set zeroaxis lt 5
>set grid lt 7
>unset zeroaxis
>unset grig

Gia na jèsoume Ĺxonec ă gia na touc afairèsoume qrhsimopoioÔme to

>(un)set zeroaxis, enÿ gia na dhmiourgăsoume èna plègma me orjogÿniec kai

katakìrufec eujeÐec to >(un)set grig. To plègma dhmiourgeÐtai sta shmeÐa pou epilèxame me ta xtics, ytics.

222 Eisagwgă sto Gnuplot

Telestèc prĹxewn sÔmbolo parĹdeigma epexăghsh

+ a + b prìsjesh - a − b afaÐresh * a ∗ b pollaplasiasmìc / a/b diaÐresh^{aþ} % a%b upìloipo ** a ∗ ∗b dÔnamh ! a! paragontikì && a&&b Logikì kai == a == b Logikì = || a||b Logikì ă != a! = b Logikì ≠ ! !a Logikì ìqi prĹxeic sÔmbolo epexăghsh exp(x) e^x cos (x) sunhmÐtono sin (x) hmÐtono tan (x) efaptomènh log(x) ln x log10(x) ln_{10} x cosh(x) k.lp. uperbolikèc acos(x) k.lp. antÐstrofec trigwnometrikèc sgn(x) prìshmo floor(x) akèraio mèroc int(x) apokopă dekadikoÔ

aþ ΄Οταν οι αριθμοί a, b είναι ακέραιοι το αποτέλεσμα είναι κι αυτό ακέραιο, ενώ όταν ένας από τους δυο είναι πραγματικός το αποτέλεσμα είναι πραγματικό. ΄Ετσι έχουμε^1_2 = 0 ενώ^{1.}_2 = 0.5

PÐnakac 8.2: SuqnĹ qrhsimopoioÔmenoi telestèc kai sunartăseic

8.3 PrĹxeic kai sunartăseic

Oi sunartăseic mporoÔn na dhmiourghjoÔn eÔkola qrhsimopoiÿntac tic legìmenec {aplèc sunartăseic} kai touc gnwstoÔc telestèc prĹxewn p.q.

ParĹdeigma 8.7Dhmiourgÿntac sunartăseic.

>f(x)=(x+1)/sqrt(x**2+1)+exp(x/3)
>g(x)= (x > 2) ? 2 : (x < -2) ? -2 : x
>h(x)= (x < -1) ? -2*x : (x > 1) ? x**2 : 1/0

Sto parĹdeigma dhmiourgoÔntai sunartăseic aploÔ, allĹ kai pollaploÔ tÔpou. Sto parĹdeigma eÐnai oi sunartăseic:

f(x) = x + 1 √ x^2 + 1

+e^{x3} , g(x) =

2, an x > 2 x, alloÔ , −2, an x < −2 h(x) = { −2x, an x < 1 x^2, an x > −1 .

H sunĹrthsh h(x) den orÐzetai sto diĹsthma [−1, 1]. Autì sto parĹdeigma dhlÿnetai me to 1/0.

MAJHMATIKA I 223

Ston pÐnaka (8.2) faÐnontai oi pio gnwstoÐ telestèc (logikoÐ kai prĹxewn) kai oi pio gnwstèc aplèc sunartăseic.

8.4 Parametrikèc, polikèc kai dedomèna

ParĹdeigma 8.8Parametrikèc exisÿseic.

>set parametric
>plot [-pi:pi] [-3:3] [-2:2] 2*sin(t), cos(t)
>unset parametric

’Otan oi kampÔlec dÐnontai me parametrikèc exisÿseic, mporoÔme pĹli na kĹnoume th g.p. me to Gnuplot. Tÿra h metablhtă eÐnai h t kai oi sunartăseic oi x(t) kai y(t). UpoqrewtikĹ gÐnetai dălwsh me to >(un)set parametric. Shmantikì eÐnai ìti tÿra mporoÔme na sqediĹsoume kai kampÔlec pou den antistoiqoÔn se sunartăseic. parapĹnw sqediĹzetai mia èlleiyh. ’Osa èqoume pei gia g.p., sqetikĹ me to plăjoc twn shmeÐwn, me to stul, ta qrÿmata k.lp., isqÔoun kai tÿra.

ParĹdeigma 8.9Polikèc suntetagmènec.

>set grid polar
>set polar
>set angles radians
>plot [0:pi] 2*sin(t), sin(t)
>unset polar

’Otan oi kampÔlec dÐnontai me polikèc exisÿseic, mporoÔme pĹli na kĹnoume th g.p. me to Gnuplot. PĹli h metablhtă eÐnai h t. UpoqrewtikĹ gÐnetai dălwsh me to >set polar kai epanaforĹ me to >unset polar. Epiplèon, mporoÔme na jèsoume kai polikì plègma, ìpwc parathreÐ kĹpoioc. Sto parĹdeigma eÐnai duo kÔkloi. Ex orismoÔ h gwnÐa eÐnai se radians, mporeÐ ìmwc na allĹxei me thn (>set angles degrees).

ParĹdeigma 8.10Grafikèc parastĹseic me dedomèna.

>plot "c:/gnu_plot/mydata/data.dat" with points
>set data style linespoints
>replot "c:/gnu_plot/mydata/data.dat" using 1:3

224 Eisagwgă sto Gnuplot

IdiaÐtera eÔkola gÐnontai g.p. dedomènwn, ìpwc faÐnetai sto parĹdeigma. ’Otan ta dedomèna eÐnai ston trèqonta katĹlogo, profanÿc de qreiĹzetai olìklhrh h diadromă. H ex orismoÔ sqedÐash eÐnai thc prÿthc (x) kai deÔterhc (y) stălhc. Wstìso, autì mporeÐ na anatrapeÐ me to using. AxÐzei na shmeiÿsoume ìti o èlegqoc twn shmeÐwn gÐnetai me to gnwstì trìpo twn grammÿn ătoi me

pt 4 ps 1 lw 2 lt 3. Grammèc pou xekinĹne me to # agnooÔntai wc sqìlia.

H entolă replot eÐnai idiaÐtera shmantikă afoÔ mac epitrèpei na bĹzoume sto Ðdio sqèdio pollèc g.p. tou Ðdiou tÔpou.

ParĹdeigma 8.11PÐnakac me dedomèna.

# Typiko paradeigma pinaka
# x x**2 5*x
  1 1 5
  2 4 10
  3 9 15
  4 16 20
  5 25 25
  6 36 30
  7 49 35
  8 64 40

8.5 PollaplĹ grafămata

H anĹmeixh diaforetikÿn tÔpwn g.p. en gènei den epitrèpetai. MporoÔme, wstìso na anameÐxoume diaforetikoÔc tÔpouc me thn entolă >(un)set multiplot. Sto parakĹtw parĹdeigma, sto Ðdio sÔsthma axìnwn gÐnetai h g.p. triÿn diaforetikÿn kampÔlwn kai me touc treic diaforetikoÔc tÔpouc sqedÐashc.

ParĹdeigma 8.12Pollaplèc grafikèc parastĹseic I.

>set multiplot
>set yrange [-2:2]
>set xrange [-pi:pi]
>plot sin(x) lt 1
>set key bottom right
>set parametric

MAJHMATIKA I 225

Sqăma 8.44: O sqediasmìc twn triÿn diaforetikÿn kampÔlwn I.

>plot sin(t), cos(t) lt 2
>unset parametric
>set key top left
>set polar
>plot 2*cos(2*t) lt 3
>unset polar
>unset multiplot

O sqediasmìc twn parastĹsewn faÐnetai sto Sqăma 8.44. O sqediasmìc autìc eÐnai apotèlesma tou gegonìtoc ìti trÐa diaforetikĹ sqèdia tou Ðdiou megèjouc ta jèsame akribÿc to èna pĹnw sto Ĺllo. To mègejoc elègqetai me thn entolă

>set size a,b, enÿ h jèsh me thn >set origin x,y. Arqă gia kĹje eikìna

jewreÐtai h kĹtw aristeră gwnÐa kai arqă gia to sqèdio epÐshc h kĹtw aristeră gwnÐa me timèc (0,0)

ParĹdeigma 8.13Pollaplèc grafikèc parastĹseic II.

>set multiplot
>set yrange [-2:2]
>set xrange [-pi:pi]
# H prwti sxediasi
>set size 0.5,0.5
>set origin 0,0

226 Eisagwgă sto Gnuplot

Sqăma 8.45: O sqediasmìc twn triÿn diaforetikÿn kampÔlwn II.

>plot sin(x) lt 1
# H deyteri sxediasi
>set size 0.5,0.5
>set origin 0.5,0
>set parametric
>plot sin(t), cos(t) lt 2
>unset parametric
# H triti sxediasi
>set size 1,0.5
>set origin 0,0.5
>set polar
>plot 2*cos(2*t) lt 3
>unset polar
>unset multiplot

Sto Sqăma 8.45 faÐnetai h kainoÔrgia sqedÐash. AxÐzei na parathrăsoume ìti tìso ta a, b sthn >set size a,b, ìso kai ta x, y sthn >set origin x,y paÐrnoun timèc sto [0, 1]; timèc ektìc twn orÐwn èqei wc apotèlesma sqedÐash ektìc sqedÐou.

MAJHMATIKA I 227

8.6 ’Exodoc tou grafămatoc

To sqèdio mporeÐ eÔkola na metaferjeÐ gia epexergasÐa sto prìgramma paint twn windows kai na to sÿsoume wc .bmp arqeÐo. EpÐshc, mporoÔme na to metafèroume, wc eikìna, se èggrafo tou Word. H metaforĹ gÐnetai wc exăc: 1) KĹnoume {klik} sthn pĹnw aristeră gwnÐa tou sqedÐou 2) KĹnoume {klik} sto Options 3) KĹnoume {klik} sto Copy to clipboard H sunèqeia eÐnai na kĹnoume ”paste” sto prìgramma pou epilèxame.

PolloÐ qrhsimopoioÔn gia ta keÐmenĹ touc to L^ATEXkai jèloun wc èxodo arqeÐa tÔpou .ps ă .pdf, ètsi jèloun ta sqèdiĹ touc se .eps morfă. Autì mporoÔn na to petÔqoun prosjètontac sto prìgrammĹ touc tic duo epìmenec grammèc:

>set terminal postscript color eps
>set output "c:/mydir/filename.eps"

Ex orismoÔ o prosdiorismìc tou termatikoÔ eÐnai monìqrwmoc. H epanaforĹ gÐnetai me thn >set terminal windows.

’Egine mia prospĹjeia gia mia eisagwgă sto sqediasmì g.p. stic duo diastĹseic me to Gnuplot. Wstìso to Gnuplot dhmiourgeÐ ex Ðsou polÔ kalĹ sqèdia kai stic treic diastĹseic. Me thn empeirÐa pou apèkthse o anagnÿsthc eÐnai plèon ikanìc na exereunăsei to jaumĹsio autì ergaleÐo kai na to prosarmìsei ston eautì tou, qrhsimopoiÿntac thn boăjeia tou progrĹmmatoc.

Tèloc kai prin kleÐsoume aută thn eisagwgă sto Gnuplot, ja dÿsoume duo trìpouc gia th qrăsh tou progrĹmmatoc, ektìc autoÔ thc {grammăc diatagăc} pou mĹllon eÐnai o trìpoc pou apwjeÐ to qrăsth. PĹnta milĹme gia peribĹllon ”Windows”.

O prÿtoc eÐnai o exăc: PlhktrologoÔme to prìgramma se èna text editor. ProteÐnoume to Crimson Editor, o opoÐoc diatÐjetai dwreĹn sto diadÔktio sth dieÔjunsh http://www.crimsoneditor.com/, kai afoÔ to sÿsoume me kĹpoio ìnoma, to epilègoume olìklhro kai to antigrĹfoume (Copy). Sth sunèqeia phgaÐnoume sto Gnuplot kai kĹnoume epikìllhsh (Paste) apì to dexÐ plăktro tou pontikioÔ. Autì eÐnai ìlo!

O deÔteroc sthrÐzetai sth dunatìthta pou dÐnei o Crimson Editor gia na trèqei to prìgramma mèsa apì autìn. Parajètoume tic odhgÐec apì th boăjeia tou progrĹmmatoc.

1. Open Preferences dialog box and select User Tools page

228 Eisagwgă sto Gnuplot

2. Select an empty slot and fill with the following arguments. - Menu Text: Gnuplot - Command: C:\gnuplot_x\bin\wgnuplot.exe - Argument: $(FileName) - Initial dir: $(FileDir) - Hot key: None - Close on exit: Yes - Save before execute: Yes Apply Prosoqă! Gia na mènei h eikìna sthn ojình ja prèpei to prìgramma na teleiÿnei pĹnta me thn entolă >pause -1.

BibliografÐa

[1] S. AndreadĹkhc, k.a.: Algebra B’ En. LukeÐou, OEDB, Ajăna 2004 [2] S. NtoÔgiac: apeirostikìc logismoc 1, Tìmoc I, IwĹnnina 1996 [3] S. NtoÔgiac: apeirostikìc logismoc 2, Tìmoc II, IwĹnnina 1996 [4] B. StĹikoc: Majămata apeirostikoÔ logismoÔ, IwĹnnina 1980 [5] L. Brand: Majhmatikă ’Analush, Ellhnikă Majhmatikă EtaireÐa, Ajăna 1984.

[6] G. Strang: Grammikă ’Algebra, Pan/kec ekdìseic Krăthc, HrĹkleio 1996.

[7] M. Spivak: Diaforikìc kai Oloklhrwtikìc logismìc, Pan/kec ekdìseic Krăthc, HrĹkleio 1996.

[8] G. Thomas, R. Finney: Apeirostikìc Logismìc, Tìmoc I, Pan/kec ekdìseic Krăthc, HrĹkleio 1993 [9] G. Thomas, R. Finney: Apeirostikìc Logismìc, Tìmoc II, Pan/kec ekdìseic Krăthc, HrĹkleio 1993 [10] A. Qatzhdămoc: Arijmhtikă AnĹlush I kai II, DeÔterh ’Ekdosh, IwĹnnina 1981

Euretărio

èlleiyh, 81 ìrio sunĹrthshc, 87, 90 Gnuplot, 219

dots, 220 lines, 220 linetype, 220 linewidth, 220 plot, 219 pointsize, 220 pointstype, 220 samples, 219 Venn, 2 Pascal, 16 Gnuplot

data, 224 grid, 221 multiplot, 224 parametric, 223 polar, 223 postscript, 227 terminal, 227 textcolor, 221 using, 224 xlabel, 221 xtics, 221 zeroaxis, 221 sunartăseic, 222 Newton, 15 Stirling, 7

(C.P.V.), 207

aìristo oloklărwma, 157 Ĺrrhtec parastĹseic, 174 metasqhmatismoÐ, 163 rhtèc sunartăseic, 167 trigwnometrikèc, 164 AjroÐsmata, 12

diplĹ, 13 akoloujÐa, 20

Bolzano-Weierstrass, 33 Caushy, 39 Fibonacci, 36 Stolz, 39 aÔxousa, 21 anadromikă, 33 fjÐnousa, 21 fragmènh, 23 Krităria, 39 mhdenikă, 24 sugklÐnousa, 24 akrìtata, 128 anisìthta

Cauchy-Schwartz, 184 apeikìnish, 19 Arijmhtikă oloklărwsh, 192 asÔmptwtec, 141

diÿnumo, 15 diaforikì, 117

MAJHMATIKA I 231

DiatĹxeic, 9 Diatetagmèno zeÔgoc, 5 dunamoseirèc, 53

elĹqisto, 66

genikeumèno oloklărwma, 205

A’ eÐdouc, 205 B’ eÐdouc, 207 sÔgklish, 208 Seirèc, 215 grĹfhma, 19

Jeÿrhma

Bolzano, 99 Cauchy, 136 De l’ Hôspital, 137 Fermat, 127 Heine, 95 Lagrange, 131 Rolle, 130 Taylor, 119 sandwich, 93 diĹtaxhc, 94 endiĹmeswn timÿn, 100 mèshc timăc, 131 Jemeliÿdec Jeÿrhma tou o.l., 187 jemeliÿdec Jeÿrhma tou o.l., 186

kèntro mĹzhc, 201 kÔkloc, 80 kanìnec

epilogÿn, 6 pollaplasiasmoÔ, 6 Kartesianì ginìmeno, 5 kartesianì ginìmeno, 5 koÐlh, 144 kurtă, 144 mègisto, 66 Mèjodoc

tou Bolzano, 100 Mèjodoc thc diqotìmhshc, 101 Mèjodoi oloklărwshc, 188 metĹjesh

Ĺrtia, 8 anastrofă, 8 fusikă, 8 kuklikă, 9 me epanĹlhyh, 8 perittă, 8 Metajèseic, 7 metasqhmatismoÐ Euler, 176

oloklhrÿsimec sunartăseic, 185 orismèno oloklărwma, 179 ìgkoc, 198 Taylor, 199 embadìn, 183, 193 EpifĹneia, 197 idiìthtec, 181, 184 Mèshc timăc, 185 măkoc kampÔlhc, 195 orismìc, 181

parĹgousa, 186 parĹgwgoc, 105

deÔterh, 107 ermhneÐa, 106 idiìthtec, 110 parametrikăc, 116 peplegmènhc, 115 trÐth, 107 parabolă, 81 parametrikèc exisÿseic, 85 èlleiyhc, 85 kÔklou, 85

232 Eisagwgă sto Gnuplot

uperbolăc, 86 pedÐo

orismoÔ, 59 timÿn, 59 perioqă, 87

d−, 87 prwteÔousa timă katĹ Cauchy, 207

sÔgklish, 24 sÔnolo

Ĺfixhc, 19 ènwsh, 3 Ðsa, 2 afethrÐac, 19 afixhc, 59 diaforĹ, 4 kenì, 1 sumplărwma, 3 timÿn, 59 SeirĹ, 41 seirĹ

Leibnitz, 50 armonikă, 47, 48 enallĹssousa, 49 gewmetrikă, 42 shmeÐa kampăc, 149 shmeÐo susswreÔsewc, 87 sqèsh, 19 stajerĹ tou Euler, 216 sunĹrthsh

Ĺrtia, 63 aÔxousa, 66 amfimonosămanth, 64 analutikă, 122 antÐstrofh, 64 efaptomènh, 75 ekjetikă, 70 fjÐnousa, 66 fragmènh, 65 grafikă parĹstash, 61 h eujeÐa, 61 hmÐtono, 73 logarijmikă, 71 melèth, 151 monìtonh, 66 parabolă, 67 periorismìc, 60 perittă, 63 sÔnjesh, 60 sunhmÐtono, 73 tìxon efaptomènhc, 77 tìxon hmitìnou, 77 tìxon sunhmitìnou, 77 trigwnometrikèc, 72 upebolikă, 78 uperbolă, 68 sunèqeia, 96 SunduasmoÐ, 10 suntetagmènec, 5

tÔpoc

Maclaurin, 122 Taylor, 119

upìloipo

Cauchy, 120 Lagrange, 120 upakoloujÐa, 30 Uperbolă, 83 uposÔnolo, 2