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Kef�laio 1
Eisagwg Parìlo pou ta probl mata th
 dunamik 
 èqoun apasqol sei tou
 an-jr¸pou
 ed¸ kai qili�de
 qrìnia, h susthmatik  melèth th
 dunamik 
xekin�ei ousiastik� me ti
 ergas�e
 tou NeÔtwna. H kÔria sumbol  tou tan h montelopo�hsh th
 k�nhsh
 twn ouran�wn swm�twn me exis¸sei
.Kaj¸
 h melèth th
 k�nhsh
 perilamb�nei ènnoie
 ìpw
 taqÔthta kai epi-t�qunsh, oi exis¸sei
 autè
  tan diaforikè
 exis¸sei
.Oi epìmene
 geniè
 twn episthmìnwn epèkteinan th mèjodo tou NeÔtw-na sthn perigraf  th
 exèlixh
 fusik¸n fainomènwn me th qr sh diafori-k¸n exis¸sewn. 'Omw
 èna shmantikì meionèkthma th
 parap�nw mejìdoue�nai ìti, genik�, den e�nai eÔkolo na breje� analutik  lÔsh twn diafori-k¸n exis¸sewn, akìmh kai ìtan autè
 e�nai arket� aplè
, diìti genik� e�naimh grammikè
. Autì to gegonì
 od ghse sthn an�ptuxh proseggistik¸nmejìdwn, ìpw
 e�nai, gia par�deigma, oi exis¸sei
 diafor¸n.Sti
 peript¸sei
 pou  tan dunat  h ep�lush twn diaforik¸n exis¸-sewn, pou perigr�foun thn exèlixh twn fusik¸n fainomènwn, parathr -1



2 Eisagwg jhke ìti, an h lÔsh paramènei se mia fragmènh perioq  tou q¸rou, tìteup�rqoun dÔo e�dh exèlixh
. E�te up�rqei sugkèntrwsh se mia stajer kat�stash,   up�rqei k�poio e�do
 tal�ntwsh
. Sta mèsa th
 dekaet�a
tou 1970 apode�qthke ìti up�rqei èna tr�to e�do
 exèlixh
, to opo�o e�naipar�xeno kai akanìnisto. Aut  h exèlixh epikr�thse na lègetai qaotik .'Ena suneqè
 dunamikì sÔsthma p�nw ston metrikì q¸ro X e�nai miaoikogèneia f't : t 2 Rg omoiomorfism¸n tou X, tètoia ¸ste h apeikìnish(t; x) ! 't(x) e�nai suneq 
 kai 't+s(x) = 't Æ 's(x), gia k�je x 2 Xkai t; s 2 R.'Ena diakritì dunamikì sÔsthma p�nw ston metrikì q¸ro X e�naimia oikogèneia ffn : n 2 Zg omoiomorfism¸n tou X,   mia oikogèneiaffn : n 2 Ng suneq¸n apeikon�sewn tètoia ¸ste h apeikìnish f0 e�nai htautotik , f1 = f kai fn+m(x) = fn Æ fm(x), gia k�je x 2 X kai k�jen;m 2 Z.'Ena suneqè
 dunamikì sÔsthma prokÔptei apì th lÔsh mia
 diaforik 
ex�swsh
 th
 morf 
 ddtx = F (x); (1.1)ìpou x 2 D � Rn kai F : D ! Rn mia suneq¸
 diafor�simh apeikìnish.Autì sumba�nei giat� gia k�je arqikì shme�o x0 2 D up�rqei lÔsh 't(x0)gia thn opo�a '0(x0) = x0 kai 't+s(x) = 't Æ 's(x).Up�rqoun, genik�, dÔo trìpoi na antistoiq�soume mia diaforik  ex�-swsh th
 morf 
 (1.1) se èna diakritì dunamikì sÔsthma. O pr¸to
trìpo
 e�nai h mèjodo
 th
 diakritopo�hsh
 tou qrìnou. 'Estw t0 > 0,arket� mikrì, kai 't0(x) h lÔsh th
 (1.1), tìte èqoume proseggistik¸
xn+1 = xn + t0F (xn), ìpou xn = 'nt0(x0). Oi epanal yei
 th
 sun�rth-sh
 f(x) = x+ t0F (x) apoteloÔn èna diakritì dunamikì sÔsthma.



Eisagwg  3O deÔtero
 trìpo
 qrhsimopoie�tai an h diaforik  ex�swsh (1.1) èqeiperiodik  lÔsh, dhlad , an 'T (x0) = x0, gia k�poio x0 2 X kai T > 0.Tìte jewroÔme mia uperepif�neia S egk�rsia sthn kampÔlh t 7! 't(x0)kai mia geitoni� U � S tou x0. Se k�je y 2 U antistoiqoÔme thn epìmenhtom  th
 uperepif�neia
 S me thn troqi� f't(y)g. An y0 e�nai aut  h pr¸thtom , tìte èqoume thn apeikìnish g : U ! S me g(y) = y0. Oi epanal yei
th
 g e�nai èna diakritì dunamikì sÔsthma.Sthn paroÔsa diatrib  endiaferìmaste gia diakrit� dunamik� sust -mata pou prokÔptoun apì ti
 epanal yei
 fn twn apeikon�sewn f : I ! I,ìpou I e�nai èna kleistì di�sthma tou R. Ja anafèroume w
 monodi�stathdunamik , th dunamik  aut¸n twn apeikon�sewn. Me thn ergas�a tou May[28℄ ègine antilhptì ìti oi epanal yei
 apeikon�sewn diasthm�twn èqoun,se orismène
 peript¸sei
, polÔ sÔnjeth dunamik . Akìmh, to 1964 o Sar-kovskii [38℄ apèdeixe to polÔ gnwstì je¸rhma ìti h Ôparxh periodik 
troqi�
 periìdou 3, sunep�getai thn Ôparxh periodik 
 troqi�
 opoiasd -pote periìdou.Oi epanal yei
 twn sunart sewn pou apeikon�zoun èna di�sthma stoneautì tou apotèlesan, arqik�, montèla gia biologik� sust mata, en¸ ar-gìtera, qrhsimopoi jhkan w
 montèla se pollè
 fusikè
 epist me
 kaj¸
ep�sh
 kai se oikonomikè
 epist me
.Akìmh, megalÔterh
 di�stash
 dunamik� sust mata an�gontai suqn�se monodi�stata dunamik� sust mata. 'Ena tètoio par�deigma e�nai oiapeikon�sei
 Lorenz pou e�nai to gewmetrikì montèlo twn exis¸sewn Lo-renz. Mia apeikìnish Lorenz f : [�1; 1℄! [�1; 1℄ èqei mia asunèqeia stox0 = 0 kai dÔo kl�dou
 stou
 opo�ou
 e�nai gnhs�w
 aÔxousa [4, 20℄.To kÔrio er¸thma se èna diakritì dunamikì sÔsthma e�nai poi� e�nai



4 Eisagwg h asumptwtik  sumperifor� twn epanal yewn fn, gia meg�le
 timè
 toun. Thn ap�nthsh s> autì to er¸thma thn prosegg�zoume me topologi-kè
 mejìdou
   me mejìdou
 th
 jewr�a
 mètrou (ergodik  jewr�a). Miatopologik  perigraf  th
 dunamik 
 suneq¸n apeikon�sewn ègine me ti
ergas�e
 twn Gu
kenheimer [17, 18℄, de Melo & van Strien [29, 30℄, Blo-kh & Lyubi
h [6, 7, 24℄ kai Martens, de Melo & van Strien [27℄. Hergodik  perigraf  th
 dunamik 
 twn suneq¸n apeikon�sewn g�netai sti
ergas�e
 twn Gu
kenheimer& Johnson [19℄, Keller [22℄ kai Lyubi
h &Milnor [25℄.'Ena apì ta shmantikìtera erwt mata sthn perioq  twn dunamik¸nsusthm�twn e�nai pìte jewroÔme isodÔnama dÔo dunamik� sust mata. Apìto 1880 o Poin
ar�e e�qe apode�xei ìti èna
 omoiomorfismì
 tou kÔklouqwr�
 periodik� shme�a e�nai sunduastik� isodÔnamo
 me mia peristrof tou kÔklou. O Parry [35℄ apèdeixe èna an�logo apotèlesma gia suneqe�
kat� tm mata monìtone
 apeikon�sei
 tou monadia�ou diast mato
. Akìmh,oi Metropolis, Stein & Stein [32℄ kaj¸
 kai oi Milnor & Thurston [33℄melèthsan, me autè
 ti
 ergas�e
 tou
, pìte e�nai topologik� isodÔnamadÔo dunamik� sust mata.Sto tr�to kef�laio exet�zoume ti
 topologikè
 isodunam�e
 twn ka-t� tm mata monìtonwn apeikon�sewn [16℄. JewroÔme thn oikogèneia twnsunart sewn oi opo�e
 e�nai kat� tm mata C1 kai monìtone
, epektatikè
(jf 0j > 1) kai apeikon�zoun k�je èna di�sthma sto opo�o h f e�nai mo-nìtonh ep� mia
 ènwsh
 tètoiwn diasthm�twn. To kÔrio apotèlesma e�naiìti k�je apeikìnish aut 
 th
 kl�sh
 e�nai topologik� isodÔnamh me miaapeikìnish th
 �dia
 kl�sh
 h opo�a e�nai epiplèon kat� tm mata gram-mik . Arqik�, meletoÔme thn per�ptwsh pou to pl jo
 twn diasthm�twn



Eisagwg  5monoton�a
 e�nai peperasmèno kai sth sunèqeia epekte�noume ta apotelè-smata sthn per�ptwsh pou to pl jo
 autì e�nai arijm simo. Tèlo
, miaefarmog  tou kÔriou apotelèsmato
 e�nai o upologismì
 th
 topologik 
entrop�a
 mia
 apeikìnish
 th
 oikogèneia
 pou melet�me sthn per�ptwshth
 peperasmènh
 diamèrish
. O upologismì
 autì
 sthr�zetai sto Je¸-rhma twn Misiurewi
z-Szlenk. 'Opw
 apodeiknÔoume sto �dio kef�laio toje¸rhma autì den mpore� na epektaje� sthn per�ptwsh twn apeikon�sewnme arijm simh diamèrish.Sto tètarto kef�laio melet�me thn dunamik  mia
 oikogèneia
 apeiko-n�sewn f : [�1; 1℄! [�1; 1℄ pou or�zontai apì ton tÔpof(x) = 8>><>>: �1x+ a; an x < 00; an x = 0�2x+ b; an x > 0 :Oi apeikon�sei
 autè
 e�nai kat� tm mata grammikè
 me mia asunèqeia stoshme�o x0 = 0. ApodeiknÔoume [8℄ ìti gia mia apeikìnish apì thn parap�nwoikogèneia isqÔei èna apì ta akìlouja:(a) Up�rqoun to polÔ dÔo periodikè
 troqiè
 oi opo�e
 èlkoun ìla taupìloipa shme�a.(b) 'Ola sqedìn ta shme�a tou [�1; 1℄ e�nai periodik�   telik¸
 periodi-k�.(g) H apeikìnish f e�nai telik¸
 epektatik . Se aut  thn per�ptwshgia thn apeikìnish f up�rqei èna anallo�wto mètro to opo�o e�naiapolÔtw
 suneqè
 w
 pro
 to mètro Lebesgue.Sto �dio kef�laio br�skoume sunj ke
 sti
 paramètrou
 �1; �2; a; b oi



6 Eisagwg opo�e
 qarakthr�zoun sugkekrimènh dunamik  twn apeikon�sewn aut 
 th
oikogèneia
.



Kef�laio 2
Basiko� orismo� kaibohjhtikè
 prot�sei

2.1 Topologik  dunamik 'Estw I � R èna kleistì di�sthma, pou sun jw
 jewroÔme ìti e�nai to[0; 1℄   to [�1; 1℄ kai f : I ! I mia sun�rthsh. Epeid  f(I) � I e�-nai fanerì ìti èqoun nìhma oi sunjèsei
 f Æ f; f Æ f Æ f; : : : , oi opo�-e
 sumbol�zontai me f2; f3; : : : ant�stoiqa. An x 2 I, tìte to sÔnoloO(x) = ffn(x) : n 2 Ng lègetai troqi� tou shme�ou x (jewroÔme ìtif0(x) = x kai f1(x) = f(x)). To sÔnolo fx; f(x); : : : ; fn�1(x)g lègetaitroqi� m kou
 n. H melèth th
 troqi�
 twn shme�wn tou I, kai idia�terah sumperifor� th
 troqi�
 gia n polÔ meg�lo, e�nai to antike�meno th
Dunamik 
.Se orismène
 peript¸sei
 h troqi� enì
 shme�ou e�nai polÔ apl . 'Enashme�o x 2 I lègetai periodikì periìdou n an fn(x) = x kai fm(x) 6= x,7



8 Kef�laio 2. Basiko� orismo� kai bohjhtikè
 prot�sei
gia m = 1; 2; : : : ; n� 1. 'Ena mh periodikì shme�o x 2 I lègetai telik¸
periodikì , an up�rqei fusikì
 arijmì
 k � 1, tètoio
 ¸ste to shme�ofk(x) e�nai periodikì. H troqi� O(p) lègetai periodik  an to shme�o pe�nai periodikì. Sthn eidik  per�ptwsh pou n = 1 to periodikì shme�o xlègetai stajerì shme�o th
 f . Ta periodik� shme�a pa�zoun èna shmanti-kì rìlo sth melèth th
 dunamik 
 mia
 apeikìnish
 ìqi mìno giat� h troqi�tou
 e�nai polÔ apl , all� giat� suqn� apoteloÔn pìlo èlxh
 gia ta gei-tonik� se aut� shme�a kai ètsi kajor�zoun thn troqi� tou
. w-oriakìsÔnolo tou x, pou sumbol�zetai !(x), e�nai to sÔnolo twn oriak¸n shme�-wn th
 troqi�
 O(x). To !(x) e�nai mh kenì, giat� to I e�nai sumpagè
.'Ena periodikì shme�o p lègetai elktikì   periodikì
 elkust 
 an tosÔnolo B(p) = fx 2 I : !(x) = O(p)g perièqei k�poio di�sthma. To sÔ-nolo B(p) lègetai lek�nh èlxh
 tou p. Mh periplan¸meno sÔnologia thn f : I ! I, pou sumbol�zetai 
(f), e�nai to sÔnolo twn shme�wnx 2 I gia ta opo�a, gia k�je geitonik  perioq  U tou x, up�rqoun n � 1kai y 2 U me fn(y) 2 U . To 
(f) e�nai sumpagè
 [39℄ kai profan¸
perièqei ìla ta periodik� shme�a th
 f .'Ena kentrikì er¸thma sth jewr�a twn Dunamik¸n Susthm�twn e�naipìte dÔo apeikon�sei
 jewroÔntai ìti èqoun parìmoia dunamik  sumperi-for�. DÔo apeikon�sei
 f; g : I ! I lègontai topologik� isodÔname
an up�rqei omoiomorfismì
 h : I ! I tètoio
 ¸ste h Æ f = g Æ h, dhlad ,to di�gramma I f���! Ih??y ??yhI g���! Iantimetat�jetai. S> aut  thn per�ptwsh h h apeikon�zei ta shme�a th
 tro-



2.1 Topologik  dunamik  9qi�
 Of (x) sta shme�a th
 troqi�
 Og(h(x)), giat� h(fn(x)) = gn(h(x)).Sth sunèqeia ja k�noume suqn  qr sh tou parak�tw L mmato
. Hapìdeix  tou mpore� na breje� sto bibl�o [2℄,   sto bibl�o [13℄.L mma 2.1.1 'Estw f : I ! I mia C1 sun�rthsh kai J � I èna kleistìdi�sthma.(a) An f(J) � J kai jf 0(x)j < 1, gia k�je x 2 J , tìte up�rqei monadikìshme�o p 2 J tètoio ¸ste f(p) = p kai fn(x) ! p, kaj¸
 n ! 1,gia k�je x 2 J .(b) 'Estw fn(J) � J , gia n > 1 kai J \ fm(J) = ?, gia m =1; 2; : : : ; n � 1. An j(fn)0(x)j < 1, gia k�je x 2 J , tìte up�r-qei monadikì p 2 J to opo�o e�nai elktikì periodikì shme�o, periìdoun, me J � B(p).Topologik  entrop�aH topologik  entrop�a e�nai èna mètro th
 poluplokìthta
 mia
 apeikìni-sh
 kai e�nai topologik� anallo�wth, dhlad , dÔo apeikon�sei
 topologik�isodÔname
 èqoun thn �dia topologik  entrop�a. Aut  h ènnoia prwtoem-fan�sthke to 1965 sthn ergas�a twn Adler, Konheim kai M
Andrew [1℄.Argìtera, o Dinaburg [14℄ to 1970 kai o Bowen [9℄ to 1971 èdwsan ènadiaforetikì orismì isodÔnamo me ton pr¸to. Sthn parous�ash pou ako-louje� uiojetoÔme ton orismì tou Bowen.'Estw (X; d) sumpag 
 metrikì
 q¸ro
 kai f : X ! X mia suneq 
sun�rthsh. Or�zoume thn aÔxousa akolouj�a metrik¸n dn w
 ex 
:dn(x; y) = max0�i�n�1 d(f i(x); f i(y)); ìpou x; y 2 X:



10 Kef�laio 2. Basiko� orismo� kai bohjhtikè
 prot�sei
ParathroÔme ìti d1 = d kai ìti oi metrikè
 dn gia n > 1 exart¸ntaiapì th sun�rthsh f . Me B(x; "; n) sumbol�zoume thn anoiqt  sfa�ra mekèntro x kai akt�na " w
 pro
 th metrik  dn, dhlad , B(x; "; n) = fy 2X : dn(x; y) < "g.'Ena peperasmèno sÔnolo E = fx1; x2; : : : ; xkg � X onom�zetai(n; ")-ekteinìmeno an k[i=1B(xi; "; n) = X. Me r(f; "; n) sumbol�zoume tomikrìtero plhj�rijmo pou mpore� na èqei èna (n; ")-ekteinìmeno sÔnolo.'Etsi an to sÔnolo K e�nai (n; ")-ekteinìmeno, tìte 
ard(K) � r(f; "; n),ìpou 
ard(K) e�nai o plhj�rijmo
 tou sunìlou K. MporoÔme na poÔmeìti o arijmì
 r(f; "; n) parist�nei to mikrìtero arijmì arqik¸n shme�wntwn opo�wn h troqi� mèqri th qronik  stigm  n prosegg�zei thn troqi�opoioud pote arqikoÔ shme�ou me akr�beia ".'Ena peperasmèno sÔnolo E = fx1; x2; : : : ; xkg � X onom�zetai(n; ")-diaqwrismèno an dn(xi; xj) � ", gia k�je i; j = 1; 2; : : : ; k mei 6= j. Sumbol�zoume me s(f; "; n) to megalÔtero plhj�rijmo pou mpore� naèqei èna (n; ")-diaqwrismèno sunìlo. An to K e�nai (n; ")-diaqwrismèno,tìte 
ard(K) � s(f; "; n). MporoÔme na poÔme ìti o arijmì
 s(f; "; n)parist�nei to mègisto arijmì twn diaforetik¸n troqi¸n m kou
 n an sug-krijoÔn me akr�beia ".'Estw r(f; ") = lim supn!1 1n ln r(f; "; n)s(f; ") = lim supn!1 1n ln s(f; "; n)Oi apode�xei
 twn prot�sewn pou br�skontai s> aut  thn upoenìthta mpo-roÔn na brejoÔn sto [21℄. Apì to parak�tw L mma kai to pìrisma pou



2.1 Topologik  dunamik  11akolouje� prokÔptei ìti oi arijmo� r(f; "; n) kai s(f; "; n) kaj¸
 kai oir(f; ") kai s(f; ") èqoun meg�lh sqèsh metaxÔ tou
.L mma 2.1.2(a) An "1 < "2, tìte r(f; "1; n) � r(f; "2; n) kai s(f; "1; n) � s(f; "2; n).(b) r(f; "; n) � s(f; "; n) � r(f; 12"; n).Pìrisma 2.1.3(a) An "1 < "2, tìte r(f; "1) � r(f; "2) kai s(f; "1) � s(f; "2).(b) r(f; ") � s(f; ") � r(f; 12").Apì to parap�nw Pìrisma prokÔptei ìti up�rqoun ta ìria twn r(f; ")kai s(f; ") kaj¸
 "! 0 kai e�nai �sa. 'Etsi èqoume ton parak�tw orismì.Orismì
 2.1.4 'Estw (X; d) sumpag 
 metrikì
 q¸ro
 kai f : X ! Xmia suneq 
 apeikìnish. H topologik  entrop�a th
 f w
 pro
 thmetrik  d e�nai o arijmì
hd(f) = lim"!0 r(f; ") = lim"!0 s(f; "):An prospaj soume na perigr�youme lektik� thn isìthta hd(f) = lim"!0 s(f; ")mporoÔme na poÔme ìti h topologik  entrop�a anaparist� ton ekjetikìrujmì aÔxhsh
 tou pl jou
 twn diaforetik¸n troqi¸n m kou
 n kaj¸
to n te�nei sto 1, ìpou o diaqwrismì
 twn diaforetik¸n troqi¸n g�netaime osod pote mikr  akr�beia ". 'Etsi to pl jo
 twn diaforetik¸n troqi¸nm kou
 n me akr�beia " e�nai th
 t�xh
 tou enhd(f).
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Prìtash 2.1.5 An (X; d) sumpag 
 metrikì
 q¸ro
 kai f : X ! Xsuneq 
 apeikìnish, tìte hd(f) = lim"!0 s(f; "), ìpou s(f; ") = lim infn!1 1n ln s(f; "; n):SÔmfwna me thn epìmenh Prìtash mia shmantik  idiìthta th
 topolo-gik 
 entrop�a
 e�nai ìti e�nai topologik� anallo�wth.Prìtash 2.1.6 'Estw (X; d) kai (Y; ~d) sumpage�
 metriko� q¸roi kaif : X ! X kai g : Y ! Y suneqe�
 sunart sei
. Upojètoume ìti up�rqeiomoiomorfismì
 h : X ! Y tètoio
 ¸ste hÆf = gÆh. Tìte hd(f) = h ~d(g).Pìrisma 2.1.7 An oi q¸roi (X; d) kai (X; ~d) e�nai isodÔnamoi (w
 pro
ti
 metrikè
 d kai ~d) sumpage�
 metriko� q¸roi kai f : X ! X suneq 
sun�rthsh, tìte hd(f) = h ~d(f).Apì to parap�nw pìrisma g�netai fanerì ìti h topologik  entrop�aden exart�tai apì thn metrik  tou q¸rou all� mìno apì thn topolog�atou. 'Etsi ant� tou hd(f) ja gr�foume apl� h(f).To je¸rhma Misiurewi
z-SzlenkSth sunèqeia ja perioristoÔme sthn per�ptwsh pou o q¸ro
 X e�nai tokleistì di�sthma [0; 1℄ kai h apeikìnish f e�nai kat� tm mata monìtonh.Kl�do
 th
 f onom�zetai k�je di�sthma J � [0; 1℄ pou èqei ti
 parak�twidiìthte
:(a) h f e�nai monìtonh sto J ,(b) an I ) J , tìte h f den e�nai monìtonh sto I.Sumbol�zoume me 
(f) to pl jo
 twn kl�dwn th
 f . Sthn ergas�a twnMisiurewi
z-Szlenk [34℄ up�rqei èna shmantikì je¸rhma pou sundèei thn



2.2 Metr simh dunamik  13topologik  entrop�a h(f) th
 sun�rthsh
 f me to pl jo
 twn kl�dwn twnepanal yewn fn kaj¸
 kai me thn metabol  Var(fn) twn epanal yewnfn. 'Estw f : [0; 1℄ ! [0; 1℄ mia sun�rthsh. H metabol  th
 f sumbo-l�zetai me Var(f) kai isoÔtai me to supfXk jf(xk)� f(xk�1)jg, ìpou tosupremum e�nai p�nw se ìle
 ti
 diamer�sei
 0 = x0 < x1 < : : : < xn = 1tou [0; 1℄. An Var(f) < 1, tìte h sun�rthsh f lègetai fragmènh
metabol 
.Je¸rhma 2.1.8 (Misiurewi
z-Szlenk) 'Estw f : [0; 1℄ ! [0; 1℄ miasuneq 
, kat� tm mata monìtonh apeikìnish. Tìtelimn!1 1n ln 
(fn) = h(f)kai limn!1 1n lnVar(fn) = h(f): (2.1)Apì thn (2.1) pa�rnoume to parak�tw pìrisma.Pìrisma 2.1.9 An h apeikìnish f : [0; 1℄! [0; 1℄ e�nai suneq 
 kai kat�tm mata grammik  me stajer  kat� apìluth tim  kl�sh s, tìte h(f) =ln s.2.2 Metr simh dunamik An gia thn apeikìnish f : I ! I, ìpou I � R èna di�sthma, up�rqei èna
periodikì
 elkust 
 p, tìte h troqi� k�je shme�ou x0 pou br�sketai sthlek�nh èlxh
 tou p te�nei sthn troqi� tou p. Se orismène
 sunart sei
 h
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troqi� k�poiou shme�ou p, pou den e�nai periodikì, èlkei ti
 troqiè
 �llwnshme�wn. Tètoie
 troqiè
 lègontai suqn� qaotiko� elkustè
 . S> autè
ti
 peript¸sei
, epeid  to pl jo
 twn shme�wn tou elkust  den e�nai pepe-rasmèno, g�netai statistik  perigraf  tou elkust  kai qrhsimopoioÔntaimèjodoi th
 jewr�a
 mètrou.'Estw f : [�1; 1℄ ! [�1; 1℄ mia sun�rthsh kai � èna mètro p�nwsto di�sthma [�1; 1℄. To mètro � lègetai anallo�wto gia thn f an�(f�1(A)) = �(A), gia k�je metr simo sÔnolo A � [�1; 1℄.H spoudaiìthta th
 ènnoia
 tou anallo�wtou mètrou gia ta dunamik�sust mata prokÔptei apì to Ergodikì Je¸rhma tou Birkho�. H apìdeixhtou jewr mato
 mpore� na breje� sti
 ergas�e
 [10, 26, 36℄.Sto Je¸rhma pou akolouje�, sumbol�zoume me L1(�), ton q¸ro twnoloklhr¸simwn sunart sewn f : [�1; 1℄! [�1; 1℄ w
 pro
 to mètro �.Je¸rhma 2.2.1 (Ergodikì Je¸rhma tou Birkho�) Upojètoume ìtif : [�1; 1℄! [�1; 1℄ e�nai mia apeikìnish, � èna anallo�wto mètro gia thnf kai g 2 L1(�). Tìte, up�rqei apeikìnish g� 2 L1(�), tètoia ¸ste1n n�1Xk=0 g Æ fk ! g�; �� sqedìn pantoÔ:Epiplèon, g� Æ f = g�, ��sqedìn pantoÔ, kai an to mètro � e�nai pepera-smèno, tìte R 1�1 g�d� = R 1�1 gd�.To mètro � lègetai ergodikì gia thn f an e�nai anallo�wto kai�(A) = 0   �(A
) = 0, gia k�je metr simo sÔnolo A gia to opo�oisqÔei f�1(A) = A. 'Estw � èna ergodikì mètro pijanìthta
 dhlad ,�([�1; 1℄) = 1. An gia thn apeikìnish g� 2 L1(�) isqÔei g� Æ f = g�,tìte h g� e�nai stajer  � � sqedìn pantoÔ [39℄. S> aut  thn per�ptwsh



2.2 Metr simh dunamik  15èqoume ìti o qronikì
 mèso
 ìro
 kai o qwrikì
 mèso
 ìro
 e�nai �soi�� sqedìn pantoÔ. Dhlad ,limn!1 1n n�1Xk=0 g Æ fk = Z 1�1 gd� (2.2)'Ena mètro � lègetai apolÔtw
 suneqè
 w
 pro
 to mètro Lebesgue� an �(A) = 0, gia k�je metr simo sÔnolo A gia to opo�o �(A) = 0.An mia sun�rthsh f èqei èna ergodikì anallo�wto mètro to opo�o e�naiapolÔtw
 suneqè
 w
 pro
 to mètro Lebesgue, tìte h (2.2) isqÔei giak�je shme�o x 2 [�1; 1℄ ektì
 apì èna sÔnolo shme�wn pou èqei mhdenikìmètro Lebesgue.To Ergodikì Je¸rhma tou Birkho� perigr�fei th spouda�thta enì
anallo�wtou mètrou qwr�
 na anafèretai sthn Ôparxh tètoiwn mètrwn.'Ena je¸rhma to opo�o d�nei sunj ke
 gia thn up�rxh anallo�wtou mè-trou to opo�o e�nai apolÔtw
 suneqè
 w
 pro
 to mètro Lebesgue e�nai toje¸rhma twn Lasota kai Yorke. To 1973 oi Lasota & Yorke [23℄ apèdeixanto parak�tw je¸rhma.Je¸rhma 2.2.2 'Estw f : [�1; 1℄ ! [�1; 1℄ e�nai mia C2 sun�rthshèkto
 �sw
 apì ta shme�a �1 = a0 < a1 < a2 < : : : < ar = 1 gia thnopo�a isqÔoun oi parak�tw idiìthte
:i) up�rqei stajer� � > 1 tètoia ¸ste jf 0(x)j � � gia k�je x 2 r[i=1(ai�1; ai),ii) up�rqei stajer� 
 <1 tètoia ¸ste jf 00(x)jjf 0(x)j2 � 
 gia k�je x 2 r[i=1(ai�1; ai).Tìte h f èqei èna anallo�wto mètro apolÔtw
 suneqè
 w
 pro
 to mètroLebesgue.
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Mia apeikìnish pou plhre� thn sunj kh (i) tou parap�nw jewr mato
lègetai kat� tm mata epektatik  ,   apl� epektatik  . H apeikìni-sh f lègetai telik¸
 epektatik  an h fk e�nai epektatik , gia k�poiofusikì arijmì k > 1.



Kef�laio 3Topologik  isodunam�a
3.1 Topologik  isodunam�a kat� tm mata monì-tonwn apeikon�sewnJewroÔme thn oikogèneia apeikon�sewn M oi opo�e
 e�nai kat� tm matamonìtone
, epektatikè
 kai ikanopoioÔn mia sunj kh Markov. Pio sug-kekrimèna mia apeikìnish f : [0; 1℄ ! [0; 1℄ an kei sthn oikogèneia M anup�rqei diamèrish 0 = a0 < a1 < : : : < ar = 1 (r � 2) tou [0; 1℄ tètoia¸ste(a) o periorismì
 f j(ai�1; ai) e�nai monìtonhC1 apeikìnish (i = 1; 2; : : : ; r),(b) gia k�je i = 1; 2; : : : ; r up�rqoun p(i); q(i) 2 f0; 1; 2; : : : ; rg mep(i) < q(i) tètoia ¸ste f(ai�1; ai) = (ap(i); aq(i)), (sunj khMarkov)(g) up�rqei � > 1 tètoio
 ¸ste jf 0(x)j � �, gia k�je x 2 [0; 1℄.17



18 Kef�laio 3. Topologik  isodunam�aGia ti
 timè
 th
 f sta shme�a th
 diamèrish
 upojètoume ìti isqÔeif(ai) = limx!a�i f(x)   f(ai) = limx!a+i f(x):Akìmh, h par�gwgo
 th
 sun�rthsh
 sta shme�a aut� pa�rnei dÔo timè
f 0(a�i ) = limx!a�i f 0(x) kai f 0(a+i ) = limx!a+i f 0(x) (Sq ma 3:1):Se aut  thn enìthta ja melet soume ti
 topologikè
 isodunam�e
 twnapeikon�sewn f 2 M. An 0 = a0 < a1 < : : : < ar = 1 e�nai h diamèrishpou antistoiqe� sthn f , lème ìti h f e�nai t�xh
 r. Ta shme�a th
 diamè-rish
 onom�zontai kr�sima shme�a th
 f . Sumbol�zoume me I1; : : : ; Ir tadiast mata th
 diamèrish
, dhlad , Ij = (aj�1; aj). Upojètoume ìti aut�ta diast mata èqoun thn parak�tw idiìthta: an I e�nai èna di�sthma pouperièqei gnhs�w
 èna apì ta I1; : : : ; Ir, tìte o periorismì
 th
 f sto Iden e�nai suneq 
   monìtonh apeikìnish.Sumbol�zoume me fj ton periorismì th
 f sto Ij . Akìmh, sumbol�zoumeme Fj0j1:::jk th sÔnjesh f�1j0 Æf�1j1 Æ: : :Æf�1jk , ìpou ta j0; j1; : : : ; jk an kounsto f1; 2; : : : ; rg. ParathroÔme ìti h Fj0j1:::jk den or�zetai kat> an�gkh giak�je (peperasmènh) akolouj�a j0j1 : : : jk. Pio sugkekrimèna, h Fj0j1:::jkor�zetai mìno an Ijm � f(Ijm�1), gia k�je m = 1; 2 : : : k. S> aut  thn pe-r�ptwsh h akolouj�a j0j1 : : : jk lègetai epitrept  gia thn f . Akìmh, pa-rathroÔme ìti to Fj0j1:::jk(x) e�nai to monadikì shme�o y 2 Ij0 tètoio ¸stef(y) 2 Ij1 ; : : : ; fk(y) 2 Ijk kai fk+1(y) = x. Dhlad , h troqi� tou y epi-skèptetai diadoqik� ta diast mata Ij0 ; : : : ; Ijk kai y = Fj0j1:::jk(fk+1(y)).Or�zoume to sÔnolo twn shme�wn pou telik� apeikon�zontai se k�poiokr�simo shme�o C(f) = r[j=0 1[i=0 f�i(aj):



3.1 Topologik  isodunam�a kat� tm mata monìtonwn apeikon�sewn 19Sun jw
, an den up�rqei k�nduno
 sÔgqush
, ja gr�foume apl� C ant�tou C(f).Sth sunèqeia, ja eis�goume orismène
 ènnoie
 th
 sumbolik 
 dunami-k 
. Se k�je shme�o x tou C, antistoiqoÔme mia akolouj�a sumbìlwn pousqet�zetai me thn di�taxh twn shme�wn th
 troqi�
 O(x).Orismì
 3.1.1 H pore�a tou x 2 C w
 pro
 thn f 2M e�nai h akolouj�aif (x) = fin(x)g1n=0, ìpouin(x) = ( j; an fn(x) 2 Ij;2j+12 ; an fn(x) = aj:'Eqoume ètsi thn apeikìnish if : C ! f12 ; 1; 32 ; : : : ; r; 2r+12 gN . Giathn perigraf  tou sunìlou if (C) ja qrhsimopoi soume thn apeikìnishmetatìpish
 � pou or�zetai w
 ex 
: an x = fxng1n=0, tìte �(x) = y,ìpou y = fxng1n=1. Epagwgik�, èqoume �k(x) = fxng1n=k. Se k�jeapeikìnish f 2 M t�xh
 r, antistoiqoÔme èna sÔnolo akolouji¸n �(f)to opo�o e�nai uposÔnolo tou f12 ; 1; 32 ; : : : ; r; 2r+12 gN . Perigr�foume autìto sÔnolo ston parak�tw orismì.Orismì
 3.1.2 'Estw f 2 M me diamèrish 0 = a0 < a1 < : : : < ar =1. Or�zoume to sÔnolo twn akolouji¸n �(f) = fa : a = fxng1n=0g mestoiqe�a apì to sÔnolo f12 ; 1; 32 ; : : : ; r; 2r+12 g, pou ikanopoioÔn ti
 parak�twsunj ke
:(a) 'Estw a = fxng1n=0 2 �(f). Tìte up�rqei èna stoiqe�o xn th
akolouj�a
 a th
 morf 
 2k+12 , ìpou k = 0; 1; : : : ; r. Epiplèon,an xN e�nai to pr¸to stoiqe�o th
 a me aut  thn idiìthta, tìte�N (a) = if (ak).



20 Kef�laio 3. Topologik  isodunam�a(b) An 0 � n < N � 1 kai xn = j, tìte p(j) + 1 � xn+1 � q(j).Profan¸
 h sunj kh (b) tou parap�nw orismoÔ èqei nìhma mìno an N >1. Apì aut  thn sunj kh prokÔptei ìti h akolouj�a x0x1 : : : xN�1 e�naiepitrept .L mma 3.1.3 'Estw f 2M mia apeikìnish t�xh
 r. Tìte if (C) = �(f).Apìdeixh. 'Estw a 2 if (C), tìte up�rqei x 2 C tètoio ¸ste if (x) =a. AfoÔ x 2 C ja up�rqoun N 2 N kai k = 0; 1; : : : ; r, tètoia ¸stefN(x) = ak kai to fn(x) den e�nai kr�simo shme�o gia n < N . Tìte�N (a) = if (ak). 'Estw t¸ra N > 1 kai n < N � 1, tìte epeid  to fn(x)den e�nai kr�simo shme�o up�rqei j tètoio
 ¸ste fn(x) 2 Ij . Akìmh, apìton orismì twn sunart sewn f 2M, èqoume fn+1(x) 2 Ip(j)+1[: : :[Iq(j).'Ara, a 2 �(f).'Estw t¸ra a = fxng 2 �(f). Prèpei na de�xoume ìti up�rqei x 2 Ctètoio ¸ste if (x) = a. Apì ton Orismì 3.1.2, èna stoiqe�o th
 akolouj�a
a e�nai th
 morf 
 2k+12 . 'Estw xn to pr¸to stoiqe�o m> aut  thn idiìthta.Tìte to shme�o x = Fx0x1:::xn�1(ak) e�nai to zhtoÔmeno. �MporoÔme na or�soume mia di�taxh sto sÔnolo if (C) h opo�a e�naisunep 
 me th sun jh di�taxh twn pragmatik¸n arijm¸n. DÔo ako-louj�e
 sumbìlwn x = fxng1n=0 kai y = fyng1n=0 pou an koun stof12 ; 1; 32 ; : : : ; r; 2r+12 gN lème ìti èqoun asumfwn�a t�xh
 n an xi = yi,gia k�je i = 0; 1; : : : ; n� 1, kai xn 6= yn.'Estw x; y dÔo shme�a tou C. An oi pore�e
 tou
 èqoun asumfw-n�a t�xh
 n, ta pr¸ta n shme�a twn troqi¸n tou
 episkèptontai tau-tìqrona ta �dia diast mata Ij th
 diamèrish
. Pio sugkekrimèna, anik(x) = ik(y) = jk, gia k�je k = 0; 1; : : : ; n � 1, kai in(x) 6= in(y)



3.1 Topologik  isodunam�a kat� tm mata monìtonwn apeikon�sewn 21ja de�xoume ìti ta stoiqe�a j0; j1; : : : ; jn�1 den e�nai th
 morf 
 2s+12 .Pr�gmati, an upojèsoume to ant�jeto èqoume if (x) = if (y), pou e�nai�topo, giat� in(x) 6= in(y). Apì ton Orismì 3.1.1, ta x; y an koun stoIj0 kai diadoqik� episkèptontai ta diast mata Ij1 ; : : : ; Ijn�1 . Ta diast -mata Ij0 ; Ij1 ; : : : ; Ijn�1 ta kaloÔme koin� diast mata twn x; y. Akìmh,mporoÔme na gr�youme x = Fj0j1:::jn�1(fn(x)) kai y = Fj0j1:::jn�1(fn(y)).Me ton epìmeno orismì eis�goume mia sqèsh di�taxh
 sto sÔnolo twnakolouji¸n if (C).Orismì
 3.1.4 'Estw f 2 M kai x; y 2 C me x 6= y. Upojètoume ìti oipore�e
 if (x) kai if (y) èqoun asumfwn�a t�xh
 n kai ìti h f e�nai gnhs�w
fj�nousa se k apì ta koin� diast mata twn x; y.(a) An o k e�nai �rtio
, tìte if (x) � if (y) an kai mìno an in(x) < in(y).(b) An o k e�nai perittì
, tìte if (x) � if (y) an kai mìno an in(x) >in(y).L mma 3.1.5 'Estw f 2M mia apeikìnish t�xh
 r kai èstw x; y 2 C mex 6= y. Tìte if (x) � if (y) an kai mìno an x < y.Apìdeixh. Upojètoume ìti oi pore�e
 if (x) kai if (y) èqoun asumfwn�at�xh
 n. Dhlad , ik(x) = ik(y) = jk, gia k�je k = 0; 1; : : : ; n � 1,kai in(x) 6= in(y). Upojètoume akìmh ìti h f e�nai gnhs�w
 fj�nousa sek apì ta koin� diast mata Ij0 ; Ij1 ; : : : ; Ijn�1 twn x; y. Diakr�noume dÔopeript¸sei
:(a) An k = �rtio
, tìte h apeikìnish Fj0j1:::jn�1 e�nai gnhs�w
 aÔxou-sa. Upojètoume ìti if (x) � if (y), tìte apì ton Orismì 3.1.4 èqou-



22 Kef�laio 3. Topologik  isodunam�ame in(x) < in(y). Autì shma�nei ìti fn(x) < fn(y) kai, ètsi, x =Fj0j1:::jn�1(fn(x)) < y = Fj0j1:::jn�1(fn(y)).(b) An k = perittì
, tìte h apeikìnish Fj0j1:::jn�1 e�nai gnhs�w
 fj�-nousa. Upojètoume ìti if (x) � if (y), tìte apì ton Orismì 3.1.4 èqou-me in(y) < in(x). Autì shma�nei ìti fn(x) > fn(y) kai, ètsi, x =Fj0j1:::jn�1(fn(x)) < y = Fj0j1:::jn�1(fn(y)). �L mma 3.1.6 'Estw f 2 M mia apeikìnish t�xh
 r. H apeikìnish if :C ! �(f) e�nai amfimonos manth.Apìdeixh. 'Estw x; y 2 C me if (x) = if (y). 'Estw akìmh, k;m oimikrìteroi akèraioi gia tou
 opo�ou
 ta fk(x); fm(y) e�nai kr�sima shme�ath
 f . Ja apode�xoume pr¸ta ìti k = m. Upojètoume ant�jeta ìtik 6= m (èstw k < m). AfoÔ to fk(x) e�nai èna kr�simo shme�o, èqoumeik(x) 2 f12 ; 32 ; : : : ; 2r+12 g. 'Omw
, èqoume ep�sh
 ìti ik(y) 2 f1; 2; : : : ; rg,pou e�nai �topo, giat�, ik(x) = ik(y). 'Ara, k = m. Epiplèon, parathroÔmeìti fk(x) = fk(y) = aj, giat� ik(x) = ik(y) kai e�nai th
 morf 
 2j+12 .Upojètoume ìti in(x) = in(y) = jn 2 f1; 2; : : : ; rg, gia k�je n =0; 1; : : : ; k�1. Apì ton Orismì 3.1.1, ta shme�a x; y an koun sto di�sthmaIj0 kai diadoqik� episkèptontai ta diast mata Ij1 ; : : : ; Ijk�1 . 'Ara, èqoumex = Fj0j1:::jk�1(fk(x)) kai y = Fj0j1:::jk�1(fk(y)). 'Omw
, epeid  fk(x) =fk(y), pa�rnoume telik� x = y. 'Etsi, apode�xame ìti h apeikìnish if e�naiamfimonos manth. �L mma 3.1.7 'Estw f 2 M mia apeikìnish t�xh
 r. Tìte to sÔnolo Ce�nai puknì sto [0; 1℄.Apìdeixh. 'Estw ~J � [0; 1℄ èna anoiqtì di�sthma tètoio ¸ste ~J\C = ?.Ja apode�xoume arqik� ìti fn( ~J) \ C = ? gia k�je n 2 N. Upojètoume
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(a) (b)Sq ma 3.1: Oi grafikè
 parast�sei
 dÔo topologik� isodÔnamwn apeiko-n�sewnant�jeta ìti up�rqei x 2 fn( ~J) \ C, tìte up�rqei y 2 ~J tètoio ¸stex = fn(y). 'Omw
, fm(x) = ak, gia k�poio m 2 N kai k = 0; 1; 2; : : : ; r,giat� x 2 C. 'Ara fm+n(y) = fm(fn(y)) = fm(x) = ak, dhlad , y 2 C,pou e�nai �topo giat� ~J \ C = ?. 'Etsi èqoume ìti h f e�nai gnhs�w
monìtonh kai C1 se kajèna apì ta diast mata ~J; f( ~J); f2( ~J); : : : , giat�kanèna apì aut� ta diast mata den perièqei kr�simo shme�o.Ja apode�xoume me epagwg  ìti jfn( ~J)j � �nj ~J j, gia k�je n � 1.Apì to Je¸rhma Mèsh
 Tim 
 kai epeid  h f e�nai gnhs�w
 monìtonh sto~J , èqoume jf( ~J)jj ~J j = jf 0(a)j, gia k�poio a 2 ~J . 'Omw
, jf 0(a)j � � kai,ètsi jf( ~J)j � �j ~J j. 'Ara o isqurismì
 e�nai alhj 
 gia n = 1. Upojè-toume t¸ra ìti o isqurismì
 e�nai alhj 
 gia k < n. Apì to Je¸rhma



24 Kef�laio 3. Topologik  isodunam�aMèsh
 Tim 
 kai epeid  h f e�nai gnhs�w
 monìtonh sto fn�1( ~J), èqou-me jfn( ~J)jjfn�1( ~J)j = jf 0(a1)j � �, gia k�poio a1 2 fn�1( ~J). 'Ara, jfn( ~J)j ��jfn�1( ~J)j. Apì thn upìjesh th
 epagwg 
 èqoume jfn�1( ~J)j � �n�1j ~J j.Sundu�zonta
 ti
 dÔo teleuta�e
 anis¸sei
 pa�rnoume telik� jfn( ~J)j ��nj ~J j.Gia k�poia tim  tou n e�nai �nj ~J j > 1 pou e�nai �topo giat� jfn( ~J)j � 1.'Ara to C e�nai puknì sto [0; 1℄. �Je¸rhma 3.1.8 'Estw f 2M mia apeikìnish t�xh
 r me diamèrish 0 =a0 < a1 < : : : < ar = 1. JewroÔme thn apeikìnish T 2 M me diamèrish0 < 1r < 2r < : : : < r�1r < 1 h opo�a e�nai grammik  se kajèna apìta diast mata [ i�1r ; ir ℄ kai isqÔei T ( i�1r ; ir ) = (p(i)r ; q(i)r ). Upojètoume,akìmh, ìti o periorismì
 T j[ i�1r ; ir ℄ èqei to �dio e�do
 monoton�a
 me tonperiorismì f j[ai�1; ai℄ kai h T e�nai suneq 
, suneq 
 apì ta dexi�  suneq 
 apì ta arister� sto ir , an h f e�nai suneq 
, suneq 
 apì tadexi�   suneq 
 apì ta arister� sto ai, ant�stoiqa. Tìte oi apeikon�sei
f kai T e�nai topologik� isodÔname
. (Sq ma 3.1)Apìdeixh. Lamb�nonta
 upìyh ìti (a) if (ak) = iT (kr ), (b) h akolouj�aj0j1 : : : jn e�nai epitrept  gia thn f an kai mìno an e�nai epitrept  giathn T kai (g) ton Orismì 3.1.2, èqoume �(f) = �(T ). MporoÔme naor�soume mia apeikìnish h : C(f)! C(T ), h opo�a e�nai gnhs�w
 aÔxousa,amfimonos manth, ep� kai tètoia ¸ste hÆf = T Æh. Dhlad , to di�grammaC(f) h���! C(T )f??y ??yTC(f) h���! C(T )



3.2 Apeikon�sei
 me arijm simh diamèrish 25antimetat�jetai.H apeikìnish aut  or�zetai w
 ex 
: èstw x 2 C(f), or�zoume san h(x)to monadikì stoiqe�o tou C(T ), gia to opo�o if (x) = iT (h(x)): IsodÔnama,h = i�1T Æ if : Apì ta L mmata 3.1.3 kai 3.1.6 oi apeikon�sei
 if kai iT e�naiamfimonos mante
 kai ep�, �ra kai h h ja e�nai amfimonos manth kai ep�.Apì to L mma 3.1.5, oi if kai iT e�nai gnhs�w
 aÔxouse
, opìte to �dioisqÔei kai gia thn h.'Estw x 2 C(f). Ja apode�xoume ìti ta h Æ f(x) kai T Æ h(x) èqounti
 �die
 pore�e
 w
 pro
 T . Pr�gmati,iT (h(f(x))) = if (f(x)) = �(if (x)):'Omw
, iT (T (h(x))) = �(iT (h(x))) = �(if (x)):Kai epeid  h iT e�nai amfimonos manth, èqoume ìti h Æ f(x) = T Æ h(x):Apì to L mma 3.1.7 ta sÔnola C(f) kai C(T ) e�nai pukn� sto [0,1℄.'Etsi mporoÔme na epekte�noume thn h se ènan omoiomorfismì ~h : [0; 1℄![0; 1℄ tètoion ¸ste ~h Æ f = T Æ ~h. �3.2 Apeikon�sei
 me arijm simh diamèrishSthn prohgoÔmenh enìthta melet same apeikon�sei
 th
 oikogèneia
 Mme peperasmènh diamèrish. S> aut  thn enìthta ja melet soume mia oiko-gèneia apeikon�sewn M1 me arijm simh diamèrish.Orismì
 3.2.1 Mia apeikìnish f : [0; 1℄! [0; 1℄ an kei sthn oikogèneiaM1 an up�rqei mia akolouj�a pragmatik¸n arijm¸n fang1n=0 me 0 =a0 < a1 < a2 < : : : kai limn!1an = 1 tètoia ¸ste:



26 Kef�laio 3. Topologik  isodunam�a(a) h f e�nai C1 kai monìtonh se kajèna apì ta diast mata Ii = (ai�1; ai)th
 diamèrish
.(b) Gia k�je i 2 N� , up�rqoun monadik� p(i); q(i) 2 N me p(i) < q(i)tètoia ¸ste f(ai�1; ai) = (ap(i); aq(i)).(g) Up�rqei � > 1 tètoio
 ¸ste jf 0(x)j � �, gia k�je x 2 [0; 1℄.Ta shme�a a0; a1; : : : th
 diamèrish
 onom�zontai kr�sima shme�a.Par�deigma apeikìnish
 f 2M1 apotele� hf(x) = 8><>: 2n+ 2n+ 2 x+ 1� nn+ 2 ; an x 2 hn� 1n ; nn+ 1�; gia n � 11; an x = 1 :Gia aut  thn apeikìnish èqoume an = nn+1 , p(i) = i� 1; q(i) = i+1, giat�f(ai�1; ai) = (ai�1; ai+1) kai � = 43 , giat� f 0(x) = 2n+2n+2 � 43 , gia n � 1.To sÔnolo twn shme�wn tou [0; 1℄ pou telik� apeikon�zetai se kr�simoshme�o th
 f e�nai to C1(f) = 1[j=0 1[i=0 f�i(aj):JewroÔme thn apeikìnish if : C1 ! f12 ; 1; 32 ; 2; : : : gN pou se k�jeshme�o x 2 C1 antistoiqe� thn akolouj�a if (x) = fin(x)g1n=0, ìpouin(x) = ( j; an fn(x) 2 Ij ;2j+12 ; an fn(x) = aj :Orismì
 3.2.2 'Estw f 2 M1 me diamèrish 0 = a0 < a1 < a2 < : : : <1. Or�zoume to sÔnolo �1(f) = fa : a = fxng1n=0g twn akolouji¸n mestoiqe�a apì to f12 ; 1; 32 ; : : : g, w
 ex 
:(a) 'Estw a = fxng1n=0 2 �1(f). Tìte up�rqei èna stoiqe�o xn th
akolouj�a
 a, th
 morf 
 2k+12 , ìpou k = 0; 1; : : : . Akìmh, an xN



3.2 Apeikon�sei
 me arijm simh diamèrish 27e�nai to pr¸to stoiqe�o th
 a me aut  thn idiìthta, tìte �N (a) =if (ak).(b) An 0 � n < N � 1 kai xn = j, tìte p(j) + 1 � xn+1 � q(j).H apeikìnish if : C1(f)! �1(f) e�nai amfimonos manth, ep� kai gnh-s�w
 aÔxousa. Akìmh, to sÔnolo C1 e�nai puknì sto [0; 1℄. Oi apode�xei
twn parap�nw isqurism¸n e�nai ìmoie
 me ti
 apode�xei
 twn Lhmm�twn3.1.3, 3.1.5, 3.1.6 kai 3.1.7. Oi mìne
 allagè
 pou prèpei na g�noun e�naina antikatastajoÔn oi parast�sei
 k = 0; 1; 2; : : : ; r, f1; 2; : : : ; rg kaif12 ; 32 ; : : : ; 2r+12 g me ti
 parast�sei
 k 2 N, N� kai f12 ; 32 ; : : : g ant�stoiqa.Je¸rhma 3.2.3 'Estw f 2M1 me diamèrish 0 = a0 < a1 < a2 < : : : <1. JewroÔme thn apeikìnish T 2 M1 me diamèrish 0 < 12 < 23 < 34 <: : : < 1 h opo�a e�nai grammik  se kajèna apì ta diast mata [ i�1i ; ii+1 ℄ kaiisqÔei T ( i�1i ; ii+1 ) = ( p(i)p(i)+1 ; q(i)q(i)+1 ). Akìmh, o periorismì
 T j[ i�1i ; ii+1 ℄èqei to �dio e�do
 monoton�a
 me ton periorismì f j[ai�1; ai℄ kai h T e�naisuneq 
, suneq 
 apì ta dexi�   suneq 
 apì ta arister� sto ii+1 , an hf e�nai suneq 
, suneq 
 apì ta dexi�   suneq 
 apì ta arister� sto ai,ant�stoiqa. Tìte oi apeikon�sei
 f kai T e�nai topologik� isodÔname
.Apìdeixh. ParathroÔme ìti if (ak) = iT ( kk+1), gia k�je k � 0 kaiìti mia akolouj�a j0j1 : : : jn e�nai epitrept  gia thn f an kai mìno an e�naiepitrept  gia thn T . 'Etsi apì ton Orismì 3.2.2 èqoume �1(f) = �1(T ).Or�zoume thn apeikìnish h = i�1T Æ if : C1(f)! C1(T ) h opo�a e�naiamfimonos manth, ep�, gnhs�w
 aÔxousa kai tètoia ¸ste h Æ f = T Æ h.Epeid  ta sÔnola C1(f) kai C1(T ) e�nai pukn� sto [0; 1℄, mporoÔme naepekte�noume thn h se ènan omoiomorfismì ~h : [0; 1℄! [0; 1℄ tètoion ¸ste~h Æ f = T Æ ~h. �



28 Kef�laio 3. Topologik  isodunam�a3.3 Topologik  entrop�a gia suneqe�
 apeikon�-sei
'Opw
 e�dame sthn enìthta 2.1, h topologik  entrop�a mia
 apeikìnish
e�nai èna mètro th
 poluplokìthta
 th
 apeikìnish
 kai e�nai topologik�anallo�wth. S> aut  thn enìthta ja asqolhjoÔme me thn topologik entrop�a twn apeikon�sewn f 2M kai f 2M1. Pio sugkekrimèna, sthnPrìtash 3.3.1 d�noume mia mèjodo upologismoÔ th
 topologik 
 entrop�a
gia ti
 apeikon�sei
 th
 oikogèneia
 M. To apotèlesma autì e�nai  dhgnwstì [5, 37℄, ìmw
 h apìdeixh pou d�noume e�nai pio apl  kai apotele�mia efarmog  tou Jewr mato
 3.1.8. Sth sunèqeia, ja apode�xoume ìtito je¸rhmaMisiurewi
z-Szlenk den mpore� na epektaje� gia kat� tm matamonìtone
 apeikon�sei
 me arijm simh diamèrish.3.3.1 Upologismì
 th
 topologik 
 entrop�a
 gia sune-qe�
 apeikon�sei
 th
 M'Estw f mia suneq 
 apeikìnish th
 oikogèneia
 M kai èstw T ìpw
sto Je¸rhma 3.1.8. H kl�sh th
 T den e�nai apara�thta stajer  kat�apìluth tim  (Sq ma 3.2). ParathroÔme ìti to Je¸rhma 3.1.8 isqÔei anall�xoume th diamèrish 0 < 1r < 2r < � � � < r�1r < 1 me mia opoiad pote�llh diamèrish th
 morf 
 0 = b0 < b1 < : : : < br = 1. 'Etsi, s>aut  thn enìthta exet�zoume an e�nai dunatìn na broÔme mia diamèrish0 = b0 < b1 < : : : < br = 1 tou [0; 1℄ tètoia ¸ste h par�stash bq(i) � bp(i)bi � bi�1na e�nai stajer  gia k�je i.Gia na apant soume se autì to er¸thma, se k�je suneq  apeikìnish
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(a) (b)Sq ma 3.2: Oi dÔo apeikon�sei
 e�nai topologik� isodÔname
, ìmw
 h kl�shth
 apeikìnish
 sto (b) den e�nai stajer  kat� apìluth tim f 2M, antistoiqoÔme èna r � r p�naka A = [aij ℄, ìpouaij = ( 1; an (bi�1; bi) \ f�1(bj�1; bj) 6= ?;0; an (bi�1; bi) \ f�1(bj�1; bj) = ?:Apì ton orismì twn sunart sewn f 2M pa�rnoumeaij = ( 1; an j 2 fp(i) + 1; p(i) + 2; : : : ; q(i)g;0; alloi¸
: (3.1)ParathroÔme ìti, gia k�je i = 1; 2; : : : ; r, up�rqei èna
 toul�qiston jtètoio
 ¸ste aij = 1.Prìtash 3.3.1 'Estw f 2 M mia suneq 
 apeikìnish t�xh
 r kai A oant�stoiqo
 p�naka
.



30 Kef�laio 3. Topologik  isodunam�a(a) An up�rqei idiotim  s > 1 tou p�naka A tètoia ¸ste to ant�stoiqoidiodi�nusma na e�nai jetikì, tìte h topologik  entrop�a th
 f e�nailn s.(b) An gia k�je idiotim  � tou p�naka A isqÔei � � 1,  , èna toul�qistonapì ta stoiqe�a tou ant�stoiqou idiodianÔsmato
 e�nai mh jetikì, tìteh topologik  entrop�a th
 f e�nai mhdèn.Apìdeixh. (a) 'Estw x = (x1; : : : ; xr)� èna idiodi�nusma tou p�naka Apou antistoiqe� sthn idiotim  s me rXi=1 xi = 1. Tìte h isìthta Ax = sxgr�fetai, isodÔnama, rXj=1 aijxj = sxi, gia k�je i = 1; 2; : : : ; r, kai lìgwth
 (3.1), pa�rnoumexp(i)+1 + xp(i)+2 + � � �+ xq(i) = sxi; i = 1; 2; : : : ; r: (3.2)'Estw b0 = 0 kai bk = kXi=1 xi; gia k = 1; 2; : : : ; r: (3.3)ParathroÔme ìti bk > bk�1, gia k = 1; 2; : : : ; r, giat�bk � bk�1 = xk > 0 (3.4)Akìmh, br = 1, �ra, èqoume th diamèrish 0 = b0 < b1 < : : : < br = 1 tou[0; 1℄. Apì ti
 (3.3), (3.2) kai (3.4) pa�rnoume diadoqik�bq(i) � bp(i) = xp(i)+1 + xp(i)+2 + � � �+ xq(i)= sxi= s(bi � bi�1); i = 1; 2; : : : ; r (3.5)



3.3 Topologik  entrop�a gia suneqe�
 apeikon�sei
 31'Estw T h kat� tm mata grammik  apeikìnish pou èqei diamèrish thn b0 <b1 < : : : < br kai e�nai topologik� isodÔnamh me thn f . Apì thn (3.5)prokÔptei ìti h kl�sh th
 T e�nai �s. Tìte, apì to Pìrisma 2.1.9, èqoumeh(T ) = ln s.(b) Upojètoume to ant�jeto, dhlad , ìti h(f) > 0. Tìte h f e�-nai topologik� isodÔnamh me mia kat� tm mata grammik  apeikìnish T mestajer  kl�sh kat� apìluth tim  [33℄. 'Etsi, up�rqei diamèrish 0 = b0 <b1 < : : : < br = 1 tou [0; 1℄ kai stajer� ~s > 1 tètoia ¸stejT (bi�1; bi)j = ~sj(bi�1; bi)j; gia k�je i = 1; 2; : : : ; r: (3.6)Apì thn (3.6) pa�rnoume q(i)Xj=p(i)+1(bj � bj�1) = ~s(bi � bi�1), h opo�a lìgwth
 (3.1) g�netai rXj=1 aij(bj � bj�1) = ~s(bi � bi�1).An jewr soume to jetikì di�nusma x = (b1 � b0; b2 � b1; : : : ; br �br�1)� , h teleuta�a isìthta gr�fetai Ax = ~sx, pou e�nai �topo. �
3.3.2 Par�deigmaJewroÔme thn apeikìnish f 2M, th
 opo�a
 h grafik  par�stash d�netaisto Sq ma 3.2 (a). SÔmfwna me to Je¸rhma 3.1.8 h f e�nai topologik�isodÔnamh me thn T , h opo�a e�nai kat� tm mata grammik  (h grafik par�stash th
 T d�netai sto Sq ma 3.2 (b)). O p�naka
 pou antistoiqe�
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Sq ma 3.3: H apeikìnish ~T tou sq mato
 èqei stajer  kl�sh kat� apìlu-th tim  kai e�nai topologik� isodÔnamh me ti
 apeikon�sei
 tou Sq mato
3.2sthn f e�nai A = 2666664 1 1 1 00 1 1 00 1 1 11 1 1 1
3777775 :H mègisth idiotim  e�nai s = 2:8393 kai èna idiodi�nusma pou antistoiqe�s> aut  thn idiotim  e�nai to(0:2282; 0:1477; 0:2719; 0:3522)� :Tìte apì thn (3.4) èqoume b0 = 0; b1 = 0:2282; b2 = 0:3759; b3 =0:6478; b4 = 1. H f e�nai topologik� isodÔnamh me thn ~T th
 opo�a
 h



3.3 Topologik  entrop�a gia suneqe�
 apeikon�sei
 33grafik  par�stash d�netai sto Sq ma 3.3. Epeid  h kl�sh th
 ~T e�naistajer  kat� apìluth tim  èqoume h(f) = h( ~T ) = ln s = 1:0435:3.3.3 Topologik  entrop�a mia
 idia�terh
 upokl�sh
 th
M1Sth sunèqeia ja apode�xoume ìti to Je¸rhma 2.1.8 twn Misiurewi
z-Szlenk den isqÔei sthn per�ptwsh twn apeikon�sewn th
 oikogèneia
M1.Prìtash 3.3.2 JewroÔme thn oikogèneia twn apeikon�sewn S pou or�-zontai apì ton tÔpofs(x) = 8>><>>: sx+ (1� s)a2k ; an x 2 [a2k ; a2k+1); gia k � 0�sx+ (1 + s)a2k ; an x 2 [a2k�1 ; a2k); gia k � 11; an x = 1 ;ìpou a2k = 1� �s� 12 �k kai a2k+1 = 1� s2 + 2s� 34s �s� 12 �k, k � 0 kai1 < s < 3. Tìte isqÔoun ta parak�tw:(a) S �M1.(b) H fs e�nai suneq 
, gia k�je s 2 (1; 3).(g) An s1; s2 2 (1; 3), tìte oi fs1 kai fs2 e�nai topologik� isodÔname
.Apìdeixh. (a) 'Estw fs 2 S. Ja apode�xoume pr¸ta ìti h akolouj�afang apotele� mia diamèrish tou [0; 1℄ me 0 = a0 < a1 < a2 < : : : kailimn!1an = 1. Epeid  1 < s < 3 èqoumea2k+1 � a2k = (3� s)(s+ 1)4s �s� 12 �k > 0



34 Kef�laio 3. Topologik  isodunam�akai a2k+2 � a2k+1 = 3� s2s �s� 12 �k+1 > 0;ètsi, a2k < a2k+1 < a2k+2 , gia k � 0. Epiplèon, limk!1a2k = limk!1a2k+1 = 1,afoÔ 0 < s�12 < 1 kai o isqurismì
 apode�qjhke.Profan¸
, h fs e�nai monìtonh kai C1 sto [ai�1; ai℄ me jf 0(x)j = s > 1.Apomènei na apode�xoume ìti gia k�je i 2 N� up�rqoun ps(i); qs(i) 2 Nme ps(i) < qs(i) tètoia ¸ste fs(ai�1; ai) = (aps(i); aqs(i)). Pr¸ta jaapode�xoume ìti fs(a2k ; a2k+1) = (a2k ; a2k+4); gia k � 0: (3.7)Pr�gmati, fs(a+2k) = sa2k + (1� s)a2k = a2kkai fs(a�2k+1) = sa2k+1 + (1� s)a2k = 1� �s� 12 �k+2 = a2k+4 :Sth sunèqeia ja apode�xoume ìtifs(a2k�1 ; a2k) = (a2k ; a2k+2); gia k � 1: (3.8)Pr�gmati,fs(a+2k�1) = �sa2k�1 + (1 + s)a2k = 1� �s� 12 �k+1 = a2k+2kai fs(a�2k) = �sa2k + (1� s)a2k = a2k :



3.3 Topologik  entrop�a gia suneqe�
 apeikon�sei
 35'Etsi fs 2M1.(b) h fs e�nai suneq 
 sto a2k , gia k � 0, giat�fs(a2k) = limx!a+2k fs(x) = sa2k + (1� s)a2k = a2kkai limx!a�2k fs(x) = �sa2k + (1 + s)a2k = a2k :Akìmh, h fs e�nai suneq 
 sto a2k+1 , gia k � 0, giat�fs(a2k+1) = limx!a+2k+1 fs(x) = �sa2k+1 + (1 + s)a2k+2 = 1� �s� 12 �k+2kai limx!a�2k+1 fs(x) = sa2k+1 + (1� s)a2k = 1� �s� 12 �k+2:Tèlo
, ja apode�xoume ìti h fs e�nai suneq 
 sto 1. ParathroÔme pr¸taìti apì ti
 (3.7) kai (3.8) èqoume fs(x) � a2k , gia x � a2k . 'Estw � > 0,tìte up�rqei k > 0 tètoio ¸ste 1 � � < a2k , afoÔ limk!1a2k = 1. 'EstwÆ = 1� a2k , tìte gia x > 1� Æ = a2k èqoume f(x) > a2k > 1� �.(g) Apì ti
 (3.7) kai (3.8) prokÔptei ìtip(i) = ( i�12 ; an i = perittì
i; an i = �rtio
 kai q(i) = ( i+ 3; an i = perittì
i+ 2; an i = �rtio
pou shma�nei ìti ta p(i); q(i) e�nai anex�rthta apì to s. Tìte, apì toJe¸rhma 3.2.3 prokÔptei ìti dÔo apeikon�sei
 fs1 ; fs2 2 S me s1 6= s2 e�naitopologik� isodÔname
. �AfoÔ oi apeikon�sei
 th
 oikogèneia
 S e�nai topologik� isodÔname
,èqoun thn �dia topologik  entrop�a. Aut  thn topologik  entrop�a upo-log�zoume sthn Prìtash pou akolouje�.



36 Kef�laio 3. Topologik  isodunam�aUpenjum�zoume ìti h topologik  entrop�a tou periorismoÔ f jK d�netaiapì ton tÔpo h(f jK) = lim�!0 lim supn!1 1n log rn(�;K; f); (3.9)ìpou f : [0; 1℄ ! [0; 1℄ suneq 
, K � [0; 1℄ sumpagè
 kai rn(�;K; f) omikrìtero
 plhj�rijmo
 pou mpore� na èqei èna (n; �)-ekteinìmeno sÔnologia to K w
 pro
 thn f .Prìtash 3.3.3 'Estw f 2 S me diamèrish 0 = a0 < a1 < a2 < : : : < 1,tìte h(f) = 0.Apìdeixh. Isqurizìmaste ìti 
(f) = fa2kg1k=0 [ f1g. Profan¸
,fa2kg1k=0 [ f1g � 
(f), giat� k�je shme�ou tou sunìlou fa2kg1k=0 [ f1ge�nai stajerì. 'Estw x 2 [1k=0(a2k ; a2k+2). Diakr�noume dÔo peript¸sei
:An x 2 (a2k ; a2k+1), tìtef(x)� x = (s� 1)(x� a2k) > 0:An x 2 [a2k+1 ; a2k+2), tìtef(x)� x = (s+ 1)(a2k+2 � x) > 0:Kai sti
 dÔo peript¸sei
 èqoume f(x) > x, gia x 2 [1k=0(a2k ; a2k+2),ètsi, den up�rqei shme�o tou [1k=0(a2k ; a2k+2) pou na br�sketai sto mhperiplan¸meno sÔnolo 
(f) kai ètsi apode�qthke o isqurismì
.E�nai gnwstì [39℄ ìti h(f) = h(f j
(f)), ètsi, arke� na apode�xoumeìti h(f j
(f)) = 0.'Estw � > 0, tìte up�rqeiN� 2 N tètoio
 ¸ste a2k > 1��, gia k � N�,afoÔ limk!1a2k = 1. Ja apode�xoume ìti to F = fa0; a2; : : : ; a2N��2 ; 1ge�nai èna (n; �)-ekteinìmeno sÔnolo gia to 
(f), gia k�je n � 1.



3.3 Topologik  entrop�a gia suneqe�
 apeikon�sei
 37'Estw x 2 
(f). An x 2 F , tìte gia y = x èqoume jf i(x) � f i(y)j =0 < �, gia k�je i = 0; 1; : : : ; n � 1. An x =2 F , tìte gia y = 1 èqoumejx�yj < �, kai, epeid  ta shme�a x; y e�nai stajer� prokÔptei ìti jf i(x)�f i(y)j = jx� yj < �, gia k�je i = 0; 1; : : : ; n� 1, pou apodeiknÔei ìti toF e�nai èna (n; �)-ekteinìmeno sÔnolo gia to 
(f). Tìte rn(�;
(f); f) �
ard(F ) = N� + 1. Apì aut  thn an�swsh pa�rnoumelim supn!1 1n log rn(�;
(f); f) � lim supn!1 1n log(N� + 1) = 0: (3.10)Apì ti
 (3.9) kai (3.10) pa�rnoume h(f j
(f)) = 0. �
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Kef�laio 4Kat� tm mata grammikè
apeikon�sei

4.1 Genik�Se autì to kef�laio melet�me th dunamik  th
 oikogèneia
 F twn kat�tm mata grammik¸n apeikon�sewn f : [�1; 1℄! [�1; 1℄ me tÔpof(x) = 8>><>>: �1x+ a; an x 2 [�1; 0)0; an x = 0�2x+ b; an x 2 (0; 1℄ ; (4.1)ìpou a; b; �1; �2 e�nai pragmatikè
 stajerè
 tètoie
 ¸ste f([�1; 1℄) �[�1; 1℄ (Sq ma 4.1). Ta diast mata [�1; 0) kai (0; 1℄ onom�zontai kl�doith
 f . H f lègetai epektatik  se èna kl�do an èqei kl�sh megalÔterhth
 mon�do
 kat� apìluth tim  kai sustaltik  an h kl�sh th
 e�naimikrìterh th
 mon�do
 kat� apìluth tim .39



40 Kef�laio 4. Kat� tm mata grammikè
 apeikon�sei
An upojèsoume ìti h f e�nai epektatik  kai stou
 dÔo kl�dou
 tìtesÔmfwna me to Je¸rhma 2.2.2 up�rqei èna apolÔtw
 suneqè
 anallo�wtomètro. An h f e�nai sustaltik  kai stou
 dÔo kl�dou
 tìte, ìpw
 jade�xoume sthn Prìtash 4.1.1 pou akolouje�, h troqi� k�je shme�ou toudiast mato
 [�1; 1℄ (ektì
 �sw
 apì èna peperasmèno pl jo
 shme�wn)te�nei se mia periodik  troqi�. Ja prèpei, se autì to shme�o, na ton�soumeti
 duskol�e
 pou prokÔptoun exait�a
 th
 asunèqeia
 th
 f sto shme�o 0.'Estw x0; y0 dÔo shme�a tou [�1; 1℄ me troqiè
 O(x0) = fx0; x1; x2; : : : gkai O(y0) = fy0; y1; y2; : : : g, ìpou xn = fn(x0) kai yn = fn(y0). An taxi; yi e�nai omìshma tìte jxi+1 � yi+1j = j�jjjxi � yij < jxi � yij me j =1; 2. SÔmfwna me aut  thn parat rhsh ja mporoÔsame na upojèsoume ìtioi troqiè
 dÔo tuqa�wn shme�wn x0; y0 taut�zontai asumptwtik�, dhlad ,limn!1(xn � yn) = 0. Autì ìmw
 den isqÔei giat� e�nai dunatìn ta xi; yi nae�nai eterìshma gia k�poia tim  tou i, opìte se aut  thn per�ptwsh oitroqiè
 twn x0; y0 pijanìn na e�nai tele�w
 diaforetikè
.Gia par�deigma ston p�naka 4.1 blèpoume ti
 troqiè
 twn shme�wn x0 =0:038 kai y0 = 0:039 mèsw th
 sun�rthsh
f(x) = 8>><>>: �0:5652x + 0:4375; an x 2 [�1; 0)0; an x = 00:8x� 0:1; an x 2 (0; 1℄ :ParathroÔme ìti sti
 5 pr¸te
 epanal yei
 oi troqiè
 plhsi�zoun ìmw
apì thn èkth epan�lhyh oi troqiè
 diafèroun shmantik�. H pr¸th troqi�te�nei sthn elktik  periodik  troqi� tou shme�ou 0.00725798 h opo�a e�naiperiìdou 5: f0:00725798;�0:0941936; 0:490738; 0:292591; 0:134072g kaih deÔterh sthn f0:105611;�0:0155112; 0:446267; 0:257014g h opo�a e�naiperiodik  troqi� periìdou 4.



4.1 Genik� 41Sthn Prìtash pou akolouje� perigr�foume th dunamik  twn sustal-tik¸n apeikon�sewn f 2 F . Sthn apìdeixh k�noume suqn  qr sh touL mmato
 2.1.1 qwr�
 na to anafèroume rht�.Prìtash 4.1.1 'Estw f : [�1; 1℄ ! [�1; 1℄ mia apeikìnish me tÔpo poud�netai apì thn (4.1). An j�1j < 1 kai j�2j < 1, tìte up�rqei m�a   topolÔ dÔo elktikè
 periodikè
 troqiè
, h ènwsh lekan¸n èlxh
 twn opo�wne�nai to sÔnolo [�1; 1℄ nSn2N f�n(0), ìpou to sÔnolo Sn2N f�n(0) e�naipeperasmèno.Apìdeixh. 'Estw 0 =2 f(0; 1) kai 0 =2 f(�1; 0). ParathroÔme ìti h fapeikon�zei kajèna apì ta diast mata (�1; 0) kai (0; 1) entì
 tou (�1; 0)  tou (0; 1). 'Etsi gia th dunamik  th
 f up�rqoun 4 peript¸sei
:(a) h troqi� k�je shme�ou tou (0; 1) te�nei se èna stajerì shme�o x1 2(0; 1) kai h troqi� k�je shme�ou tou (�1; 0) te�nei se èna stajerì shme�ox2 2 (�1; 0), an f(0; 1) � (0; 1) kai f(�1; 0) � (�1; 0),(b) h troqi� k�je shme�ou tou (�1; 0)[(0; 1) te�nei se èna stajerì shme�ox3 2 (0; 1), an f(0; 1) � (0; 1) kai f(�1; 0) � (0; 1),(g) h troqi� k�je shme�ou tou (�1; 0)[(0; 1) te�nei se èna stajerì shme�ox4 2 (�1; 0), an f(0; 1) � (�1; 0) kai f(�1; 0) � (�1; 0),(d) h troqi� k�je shme�ou tou (�1; 0)[(0; 1) te�nei se mia periodik  troqi�periìdou 2, an f(0; 1) � (�1; 0) kai f(�1; 0) � (0; 1).'Estw t¸ra 0 2 f(0; 1)   0 2 f(�1; 0). An 0 2 f(�1; 0) kai 0 =2f(0; 1), tìte jewroÔme th sun�rthsh g = h�1 Æ f Æ h, ìpou h(x) = �x.Oi f; g e�nai topologik� isodÔname
 kai gia th g isqÔei 0 2 g(0; 1). SÔm-fwna me thn teleuta�a parat rhsh arke� na melet soume th dunamik sunart sewn me 0 2 f(0; 1). 'Estw x0 2 (0; 1) tètoio ¸ste f(x0) = 0.Diakr�noume tèsseri
 peript¸sei
:
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1h Per�ptwsh. H f e�nai gnhs�w
 fj�nousa sta [�1; 0) kai (0; 1℄. Tìte htroqi� k�je shme�ou tou diast mato
 (0; x0) te�nei sto stajerì shme�o tou(0; x0). Epeid  f((x0; 1℄) � (�1; 0) apomènei na exet�soume th dunamik th
 f sto (�1; 0).'Estw x0 � a, tìte f2([�1; 0)) � (�1; 0). 'Ara, h troqi� k�je shme�oux 2 [�1; 0) [ (x0; 1℄ te�nei se mia periodik  troqi� periìdou 2.'Estw x0 � a � �1. An �1 � [�1; 0℄ e�nai to megalÔtero kleistìdi�sthma me f(�1) � [0; x0℄ kai �2 � [�1; 0℄ e�nai to megalÔtero kleistìdi�sthma me f(�2) � [�1; 0℄ (pijan¸
 k�poio apì ta �1;�2 na e�nai tokenì sÔnolo), tìte [�1; 0℄ = �1 [�2. An x e�nai èna eswterikì shme�otou �1 tìte h troqi� tou te�nei sto stajerì shme�o tou (0; x0), en¸, an tox e�nai èna eswterikì shme�o tou �2 tìte h troqi� tou te�nei sto stajerìshme�o tou �2.Tèlo
, èstw a < x0 < a� �1. Tìte up�rqei x1 2 (�1; 0) tètoio ¸stef(x1) = x0. JewroÔme thn akolouj�a fxngn�0 pou or�zetai apì th sqèshf(xn) = xn�1. Gia thn akolouj�a aut  èqoumexn = 8>>><>>>: xn�2 � �2a+ b�n21 �n2+12 ; an n = �rtio
xn�2 � �2a+ b�n+121 �n+122 ; an n = perittì
 :Apì thn teleuta�a èqoume : : : < x3 < x1 < 0 < x0 < x2 < : : : kailimn!1 jxn � xn�2j =1. 'Ara up�rqei ìro
 xk�1 th
 akolouj�a
 me xk�1 =2f([�1; 1℄). Se aut  thn per�ptwsh den mporoÔme na or�soume ton epìmenoìro xk apì th sqèsh f(xk) = xk�1. 'Etsi or�zoume( xk = 1 kai xk+1 = �1; an k = �rtio
xk = �1 kai xk+1 = 1; an k = perittì
 :



4.1 Genik� 43ParathroÔme ìti f(x2n; x2n+2) � (x2n+1; x2n�1) kai f(x2n+1; x2n�1) �(x2n�2; x2n) gia k�je n � 1. Akìmh, f(x0; x2) = (x1; 0) kai f(x1; 0) =(a; x0). Sumpera�noume loipìn ìti k�je shme�o x 2 (�1; x1) me x 6= xiapeikon�zetai telik� sto (x1; 0). An a � 0, tìte h troqi� k�je shme�oux 2 (x1; 0) te�nei sto stajerì shme�o tou (0; x0). An a < 0, tìte up�rqei�1 2 (x1; 0) tètoio ¸ste f(�1) = 0. H troqi� k�je shme�ou x 2 (x1; �1)te�nei sto stajerì shme�o tou (0; x0) kai h troqi� k�je shme�ou x 2 (�1; 0)te�nei sto stajerì shme�o tou (�1; 0).2h Per�ptwsh. H f e�nai gnhs�w
 fj�nousa sto (0; 1℄ kai gnhs�w
 aÔxousasto [�1; 0). Tìte ta shme�a tou diast mato
 (0; x0) te�noun sto stajerìshme�o tou (0; x0). Epeid  f((x0; 1℄) � (�1; 0) apomènei na exet�soume thdunamik  th
 f sto (�1; 0).An a � 0 tìte h troqi� k�je shme�ou x 2 [�1; 0) [ (x0; 1℄ te�nei stostajerì shme�o tou [�1; 0℄.'Estw t¸ra a > 0. JewroÔme thn akolouj�a fyng me tÔpo yn = n+1Xi=1 �a�i1 .H akolouj�a aut  e�nai fj�nousa, yn 2 f�(n+1)(0) kai limn!1 yn = �1.'Estw yk o mikrìtero
 ìro
 th
 akolouj�a
 me yk > �1. Or�zoumeyk+1 = �1 kai èqoume th diamèrish �1 = yk+1 < yk < : : : < y1 < y0 < 0tou [�1; 0℄, me k � 0. Tìte èqoume f(yn+1; yn) � (yn; yn�1) gia k�je1 � n � k kai f(y0; 0) = (0; a). 'Ara, k�je shme�o x 2 (�1; 0) me x 6= yiapeikon�zetai telik� sto (y0; 0). An a � x0, tìte h troqi� k�je shme�oux 2 (y0; 0) te�nei sto stajerì shme�o tou (0; x0). 'Estw t¸ra a > x0,tìte up�rqei �2 2 (y0; 0) tètoio ¸ste f(�2) = x0. Epeid  f2(�2) = 0 kai hf e�nai sustaltik  kai stou
 dÔo kl�dou
 èqoume f2(�2; 0) � (�2; 0), �ra,h troqi� k�je shme�ou tou (�2; 0) te�nei se mia periodik  troqi� periìdou2. Akìmh, h troqi� k�je shme�ou tou (y1; �2) te�nei sto stajerì shme�o
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tou (0; x0).3h Per�ptwsh. H f e�nai gnhs�w
 aÔxousa sto (0; 1℄ kai gnhs�w
 fj�-nousa sto [�1; 0). JewroÔme thn akolouj�a fzng1n=0 pou or�zetai w
ex 
: z0 = x0 kai an zi 2 f(0; 1), tìte up�rqei zi+1 2 (zi; 1) tètoio ¸stezi = f(zi+1), alli¸
 zi e�nai o teleuta�o
 ìro
 th
 akolouj�a
. H akolou-j�a fzng e�nai peperasmènh kai gnhs�w
 aÔxousa. 'Eqoume th diamèrish0 < z0 < z1 < : : : < zN < 1 tou [0; 1℄, ìpou zN o megalÔtero
 ìro
th
 akolouj�a
. 'Estw A0 = [0; z0℄; A1 = [z0; z1℄; : : : AN+1 = [zN ; 1℄.Tìte f(Ai) � Ai�1 gia i = 1; 2; : : : ; N kai f(A0) � (�1; 0). 'Ara k�jeeswterikì shme�o tou Ai apeikon�zetai telik� sto (�1; 0).'Estw a � �1 � 0, tìte f(�1; 0) � (�1; 0). 'Etsi k�je shme�o x tou[�1; 1℄ me x 6= zi èqei troqi� pou te�nei sto stajerì shme�o tou (�1; 0).'Estw a < 0 < a� �1. Tìte oi sunart sei
 f kai g = h�1 Æ f Æ h meh(x) = �x, e�nai topologik� isodÔname
. H dunamik  th
 g melet jhkesthn 2h Per�ptwsh me a > 0.Tèlo
, èstw a � 0. S> aut  thn per�ptwsh endiafèron èqei h melèthth
 dunamik 
 mìno twn shme�wn tou diast mato
 (b; 0) giat� k�je shme�otou diast mato
 [�1; b) apeikon�zetai telik� sto (b; 0) kai den epistrèfeisto [�1; b).Ja apode�xoume ìti to polÔ èna shme�o th
 akolouj�a
 fzng mpore�na br�sketai sto f [b; 0). Pr�gmati, èstw zi�1; zi 2 f([b; 0)), tìte Ai�1 �f([b; 0)), opìte jAi�1j � jf([b; 0))j: (4.2)'Omw
, f i(Ai�1) = [b; 0℄ kai, �ra, f i+1(Ai�1) = f([b; 0℄). Epeid  h fe�nai sustaltik  èqoume jAi�1j > jf i+1(Ai�1)j = jf([b; 0℄)j. H teleuta�aan�swsh e�nai ant�jeth me thn (4.2) kai ètsi èqoume �topo.



4.1 Genik� 45An den up�rqei ìro
 th
 akolouj�a
 fzng sto f(b; 0), tìte f(b; 0) �Aj gia k�poio j = 0; 1; : : : ; N+1 kai f j+2(b; 0) � (b; 0). Dhlad , up�rqeimia elktik  periodik  troqi� periìdou j+2 sthn opo�a te�nei h troqi� k�jeshme�ou tou (b; 0).'Estw t¸ra zk 2 f(b; 0) me k = 0; 1; : : : ; N , tìte up�rqei �3 2 (b; 0)tètoio ¸ste f(�3) = zk. S> aut  thn per�ptwsh fk+3(b; �3) � (b; �3) kaifk+2(�3; 0) � (�3; 0). 'Ara, h troqi� k�je shme�ou tou (b; �3) te�nei semia periodik  troqi� periìdou k + 3 kai h troqi� k�je shme�ou tou (�3; 0)te�nei se mia periodik  troqi� periìdou k + 2.4h Per�ptwsh. H f e�nai gnhs�w
 aÔxousa sta [�1; 0) kai (0; 1℄. 'Estwzi kai Ai ìpw
 sthn 3h Per�ptwsh.'Estw a � 0, tìte f(�1; 0) � (�1; 0). 'Etsi k�je shme�o x tou [�1; 1℄me x 6= zi èqei troqi� pou te�nei sto stajerì shme�o tou (�1; 0).'Estw a � �1 � 0. 'Opw
 kai sthn 3h Per�ptwsh me a � 0 endiafe-rìmaste gia th dunamik  mìno twn shme�wn tou (b; 0). Epiplèon, èna
 topolÔ ìro
 th
 akolouj�a
 fzng br�sketai sto f(b; 0).An den up�rqei ìro
 th
 akolouj�a
 fzng sto f(b; 0), tìte, ìpw
sthn 3h Per�ptwsh èqoume, f(b; 0) � Aj gia k�poio j = 0; 1; : : : ; N + 1kai f j+2(b; 0) � (b; 0). Dhlad , up�rqei mia elktik  periodik  troqi�periìdou j + 2 sthn opo�a te�nei h troqi� k�je shme�ou tou (b; 0).'Estw t¸ra zk 2 f(b; 0) me k = 0; 1; : : : ; N , tìte up�rqei �4 2 (b; 0)tètoio ¸ste f(�4) = zk. S> aut  thn per�ptwsh fk+2(b; �4) � (�4; 0) kaifk+3(�4; 0) � (b; �4). 'Ara, f2k+5(b; �4) � (b; �4). H troqi� k�je shme�outou (b; �4) [ (�4; 0) te�nei se mia periodik  troqi� periìdou 2k + 5.Tèlo
 èstw a � �1 < 0 < a, tìte up�rqei w0 2 (�1; 0) tètoio ¸stef(w0) = 0. Ja apode�xoume arqik� ìti z0 > a   w0 < b. 'Estw ant�jeta
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(a) (b)Sq ma 4.1: H grafik  par�stash dÔo sunart sewn f 2 F . Sto sq ma(b) èqei sqediaste� kai h diag¸nio
 y = x h opo�a de�qnei to stajerìshme�o z th
 fz0 < a kai w0 > b. Tìte � b�2 < a kai � a�1 > b   isodÔnama �2a > �bkai ��1b > a. Pollaplasiazoume kat� mèlh ti
 teleuta�e
 anis¸sei
 kaipa�rnoume ��1�2ab > �ab   ab(1 � �1�2) > 0, pou e�nai �topo giat�a > 0, b < 0 kai �1�2 < 1.Sth sunèqeia upojètoume ìti w0 < b (sthn ant�jeth per�ptwsh jew-roÔme th sun�rthsh g = h�1 Æ f Æ h me h(x) = �x pou e�nai topologik�isodÔnamh me thn f kai gia thn opo�a isqÔei w0 < b).Tìte h troqi� ìlwn sqedìn twn shme�wn katal gei sto di�sthma (b; 0).Gia th dunamik  twn shme�wn tou (b; 0) isqÔoun ìsa anafèrame sthn 4hPer�ptwsh me a� �1 � 0. �SÔmfwna me ta parap�nw an h f e�nai epektatik  kai stou
 dÔo kl�-dou
, tìte up�rqei èna apolÔtw
 suneqè
 anallo�wto mètro, en¸, an e�nai



4.2 H per�ptwsh �1 > 1 kai � 1 < �2 < 0 47sustaltik  kai stou
 dÔo kl�dou
, tìte sqedìn k�je shme�o èqei troqi�pou te�nei se mia periodik  troqi�. 'Ara, endiafèron èqei h melèth th
 du-namik 
 twn apeikon�sewn pou ston èna kl�do e�nai sustaltikè
 kai ston�llo epektatikè
, dhlad , e�tea) �1 > 1 kai � 1 < �2 < 0,   (Sq ma 4.1(a) )b) 0 < �1 < 1 kai �2 < �1: (Sq ma 4.1(b) )Gia ti
 di�fore
 timè
 twn stajer¸n a; b; �1; �2 h f parousi�zei dia-foretik  sumperifor�, ìson afor� th dunamik  th
. Autì sumba�nei giat�gia orismène
 orimène
 timè
 aut¸n twn stajer¸n < uperisqÔei> h sustal-tikìthta, en¸, gia �lle
 h epektatikìthta. 'Ena polÔ qr simo ergale�opou ja ma
 bohj sei na xeqwr�soume ti apì ta dÔo sumba�nei e�nai h apei-kìnish pr¸th
 epanafor�
. 'Estw f : [�1; 1℄ ! [�1; 1℄ kai I � [�1; 1℄èna di�sthma, h apeikìnish pr¸th
 epanafor�
 th
 f sto I e�nai miaapeikìnish R : I ! I pou or�zetai apì ton tÔpo R(x) = fk(x), ìpouk = minfi > 0 : f i(x) 2 Ig.Sti
 parak�tw dÔo enìthte
, sumbol�zoume me [x℄ to akèraio mèro
tou x, dhlad , ton megalÔtero akèraio pou den uperba�nei to x.4.2 H per�ptwsh �1 > 1 kai �1 < �2 < 0Se aut  thn enìthta periorizìmaste sto uposÔnolo th
 oikogèneia
 su-nart sewn F pou apotele�tai apì apeikon�sei
 f 2 F me 1 < �1 � 2 kai�1 < �2 < 0 (Sq ma 4.1(a) ). Prin diatup¸soume kai apode�xoume tokÔrio je¸rhma qreiazìmaste dÔo L mmata.L mma 4.2.1 'Estw f 2 F me 1 < �1 � 2 kai �1 < �2 < 0. Tìte hapeikìnish pr¸th
 epanafor�
 R : [0; 1) ! [0; 1) e�nai kal¸
 orismènh.
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Epiplèon, up�rqoun mia diamèrish 0 = b0 < b1 < : : : < 1 tou [0; 1), hopo�a den e�nai apara�thta peperasmènh, kai èna
 akèraio
 N ètsi, ¸steo periorismì
 Rj(bk; bk+1℄ e�nai grammikì
 me kl�sh �N+k1 �2 < 0.Apìdeixh. ParathroÔme ìti f([0; 1)) � (�1; 1). Akìmh, gia k�je x 2(�1; 0), up�rqei n0 � 1 tètoio
 ¸ste fn0(x) 2 [0; 1), giat� an upojèsoumeto ant�jeto èqoumefn(x) = �n1�x+ a�1 � 1�� a�1 � 1 !1; kaj¸
 n!1;pou e�nai �topo. 'Etsi apode�xame ìti h apeikìnish pr¸th
 epanafor�
 Re�nai kal� orismènh.JewroÔme thn akolouj�a fang pou or�zetai epagwgik� w
 ex 
 a0 = 0kai an+1 = f�1(an)\[�1; 0), gia k�je n � 0. (An to �1 den e�nai stajerìshme�o th
 f , tìte up�rqei m > 0 tètoio ¸ste f�1(am)\ [�1; 0) = ?. Seaut  thn per�ptwsh or�zoume am+1 = am � a�1 < �1 opìte h akolouj�afang e�nai peperasmènh me m+ 2 ìrou
). Me epagwg  èqoumean = � a(�n1 � 1)(�1 � 1)�n1 ; n � 0:Apì thn parap�nw isìthta èqoume an�an+1 = a�n+11 > 0, pou shma�neiìti h akolouj�a fang e�nai fj�nousa. Apì ton trìpo pou or�sthke hakolouj�a fang prokÔptei ìti b > an, gia k�poio n. 'Estw N o mikrìtero
akèraio
 gia ton opo�o b > aN . Tìteb > � a(�N1 � 1)(�1 � 1)�N1   N > � ln(1 + ba (�1 � 1))ln�1 :'Etsi N = "1� ln(1 + ba (�1 � 1))ln�1 #:



4.2 H per�ptwsh �1 > 1 kai � 1 < �2 < 0 49Sth sunèqeia, or�zoume thn akolouj�a fbng epagwgik� w
 ex 
 b0 = 0kaibn+1 = ( f�1(aN+n) \ (0; 1℄; an f�1(aN+n) \ (0; 1℄ 6= ?1; an f�1(aN+n) \ (0; 1℄ = ? ; gia n � 0:Epeid  aN+k < aN+k�1 kai h f e�nai gnhs�w
 fj�nousa sto (0; 1) èqou-me bk < bk+1, gia k � 0. 'Etsi èqoume th diamèrish 0 = b0 < b1 < : : : <1 tou [0; 1) (Sq ma 4.2). H f j(0; 1) apeikon�zei to di�sthma (bk; bk+1℄sto [aN+k; aN+k�1) kai h f j(�1; 0) apeikon�zei to [aN+k; aN+k�1) dia-doqik� sta [aN+k�1; aN+k�2); : : : ; [a1; a0); [a0; a). 'Etsi, o periorismì
Rj(bk; bk+1℄ e�nai grammik  apeikìnish me kl�sh �N+k1 �2 < 0. �Parathr sei
. (1) O log�rijmo
 ln(1 + ba (�1 � 1)) or�zetai, giat� hpar�stash 1 + ba(�1 � 1) e�nai jetik . Pr�gmati, h euje�a y = �1x + abr�sketai p�nw apì thn y = x, gia k�je x 2 (�1; 1℄, ètsi, gia x = bèqoume �1b+a > b. Diair¸nta
 me a > 0 prokÔptei ìti 1+ ba (�1�1) > 0.(2) 'Estw N � 1 kai x 2 (0; 1). Tìte fn(x) =2 (0; 1) gia k�je 1 � n �N . Autì shma�nei ìti N e�nai o el�qisto
 qrìno
 paramon 
 mia
 troqi�
sto kl�do ston opo�o h f e�nai epektatik . Apì aut  thn parat rhshmporoÔme na ektim soume pìso qrìno mènei h troqi� enì
 shme�ou x sekajèna apì ta diast mata (�1; 0) kai (0; 1).JewroÔme ta shme�a x; f(x); f2(x); : : : ; fn0�1(x), ìpou n0 arket� me-galÔtero apì to N . An r to pl jo
 apì aut� an koun sto (�1; 0) kai sto pl jo
 apì aut� an koun sto (0; 1), tìter � N(s� 1): (4.3)Pr�gmati, an h troqi� tou shme�ou x episkefte� s forè
 to di�sthma (0; 1),tìte to di�sthma (�1; 0) to episkèptetai toul�qiston s� 1 forè
 (kai to
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polÔ s+1). K�je for� pou h troqi� eisèrqetai sto (�1; 0) paramènei s>autì gia N toul�qiston epanal yei
. 'Etsi, to el�qisto pl jo
 twn sh-me�wn th
 troqi�
 x; f(x); f2(x); : : : ; fn0�1(x) pou br�skontai sto (�1; 0)e�nai N(s� 1).L mma 4.2.2 'Estw f 2 F me 1 < �1 � 2 kai �1 < �2 < 0 kai èstw0 = b0 < b1 < : : : < 1 h diamèrish tou L mmato
 4.2.1. Upojètoume ìtiup�rqei bk 6= b0 tètoio ¸ste h kl�sh tou periorismoÔ Rj(bk; bk+1℄ e�naimikrìterh apì �1. Tìte to sÔnolo twn shme�wn tou diast mato
 [bk; 1℄me troqiè
 pou episkèptontai to (0; bk), dhlad , to1[n=1 f�n(0; bk) \ [bk; 1℄e�nai puknì sto [bk; 1℄.Apìdeixh. Upojètoume ìti up�rqei èna anoiqtì di�sthma K � [bk; 1℄tètoio ¸ste K \ �S1n=1 f�n(0; bk) \ [bk; 1℄� = ?. Tìte1[n=1 f�n(0; bk) \K = ?kai, ètsi, f�n(0; bk) \K = ?; gia k�je n � 1: (4.4)Upojètoume ìti up�rqei x 2 (0; bk) tètoio ¸ste x 2 fn(K), gia k�poion � 1. Tìte up�rqei y 2 K ètsi, ¸ste x = fn(y), dhlad , y 2 f�n(x) �f�n(0; bk). Autì, ìmw
, e�nai �topo lìgw th
 (4.4). 'Ara,fn(K) \ (0; bk) = ?; gia k�je n � 1: (4.5)
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(a) (b)Sq ma 4.2: (a) Mia apeikìnish f 2 F me a = 0:75; b = �0:6; �1 = 1:7 kai�2 = �0:3 (b) H apeikìnish pr¸th
 epanafor�
 RProfan¸
, bj =2 fn(K), gia k�je j > k kai n � 1, giat� diaforetik�ja e�qame fn+N+j(K)\ (0; bk) 6= ?, pou e�nai ant�jeto me thn (4.5). 'Ara,gia k�je n � 1, up�rqei in � k tètoio ¸ste fn(K) � (bin ; bin+1).Apì thn teleuta�a parat rhsh pa�rnoume gia k�je n � 1, up�rqeijn � k tètoio ¸ste Rn(K) � (bjn ; bjn+1). 'Estw lj h kl�sh tou pe-riorismoÔ Rj(bj ; bj+1℄. Tìte jRn+1(K)j = jljn j � jRn(K)j: Me epagwg prokÔptei ìti jRn+1(K)j = jljn jjljn�1 j : : : jlj0 jjKj:
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Apì to L mma 4.2.1 èqoume jlkj � jlj j, gia k�je k � j. 'Ara,jljn jjljn�1 j : : : jlj0 j � jlkjn+1 kai, epeid  jlkj > 1, pa�rnoume telik�jRn+1(K)j � jlkjn+1jKj ! 1; kaj¸
 n!1;pou e�nai �topo. �Je¸rhma 4.2.3 'Estw f 2 F me 1 < �1 � 2 kai �1 < �2 < 0. 'Estwakìmh N = "1� ln(1 + ba (�1 � 1))ln�1 #:Tìte gia th dunamik  th
 f isqÔei èna apì ta parak�tw sumper�smata:(a) An �N1 �2 < �1, tìte h f e�nai telik� epektatik  kai up�rqei ènaanallo�wto mètro apolÔtw
 suneqè
 w
 pro
 to mètro Lebesgue.(b) An �N1 �2 = �1, tìte up�rqei 0 < A � 1 tètoio
 ¸ste k�je x 2(0; A) e�nai periodikì me per�odo 2(N +1), ektì
 apì èna shme�o poue�nai periodikì periìdou N + 1. Epiplèon, an A < 1, tìte to sÔnolo1[n=1 f�n(0; A) \ [A; 1℄e�nai puknì sto [A; 1℄.(g) An �N1 �2 > �1, tìte up�rqei 0 < A � 1 tètoio
 ¸ste k�je x 2(0; A), ektì
 apì èna peperasmèno arijmì shme�wn, e�nai periodikìshme�o,   br�sketai sth lek�nh èlxh
 k�poia
 periodik 
 troqi�
.Epiplèon, an A < 1, tìte to sÔnolo1[n=1 f�n(0; A) \ [A; 1℄



4.2 H per�ptwsh �1 > 1 kai � 1 < �2 < 0 53e�nai puknì sto [A; 1℄.Apìdeixh. (a) Ja apode�xoume ìti up�rqei akèraio
 n0 > 0 tètoio
 ¸steh epan�lhyh fn0 na e�nai epektatik . 'Estw � > 1 kai n0 akèraio
 men0 � � 1N + 1� ln(�j�2j�1)ln(�1j�2j 1N ) + 1:Upojètoume ìti r to pl jo
 apì ta shme�a x; f(x); : : : ; fn0�1(x) br�-skontai sto (�1; 0) kai s to pl jo
 apì aut� br�skontai sto (0; 1). Tìteapì thn (4.3) èqoume ( 1N +1)r+1 � n0. Sundu�zonta
 ti
 dÔo teleuta�e
anisìthte
 pa�rnoume r � ln(�j�2j�1)ln(�1j�2j 1N )  , isodÔnama,�r1j�2j rN+1 � � > 1: (4.6)'Estw J èna
 kl�do
 th
 fn0 . H kl�sh tou periorismoÔ fn0jJ e�nai�r1j�2js. Apì thn (4.3) èqoume ìti s � rN + 1 kai, epeid  j�2j < 1,èqoume telik� �r1j�2js � �r1j�2j rN+1. 'Etsi, apì thn (4.6) prokÔptei ìti�r1j�2js � � > 1, pou apodeiknÔei ìti h fn0 e�nai epektatik .SÔmfwna me to Je¸rhma 2.2.2, up�rqei èna anallo�wto mètro, gia thnf , to opo�o e�nai apolÔtw
 suneqè
 w
 pro
 to mètro Lebesgue.(b) S> aut  thn per�ptwsh h apeikìnish pr¸th
 epanafor�
 sto di�-sthma (b0; b1℄ e�nai h R(x) = �x + b1. ParathroÔme ìti R( b12 ) = b12 kaiìti R2(x) = x, gia k�je x 2 (b0; b1). Epeid  Rj(b0; b1℄ = fN+1, prokÔpteiìti fN+1( b12 ) = b12 kai f2N+2(x) = x, gia k�je x 2 (0; A), ìpou A = b1.'Estw A < 1, tìte sÔmfwna me to L mma 4.2.1 h kl�sh tou Rj(b1; b2℄e�nai �N+11 �2 < �N1 �2 = �1. Apì to L mma 4.2.2 èqoume ìti to sÔnolo1[n=1 f�n(0; A) \ [A; 1℄
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e�nai puknì sto [A; 1℄.(g) 'Estw k > 0 o megalÔtero
 akèraio
 gia ton opo�o isqÔei �N+k�11 �2 ��1. Tìte or�zoume A = bk.An A < 1, tìte h kl�sh tou Rj(bk; bk+1℄ e�nai mikrìterh apì �1, opìteapì to L mma 4.2.2, èqoume ìti to sÔnolo1[n=1 f�n(0; A) \ [A; 1℄e�nai puknì sto [A; 1℄. 'Etsi prèpei na apode�xoume ìti k�je shme�o x 2(0; A), ektì
 apì èna peperasmèno arijmì shme�wn, e�nai periodikì,   br�-sketai sth lek�nh èlxh
 k�poiou periodikoÔ elkust .AfoÔR(b1) = b0 kai h kl�sh l0 th
 Rj(b0; b1℄ e�nai tètoia ¸ste jl0j < 1,up�rqei èna monadikì stajerì shme�o p 2 (b0; b1) th
 R. All� Rj(b0; b1℄ =fN+1, ètsi, to p e�nai èna elktikì periodikì shme�o th
 f periìdou N + 1kai to di�sthma (b0; b1) br�sketai sth lek�nh èlxh
 tou p.Gia ti
 apeikon�sei
 gia ti
 opo�e
 e�nai k = 1 h apìdeixh èqei olo-klhrwje�. Apomènei na exet�soume ti
 apeikon�sei
 gia ti
 opo�e
 k >1. Eidikìtera, prèpei na melet soume th dunamik  tou
 sta diast mata(b1; b2); : : : ; (bk�1; bk).AfoÔR(b2) = b0 kai h kl�sh l1 th
 Rj(b1; b2℄ e�nai tètoia ¸ste jl1j < 1,èqoume ìti R(b1; b2) � (b0; b2). An R(b1; b2) � (b0; b1), tìte to di�sth-ma (b1; b2) br�sketai sth lek�nh èlxh
 tou p. Sthn ant�jeth per�ptwsh,up�rqei y 2 (b1; b2) tètoio
 ¸ste R(y) = b1. Tìte to di�sthma (y; b2)br�sketai sth lek�nh èlxh
 tou p, giat� R(y; b2) � (b0; b1). Akìmh, up�r-qei q 2 (b1; y) tètoio
 ¸ste R(q) = q. All� Rj(b1; y) = fN+2, ètsi, toshme�o q e�nai èna elktikì, periodikì shme�o th
 f periìdou N + 2 kaito di�sthma (b1; y) br�sketai sth lek�nh èlxh
 tou q. (Sthn eidik  per�-



4.3 H per�ptwsh 0 < �1 < 1 kai �2 < �1 55ptwsh pou e�nai k = 2, e�nai dunatìn na isqÔei jl1j = 1. Tìte isqÔounìsa anafèrontai s> aut  thn par�grafo me th diafor� ìti ta shme�a tou(b1; q)[ (q; y) den br�skontai sth lek�nh èlxh
 tou q, all� e�nai periodik�periìdou 2N + 4).Ja apode�xoume ìti hR apeikon�zei ta diast mata (b2; b3); : : : ; (bk�1; bk)entì
 tou (b0; b2). Epeid  R(x) < a, gia k�je x 2 (b1; b2℄ kai jl1j < 1,èqoume ìti b2�b1 > a opìte b2 > a. Apì thn teleuta�a kai epeid , gia k�-je x > b2 e�nai R(x) < a, èqoume telik� R(x) < b2, gia k�je x 2 (b2; bk).�4.3 H per�ptwsh 0 < �1 < 1 kai �2 < �1Se aut  thn enìthta ja melet soume th dunamik  twn apeikon�sewn mia
idia�terh
 upokl�sh
 th
 F . JewroÔme ti
 apeikon�sei
 f 2 F me 0 <�1 < 1 kai �2 � �2 < �1. Gia mia tètoia apeikìnish up�rqei èna monadi-kì, jetikì stajerì shme�o, to opo�o ja sumbol�zoume me z. Upojètoumeakìmh ìti z � a� �1 (Sq ma 4.1(b) ).Prin diatup¸soume kai apode�xoume to je¸rhma pou perigr�fei th du-namik  aut¸n twn apeikon�sewn qreiazìmaste dÔo L mmata.L mma 4.3.1 H apeikìnish pr¸th
 epanafor�
 R : (�1; 0℄ ! (�1; 0℄e�nai kal¸
 orismènh. Epiplèon, up�rqoun mia diamèrish �1 < : : : <b1 < b0 = 0 tou (�1; 0℄, h opo�a den e�nai apara�thta peperasmènh, kaièna
 akèraio
 N ètsi, ¸ste o periorismì
 Rj[bk+1; bk) e�nai grammikì
 mekl�sh �1�2N+2k�12 < 0.Apìdeixh. Profan¸
, f(�1; 0) � (z; 1). Upojètoume t¸ra ìti up�rqeishme�o x 2 (z; 1) tètoio ¸ste fn(x) 2 (0; 1℄, gia k�je akèraio n � 1.
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Tìte, fn(x) = �n2�x+ b�2 � 1�� b�2 � 1 :AfoÔ x 6= z kai �2 < �1, èqoume ìti jfn(x)j ! 1, kaj¸
 n!1. Autììmw
 e�nai �topo. 'Ara, h apeikìnish pr¸th
 epanafor�
 R e�nai kal�orismènh.Or�zoume ti
 akolouj�e
 fa0ng kai fang epagwgik� w
 ex 
: a00 =f�1(0), a0 = 1, a0n+1 = f�1(a0n) \ (0; 1) kai an+1 = a02n, gia k�je n � 0.Tìte an = b1� ( 1�2 )2n�11� �2 ; gia k�je n > 0:Apì thn parap�nw isìthta pa�rnoume an�an+1 = b(1+�2)�2n+12 > 0, dhlad ,h akolouj�a fang e�nai fj�nousa. Akìmh, limn!1an = b1� �2 = z, giat�j 1�2 j < 1, �ra, a > an, gia k�poio n 2 N.'Estw N o mikrìtero
 akèraio
 tètoio
 ¸ste a > aN . Tìtea > b1� ( 1�2 )2N�11� �2   N > 12 � ln(�1 + ab (1� �2))2 ln(��2) :'Ara, N = "32 � ln(�1 + ab (1� �2))2 ln(��2) #:Tèlo
, or�zoume thn akolouj�a fbng epagwgik� w
 ex 
 b0 = 0 kaibn+1 = ( f�1(aN+n) \ [�1; 0); an f�1(aN+n) \ [�1; 0) 6= ?�1; an f�1(aN+n) \ [�1; 0) = ? ;gia k�je n � 0:



4.3 H per�ptwsh 0 < �1 < 1 kai �2 < �1 57Epeid  aN+k < aN+k�1 kai h f e�nai gnhs�w
 aÔxousa sto (�1; 0)èqoume bk+1 < bk, gia k � 0. H diamèrish tou (�1; 0℄ e�nai �1 < : : : <b1 < b0 = 0 (Sq ma 4.3). H f j(�1; 0) apeikon�zei to di�sthma [bk+1; bk)sto [aN+k; aN+k�1) kai h f2j(0; 1) apeikon�zei to [aN+k; aN+k�1) diadoqi-k� sta [aN+k�1; aN+k�2); : : : ; [a1; a0). Tèlo
, h f apeikon�zei to [a1; a0)sto (�1; 0℄. 'Etsi, o periorismì
 Rj[bk+1; bk) e�nai grammik  apeikìnish mekl�sh �1�2(N+k�1)+12 < 0. �Parathr sei
. (1) O log�rijmo
 ln(�1 + ab (1 � �2)) or�zetai, giat� hpar�stash �1 + ab (1 � �2) e�nai jetik . Pr�gmati, h euje�a y = �2x+ bbr�sketai k�tw apì thn y = x, gia k�je x > z, ètsi, gia x = a èqoume�2a+ b < a. Diair¸nta
 me b > 0 prokÔptei ìti �1 + ab (1� �2) > 0.(2) 'Estw x 2 (�1; 0), tìte fn(x) =2 (�1; 0), gia k�je 1 � n � 2N�1.'Etsi, 2N �1 e�nai o el�qisto
 qrìno
 paramon 
 mia
 troqi�
 sto kl�doston opo�o h f e�nai epektatik . Apì aut  thn parat rhsh mporoÔme naektim soume pìso qrìno mènei h troqi� enì
 shme�ou x se kajèna apì tadiast mata (�1; 0) kai (0; 1).JewroÔme ta shme�a x; f(x); f2(x); : : : ; fn0�1(x), ìpou n0 arket� me-galÔtero apì to 2N � 1. An r to pl jo
 apì aut� an koun sto (�1; 0)kai s to pl jo
 apì aut� an koun sto (0; 1), tìtes � (2N � 1)(r � 1): (4.7)Pr�gmati, an h troqi� tou shme�ou x episkefte� r forè
 to di�sthma(�1; 0), tìte to di�sthma (0; 1) to episkèptetai toul�qiston r � 1 forè
(kai to polÔ r+1). K�je for� pou h troqi� eisèrqetai sto (0; 1) paramèneis> autì gia 2N � 1 toul�qiston epanal yei
. 'Etsi, to el�qisto pl jo
twn shme�wn th
 troqi�
 x; f(x); f2(x); : : : ; fn0�1(x) pou br�skontai sto
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(a) (b)Sq ma 4.3: (a) Mia apeikìnish f 2 F me a = 0:55; b = 0:9; �1 = 0:2 kai�2 = �1:8 (b) H apeikìnish pr¸th
 epanafor�
 Rdi�sthma (0; 1) e�nai (2N � 1)(r � 1).(3) H apeikìnish pr¸th
 epanafor�
 den or�zetai sto sÔnoloS1i=1 f�i(z).H sunj kh z � a� �1 e�nai apara�thth gia na exasfal�soume ìti1[i=1 f�i(z) \ (�1; 0℄ = ?:L mma 4.3.2 'Estw f 2 F me 0 < �1 < 1 kai �2 � �2 < �1 kai èstw�1 < : : : < b1 < b0 = 0 h diamèrish tou L mmato
 4.3.1. Upojètoume ìtiup�rqei bk 6= b0 tètoio
 ¸ste h kl�sh tou periorismoÔ Rj[bk+1; bk) e�naimikrìterh apì �1. Tìte to sÔnolo twn shme�wn tou diast mato
 [�1; bk℄



4.3 H per�ptwsh 0 < �1 < 1 kai �2 < �1 59twn opo�wn oi troqiè
 episkèptontai to di�sthma (bk; 0), dhlad , to1[n=1 f�n(bk; 0) \ [�1; bk℄e�nai puknì sto [�1; bk℄.Apìdeixh. Upojètoume ìti up�rqei èna anoiqtì di�sthma K � [�1; bk℄tètoio ¸ste K \ �S1n=1 f�n(bk; 0) \ [�1; bk℄� = ?. Tìte1[n=1 f�n(bk; 0) \K = ?kai, ètsi, f�n(bk; 0) \K = ?; gia k�je n � 1: (4.8)Upojètoume ìti up�rqei x 2 (bk; 0) tètoio ¸ste x 2 fn(K), gia k�poion � 1. Tìte up�rqei y 2 K ètsi, ¸ste x = fn(y), dhlad , y 2 f�n(x) �f�n(bk; 0). Autì, ìmw
, e�nai �topo lìgw th
 (4.8). 'Ara,fn(K) \ (bk; 0) = ?; gia k�je n � 1: (4.9)Profan¸
, bj =2 fn(K), gia k�je j > k kai n � 1, giat� diaforetik�ja e�qame fn+2N+2j�2(K) \ (0; bk) 6= ?, pou e�nai ant�jeto me thn (4.9).'Ara, gia k�je n � 1, up�rqei in � k tètoio ¸ste fn(K) � (bin+1; bin).Apì thn teleuta�a parat rhsh pa�rnoume gia k�je n � 1, up�rqeijn � k tètoio ¸ste Rn(K) � (bjn+1; bjn). 'Estw lj h kl�sh tou pe-riorismoÔ Rj[bj+1; bj). Tìte jRn+1(K)j = jljn j � jRn(K)j: Me epagwg prokÔptei ìti jRn+1(K)j = jljn jjljn�1 j : : : jlj0 jjKj:



60 Kef�laio 4. Kat� tm mata grammikè
 apeikon�sei
Apì to L mma 4.3.1 prokÔptei ìti jlkj � jlj j, gia k�je k � j. 'Ara,jljn jjljn�1 j : : : jlj0 j � jlkjn+1 kai, epeid  jlkj > 1, èqoumejRn+1(K)j � jlkjn+1jKj ! 1; kaj¸
 n!1;pou e�nai �topo. �Je¸rhma 4.3.3 'Estw f 2 F me 0 < �1 < 1 kai �2 � �2 < �1. 'Estwakìmh z � a� �1, ìpou z e�nai to stajerì shme�o th
 f . 'EstwN = "32 � ln(�1 + ab (1� �2))2 ln(��2) #:Tìte gia th dunamik  th
 f isqÔei èna apì ta parak�tw sumper�smata:(a) An �1�2N�12 < �1, tìte h f e�nai telik� epektatik  kai up�rqei ènaanallo�wto mètro apolÔtw
 suneqè
 w
 pro
 to mètro Lebesgue.(b) An �1�2N�12 = �1, tìte up�rqei �1 � B < 0 tètoio
 ¸ste k�jeshme�o x 2 (B; 0) e�nai periodikì periìdou 4N , ektì
 apì èna shme�opou e�nai periodikì periìdou 2N . Epiplèon, an B > �1, tìte tosÔnolo 1[n=1 f�n(B; 0) \ [�1; B℄e�nai puknì sto [�1; B℄.(g) An �1�2N�12 > �1, tìte up�rqei �1 � B < 0 tètoio
 ¸ste k�jeshme�o x 2 (B; 0), ektì
 �sw
 apì èna peperasmèno arijmì shme�wn,e�nai periodikì,   br�sketai sth lek�nh èlxh
 enì
 elktikoÔ periodi-koÔ shme�ou. Epiplèon, an B > �1, tìte to sÔnolo1[n=1 f�n(B; 0) \ [�1; B℄



4.3 H per�ptwsh 0 < �1 < 1 kai �2 < �1 61e�nai puknì sto [�1; B℄.Apìdeixh. (a) Ja apode�xoume ìti up�rqei akèraio
 n0 > 0 tètoio
 ¸steh epan�lhyh fn0 na e�nai epektatik . 'Estw � > 1 kai n0 akèraio
 men0 � � 12N � 1 + 1� ln(���11 )ln(� 12N�11 j�2j) + 1:Upojètoume ìti r to pl jo
 apì ta shme�a x; f(x); : : : ; fn0�1(x) br�-skontai sto (�1; 0) kai s to pl jo
 apì aut� br�skontai sto (0; 1). Tìteapì thn (4.7) èqoume ( 12N�1 +1)s+1 � n0. Sundu�zonta
 ti
 dÔo teleu-ta�e
 anisìthte
 pa�rnoume s � ln(���11 )ln(� 12N�11 j�2j)  , isodÔnama,� s2N�1+11 j�2js � � > 1: (4.10)'Estw J èna
 kl�do
 th
 fn0 . H kl�sh tou periorismoÔ fn0jJ e�nai�r1j�2js. Apì thn (4.7) èqoume ìti r � s2N�1 + 1 kai, epeid  0 < �1 < 1,èqoume telik� �r1j�2js � � s2N�1+11 j�2js. 'Etsi, apì thn (4.10) prokÔpteiìti �r1j�2js � � > 1, pou apodeiknÔei ìti h fn0 e�nai epektatik .SÔmfwna me to Je¸rhma 2.2.2, up�rqei èna anallo�wto mètro, gia thnf , to opo�o e�nai apolÔtw
 suneqè
 w
 pro
 to mètro Lebesgue.(b) S> aut  thn per�ptwsh h apeikìnish pr¸th
 epanafor�
 sto di�-sthma [b1; b0) e�nai h R(x) = �x + b1. ParathroÔme ìti R( b12 ) = b12 kaiìti R2(x) = x, gia k�je x 2 (b1; b0). Epeid  Rj[b1; b0) = f2N , prokÔpteiìti f2N( b12 ) = b12 kai f4N (x) = x, gia k�je x 2 (B; 0), ìpou B = b1.'Estw B > �1, tìte sÔmfwna me to L mma 4.3.1 h kl�sh tou Rj[b2; b1)e�nai �1�2N+12 < �1�2N�12 = �1. Apì to L mma 4.3.2 èqoume ìti tosÔnolo 1[n=1 f�n(B; 0) \ [�1; B℄
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e�nai puknì sto [�1; B℄.(g) 'Estw k > 0 o megalÔtero
 akèraio
 gia ton opo�o �1�2N+2k�32 ��1. Tìte or�zoume B = bk.An B > �1, tìte h kl�sh tou Rj[bk+1; bk) e�nai mikrìterh apì �1,opìte apì to L mma 4.3.2, èqoume ìti to sÔnolo1[n=1 f�n(B; 0) \ [�1; B℄e�nai puknì sto [�1; B℄. 'Etsi, prèpei na apode�xoume ìti k�je shme�ox 2 (B; 0), ektì
 apì èna peperasmèno arijmì shme�wn, e�nai periodikì,  br�sketai sth lek�nh èlxh
 k�poiou periodikoÔ elkust .AfoÔR(b1) = b0 kai h kl�sh l0 th
 Rj[b1; b0) e�nai tètoia ¸ste jl0j < 1,up�rqei èna monadikì stajerì shme�o p 2 (b1; b0) th
 R. All� Rj[b1; b0) =f2N , ètsi, to p e�nai èna elktikì periodikì shme�o th
 f periìdou 2N kaito di�sthma (b1; b0) br�sketai sth lek�nh èlxh
 tou p.Gia ti
 apeikon�sei
 gia ti
 opo�e
 e�nai k = 1 h apìdeixh èqei olo-klhrwje�. Apomènei na exet�soume ti
 apeikon�sei
 gia ti
 opo�e
 k >1. Eidikìtera, prèpei na melet soume th dunamik  tou
 sta diast mata(b2; b1); : : : ; (bk; bk�1).AfoÔR(b2) = b0 kai h kl�sh l1 th
 Rj[b2; b1) e�nai tètoia ¸ste jl1j < 1,èqoume ìti R(b2; b1) � (b2; b0). An R(b2; b1) � (b1; b0), tìte to di�sth-ma (b2; b1) br�sketai sth lek�nh èlxh
 tou p. Sthn ant�jeth per�ptwsh,up�rqei y 2 (b2; b1) tètoio
 ¸ste R(y) = b1. Tìte to di�sthma (b2; y)br�sketai sth lek�nh èlxh
 tou p, giat� R(b2; y) � (b1; b0). Akìmh, up�r-qei q 2 (y; b1) tètoio
 ¸ste R(q) = q. All� Rj(y; b1) = f2N+2, ètsi,to shme�o q e�nai èna elktikì, periodikì shme�o th
 f periìdou 2N + 2kai to di�sthma (y; b1) br�sketai sth lek�nh èlxh
 tou q. (Sthn eidik 



4.4 Parade�gmata 63per�ptwsh pou e�nai k = 2, e�nai dunatìn na isqÔei jl1j = 1. Tìte isqÔounìsa anafèrontai s> aut  thn par�grafo me th diafor� ìti ta shme�a tou(y; q)[ (q; b1) den br�skontai sth lek�nh èlxh
 tou q, all� e�nai periodik�periìdou 4N + 4).Ja apode�xoume ìti hR apeikon�zei ta diast mata (b3; b2); : : : ; (bk; bk�1)entì
 tou (b2; b0). Epeid  R(x) > f(b), gia k�je x 2 [b2; b1) kai jl1j < 1,èqoume ìti b1�b2 > �f(b) opìte b2 < f(b). Apì thn teleuta�a kai epeid ,gia k�je x < b2 e�nai R(x) > f(b), èqoume telik� R(x) > b2, gia k�jex 2 (bk; b2). �4.4 Parade�gmataApì to Je¸rhma 4.2.3, ìpw
 kai apì to Je¸rhma 4.3.3, prokÔptei ìti,gia ti
 di�fore
 timè
 twn paramètrwn a; �; �1; �2, oi apeikon�sei
 f 2 Fparousi�zoun diaforetik  sumperifor� w
 pro
 th dunamik  tou
. Seaut  thn enìthta ja melet soume th dunamik  th
 apeikìnish
f(x) = 8>><>>: 1:6x + 0:6; an x 2 [�1; 0)0; an x = 0�2x� 0:57; an x 2 (0; 1℄ :Gia na katade�xoume th diakl�dwsh (bifur
ation) pou sumba�nei, kaj¸
kai ìle
 ti
 diaforetikè
 sumperiforè
 pou mpore� na èqoun oi apeikon�sei
f 2 F , ja melet soume thn parap�nw apeikìnish gia 5 qarakthristikè
timè
 tou �2. Se kajèna apì aut� ta parade�gmata e�nai N = h1 �ln(1� 0:570:6 (1:6�1))ln 1:6 i = [2:796℄ = 2:Par�deigma 4.4.1 Gia �2 = �0:43, br�skoume �N1 �2 = �1:1008 < �1.
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Apì to je¸rhma 4.2.3 (a), èqoume ìti up�rqei èna mètro � to opo�o e�naianallo�wto gia thn f .'Estw E � [�1; 1℄ èna di�sthma, tìte sÔmfwna me to Ergodikì Je¸-rhma tou Birkho� up�rqei sun�rthsh g 2 L1(�) tètoia ¸ste1n n�1Xk=0�E(fk(x))! g(x) (4.11)�-sqedìn gia k�je x 2 [�1; 1℄, ìpou �E h qarakthristik  sun�rthshsto sÔnolo E. To �jroisma Pn�1k=0 �E(fk(x)) ekfr�zei to pl jo
 twnshme�wn th
 troqi�
 fx; f(x); : : : ; fn�1(x)g m kou
 n pou br�skontai stoE. Epeid  to mètro � e�nai apolÔtw
 suneqè
 w
 pro
 to mètro Lebesgue,èqoume apì thn (4.11) ìti gia k�je x 2 [�1; 1℄, èkto
 apì èna sÔnoloshme�wn me mètro Lebesgue mhdèn, h suqnìthta th
 troqi�
 O(x) sto Ee�nai g(x).An to mètro � e�nai epiplèon ergodikì, tìte h sun�rthsh g e�nai sta-jer  �-sqedìn pantoÔ. S> aut  thn per�ptwsh apì to Ergodikì Je¸rhmatou Birkho�, èqoume ìti1n n�1Xk=0�E(fk(x))! �(E)�-sqedìn gia k�je x 2 [�1; 1℄.Gia na kataskeu�soume to Sq ma 4.4, qwr�same to di�sthma [�1; 1℄se 20 diast mata �sou pl�tou
 kai sth sunèqeia, afoÔ upolog�same miatroqi� m kou
 10000 me arqik  tim  x0 = 0:1, apeikon�same th suqnìthtaemf�nish
 twn shme�wn th
 troqi�
 se kajèna apì ta diast mata th
diamèrish
.An�logoi upologismo� me diaforetik� arqik� shme�a èqoun d¸sei ka-tanom  suqnot twn ìmoia me aut  tou Sq mato
 4.4, to opo�o e�nai mia
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 troqi�
 me x0 = 0:1èndeixh ìti to mètro � e�nai ergodikì. H apìdeixh aut 
 th
 eikas�a
 e�naianoiqtì prìblhma.Par�deigma 4.4.2 Gia �2 = �0:390625, èqoume �N1 �2 = �1 kai b1 =0:1008. 'Ola ta shme�a tou sunìlou (0; b12 )[ ( b12 ; b1) e�nai periodik� periì-dou 6. To shme�o b12 = 0:0504 e�nai periodikì periìdou 3 (Je¸rhma 4.2.3(b) ). To sÔnolo twn shme�wn x 2 (b1; 1), gia ta opo�a fk(x) 2 (0; b1),gia k�poio k 2 N, e�nai puknì sto [b1; 1℄.Ta tr�a parade�gmata pou akoloujoÔn anafèrontai sthn per�ptwsh(g) tou Jewr mato
 4.2.3. 'Opw
 ja doÔme se aut  thn per�ptwsh, e�naidunatìn na up�rqei mia elktik  periodik  troqi�, dÔo elktikè
 periodikè
troqiè
,   mia elktik  periodik  troqi� kai èna diast ma me thn idiìthtak�je shme�o tou na e�nai periodikì.
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Par�deigma 4.4.3 Gia �2 = �0:3, èqoume �N1 �2 = �0:768 > �1 kai�N+11 �2 = �1:2288 < �1. S> aut  thn per�ptwsh e�nai b1 = 0:13125 kaib2 = 0:61953.'Ola ta shme�a tou diast mato
 (0; b1) br�skontai sth lek�nh èlxh
th
 periodik 
 troqi�
 f�0:587104;�0:339367; 0:0570136g. To sÔnolotwn shme�wn x 2 (b1; 1), gia ta opo�a fk(x) 2 (0; b1), gia k�poio k 2 N,e�nai puknì sto [b1; 1℄.Par�deigma 4.4.4 Gia �2 = �0:244140625, èqoume �N1 �2 = �0:625 >�1 kai �N+11 �2 = �1. S> aut  thn per�ptwsh e�nai b1 = 0:16128 kaib2 = 0:76128.'Ola ta shme�a tou diast mato
 (0; b1) br�skontai sth lek�nh èlxh
th
 periodik 
 troqi�
 f�0:585144;�0:336231; 0:0620308g. Akìmh, ìlata shme�a tou sunìlou (b1; b22 ) [ ( b22 ; b2) e�nai periodik� periìdou 8. Toshme�o b22 = 0:38064 e�nai periodikì periìdou 4. Tèlo
, to sÔnolo twnshme�wn x 2 (b2; 1), gia ta opo�a fk(x) 2 (0; b2), gia k�poio k 2 N, e�naipuknì sto [b2; 1℄.Par�deigma 4.4.5 Gia �2 = �0:2, èqoume �N1 �2 = �0:512 > �1 kai�N+11 �2 = �0:8192 > �1. S> aut  thn per�ptwsh e�nai b1 = 0:196875 kaib2 = 0:929297.'Ola ta shme�a tou diast mato
 (0; b1) br�skontai sth lek�nh èlxh
th
 periodik 
 troqi�
 f�0:583333;�0:333333; 0:0666667g. Akìmh, ìlata shme�a tou diast mato
 (b1; b2) br�skontai sth lek�nh èlxh
 th
 pe-riodik 
 troqi�
 f�0:653694;�0:44591;�0:113456; 0:41847g. Tèlo
, tosÔnolo twn shme�wn x 2 (b2; 1), gia ta opo�a fk(x) 2 (0; b2), gia k�poiok 2 N, e�nai puknì sto [b2; 1℄.
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n fn(x0) fn(y0) n fn(x0) fn(y0)0 0.038 0.039 16 -0.0944988 0.1051441 -0.0696 -0.0688 17 0.490911 -0.0158852 0.476838 0.476386 18 0.292729 0.4464783 0.28147 0.281109 19 0.134183 0.2571834 0.125176 0.124887 20 0.00734628 0.1057465 0.000141015 -0.0000904909 21 -0.094123 -0.01540326 -0.0998872 0.437551 22 0.490698 0.4462067 0.493956 0.250041 23 0.292559 0.2569658 0.295165 0.100033 24 0.134047 0.1055729 0.136132 -0.0199738 25 0.00723753 -0.015542610 0.00890559 0.448789 26 -0.09421 0.44628511 -0.0928755 0.259031 27 0.490747 0.25702812 0.489993 0.107225 28 0.292598 0.10562213 0.291995 -0.0142199 29 0.134078 -0.015502214 0.133596 0.445537 30 0.00726271 0.44626215 0.00687654 0.25643 31 -0.0941898 0.257009P�naka
 4.1: DÔo diaforetikè
 troqiè
 mia
 kat� tm mata grammik 
 apei-kìnish
 pou e�nai sustaltik  kai stou
 dÔo kl�dou
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