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Abstract

In the last four decades many researchers have studied and analyzed the study of sign symmetry and positivity of prin-
cipal minors of matrices, since these issues are related to stability. In this work we extend the theory about sign symmetric
basic p-circulant permutation and sifted p-circulant matrices. We present and prove sufficient and necessary conditions for
P-matrices and necessary conditions for P>-matrices. Finally we present a class of matrices, where the P?-matrices are
stable.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and preliminaries

Consider two subsets o and f of {1,2,...,n} with the same cardinality (|o| = |f|) and an n x n square real
matrix 4. We denote by 4[«|f] the minor with the rows indexed by « and columns indexed by f. If o = f§ the
minor is a principal minor of A. The matrix A4 is called sign symmetric if Ao|p]A[f|x] = 0, for all « and
pc{1,2,...,n} with |a| = |B|. The matrix A4 is called weakly sign symmetric if A[x|f]A[p|o] = 0, for all «
and f C {1,2,...,n} with |a| = |f] = |a N ] + L.

A square real matrix A4 is called a Q-matrix (Q,-matrix) if the sums of principal minors of A of the same
order are positive (nonnegative), or equivalently a Q-matrix can be defined as the matrix whose characteristic
polynomial has coeflicients with alternating signs. A square real matrix A is called a P-matrix (Py-matrix) if all
the principal minors of A are positive (nonnegative). The positive definite matrices and the M-matrices belong
to the class of P-matrices. The class of P-matrices satisfies properties (41)—(46) of Theorem 6.2.3 in [5].

A square real matrix A4 is called a PS-matrix (Q°-matrix) if A" is a P-matrix (Q-matrix) for all k € S, where S
is a finite or a infinite set of positive numbers. Hershkowitz and Keller [6] use the notation P> for the P?}-
matrices and the same notation is adopted in this work.

Finally, a square real matrix A is called positive stable or simply stable if its eigenvalues have positive real
parts or equivalently if its eigenvalues lie in the open right half complex-plane. A square real matrix 4 is called
semistable if its eigenvalues have nonnegative real parts. For the important role of stability in applications the
reader is referred to Refs. [3,4].
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Many researchers have studied the connection among the class of P-matrices with stability and sign sym-
metry (see, e.g., [1,2]). Recently Hershkowitz and Keller [7] have studied the sign symmetry of basic and shift
basic circulant permutation matrices and have given a simple criterion for [anti] symmetric matrices of this
class. They have dealt with 3 x 3 sign symmetric matrices and the arguments of their complex eigenvalues.
The same researchers, in [6], studied the relation between positivity of principal minors, sign symmetry and
stability of matrices. They devoted a large part of their work to discuss the relation between P°-and Q%-matri-
ces and the sign symmetry. A number of open questions were raised in the aforementioned works and some
answers are given in this paper.

Our work is organized as follows: In Section 2, we generalize Hershkowitz and Keller ’s theory on sign sym-
metry of Circulant Permutation Matrices by presenting and proving more general statements. In Section 3, we
study Shifted Circulant Permutation Matrices making clear that the results in [7] are not valid in the general
case. In Section 4, we give a class of matrices, where a question raised in [6] is answered affirmatively. Finally,
in Section 5, we give an example to confirm the theory developed.

2. Sign symmetry of circulant permutation matrices

Definition 2.1. A »n X n real matrix is called a circulant matrix if it is of the form

ai a as -+ 4y
a, ap a -+ dp|

Cn = a,-1 a4, a R ) . (21)
[25)] as d4 - a

The following lemma for circulant matrices is well known [8].

Lemma 2.1. Let p; be the ith of the n roots of unity. The eigenvalues of the circulant matrix (2.1) are given by

n

A=Y _apft, i=1(1)n". (2.2)

k=1

Definition 2.2. An n X n matrix is called a basic p-circulant permutation matrix if it is defined as follows

lj=i+p if1<i<n—p,
(qum)l.j: lj=i—n+p ifn—p<i<n,
0 otherwise.

The basic p-circulant permutation matrix has the form

0 0 1 0
co_ |00 0
" 10 -0 0
0 -~ 10 0
—_————————
p

! The notation a(b)c is an abbreviation of all the terms of the arithmetic progression with first term a, step b>0(<0) and last term the
largest (smallest) one that is not greater (smaller) than c.
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Proposition 2.1. Let p,n be positive integers with g.c.d.(p,n) = 1. Then there holds
{xeN:x=kp (modn), k=1(1)n} ={0,1,...,n—1}. (2.3)

Proof. Let 4 ={xe N:x=kp (modn),k =1(1)n}. If x;,x, €A, then x; #x,, since x; =x, = kip=
kop (modn) with ky,k, < n= (k; — ky)p =0 (modn). But this means that the /.c.m.(p,n) < pn, which contra-
dicts the assumption g.c.d.(p,n) =1. O

Theorem 2.1. Let p be a positive integer, Cg‘;) the basic p-circulant permutation matrix, with g.c.d.(p,n) = 1, and
o, f different nonempty subsets of {1,2,...,2n} of the same cardinality. The product Cg’,’l) o] ] Cgﬁ) [Ble] # O if and

only if

{0, p} = {{1,3,...,2n — 1},{2,4,...,2n} }. (2.4)
Proof. It is clear that

CH)al BICY (Bl # 0 <= CL)a|B] #0 and  CP[Bla] #0. (2.5)

We note that if i ¢ « and i + p € § (where i + p is identified with i + p (mod2n)), then Cg’f [a]B] = 0, since the
column i+ p (mod2n) contains only zeros. The first term of the right part of (2.5) implies that if
i¢o=i+pec /B, which, by the second term of (2.5) implies that i 4+ 2p ¢ o. In general, for k =1,2,...,
we have

i ¢ o= i+2kp (mod2n) & a, (2.6)
i ¢ p=i+2kp (mod2n) & f, (2.7)

where 0 (mod2n) is taken as 2n.
From Proposition 2.1, it follows that:

{x € N:x=2kp (mod2n),k = 1(1)n} = {2,4,...,2n}, while
{xeN:x=2kp+1 (mod2n),k=1(1)n} ={1,3,...,2n — 1}.

So, if we take i=1 then from (2.6) f={1,3,...,2n— 1}, whereas if we take i=2 then from (2.7)
a={2,4,...,2n}.

Reversely, let p be even. In this case, since « # f§ and the number +1 is located in positions with only odd or
even indices, we have Cé’;) [o|f] = 0. Also, a = f = Cg? [«|f] = 1 and so the matrix ng) is sign symmetric.

Let p be odd. In this case the minors have the form:

o 0 ---1 --- 0 o 0 ---1 --- 0
0 1 0
C5olf) = o CHIB = .
O --- 10 --- 0 o --- 10 --- 0
—1 +1
2 2

The product of the minors above is given by the following expressions:
2

COIBICE [pla] = (—) ) F =) — = g (2.8)

Corollary 2.1. The basic p-circulant permutation matrix Cg",? (p odd and g.c.d.(p,n) = 1) is sign symmetric if n is
odd and anti sign symmetric if n is even.
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Proof. Since p = 2k + 1, it is obvious that the exponent in (2.8) is given by

207 +2 202k +1)* +2
n T :n(2k+1)—¢:

1 2ink -k —k)+n—1. O

The case where g.c.d.(p,n) # 1 is more complicated. We begin our analysis by giving the following lemma.

Lemma 2.2. Let p, n be two positive integers with g.c.d.(p,n) =1+# 1. There are 21 classes (of integers) of
cardinality 7.
n

a; = {x €N :x=2kp+i(mod2n),k = 1(1)7} = (it 2L+ 4. i+2n—1D), i=1(1)2L
Proof. Let /[, =% and [, =1, then g.c.d.(l,,1,) = 1. Proposition (2.1) implies that
ay, ={xeN:x=kl, (modl,),k=1(1)l,} ={1,2,...,1,}, (2.9)
where 0 (mod/,) is taken as /,, or equivalently
ay = {x € N :x = 2kl,I (mod2l,l),k = 1(1)],} = {x € N : x = 2kp (mod2n),k = 1(1)],}
= {21,41,...,2n)}. (2.10)

Similarly, we can give the other sets a;.
Moreover, since

a;Na; =@ and Uai:{o,l,...,zn—l}

the statement is true. [

Lemma 2.3. Let p, n be two positive integers with g.c.d.(p,n) =1 # 1, a;, i = 1(1)21, be the classes of the pre-
vious lemma and 1, =*. Then

i+ 1 (mod2l) if 1, odd,

7 = ) h k=
Gy = G WHETE {i (mod 2/) if 1, even.

Proof. The above is obvious, by Lemma 2.2, since p = [,/ and

i+ 142k if 1, odd,

i) —
Prp=ith {i+2k1 if [, even.

Theorem 2.2. Let p be a positive integer, Cg’;) the basic p-circulant permutation matrix, with g.c.d.(p,n) = I, and
o; i = 1(1)21, different nonempty subsets of {1,2,...,2n} of cardinality I, =". The product CP1a| fICP)[Blo] # O
and the order of determinants is minimal, if and only if

I, is odd and {o,f} = {0, 04, } or 1, is even and {a, p} = {o;, 0}, (2.11)

_»
where 1, = -

Proof. Here, relationship (2.5) holds. The fact that Cg) [« ] # 0 implies that there exists an element a;,,, = 1

in each row and in each column of C(zi) [o|8]. Now, if i € &, then i + p € f and consequently i + 2p € . The fact

that C?)[B]a] # 0 implies that there exists an element Qi pir2p = 1 in each row and in each column of CcP]a).

Therefore, if i + p € f§, then i + 2p € « and so i + 3p € . This means, by Lemma 2.3, that
a={xeN:x=i+2kp (mod2n)} € {o,i =1(1)21} and p =0y,

in case /, = odd, while if /, = even then o = ff € {o;,i = 1(1)2/}. O
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The case where [, = even is trivial and the matrix is sign symmetric. In case [, is odd, we call, for conve-
nience, the determlnant Cg’; [o|B], with o € {o;,i = 1(1)l} and f = o1y, @ determlnant of type I and the deter-
minant C2n [Blo], with p € {4, = 1(1)l} and o = o;, a determinant of type II.

The following remarks can be readily checked.

e The two types of determinants, I and II, are determinants of basic p-circulant permutation matrices of order
[, x1,.

e The number of the two types of determinants is /.

e A determinant of type I has a +1 in the position (1, 1 + ¢,), where ¢, is the largest integer less than Z- z , since
there must hold (2k + 1)/ < p.

e A determinant of type II has a +1 in the position (1,1 + ¢,), where ¢ is the largest integer less than £, since
there must hold 2kl < p

® g, =q, + 1, since 5 — 2—_[ 1 (recall that p = [,/ and I, is odd).

e The union sets of «; and the corresponding of o;; give determinants of the same type and analogous size.

The total number of determinants of type I and type II is

() (e (-

We can compute a type I determinant by moving the ¢; bottom rows to the top and, similarly, a type II
determinant by moving the ¢, bottom rows to the top. So, we have

Dy = (_1)(“*!11)!11 and Dy = (_1)(/;1*(1:)(12_ (2.12)
From (2.12) we find
CLBICY)[Blo] = DiDy = (— 1) oattrae — ()bt (2.13)

In the same way we can compute determinants of type I and type II with a =0, Ua;, 1 <7,/ </ and
p = o Uy, For this we have

Dy = (_1)(21n72q1)2q1 and Dy = (_1)<21r2qz)242 (2.14)
and
C[al fICY) Bl = DDy = 1. (2.15)

It is easy to prove that the union of odd ¢;’s gives a similar result to that in relation (2.13) while the union of
even o;’s gives a result as in the relation (2.15). After the above analysis we introduce the next theorem.

Theorem 2.3. Let p,n be positive integers, with g.c.d.(p,n) =1#1, I, =14 1, =1, C(p the basic p-circulant

permutation matrix, then

(1) I, = even. The matrix Cé’,? is sign symmetric.
(2) l = odd.
(1) l, = odd. The matrix C;, ®) g sign symmetric.
(i1) I, = even. The matrix C2n is not sign symmetric nor anti sign symmetric.

3. On shifted circulant permutation matrices

Hershkowitz and Keller [7] proved that the matrix

Xt y 0 - 0
0 . : .

A= : o |- (3.1)
0 T P
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where the x;’s share the same sign and [[/_,y, > 0, in case n is even, is neither sign symmetric nor anti sign
symmetric. However, this is not true in a more general case. For example, let the matrix

xx 0 y O
0 0
A4‘,2 _ X2 )
vy 0 x 0
0 vi 0 x4

Since a;ja; #0,i = 1(1)4, and j =i+ 2 (mod4), it is easy to verify that

(i) When o and f§ are subsets of {1,2,3,4} of cardinality +1
Aap[offlAsp[Blo) = yiyis, =01
(i) When o and f are subsets of {1,2,3,4} of cardinality +2
X Vi1Virs
Aso[or| fldas[Blo] = § or , =114
NV2V3V4
(iii) When o and f are subsets of {1,2,3,4} of cardinality +3
Aap [ Pldan[Blo] = i1 yips (XisaXiva — J/i+2)’i+4)27 i=0,1.
Note: Recall that all indices are mod4 and g = v¢s.
So, since in all other cases there holds A[o|S]A[f|«] = 0, the next theorem is valid.

Theorem 3.1. Let x; and y;, i = 1(1)4, be real numbers. Then the matrix Ay, is sign symmetric if and only if
yivy = 0and y,y, = 0. In all other cases the matrix is neither sign symmetric nor anti sign symmetric.

We consider now a more general form than that in (3.1) for shifted circulant matrices

xx 0 ... 0 y 0 ... 0

0 x2 ... 0 0 V, ... 0

Ank_ 0 Xn—k 0 Yn—k
yn7k+1 0 .« O xn,k+1 “ e o e 0

0 T 0 P

Since a symmetric matrix is a sign symmetric one, then

Theorem 3.2. The matrix Ao with x; = x and y; =y, i = 1(1)2k, is a sign symmetric one.

Lemma 3.1. Let x, y be real numbers and a matrix B, = (b;;), where
x, j=i+1, i=1(1)n—1,
b=y, j=i—1, i=2(1)n, (3.2)
0, otherwise.
Then
det(B,) = —xydet(B,_,). (3.3)
Moreover det(B,,) = (—1)"x"y" and det(By,.1) = 0.

Proof. Relation (3.3) is obvious if we expand det(B,) twice in the terms of its first row. The other relations are
easy to prove, since det(B,) = —xy and det(B;) =0. O
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Theorem 3.3. Let x,y be nonzero real numbers and n > 1 a positive integer. Then the shifted circulant permutation
matrices Az, 1 1S neither sign symmetric nor anti sign symmetric.

Proof. We have

x 0 y O 0

0O x 0 y -+ 0
DznZ:A2n+172[1,2,...,21’l—1,2714—1’1,2,...,21’1—1,2]’!]:

0y 00 -~ 0

We expand the determinant once in the terms of its first column and once in the terms of its last row. Then,
from Lemma 3.1 we have

Dy, = yxdet By, 1) = xp(—1)"" w1yt = (1), (3.4)

< o
o
o

Dy i=Aoyi10[1,2,...,2n = 1,201,2, ... 20— 1,2n + 1] = ;
0000 -+ x vy
y 00 0 --- 0 0

Now, we expand this determinant once in the terms of its last column and once in the terms of its last row.
Then from Lemma 3.1 we have

Dy = = det By 1) = —*(—1)" ey = (1)l (3.5)
From (3.4) and (3.5) we take
Dy,Dy, = —xy(x"'y") (3.6)

In an analogous way we find that

Dy 1 i= Asp12[1,2,...,20 = 3,20,2n + 1|1,2,...,2n — 1] = y*!

and
Doyt i=Aomi12[1,2,..., 20 = 1|1,2, ..., 20— 3,2n,2n + 1] = y>x>"3
and finally
Day 1 Doy = xy(x"2y")%. (3.7)

So, relations (3.6) and (3.7) prove the theorem. [J
We are now able to prove a theorem analogous to Theorem 2.27 in [7].

Theorem 3.4. Let n > 2 be an integer and x;,y;,i = 1(1)2n + 1, be nonzero real numbers so that all x;’s share the

same sign and legrl v; > 0. Then the matrix
X 0 y - 0
0
Azi12 =
Vou K . Xon 0
0 yyr 0 0 X

is neither sign symmetric nor anti sign symmetric.
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Proof. Without loss of generality we may assume that x; = x, = --- = x,,,1 = x since sign and anti sign sym-
metry are invariant under multiplication of the matrix by a positive diagonal matrix. Moreover, we define

r= 0w, -yan)l/(z”H) and the diagonal matrix D = (d,d>, ... ,d2,1), where
,Jl—1+l . o
i i=20—1,
di={ __ 2 I=1(1)n.
Hk:1y2k—ll_[j:[y2/’ ! ’
1, i=2n+1,

Then, the matrix D~'A4,,,,,D is a shifted circulant permutation matrices and by virtue of Theorem 3.3 our
claim is proved. [

4. On positivity of principal minors of a shift circulant matrix 45, ,

Let x,y € IR. The A4,,, shift circulant matrix has the form

x 0 y 0 0 O
0O x 0 p 0 O

A2n,2 = : K R . (41)
00 0 x 0 y
y 0 0 x O
0y 0 0 0 «x

Theorem 4.1. Let Ay,» be a shift circulant matrix, with x,y € IR. This matrix is a P-matrix if and only if:

(1) x> 0,x+y >0, if nodd.
(i) x > 0,x> —)? > 0, if n even.

Proof. The graph of 4,,, is of the form shown in Fig. 1. This means that there exists a permutation matrix P,
so that the product P’IAZH,ZP will have a block diagonal form, where the diagonal elements are the same with
shift circulant basic matrix C, and where det(C,) = x" + (—1)""'y". The graph of the matrix C,, is of type I as
in Fig. 1. The type II, in Fig. 1, is the graph of a shift circulant basic matrix C, with zero in the position (n, 1),
that is a matrix with elements in the main diagonal and in its first upper-diagonal.

A principal minor of a matrix results by removing some rows and the corresponding columns. In its graph,
this means that we remove one or more nodes and it is clear that the new graph consists of sub-graphs of type
IL in Fig. 1, and of at most one graph of type I, in the same figure. In matrix form, it means that there exists a
permutation matrix P which transforms the principal matrix in a block diagonal matrix where its principal
minor takes the value

Dy =x" or Dy =x/(x" + (=1)"""y") if k > n,
Dy = x* if k <n.

This relation with the fact that D, = x and D,,_; = x" ! (x" + (—1)"“ ") prove the theorem. [

Fig. 1. The graph of the matrix C, of type I and type II.

(4.2)
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In the following we study the signs of principal minors of Agnl' For this we give some essential lemmas.

Lemma 4.1. Let the n x n tridiagonal matrix, A, = (a;;), where
x*, j=i—1, i=2(1)n,
a; =< 2xy, j=1i, i=1(1)n,
V,j=i+1,i=1(1)n— 1.
Then
det(4,) = (n+ 1)x"y". (4.3)
Proof. Let D, = det(4,), then it is easy to check, by induction, that the relationship D, = 2xyD, ;| — x**D,
is valid and this implies (4.3). O
Two yet matrices are important for our analysis.

Lemma 4.2. Let the n x n matrix,

x> 2xy - 0 0
0 x> 2xy -~ 0 0
B, = (4.4)
0 0 0 2xy  y?
¥ 0 0 x> 2xy
2xy ¥ 0 0 ¥
Then
det(B,) = (x" — (—1)"y")’. (4.5)

Proof. We conveniently expand and we have
det(B,) = -+ = (x*)" + (=1)"¢y’ Dz + (0*)" + (=1)"*°»* Dy + (=1)" 200D, = -+~
— x2n +y2n + (—1)”712)6”)/”. n

The graph of the matrix B, is presented in Fig. 2. The loops on the nodes have weight x°, the paths P;P;,; have
weight 2xy while the weight of the paths PP, is yz. We note that P, is equivalent to P; and P, is equiv-
alent to P,. [

Lemma 4.3. Let the n x n matrix,

X 2y ¥ -0
0 x> 2xy --- 0
B, = (4.6)
0 0 2xy
»¥ 0 0 x?

Fig. 2. The graph of the matrix B,,.
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Then
det(B,) = x — (=1)"nx"""y+!. (4.7)
Proof. It is easy to check. [

Lemma 4.4. Removing the kth, k # 1,n, row and column of the above matrix (4.6) results in a matrix B, with
x2, 3%, x% in the (k— 1,k — 1), (k— 1,k) and (k, k) positions, respectively. Moreover,

det(B,) = »" — (—1)"y*(det 4 )y’ (det 4, ), (4.8)

where the matrix A, has a determinant given by (4.3).

Proof. Removing a row and a column, not the first or the last one, a matrix of the following block form arises:

aj 21 0 0
. 0 T 2 0
B= A (4.9)
0 0 as Az
» 0 0 al
where a7 and af have the form (x2,0,...,0), af and a! the form (0,...,0,x?) while 4, and 4, are tridiagonal

matrices with diagonal 2xy and sub-diagonals x? and y*. Now, it is easy to check that the principal minor is
det(B,) = x* — (=1)"y*(det 4;_,)y*(det 4,_;).
Let now the Agn’z matrix

x? 0 2x»p 0 »¥» 0 --- 0
0 X 0 2xy 0 0
0 0 0 0 3
A%n.Z =
»¥ 0 0 0 0 0
0 y 0 0 O 2xy
2y 0 ¥ 0 0 0 . 0

0 2xy 0 »¥ 0 0 0

The graph of this matrix consists of two independent strongly connected subgraphs of the forms given in
Fig. 2. By a permutation matrix P we can transform this matrix into a block diagonal matrix, where in the
two diagonal blocks we have the matrix B, of (4.4). So, we study the new block diagonal matrix.

A principal sub-matrix of this matrix can result by removing some rows and the corresponding columns. In
its graph this means that we remove some nodes. If we remove nodes only from the one sub-graph, then in the
principal minor of the matrix the factor (x* — (—1)"y")? (4.5) is present but obviously this does not change the
sign of its determinant. So, the sign of a principal minor is changed only if we remove some nodes of a sub-
graph. Now, we can distinguish two cases. In the first case, we can remove at least two consecutive nodes of
the graph. Then, the strong connection of the graph is lost and with a permutation matrix P we can transform
the sub-matrix into an upper triangular one, with diagonal elements x2. So, in the principal minor of this
matrix there is a factor x* which does not change the sign of it. In the second case we remove nodes, but these
are not successive. Supposing that we remove only one row and the corresponding column. A permutation
matrix P can transform this matrix into B, (4.6) and the principal minor is analogous to
x2(x" — (=1)"'(n — 1)y"). Removing more rows and columns (but not the first, the last or consecutive
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ones) a sub-matrix of analogous form as in (4.8) arises and so the principal minor is analogous to a term of the
form x1 (x> £ ky*), k>2. O
The above analysis gives us the necessary background for the next theorem.
Theorem 4.2. Let Ay,» be a shift circulant matrix, with x,y € IR. If this matrix is a P*-matrix, then

(x,y) € {(x,y) : x >0Ax*>—* >0}

Proof. Let n be even. Since a P*-matrix is a P-matrix, the validity of our claim is obvious by Theorem 4.1.

Let n be odd. The principal matrix of order 2n — 1 is a matrix of a 2 X 2 block diagonal matrix, where the
first diagonal block is the matrix (4.4) while the second diagonal block is the matrix (4.6). So, the principal
minor of this is analogous to the term

xz(”*” _ (_l)nfl(n _ l)xn72yn _ xn72(xn o (l’l _ l)y”)

Since our A4,,, matrix is a Pz-matrix, the following relationship must be valid:

X2 = (n—1)y") > 0<=y<

X

n

n—1

This relationship along with Theorem 4.1 prove the validity of the theorem too. [

Remark 4.1. The statement of Theorem 4.2 can be improved. We note that the proof of the theorem uses only
minors of size 1,n — 1 and n, where n is the size of the matrix. So, in a circulant matrix all the minors of order
n — 1 are equal to each other, as well as all the minors of size +1. Hence, if the matrix is a Q-matrix, all its
minors of size 1,7 — 1,n are positive, as in a P-matrix. Hence, the statement of the theorem can be improved
by replacing the P>-assumption by a weaker Q*-assumption.

In [6], Question 6.2, Hershkowitz and Keller ask if P*>-matrices are stable. Below we prove, that the P>-
matrices A,,, are stable.
From Lemma 2.1, the eigenvalues of 4,,, in (4.1) are

2=y 2(1-1)n

li=x+ye m “=x+y  , [=1(1)2n. (4.10)
It is obvious that all these n eigenvalues are of multiplicity two each. So, we have
2(1 -1 . (2(1 -1
Aj = X + ycos <%> + iysin (%), I=1(1)n. (4.11)

Apparently, if x + y cos (2(1;—')”> > 0 the matrix (4.1) is stable. However, from Theorem 4.2, this is valid when
the matrix (4.1) is a P>-matrix. Since, the answer to Hershkowitz and Keller’s question is positive, for a class of
matrices, we think this question should be restated as follows.

Question: Which classes of P>-matrices are stable?

5. The shift circulant matrix A4, >
Let the shift circulant matrix

0 00

Ay =

o OO O X
= O O o X
S OO R O
SO xR O
O % O O
2= O © OO

We denote Dy, = Ae (x| f]Aeo[f|o], where o, f C {1,2,3,4,5,6}, with |«| = |B|. We have n,) = ‘2‘ > sets o and
)|

) products Dy,. So, there exist 30, _ D}, = 430 products of the form 4[| f]4s,[po], with o # f. From

Jor|=1
these products, +66 are different from zero and are distributed as follows:
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e There are +6 products, Ds # 0, of the form

Ds = —xy(x + )’ (¥ —xy+ 7).
e There are +36 products, D4 # 0, of the forms
—x*°, (18 cases),
Dy =< or
x4 (18 cases).
e There are +18 products, D3 # 0, of the form
D; = —xy°.
e There are +6 products, D, # 0, of the form
D, = —xp°.

Now we can state the following theorem.

Theorem 5.1. Let the shift circulant matrix Agp in (5.1). This matrix is sign symmetric if and only if xy < 0.
Lemma 5.1 [6, Theorem 2.6]. Let A be a sign symmetric n X n matrix. The following are equivalent:

(i) The matrix A is stable.
(i1) The matrix A is a P-matrix.

Theorem 5.2. Let Ag, be a sign symmetric shift circulant matrix. Then

(1) x>0
x+y>0<= A4¢ is a P-matrix.

(i1) x < 0 = Ag, is not a P-matrix.

Proof. The eigenvalues of 4¢, are all double and the spectrum of Ag, is given by

f31\/§}

1 : .
0(dgn) = {x+y,x—§y+17y,x—§y—1—y (5.2)

2

Since Ag » 1s a sign symmetric shift circulant matrix, it is obvious from Theorem 5.1 that if x > 0 then y < 0 and
50 x —1y > 0. Therefore the matrix 4, is a stable matrix if and only if x + y > 0. Lemma 5.1 proves the first
part.

In case we have x < 0 itis y > 0 and then x — % vy < 0. This proves that the matrix is neither a stable nor a P-
matrix. [J

Theorem 5.3. Let Aq, be a shift circulant matrix, with x,y € IR. This matrix is a P*-matrix if and only if
x>0,x+y>0x—yvV2>0.

Proof. We denote by D, the kth order principal determinant of the matrix 4¢,. Then a Ds principal determi-
nant results by eliminating a row and the corresponding column. From Fig. 3, in (I), we can see that all deter-
minants are of the same type, since the graph of this is taken by removing one node. Then, with an appropriate
permutation matrix P we have
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Fig. 3. The graph of the matrices 46, and Aé_z.

= +57). (5.3)

(=
o B < O
= O O O
= T O o o

0 0 00

Since two different graphs result from the removal of two nodes, there are two types of principal determinants
D,, which, by using an appropriate permutation matrix P, give

x y 00 x y 0 0
0 x y O 0 x 00
D, = =x(x*+)*) or D,= =x". 54
¥ y 0 x 0 x& +) ! 0 0 x vy ! (54)
0 0 0 x 0 0 0 «x

Since two different graphs result from the removal of three nodes, there are also two types of principal deter-
minants D3, which again, in a similar way, give

x y 0 x y 0
D;=|0 x yl=(x4+)») or D;=|0 x 0|=x". (5.5)
y 0 x 0 0 x
Finally, we have
D,=x> and D, =x. (5.6)
Let now
x? 0 2xy 0 ) 0
0 x* 0 2xy 0
Aé.z _ ¥ 0 XX 0 Xy 0 (57)
' 0 y» 0 x* 0 2xy
2xy 0 y? 0 X 0
0 2xy 0 2 0 x?
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We denote by D, the kth order principal determinant of the matrix Aéz. As before, from Fig. 3, in (II), we have

that all determinants Ds are the of same type and can be transformed by using an appropriate permutation
matrix P to give

¥ 2xy y» 0 0

¥ XX 2xy 0 0
Ds= |2y ¥ 2 0 0 |=x(+)0 -2, (5.8)
0 0 0 x> 2xy

0 0 0 y x?

We determine the other principal determinants in an analogous way. So, we obtain

247 (o + ) x*
Dy={ or , Dy={or , Dy={ or , Dy =x% (5.9)
(3 —2)3)? (= 2)°) x(x* —2)%)

The above relationships prove the theorem. [J
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