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CEQMETPIA

EMBAAON BAXIKQN EYOYI'PAMMON XXHMATON

EYOYrAMMO =XHMA EMBAAON
a
Tetplyovo a a E=0o’
a
OpBoydvio B E=0of

a

Hoporiinioypappo ‘L B E = a-v, = a-vg

a

D
Tpi’YO\)VO Ap B E= l'(}.'D = l-(l"l) = l'(’,‘U
Vi pom= pam= fon
T
Tpanélio E= B;’B V=950
2
[ooémhevpo tpiyowvo E= % 4\5
Poppog E= 9, -0,
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AXKHXYEIY

5.1. No vToA0Y1oTOUV 01 TAEVPEG TOPUAANAOYPALLOV, TTOL EXEL TEPILETPO 24cm Kol TO Eval

VYOG TOL €ivat SITAAGLO TOL GALOV.
[Am. 8cm,4cm]

5.2. Zg éva opBoymvio ABI'A pe AB > BT, ta pixn tov BT, AB kow AT etvon dadoyticol
aképatot apBpoi. Na vroroyicete:
a) To guPadov Tov opBoymviov
B) Tnv amdotacn g kopveng A and v BA.

5.3.'Eva tpaméCio ABI'A pe AB//TA éxer BI'=TA = AA xo11t Bdon AB katd 2cm -
KpOTEPN ad TO AOPOIGUA TOV TPLOV AVTOV TAEVP®Y. AV T0 Hyog Tov tpameliov ABTA ei-
vat Scm, va vroAoyicete 1o euPadov Tov.

5.4. Ze éva maparinidypappo ABTA maipvovpe toyxaio onueio M g mhevpdg AB.
i) Aei&te 6ti: (AMI) = (ABZFA) .
ii) AgiEre 0t1: (AMI) = (AAM) + (MBI)
iii) Av (AMI') = 8, va vrohoyicete 10 EUPASOV TOL TAPAAANAGYPALLLOV.

[Am. 1ii)16]

5.5. Av X givau onueio g dayoviov Al evog maporinioypappov ABITA, va deitete ot
(£BT) = (XT'A).

5.6. No dwpéoete éva tpiyavo ABI oe tpia tcodvvapo puépn pe evbeieg mov dyovtot and v
Kopuen A.

5.7. Av AM egivon dudpecog tpryowvov ABIT kot MA, ME ot amootdoeig tov M and 1ig AB
kot g Al avtiotoyo, va deydel oti: AB-MA = AT"ME.

5.8. No amodei&ete 6TL av £Vl IGOTAEVPO TPIYOVO KOl VO TETPAYOVO EXOVV TNV 1010 TEPIUETPO,
TOTE deV PMOPEL VoL EIVOIL LIGOSVVOLLOL.

5.9. @swpovye éva opboydvio ABTA. IIpoexteivovpe v mAgvpd tov BT kotd tuipa
IE= % BT'. No amodei&ete ot

o) (ABE)= -(AAE)

) AE2=AE>+ % BI”

5.10.'Eva opfoyodvio ABTA pe AB=a kot BI'=p. Av K &ivor to kévipo tov ko E eivon
to péco g 'A 161€ va voroyicete:
i) To gppadov tov tprydvov BKE.
ii) To BE.
iiiy Tnv amdéotaon tov K and 1o BE.
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(Am. i) OB 14) YOHABT 4i4y @B
2 2ol +4 82

5.11. Atveton tpiyovo ABIT kot ot didpecoi tov BA ko TE. Av ® 1o kévipo Bapovg tov
TPLy®@vov, vo amodeiEete Ot
o) (ABA) =(AT'E) =(BEI)
p) (BBI) =(AE®A)
1 (BEO) = (I'AG®)

5.12. Xg tpiyovo ABI" maipvovpe ta péoa A, E, Z ta péoa tov mhevpdv tov AB, AT kot
BT avtiotorya. Av N eivor 1o péso tov BZ wor K, A ta onueia ota onoio tépvern AE
ta AN ko AZ, vo amodei&ete OTL

(AKA) = % (ABT).

5.13. Ze tpiyovo ABT' @épvoupe 15 dapécovg tov BA kar TE. Av K, A eivan ta péoa tov
BA kot T'E avtictoyo, va anodeitete 6t (BKAT) = % (ABI)

5.14. Zg éva moparAnAdypoppo ABTA mpoekteivoupe Tig mhevpég AB, BT kot maipvovpe ta
onueia E, Z avtictoryo. Na deiete 61t (ETA) = (ZAA).

5.15. @swpovpe maparinroypappo ABI'A, éva tuyaio onpeio E g AB koar v T'K L AE.
Noa amodeifete Ot

(ABTA) = AE - TK.

5.16. Aiveton éva maparnioypappo ABIA kot éva onpeio X otnv mpoéKTacT TG TAELPAS
AT" mpog to pépog tov I'. No amodei&ete Ot

o) (ABA)= 1 (ABIA)

B (BAZ) = (ZAA)
y) avn AX téuvern BA oto onueio E, t0te (EAY) - (EAB) = (ZBI)

5.17. Aiveton tetpdyovo ABT'A pe mievpd 4 xot onueio X g mhevpdg AB, dote AX =1.
No vroloyiotei n amdotoon tov A omd v I'X.

5.18. X¢ éva tpaméflo ABI'A eivan A=A=90", AA=AB=3 xut B[ =5.Na vroloyice-
TE!
a) To euPadoév tov tpameliov.
B) Tnv amdotacn g kopveng A and v gvbeior BT

5.19. Me vroteivovoeg Tig kaBeteg mAevpég AB ko Al evog opBoymviov tprydvov ABT, pe
p +y =20, xatackevdlovpe opboymvia kot icooker tpiyova ABA kot ATE ektdg av-
TOL.

a) No amodeifete 6tL ta onueion A, A ko E givar cuvevBeroxd.
) No Bpeite to epPfaddv tov tetpaniedpov BI'EA.
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5.20. Na dei&ete 011 10 GBpolopa TV amOoTAcE®Y £vOG onueiov g Pdong BIT 1cockelong
prydvov ABIT omo tig mAevpég gival otabepo.

5.21. No d¢ci&ete 0TL TO AOPOICHA TOV OTOCTAGEMV EVOG EGMTEPIKOV GNUEIOL 1GOTAEDPOL TPL-

yovov ABI and tic mhevpég Tov givot ico pe % .

5.22. Ta tpiywva pe Kown Kopve1| To onueio Topng Tev dtayoviov evdg tpareliov Kot faoelg
TIG Un TOPAAANAEG TAELPES TOL ELVOL IGOSVVALLAL.

5.23. Aiveton tpiymvo ABT, 1 duidpecdc tov AA, 10 péso M tov tpuipatog AA, 1o péco N
tov Tufratog I'M kot to péco X tov tpupotog BN. Na amodeitete otu:

(EMN) = %(ABF)

5.24. No amodetyfet 6T1 kdBe gvbeia mov Siépyetal omd To PEGO TG Slapécov vOg Tpameliov
Kot TEPveEL TS Paoeig Tov, ympiletl to Tpamélio o€ 600 1wodvvapa tpamédio.

5.25. H dibipecog evog tpameliov eivor 10cm kot yopilet o epfaddv Tov og dvo gpfadd pe
Aoyo 3:5. Na vmoloyiotovv ot Bdoelg tov tpameliov.

5.26."Evag popPog €xet mepiperpo 48cm ko abpoicpa dSwwyoviov 26cm. Nao vroloyiotel to
eUPad6V Tov.

5.27. Av ABT'A givar éva tpaméllo kot E, Z 1o péca tov faosmv tov AB, I'A. Na deitete
ott (HAA)=(HBI'), av H eivatr onpeio g EZ.

5.28. Av  tvyaio onueio e mhgvpdc BIT tprywvov ABIT ko BB', I'T’ ot anootdoelg tov

B, ' and evbeia (¢), mov mepvdet omd to A ko etvar kaBetn oty AZ, va derydel otu
(ABI) =% A -BT".

5.29. Ot Sraydvieg evoc tetpamiedpov ABIA oynuatiCovv yovia 30°. No deiybei ott:
(ABTA) = %-AF -BA.

5.30. Xg 1oookeréc Tpanéllo ABI'A pe Baoceig AB kot I'A (AB >TA) @épovpe
I'Z L AB. Na amodeyyfei 611 (ABI'A) =2(AT'Z).

5.31. Ze tpiyovo ABT eivor AB =2 cm koun didpecog BA = 1. givon BAA = 30°, vo. vro-
Aoyiotel 1o epfadov tov tprydvov ABI.

5.32.'Eva 106mlevpo Tpiymvo kat £va TETpaymvo Exovv Ty idta mepipetpo. Mmopet va. €xovv
70 1310 eUPaddv;

5.33. @swpovye éva tpamélto ABI'A e Baoeig AB =a, A=, 6mov a>f kot dyog v. Av
O &ivor to onpelo Topng Tov dwywviov Tov, va anodsitete 6Tt

(0AB) - (Ora) = =2
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AAAOI TYIIOI TIA TO EMBAAON TPIT'2NOY

% E= Ju(t-a)(z-p)(t-y) (Tvmog rov Hpova)

. , , _a+pf+y
OOV 7 M MUTEPIHETPOS TOV TPLYDVOL: 7= ———=.
% E=wp , 6mov p 1 oKTiva TOL EYYEYPALUEVOD KOKAOV TOV TPLYDOVO.

o E= a_ﬁy

AR omov R m aktiva tov mepryeypoppévon KHkAov Tov Tprydvov.

1 1 1

S E=(- =@ Brop=-)p, .
Omov p, , P, Py O OKTIVEG TOV TAPEYEYPOUUEVOV KOKAWDV TOV TPLYDOVOU.

Nopog twv nuitévov: a__ B _ —97R

npA  muB - mqul’

AXKHXEIY

A’ Oudda
6.1. Z¢ évo tpiyovo ABI givar AB=40mm, A =6cm kou A= 30". Na vroloyicete:
a) To euPaddv tov tprydvov ABT.

p) TaOym vg xor v,. .
[Am. o)6cm” B)2cm , 3cm]

6.2.'Evo. tpiyovo ABI éyet f=6m,y=>5m xa (ABI) = 15m’. No Bpeite ™ yovia A.

6.3. 'Eva maparinroypappo ABIA éyet AB=18cm, BI'=2dm xot A’ = 34cm. No vro-
Aoyloete 10 guPfadov Tov.

6.4. e éva tpiyovo ABT bivetor 6t AB =12, B[ =13 ko1 AI'=5.
i) Na d¢iete 611 0 TpiywVO gival opboydvio oto A.
ii) No vroloyicete to gupaddv Tov.
iiiy No vroAoyicete 10 v,.
iv) No vToA0YIGETE TIG OKTIVEG TOV TEPIYEYPUUUEVOD KOL TOV EYYEYPUUUEVOV KOKAOL TOV

TPLY®OVOV.
[An. i1)30 i1i)60/13 iv)R=26, p=2]
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6.5. Aiveton maparAnroypappo ABI'A pe AB =20, AA=a ko A=120". Iaipvovue t0
péso E g AB. Noa deiéete ot
a) (AEA)=(EBT).
) (ABTA)=0o’ /3.

6.6. Atvetan 10ookeAéc Tpiymvo ABIT pe AB=AI' =1 xo1 BI' =3 . Na vnoloyicete:
a) Tn yovia A.
#) To eppaddv tov tprydvov ABT.
7 Tn Sdpeco BM = py.

6.7. Atveton 1o6mAevpo tpiyovo ABIT, mhevpds a. Xtig mhevpés AB, BI', A maipvovpe avti-
ototya to onueia A, E, Z tétown, oote va eivar AA=BE=TZ =% a. No vrtoloyicete to
euPadov wg cuvaptnon tov o
a) TOL Tptydvov AAZ

B) tov Tprydvov AEZ
Y) TOL TEPLYEYPAUUEVOL KOKAOV 6TO Tpiymvo ABI.

6.8. @cwpovyie tpiyovo ABI, Tig akTiveg TOV EYYEYPAUUEVOL KOL TEPLYEYPOUUEVOL KOKAOL
Tov Tprydvov p, R Ko v nuumepipetpod tov z. No anodeitete ot
a afy=4rpR

apy
2Rp =
2 P o+ f+y
p L4 L L _ 1
af Py ya 2pR
8 v,tvgto, = —aﬁ+2ﬁ]);+ya

2 0, 0,0,

6.9. No amodeiEete 011 o k00e tpiyoovo ABI woyvein oyxéon E =2R by

6.10. Av og piyovo ABI 1oyvel v, = 3p 101¢ deiéte 611 S+ 9y =2a.

2
6.11. "o éva tpiyovo ABT diveton 611 t(t—y) =4 (%) . Na dei&ete 01 T0 Tpiy@vO €ivar 160-

OKEAEC.
6.12. No anodeiEete 6Tt og kbbe tpiyovo ABI oyvet n iodtTa

1 1 1= 1,1,1
(Uu+UB+Uy)(Ua + UT; + Uy] (°+B+V)(q + B + Yj

6.13. N dgifete 0Tt o8 KGO 160mhevpo tpiyovo ABI 1oydetn oxéon: 4-p-p, = a’.
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6.14. ¢ éva tpiyovo ABIT woydein oxéon S+ y=2a. Av p givarn axtiva Tov eyyeypopué-
vov kot R m axtiva tov meptyeypappévon KoKAov Tov, va amodeibete Ot
i) BY:6PR ii)L‘FL:L

[ 5 D)’ Da

6.15. Atveton tpiyovo ABI pe A =90° kot T womlevpa tptyova BI'A, ABE ko AT'Z,
oV dgv €OV KOWA ecmTePIKd onpeia pe to tpiyovo ABI.. No anodeitete Otu:
(BI'A) =(ABE) + (AI'Z)

6.16. Aivovtal Tpelg 10€G S1AdOYIKES YOViEg x6y , yaz ko zOx . Y1ic nevbeieg Ox, Oy

ko Oz maipvoupe avtictorya to onueion A, B xau I' éto1, dote OA=1, OB =4 xm
OI' = 6. Na vroAoyicete 10 gufadov tov tprydvov ABI.

6.17. Atveton o&vyavio tpiyovo ABL pe pfjkn mhevpdv y=2, f=1++2 xot guPadov
(ABT) = @.

o) No amodeiéete 611 To pfikog g mAevpdc a =+/3 .
#) No vrodoyicete v oktiva R tov meptyeypoppévon kokiov tov tprydvov ABT.
) Na vroloyicete 10 koG ¢ TpoPfoing g mhevpds AB mévo ot mievpd BT

6.18. Ot Tapdiinieg mievpéc evag Tpameliov €xovv pnkog 11m kot 25m , véd ot un Topah-
Mnkeg mhevpég tov Eyovv pnikog 13m ko 15m. Na vroloyicete to epufadov tov.

6.19. Aiveton éva tetpdyovo ABTA pe mievpd a = 4. 10 e0®TEPIKO TOL KATACKEVALOVE
wwomlevpo tpiyovo ABK. Na vroroyicete ta epfadd tov tpryoveov ABK , AAK, BI'K
ko TAK.

6.20. X¢ éva tpiyovo ABIT m didpecoc tov AM givar ion pe v mievpd AB. Av R kot x
glvat avtioTolyo Ol OKTIVEG TV TEPLYEYPARUEVAOV KOKA®V oT0 Tpiyove ABIT kar AMI, va
amodeifete 0T R =x.

6.21. X¢ éva 1piyovo ABI' eivar (ABI) = %\/ (z—=p)(r—y) . No amodeifete 011

ﬁ+y:a\/5.

6.22. Atveton tpiyovo ABIT pe mhevpés a, f, y ko kokhog (O,R) mov €xet To kévipo Tov
omv mhevpd BI' ko epdmtetar tov AB kot AI. Na deiybei ot

- L.\/ﬁ
R By t(r—a) (= p)(t~7) .

6.23. O eyyeypappévog kKokhog evoc opboymviov tprydvov ABIT gpdmtetal g vroteivovoag
oto onueio A. Na amodei&ete ot
iy AB=7—y xu AT=7-p
ii) (ABI')=AB-AT'.

6.24. Ocwpobiie éva tpiyovo ABIT ka1l to Popvkevipd tov O. No deifete OtL:
a) (BBI') = (BAT) = (GAB)
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#) (BKHI) = %(ABF) , omov K, H elvar 1o péca tov BO ko I'O avrictoryo.

* * * * *
B’ Oudda
6.25. "o kaBs tpiymvo ABI, va amoderyfovv ot Tomot:
Pi Py PP Py P, P,
i) E= \/pp,0yp, iv) ppupppy =TE=7"p
V) PaPpt PpPyt PP =T vi) putpptp,=4R +p

6.26. Av oe tpiyovo ABI" oyde1n oxéon papy = p-pp, vo amodeifete 0T1 10 Tpiywvo eivan
opBoydvio.

, , , , , , U, +0, v, +0 v +0
6.27. Na amodeiéete 6t o€ k40e Tplymvo 1oydel n iodtra; ~L—~ + 2% + = £ =
Pu Py P,

6.28. X¢ éva opBoymvio tpiyovo ABI pe A=90" va amodei&ete OTL IoYVEL 1) 1IGOTNTO!
1,.1_32
By 9,

DtV L Uty L VF,

6.29. Av og éva 1pltyovo ABI oybel n o6t Ta = 6, vo amodei-

b4 Uy Vg

Eete OTL TO TPIYOVO EIVOL 1IGOOKELEG.

6.30. X 160e Tpiywvo ABI" va anodeifete 611 v, +og+ vy, = 9p, Omov p elvorn aktiva Tov
EYYEYPOLLEVOV KUKAOV TOV TPLYdVOL.
[T6te wydel n wodT TR
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EMBAAON KAI OMOIOTHTA

< Av dvo tpiymva £rovv ioeg Paoels, T0TE 0 AOY0G TV EUPAd®V TOVG 1IGOVTAL LLE TO AOYO
TOV OVTIGTOLYOV VYAV, VA av EXOVV ioa DY, TOTE 0 A0Y0G TV EUPAdDY TOVG 1IGOVTOL
pe 10 Adyo TV avtictoryov Bdoswmv.

’ r 1)
e Av a=a’, 101 £,=—“ v
E v, “ U,
o o
o o

*  Av 0o Tpiy@va givor opola Tote 0 AdYog TV ERPUSOV TOVG IGOVTAL LUE TO TETPAYMVO
TOV AOYOL OHOLOTNTAG,

E

EI

e Av v,=v,, 10TE

Q\‘g

Anadn % =2, 6mov A 0 AOYOC OpOLOTNTAG TMV S0 TPLYGVOV.

¥ Av pio yovio evog Tpy®@vov gival iom 1 TopamAnpoUOTIKY He pHia Yovio evog GAAOL
TPLY®VOV, TOTE 0 AOYOG T®V EUPAdDY TV D0 TPIYdVAV gival 150G pe T0 AdY0 T®V Yvo-
HEVOV TV TAEVPDV TOL TEPLEYOVV TOG YOVIES AVTES.

A

>
Il
j>>
=
>>>
+
>>>
Il
&
S
>
a
O~
a
¥
Il
=
=

Anlodn, av A




EMBAAON KAI OMOIOTHTA 153

AXKHYEIY

A’ Oudda

7.1. Atveton tpiyovo ABIT pe a=13,=12,y=5 kot AA t0 Vyog TOV.
a) No Bpeite 10 €ld0g TOL TPLryDVOUL.

(AAB)

(AAT) -~

B) Noa vmoAoyicete 1o Adyo

7.2. Xg wookelég tpiyovo ABIT (AB = AT') maipvoupe otn Bdomn tov onueio M mote
BM = %BF. And o M ¢épvoupe otig AB, Al kabétoug, Tic MA , ME avrtictoryo.

a) No amodeitete ott (MET) = 9(MAB)
B) Av 10 GOpotopo TV eufaddv Tev Tprydvev MAB kon MET eivar 20cm? , va Ppeite
70 gUPaddV KaBeVOC TPLYDVOUL.

7.3. O@c@poVLLE TPELS O1000YIKES YOVieg x6y s y6z kot zOx 4101 ote x6y = y6z =150".
Tt nuevbeteg Ox, Oy, Oz maipvovpue ta onueion A, B, I' avtictoyya étol dote OA =2,
OB =4 kot OI' =6.

a) No vroroyicete 1o gufaddév Eora tov Tptydvov OTA.

p) No vroroyioete To Adyo tov euPfadmv % .
OBT

7.4. Atveton tetpdyovo ABI'A mievpdg a kot otig mievpéc AB kor BIT maipvovpe tpnpoto

AE=BZ= 230‘ .Avot AZ xar AE tépvovtot oto onpeio M, va amodeifete 0T

(AME) = 4%~
39 °

7.5. Z10 oynpa mov axoiovdet, divetat kokAog (O,R) dwpétpov

BI" ko nuievbeio Bx tétown, dote n yovia I'Bx vo sivar 30°.
‘Eot® 6tin Bx tépvel tov khkho oto onueio A. @épovpe v
gQamTOpEVN TOL KVKAOL oto I, ) omoia téuvel ) Bx oo on-
peio P. Na amodeigete otu:

a) AI'=R.
(PBI) _
P par) 4
_ 2R3
y) PI' 3

7.6. No. vTOAOY1GTOVV 01 {5€G TAELPES EVOG IGOGKEAOVG TPLYDVOV, TOV Eival 1G0dVVALLO LLE TPi-

yovo ABI, étav ) yoviatov icov mAgupdv tov givat ion pe A ko givat
AB =10dm, AI' =64cm.

7.7. Mo gvbeia Tov givar TtopdAAnin tpog v mAevpd BT evdg tpriydvov ABIT, tépver tig
mhevpés AB kor AT oto onueio A kou E avrtictoyyo. Na amodeitete ot

(ABE)* = (AAE)-(ABI) .



154 CEQMETPIA

7.8. X710 eEmtepikd evog tprydvov ABIT kartackevdalovpe ta tetpdyovoa ABAE kor ATZH.
No amodei&ete 6Tt (ABI') = (AEH).

7.9. Ztic mhevpéc AB ko AT evdc tprydvvov ABIT maipvovpe avtictouyo to TUALOTO
AA= % AB kot AE = % AT. Av 10 gpPaddv tov tprydvov ABT eivan 54cm?’, vo Bpedet

o guPaddv Tov teTpanievpov AEI'B.
[Amr. 45 cm? ]

7.10. @swpobie éva kKA (O,R) kot pio gvbeio (¢) mov améyetl amd to kKEvipo O TOL KOKAOL
amootaon ion pe 2R. Pépvovue pia dipetpo AB mov tépvel kdBeta v (¢) oto onueio
K peto B va Bpioketar peta&d tov A xontov K. Iaipvovpe toyoio onueio TN tov kd-
Khov. H AT mpoextewvopevn téuver vy (¢) oto onueio E. Na dei&ete otu:

i) AIAE=6R?

ii) Avn A =30° t6te va vroAoyicete to guPadov tov Tprydvov ABT, @g cuvdptnomn g
axtivag R.

. (KBTE) _

ii) (ABD)

VB P+ By

7.11.'Ecto tpiyovo ABIT pe AB < AT xou y, = 5

. ®épvovupe ) dGpueco AM

Kot 70 DYog AA.
i) Na dcitete Otu: A =120
ii) Av AB=2, AT' =3 vo vroloyicete to epfaddv tov tprydvov ABT.

iii) Av mdpovpe onueio N g AM mote AN = %AM Tote deilte OTL

(AMN) _ 2 p*=y’
(AMI) 3 2

7.12. Aiveton moporinioypappo ABI'A ko E, Z givar ta péoa tov mhevpaov tov BT, T'A.
No anodeitete 6tt  (AEZ) = % (ABTA).

7.13. Aivetar opbfoydvio tpiyovo ABI (A =90% xat I 70 oNpEio TOUHG TV SLYOTOUOY TV
(BIT) _ IB-IT

' B r.N (ete ¢ :
YOVIDV TOV Kol o anodeiete OTL (AIT) TAAT

7.14. Atveton tpiyovo ABIT kot éva ecwtepkd onueio tov P. And to P pépvoupie kdBeteg
ot mhevpés AB, BI', AT kau maipvovpue og autég tunuota PA = AB,
PE=BI', PZ= AT avtictoya. Na anodeitete otL:
i)y (PAZ)=(ABI)
ii) (AEZ)=3(ABI).

7.15. And ecmtepikd onpeio O kvptov tetpomievpov ABT'A eépvoupe OA”, OB™, OI'",
OA’ «kabeteg kou ioeg mpog tig AB, BI', T'A, AA avtiotoyya. Na onodeilete otu:
(A'BT’A")=2(ABI'A)
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7.16. Z11¢ TpoekTdoelg Tov mievpdv AB, BI' kar T'A evog tprywvov ABIT maipvoupe to
tuquoto. BA =TE = AZ = 4. No vrnoloyicete t0 Ady0 ToV euPaddv tov tprydveov AEZ
kot ABI',av a=2,5=3 ka y=4.

7.17. Zug mievpég BI', TA, AB evog tprydovov ABIT maipvoupe ta onueic A, E, Z dote
BA= %BF, IE= % TA kot AZ= %-AB. No anodeitets 6t (AEZ) = % (ABI).

7.18. Ztig mhevpéc AB, BI', T'A evdg tprydvvov ABIT maipvoupe to tufipata dote AA =
%AB, BE = %BF kot TZ= %AF. No amodeifere 6t (AEZ) = % (ABT).

7.19. ITpoexteivovpe tic mhevpég AB, BT, TA kou AA evdg mopoiinioypdppov ABIA «o-
¢ tuqpuato BE=AB ,TZ=BI', AH=TA kot A® = AA. Na anodcitete 6Tt T0 ufadov
tov EZH® eivar mevtanidoio tov gpfadod tov ABTA.

B’ Oudda
2
7.20. Aiveton tpiyovo ABIT kon ot dyotopor tov BA ko TE. Av (ABI) = (1+%) -(AAE),

va amodeifete 0TL 10 Tprydvo ABI eival icookeAés e kopuen To onueio A.

7.21. Z¢g éva tpltyovo ABI' maipvovpue toyaio onueio A omyv BI. Andé 10 A @épvovpe ma-
paAAnio mpog v Al mov tépver v AB oto onueio E kot mopdAinio mpog v AB
mov tépvet v Al oto onuelo Z. Av E=(ABI), E, =(AEZ), E,=(BAE),E;=(T'AZ)
vo omodeigeTe 0Tl
0 NE = E, +
p) Ei=.E, E;

7.22. Av AA, BE xar T'Z &ivar o1 diyyotdpotl tov yoviov evog tprydvov ABI va amodeiete
(AEZ) _ 2afy

ot .
(ABI)  (a+B)(B+7)(y+a)
Egappoyn: Av a=9, =10 ko y =17, va deilete 611 (AEZ) = % .

7.23. An6 10 Papokevipo O evog tpryddvov ABIT pépvovpe OK L BT, ®A L AT ko

2 2 2 3
®M L AB. No 8sitete ot (KAM) = W , 6mov E = (ABD).
a py

7.24. @ewpoiile Eva mapaAnioypappo ABI'A. Mo gvbeia mov diépyetat amd v Kopven A
tépvel v mAevpd Al oto onpeio E kot v mpoéktaon g BI' 610 onueio Z. Na ano-
deitete 6mt (BI'E) = (AEZ).
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KANONIKA HOAYI'Q2NA

e k@Be Kavovikd v-yovo aktivag R 1oydovv ol oyéoels:

360’
v

¢ Kevrpn yovio kavovikod molvydvov: @, =

¢ T ovia kavovikod ToAvydVov:

0
b, =180°~ 200 = 180°- 4,

2
L af+%=R2

¢ [lepipetpog kavovikod moivydvov: P, =v-4,

¢ Eppadov kavovikod molvymvov: E, = % P, a,

AXKHXYEILY
8.1. Na Bpeite v kevrpkn| yovia Kot v yovia evOg KOVOVIKOL
a) 8-ymvou B) 12-ydvov
y) 18-ydvou 3) 32-yodvou
8.2. TTo10 Kovovikd TOADY®VO €XEL KEVIPIKT YOVio
a) 40° ) 22,5" y 18°
3 15° g 10° or) 8’
8.3. TToto Kavovikd ToAVY®VO €xel ywvia ion pe
a) 160° p) 165° v 150° 5 172.8° g 174°

8.4. No amodei&ete 0TL TEGOEPIC SLUOOYIKES TAEVPEG EVOG KOVOVIKOV V-YyMVOL oynpatifouv -
GOOKEAES TPATECLO.

8.5. Bpeite ta kavovikd Tolvyova Tmv onoiov 1 yovia Toug eivat o&gla.

8.6. Alveton kavovikd moldymvo AjA; ... A, gyyeypaupévo og Kokio pe kévipo o O Kot o-
ktivo. R. Av 1) yovia Tov mohvydvov eivar ¢, = 150°, va Bpeite:
a) Tov apBpd tov Thevpdv Tov TOAVYDVOL.
B) TNV KEVIPIKH YOVid TOL TOAYOVOL @, .
) To eupaddv Tov ToAVYDOVOL GLVAPTHGEL TNG oKTivag R.
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EITPA®PH BAXIKON KANONIKQN IIOAYI' QNN
2E KYKAO KAI XTOIXEIA TOYXY

IMo ta oToYKEl0 TOV TETPAYDOVOV, KAVOVIKOD EEQYMVOL Kol 1GOTAELPOV TPLYDVOV, EY-
yeypoupéva og kOkho aktivag R €yovpe:

Tetodvavo Kavovikd | Iedmievpo
pay E&dyovo | tpiyovo
[Mievpa 4, Ju=R~2 |4=R J3=RA3
Andommua a, | as= RT\/E 0= —Rf o3 = %
AXKHXYEILY

9.1. To epPaddv evog TeTpaydvoL eyyeypappévov oe kokAo (O,R) eivar katd (8-3 /3 Yem?
HEYOAVTEPO TOL EUPASOL TOL EYYEYPAULEVOD IGOTAELPOL TPtydvov. Na Bpebel | aktiva Tov
KOKAOV kot T eUPadd TV TOAYDOVOV.

[An. R=2cm, E4:8cm2, E,=3+V3 cm?]

9.2."Evo kavoviko moAby@vo glval eyyeypappévo og KOKAO aktivag R = 12cm. Av to amodotn-
é Tov sivar 62 cm , vo VTOAOYIGTEL 1] TAELPE TOL Kot 1] YOVid Tov.

9.3."Eva. tpiymvo sivar eyyeypaupévo og kokho (O,4cm) pe mievpée AB =4+/2 cm kot
AT = 4+/3 cm. Na vroloyicete Ti¢ ymvieg Tov Tptydvov.

9.4. Avo yopdég AB ko T'A evdg kokhov tépuvovtat oto onueio P. Av PA =44 ko PA =J¢
, vo amodei&ete 6tL (PAT) = 2(PBA).

9.5. Avo yopdég AA xor BI' evdg kOKAov tépvovtat oto onueio M. Av AB =4, kot
I'A =13, va amodeiéete 6t (MAB) = % (MT'A).

9.6. Aivetou tetphyovo ABT'A gyyeypappévo oe kokho (O,R) kot E 1o péco g mhevpdg

BI'. Avn AE téuvet tov kbkAo oto Z, va vroroyicete to Tunpo EZ.

RV10

[Am. 70

1
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9.7. Xg kokAo (O,R) 6v0 mapdAinieg xopdég mpog to 1610 péPog Tov kévipov O, Exovv unKn
AB =1; kot I'A = 4¢. Na vmoAoyiotel to epPaddv tov tpomeliov mov £xel fAoels Tig xopdEg
AB xou TA.

R?
[Am. - ]

9.8. Ze kvkAo (O,R) maipvovpe dradoyikd to&a AB = 60" , BI = 90" , TA=120°. Na Bpe-
O<i to epPaddv Tov tetpanievpov ABTA.

[Am. %*‘/5) ]

9.9. Atvetan 1oémievpo tpiyovo ABID gyyeypappévo og kokko (O,R), A 10 péco tov t6Eov

AT ko E 10 péco g mievpdg BI. Avn AE téuvetl tov kOKAo 6to Z, va vmoAoyicete
ta tpquate AE ko EZ.

R Ez= 3RVT

(am. aE=21 R

1

9.10. Ocmpovpe dVO OPOKEVTPOLS KOKAOLG akTivov R kat p kot tetpdyovo ABI'A eyye-
ypappévo otov eEmtepikd kukAo. Na arodetydei 0Tt yio kébe onueio M tov ecmtepikod
KOKAOL 1oy0et: MA? + MB” + MI™ + MA? = 4R* + 4p” .

9.11. Aiveton kokhog (O,R) kot xopdrj tov AB =1;. Av M onueio tov kuptoy®viov 106£0v

AB ot AM=2 kot MB=5 v vroloytotei 1 oktiva R tov kbhkhov.
[An. I3]

9.12. Aivetan io6mAevpo tpiyovo ABID gyyeypappévo o kokko (O,R), A to péso tov tdéEov

AT. Av n EA téuvet tov kOkAo oto H, va vroloyioteil to tpunqpa AH.

9.13. Atvetar kokAog (O,R) kot xopdr| tov AB = A¢. [Ipoekteivoope v BI' kotd tpipa
AB =BI' kot pépvovpe 10 gpomopevo tuque. IA. Av 1 d1y0ToéH0C TG Yoviag r TEUVEL TIG
BA, AA otaonueio E kot Z avtictoyya , deiEte ot

BE-AZ = AE-AZ.
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MHKOXY KYKAOY

Mnjkog koxkhov: L =27-R =m0

ER’% =oa-R
180

Mnjkog t6&ov: [ =

=0

A B

AXKHXEIY

10.1. Na vroloyicete T0 KOG evOg KOKAOV, OTaV 600 kdBeteg yopdég tov AB kot AT éyovv
pfikn 6cm kot 8cm avtictoyyo.

10.2. No vtoAoyiceTe TO KOG TOL EYYEYPOLUEVOD KOL TOV TEPLYEYPOLUEVOD KUKAOV
a) opBoywviov Tpry@dvov pe kabeteg mhgvpég 3cm ko 4em
B) 10OTAEHPOL TPLYDHVOL TAEVPAG O
¥) 1606KeAOVS TPLy®@VOL pe Bdon 12cm ko iceg Thgvpég 10cm.

10.3. ¢ khkho (K,R) Oewpodue Swadoyikés xopdés AB=R,BI'=R+2 ko1 TA=R+3.Na

VIOAOYIGETE TOL UK TOV TOEDV AB, BT, TA kot AA.

10.4. Avo icot koklot oktivag R epdntovran eEmtepikd oto onpeio A kot BIT givot puo kot-
V1| eEmTEPIKN EQPOTTOUEVT 0LTOV. N VTTOAOYIGETE TNV TEPIUETPO TOV KAUTVAGYPOLLLOL TPL-
yovov ABT.

10.5. Avo kokrot (K, R) kot (A, 5) EQATTOVTOL E0MTEPIKE 6TO onpeio A. Amd 1o kévtpo K

eépvovupe e nuevbeio Kx, n omola tépvel to pikpd kbdkAo oto onueio B kot to peydho
oto onueio I'. No ovokpivere ta pikn tov toEov AB ot AT .

10.6. Me kévtpa Tig KopLeEG 1Ieomhevpov Tpry@vov ABIT mhevpdg a kot aktiva % YPAPOL-

pe Tpetg kKikAovg. No vToAOYIGETE TO KOG TOV KUKAOL 0 0TT0{0g eQANTETAL EEMTEPIKA Kot
TOV TPLOV KOKAWOV.

10.7. Atvetan tetpbyovo ABT'A mhevpdc a. Me kévipa Tig kopveég A, B kot aktiva a ypd-
@OLLLE 000 TETOPTOKDKALL LEGO 6TO TETPGy®mVO oV Tévovtal oto onueio E. No vroloyt-
o1el M TEPIUETPOG TOV KOPTLAOYpapov Tprydvov T'EA.
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EMBAAON KYKAIKOY AIXKOY

Eppadév kukhikod dickov: E =z -R*

7Ry

Epadov xukhikod topéa: Ey, = 2607

AXKHYELY

A’ Oudda
11.1. Xg koKdo pe dquetpo AB @épvovpe Tig yopdés AM kot BM. Av AM =9cm «oit

BM = 1,2dm, va vroAoyicete 10 gufadov Tov KOKAOL.
[An. E=50, 25ncm2]

11.2. Aivetar opBoydvio kot ioookerés tpiyovo ABI, pe A =90" kot BI =16. Me KEVTPO
T0 A Kot axtiva ion pe 1o pod tov vVyoug AA ypagovpe kKOkAo. Na Bpebetl To epufadov

TOV HEPOVS TOV KOKAOL TTOL £1VaL EKTOG TOV TPLYMVOD.
[An. E=12m]

11.3. 210 ecmtepikod evog tetpoydvov ABIA, mhevpds 2a, oynpatilovpie 1€66€p1c KUKALKOVS
TOUEIG Le KEVTPA TIG KOPLPES TOV TETPAYMVOL Kol akTiva a. Na vroloyicete to epufadov

TOV LEPOVS TOV TETPAYDVOV TOL PPICKETOL EKTOG TOV KUKAMK®OV TOUEDV.
[An. E=(4-m) o]

11.4. Aivetar évag kdkhog (O,R), tuo xopdn tov AB =R ko 1 epamtopevn & 610 onueio A.
dépvovpe BI' L e. No vroloyicete:
a) Tn yovia AOB ot TIG Yovieg Tov Tprycddvov ABI.
B) Tmv mepipetpo tov pktdYypappov tprydvov ABT.
y) To gupaddv tov pktdypappov tprydvov ABT.

V) E

[An. o) 60° B)H:R(3+3é/§+2n) :RZ(9\/2§4—4H)]

11.5. 10 ecmtEPKO £vOG TETpaydvov ABI'A mhevpds a, kotackevalovpe dHo teTOpTO-
KOKAo pe kévrpa Tig Kopueég A, I kat axtiva a. Na vroroyicete 1o ufadov Tov puépoug
GTO EMTEPIKO TOV TETPAYDVOL TOL EYEL GYNLO “QVAAOV”.
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11.6. Xto dumAavo oynua divovrar 1) opb1 yo- y
via x6y , 0 kokAog (O,R), ue R=12,0 T
omoiog téuvel Tig Thevpég Ox, Oy ¢ yovi- K M
oc ota onueia N, K avtictotyo kot to on- O
peio B ¢ Ox, ywa T0 omoio oyder OB =
24. Av 1 €QOTTOLEVN TOV KOKAOL TTOL GIYETOL
oamd to B, gpdntetal Tov KOKAOL 6T0 onueio

M o tépvel v TAevpd Oy o710 onpeio ()
I, t6te:
a) No amodeiEete 6tin yovio MON  eivor

KEVTPIKN YoOVio Kavovikoy eEay®vou Kot

VoL VTOAOYIoETE TO EUPOSOV TOL KUKALKOD

Topén OMN .

$) No vroloyicete o epPadov Tov YpapIOOKIOGHEVOL HEPOVG TOV Tprydvov OBT.

11.7. H enikevipn yovia AOB 10V KUKAKOD TOUEN TOV TOPUKAT® GYN-
patog givat opBn kot 1 aktiva tov givar 6.
H kd0em evbeio oto pécso K g axtivog OA téuvel o 10£0 T0V
KUKAKOU Topéa oto onpeio T

a) No dei&ete 0TI 1 Yyovia AOT sivor 60°.

$) No vroloyicete To PKOG TOL TOEOL AT .

B

o}

y) O Adyog TOV PNKOLS TOL TOEOL AT TPOG TO UNKOG TOL TOE0L IB sivou

1 1
A3 B. 3 r. 2 A. 3

3) Noa vroloyicete 10 gnfaddv Tov KukAkol Tuqpatoc AATA.

11.8. Aivetar ioémhevpo tpiyovo ABT mhevpds a. aip-
voupe ta péoa A, E, Z tov mievpov tov BI, AT kot
AB avtioctolyo. 10 €00TEPIKO TOL TPLYDOVOL KATO-
oKeVALOVLLE TOVG KUKMKOVG TOUEIG e KEVTPA TIG KOPL-

¢éc B, I' xon axtiva % . 210 e£mMTEPIKO TOV TPLYDVOL

Katackevdlovpe To NuKOKALa pe dtopétpoug AZ ko
AE. No vroloyicete v mepipeTpo Kot 1o UPadov g
OKLOGUEVNG KOPIHG, OTOG PAIVETAL GTO SITAOVO GYLLOL.

A

11.9. Kartaokevalovpe dvo opokevipoug kokAovg (O,R) kot (O,2R). And éva onueio A tov
koKhov (O,2R) @épvoupe ta epamtopevo tuipoto AM kot AN otov kdkio (O,R). Na

Bpeite v mepipetpo kot to epPadov Tov KTOYpapov Tprydvov AMN.

[Am.

E

:R2(3«/§—n) ]
3
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11.10. Aivetar opBoymvio tpiyovo ABIT (A =90°)
pe pnkm mevpdv AB =R ko AI'=R+V3.
I'papovpe Tovg kOKAoLg (B, R) Kot
(T, R+/3). No vmodoyicete:

a) To pnkog g mAevpdc BI' suvaptioet tov
R.

p) Ticyoviec B wat I.

y) To guPadov tov tetpomievpov ABI'A ov-
vaptioet tov R.

3) To guPadov tov kool pépovg twv 600 KO-
KAV cvvaptioet tov R.

11.11. Xy ddpetpo AB evog nuikvkAiov maipvoupe Toyaio onueio M kot kotackevalovpe
€vtoc antov NuikdkAMa pe dStopétpoug ig AM kot MB. Av E eivor o gufaddv tov peyd-
Aov nuukvkAiov Kot S to gufaddv Tov pEPovs oL PpickeTar HeTaED TOV TPUOV NUIKVKAI®DV,

va anodeifete 6t S < % E.

11.12. Atvetar nukokio kévipov O kot dSwopétpov AB = 2R. Etnv npoéktacn tov AB mpog
10 B, Bswpovpue éva onueio I, 1é1010 dote BI' =2R. And 10 I' pépvovpe 10 gpoamtdpevo
tuquo I'E tov nukvkAlov. H gpoamtopévn tov nukukAiov oto onueio A téuvetl v mpoé-
ktaon tov Tpunpatog I'E oto onueio A.

@) Na anodeitete 61t TE=2+/2 R.

B) Noa omodeitete 611 TA-TO =TATE.

y) No vmoAoyicete o tuquo I'A cvvaptmoet tov R.

3) Na vmoAoyicete 10 dBpotopa tov epfadmv Tov uktdypappov tprydvev BIE kot
AAE ovvaptioet tov R.

11.13. Tpeig kAot (Oy, Ry), (O, Ry) xan (O3, R3) epdntovion avd dvo eEmtepikd ota on-
peio A, B xar T'Av R, =R, =2 «xat Ry3=2 -2, t61¢:
a) No anmodeiEete 611 0 Tpiyvo 0;0,0; eivar opBoydvio.
B) No vroroyicete v mepipeTpo Tov KopmvAoypappov tprydvov ABT.
1) No vroAoyicete 1o euPadov Tov KapmvAdypappov tprydvov ABI.

11.14. Avo kokhot (K,R) kot (A,p) téuvovron oto onpeic A kot B pe AB = 10cm,
KA =5+2cm xat (AAB) =25+/3 cm’ No vnoAoylotoiv:
a) Hyovia AKB.
p) Hyovia AAB Kot M aktiva p.

7) To eppadd TV KUKAIKOV TOpEDV KAB kot AAB.
3) To gupaddv tov kool TUNHATOS TV dV0 KOKAMV.

A H r
11.15. Xto oyfua mov akorovbel , o tetpdymvo ABI'A mhev-
pac 7cm, eyypdoovpue tetpayovo EZHO £tol dote:
AE=BZ=TH=A0 =3cm.
a) Na Bpebei to gpfaddv tov tetpaydvov EZHG. )
z
Al
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#) No vroloyicete to gupaddv tov tpryd@vov EBZ kot vo anodeiEete 6t1 ) aktiva, Tov €y-
yeypappévov kokiov (A,p) oto tpiyovo EBZ egivar p = lcm.

) Eav (K,R) &ivar o eyyeypoppévog kdxkhog oto tetpdyovo EZH®, va vroloyicete to Ao-
vo tov gufadov tov koklov (K,R) mpog to epPaddv tov kdkiov (A,p).

11.16. Avo koxkhot (K,a) kot (A,30) epdntovton eEmtepikd oto onpeio A.’Ecto BIT éva
KOWO EQATTOUEVO TUNI TV 600 KOKA®V. No vTtoloyicete:
a) Tig yovieg BKA ot TAK.
B) Tnv mepiperpo Tov LKTOYpappov Tprydvov ABT.
y) To guPadov tov puktdypappov tprydvov ABT.

[Amr. B

v)

)01(6\/§+5n) ]
3

oA(24/3-11m)
6

B’ Oudoa

11.17. Mia tetpdymvn otédvn ABI'A pe mepipetpo 2s glvot mepippaypév e gpaKtn Kot me-
péAleTar amd peydin éktacn énov propel va Booknoet éva tpdPato. To mpoPoato deoped-
€tol amd oYovi UNKOLG s, TOL TO £va AKPO ToL givar dgpévo ato onueio A Tov EpdaxTn Kot
70 GAAO Gkpo Tov cuykpatei To TpoParto. Na Ppebei To euPadov g meployng Lésa otnVv o-
moia propet va Bocknoet To TpdParto.

_7 .2
[An.E gHS ]

11.18. Na Avoete avdAioyo TpOPANHO OT®S TO TPOTYOLLEVO OTAV TO CYNLO TNG OTAVNG tvart
Kavoviko eEdyovo ABI'AEZ mepyétpov 2s.

[AH.E=%HSZJ

11.19. O)Aeg 01 KOPLPES PIOG TOAVYOVIKNG YPaULUNG BpickovTon Td-
VO € (oL TEPLPEPELD KO O1 Ywvies 6Tig Kopvpéc B, I ko A &i- B
vo Oheg 45°.

No amodei&ete 6Tt ta gPadd TV 600 YPOUUOCKINCUEV®Y TN - A A
pétov Tov Kukiikob dickov etvat ica.







mepor B MAOHMATIKA KATEYOYNXHXY

KE®AAAIO 1. |

ATANY2XMATA

> H évvowr 10V
SlVOGHLOTOG,
[Ip6cBeon xor apaipe-
on ovuoudTomV

»  TMoAamAactoopog
aplBpov pe ddvooua

»  XZUVIETOYUEVEG OTO
EMimedo

» Eootepwkd ywvopevo
VLG UATOV

TIAPXOoUuV dUo £idr PUOKAOV Peyebav:

Exeiva 1tou propouv va oplotouv He T Xph-
owporoinon evog apBpou, o ortoiog Agyetal PETPO
ToU peyéboug kat ta peyebn autd Aéyoviat apiB-
pnuka n fabpetd. Tétowa .x. peyebn sival n pa-
{a, 0 OyKog, 1 ITUKvVoOtNta, 1 Oeppokpaocia, n amno-
otaon K.T.A.

'OAa ekeiva Tou arnattouv yla Tov mArpn kKabopt-
Oop0 toug pia €vdeldn wg 1pog Tov “IPOIto evep-
YEWAG TOUG”, aUtd Iou dev PItopouv va 0plotouv
Xwpig I pecoAdPnon v evvolmv tng deubuvong
Kal g @opdg, autd mou ep@avifovial pe éva
oup@un npooavatoAlopo. Ta peyebn avtd, onwg
n dUvapn, n TaxvTTa, 1 EMTAXUVOT), 1] ITEOoT
K.T.A Aéyovtal Stavuopatikd peyedn.

H A¢én Sidvuopa pag Bupidet yevikd oxt povo
m “petdfaon” ano pia apxXikn Kkataotaon A o
pia tedikr) B, aAAd akopa Kai tov “tporo petd-
Baong” and myv kataotaon A o B.

Atdvuopa, Aoirov, PIopoUhe YEVIKA va ITOUE OTL
etval n padnpatikn ewkova, n Padbnpatikr napa-
otaon, evog dravuopatikou peyeboug.

O davuopatikog Aoylopog eivat pia anod tg
nieploxég @V Mabnpatkov n onola ennpedotnke
arno@aototikd arnd mv e§EAMSN Kat g avAaykeg g
duokng. Z1g 6Uo mpoteg evotnteg Hivoviatl ot
arnapaitntot oplopol, datunwvetal 1 opodoyia ya
XAPAKINP1OTIKA Stavuopata, n wootnta Siavuopa-
TV KaOag eriong ol PAgelg ITou PItopoue va
ekteAéooupe pe Tig 1010tnteg toug. Ta mpofAnuata
eda avuipetenifovial KAT® aro YEOUEIPIKO Ipi-
ona.

TV tpitn evotnta €10AYETAl 1] AVAAUTIKY] €K-
@PPAOoT TV H1aVUCUATEV e KAPTEOLAVEG OUVTE-
taypéveg. O1 ox€0e1g IToU €XoUpE el PEXPLS 6w
PETATPETIOVTAL TOPA OF OXEOELG TTOU AvVAPEPOVTAL
oe ouvietaypéveg Stavuopdtev.

Zinv tedeutaia evotnta £10Ayetal 1 ONHAVTIKY)
£€VVOld TOU £0®TEPIKOU YIVOUEVOU, 1] TIPWTN e§®Te-
pkr) pdén ouvoldou rou pabaivoupe. Atvovrat ot
16101 Tég Tou Kat apatiBetat €va peyado mAnbog
QOKI|OEWDV.
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ENOTHTA 1 |

T1 ovoualovue
aavoouo,

2oupoliouos
010V0oUOTOS

Mnoeviko
diavoaua

Métpo
dlovdouaTog

Dopéag
JdrovdouaTog

Métpo kau
popéag Tov
UndeviKoo
o1ovdouaTog;

Aigvooua
Topalinio mpog
uio gvbeio

H ENNOIA TOY AIANYXMATOX
IHIPOXOEXH KAl APAIPEXH AIANYXMATQN

Aévoouo. ovopalovpe €V TPOGAVOITOAGILEVO B (mépag)
gLBVYpappo TMqua, dNAadn Eva gvBVYpapo T s
TOV omoiov Ta dxpa Bewpovvrol dtatetaypuéva. To AB
TphTO Gicpo Aéyetar apyt N onueio epapuoyiic tov A (apxi)
SlavhHoUATOG, EVD TO dEVTEPO AEYETUL TEPAG TOV SLOVIGLLOTOG.

To dtvoopa pe apyn to A Kot tépag 10 B cupPoriletar pe AB .Tw 10
GUUPOMGUO TOV SLOVUGUATMV YPNCLLOTOIOVIE TOAAEG POPES T PUKPEL
YPALLOTO TOV EAATVIKOD 1) TOV AQTVIKOD aAPafTov, yio. mapddstypa d ,

Bo i, V...

Mndevikd drdvoopa ovopdlovpe ekeivo Tov 0moiov 1) apy1| Kot T0 TEPAG
copmintovy kat cupBoriletar 0. Anhodi, A4 =0.

H andotaon tov dkpmv evog dlovicoHaTog AB, dNAadn To UAKOG TOV
evBuypdappov TupaTog AB, Aéyetarl pétpo M wiKog ToL SVOHCUATOG AB
Kot cupPoriletan ‘ﬂ?‘

H gvbeio mdveo oy omoio Bpicketan Eva pun undeviko B
dtvoopa AB Aéyetat eopéag Tov AB .

To undevikod davocpa Exet pétpo 0.
Q¢ popéa evog NdEVIKOD SLOVOGLLATOG AA
propovue va Bewpiicovpe omoladnToTe omd TIc eVbeieg -

. . AA
7oL diépyovtal amd o0 A. =

Av 0 @opéag gvog dlovOGLOTOG AB givan TOAPUAANAOG 1] GUUTIATEL pUE Lo
evbeia ¢ tote Aépe 6TLT0 AB  givon mapdAinio mpog ™ ¢ Kot YpAQOLLE
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Topalinio 1

CVYYPOpUIIE:
daviauaro

Oudpporo
dioviauoTa

Avtippora.
dioviauaTa

Toa draviouara

Avrtifeto
dioviauato

Twvio dbo un
UNOEVIKDY
o10VVoUGTWV

AB /L. A
AVO pn undevika dtvuopoto AB ko A

I'A, Aéyovion TopdAANAQ 1] CUYYPOUIKA B
otav £xovv Tov 1010 popéa 1 mapdAAniovg /A/A/v//

QOpElG. =

AVO un undevika dtavoouoto AB xau

I'A Aéyovton ouopporno: A
a) 0Tav £Y0oLV TaPIAANAOVS POPEIS Kot
Bpickovtat 670 1610 Nueninedo og wpog v T
evbeia AT mov gvdvel Tig apyEg Tovg M
B) 6tav £xovv ToVv 1810 Popéa Kot pio amd B
TIg Nevbeieg AB ko 1A mepiéyel v
GAAN.
v mepintwon ovth Aéue OTL T AB xa [/ £€yovv TV
1010 karedBovon (1510 drevBvvon Kot id1a Popd) Kot YPAPOLLLE AB ™1 I4.
AVO un undevika dtavoopoto AB xau A B

A Aéyovton aviippora, dtav givol

GULYYPOLLLKE Kat Ogv givarl ouéppona; A r
v mepintoon avt Aéue 6tita AB

ko 1A &xovv v avtibety katedOvvon '

(1010 drevBuvon Kot avtifetn opd) Ko

YPAPOLLE AB T I4.

AYO pn undevikd dravdopata Aéyoviatr ioa Otav £0vv TNV 1010 Katevhuv-
on kat ioa pérpa. I va dnAdoovpe 6t dvo davicpata AB wor 14

glvan ioa, yphoovue AB = T'4.Ta undevika dtavocpota Bewpodvrol ica
peTa& Toug.

Avo didvocpoto Aéyovtor avzifeta, dtov Egovv avtifetn Kotevbuvvon kot
ica pétpa.
‘Eot® Vo pun pndevikd dovocpoata o Kor S . Me apyn éva onueio O

TO{PVOVLLE TO, SLOVOGLLOTOL OA=ad xo OB = /;’ .

B

—_

p

C)
@) A B
—_— e} >—> <
o
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Q¢ yovia twv diavoouatwy 6 kai ,Z)" opifoupe TV KLPTH YOVia AOB
7ov oynpoatifovv ot nuevdeiec OA4 kot OB.

Tn yovio oot ™ cvuPoriovue pe (d, ﬁ) n ( E,&) N ue éva pikpod
ypéupo, Ty, 6.
Ot tipéc e yoviog eivar 0°<0<180° § 0<O<x.

Av éva amd ta dtavdopato d , E glvat 1o undevikd dLvucLa, TOTE MG

yovie Tov ¢, f pmopovpe vo Bemprioovpe otodnmote yovia 6 pe
0< < m.

Ab0 opdppoma Srévuspota synpatiCovy yovia 0°, evd dvo avtippomo
drovoopato oxnuotiiovy yovia 180°.

1o16tnTes e Av da, f,

¥ elvon tpio StavdopaTe, TOTE IGYVOLV Ol ETOUEVEG IOLOTNTES:
Tpoobeons - -
SiavooudTwy 6)) a+tp=p+a (Avauerabetikn 1010THTA)
) (a+ E )ty =a + ([3 +7) (IIpooetauprotikn 1010THTA)
3) a+0=a (Ovdétepo ororyeio)
0)) a+(a)=0 (Avtifeto otoiyeio)

Aigvooua Oéoews
i dlavoouaTiky
OKTIV EVOS xOpov opiletar to dtvucpo OM , to omoio Aéyetan didvooua Béoews Tov

‘Eotw O éva otabepd onpeio tov ydpov. Tote ya kébe onpeio M tov

onpeiov M M 1 diavvouotiki axtiva tov M.
Snueio To Gnutsio 0, mov glvan n KOWM| apxﬁ o v TV SlawquarlKobv oKtivev
avagopdc TOV OTUEI®V TOV YDPOV, AEYETUL GHUEIO OVAPOPAES GTO YDPO.

1.1. ITPOTAZH: KaBe diavoopo oo yapo eivarl ioo pe ) SLoVOGUATIKY GKTIVO, TOD
TEPOTOG UETOV TH OLOVOOUATIKI] AKTIVO. THS OPYHG.

Anodeién: A

Av O egivan éva onpeio avoaeopds, TOTE Y10 0TO0dNTOTE SLAVLGLLAL
AB éyovple:
OA+ AB = 0B < AB = OB - OA.

1.2. IIPOTAYH: T omoradnmote dravoouate, d kor i 10)0EL N OYEON:

lal-|B] < |a+A| < lal+|A]-
11ote 1oydovv o1 100TNHTES,
Anoderln:
10 duthavd oyfue BAETove To GOpolGHe TOV SIOVOGUATOV d Kot S . ATO TNV TPLYOVIKN
avicoTNTa EYOLLE OTL:
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|(04)=(4B)| < (OB) < (OA) + (4B). 5
Enopévag, C %
“&HEH < |a+4| < la +|4. .

Io to dlavocpoto o Kot £ 1oyost:

(¢}

QU

_)

(_
=!I

o a-lg] =la+A <l +F <
o al-|g| = lar A =la+F o a=0n =0

i<l <R e as

AYMENEY AXKHYEIY

1.3. Ze tpiyovo ABI', A gival T0 GUUUETPIKO TOV B ®¢ tpog 1o péoo tov AI' kan E givar to
ovppeTtpkd ov I' wg tpog 1o péco tov AB. Na arodeifete 0t to A €ivar 10 HEGO Tov
EA.

Avon:

To tetpamievpo EAIB givar Topaiinio- E >

YPOpUO yloTi ot dtaydvioi tov AB ko EI

dyyotopovvral. Apa EA = Bl .
Opota to teTpanievpo AAIB givor mapai-

AnAoypappo, dpa AA = BI .

Tote Oa égovpe EA = A4 and 10 omolo B ™
ocvumepaivovpe 6t ta onpeio E, 4, 4 glvon
ovvevbelaxd kot to 4 &ival to péco tov EA.

_
=!
</

. Na awsrodei-

ol

1.4. Ta Savvopara @, f, y Sivetmou a+ B+ ¥ = 0 xa

g
w|

Eete O

i) To Srtavvopa a eivar opdppomo tov fB.
ii) To tavvopa B eivar avtipposo tov ¥y .

i) 'Eoto 0Tt = %‘ =4 20. Tote |&| =24, ‘B‘ =34, |)7| =5
Etvar d+f+7 =0 < a+f=-7.

Exovps |a+f| = |-5] = [7| =51 o |d +|B] =20+ 31=5A
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Anhodn ‘& + ,B‘ = |&|+‘ﬁ‘ , EMOPEVAC Ta dtavdouata ¢, S gival opdppoma.

i) Evaw a+B+7 =0 < B+7 =—a.
Eyovpe |B+7] = |-a| =[] =24 xa |Bl-I7]| = p2-54] = |24 =24

Anhadn Hﬁ‘—ﬁ” = ‘E-W‘ , EMOUEVOC To. Svoopote. B, 7 eivar avtippoma.

AXKHXEIY

A’ Oudda
1.5. Xg éva mopoAinAdypoppo ABI'A moipvoupe To cuppetptkd E tov 4 ¢ Tpog To PEGO
tov AB. Na amodeifete 60T T0 B €lvan 10 péco tov 1E.

1.6. X K00e tetpamievpo ABI'A va anodeitete Ot 1oyveL: AA + Bl = AT’ + BA.

1.7. Ta dwovdopata a , /;’ , 7 &ovv pétpa 2,4 ko 6 ovtictoyya. Av ioydeL n 16OTNTO
a+ ﬁ +7 =0 vo omodeifete o1

yat™p iy f M7

1.8. i) ['la dVo omoladnmote dravdcpate d , E va anodeigete T oyéon:
il < faedl < -l
ii) Eotm ta onueio. O, 4, B tov emmédov. Av @\ =8 kot ‘O—B‘ =35, va amodeifete OTL:

3 < ‘E‘ <13

1.9. "o to davdopote d , ,E divetan 0Tt |&| =K1, ‘ﬁ‘ = 5k—6 Kol ‘&+E‘ = K*+2. No.

Bpeite Tov mpaypotikd aplBpd k.

B’ Oudoa

1.10. Atvetan maparnioypappo ABIA. Taipvovpe o coppetpikd M tov onueiov 4 og
PoG 10 PHéco E tov BIT kot 1o cupperpikd N tov onpeiov 4 oG Tpog 10 HEco Z Tov
AT Na omodei&et Ot
i) To onueio I etvon 1o péco twv AM, BN.
iy 4B = NM .
iy AB + AN = AA + AM .
iv) TA+TM +TN =0.
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1.11. ®empolue ta dtavdopata o, S, 7 ta omoia Exovv pétpa 1,2 kot 4 avtictorya. Na

omodeifete 6Tt G+ f+5 # 0.

1.12. Xg évo VAKS ornpelo TOL YDPOL EMEVEPYOVV TEGGEPIS GLUVETITESES SUVALLELS 17"I , 17"2 , 17"3
Ko 17"4 , he uétpa 8Kp, 15Kp, 36Kp ko 12Kp avtictoyo. No amodeifete 6Tt T0 VAIKO
onpeio kveiton pe petafaAlOpev ToyLTNTO.

EPQTHXEI>Y KATANOHXHX

1.13. Na yopoktnpioete 2wor | Aabog. Kabe o amd TG EXOUEVEG TPOTAGELS. Na d1Kal0A0-
YNGETE TNV AMAVINGT COG.
LAV a ™M B xa M7, 10t a ™My.

. Ioyver a N —(-a).
mAv a N g kw BN, t0te a M7,
v.['la o pun undevikd dravoopoto ad , ,Z)" oybet
@p) = (-@.—p).
v. o ta un pndevikd dovoopata a, S 1oydet
(~a.f) = 180"~ (@)

vi.Ioybet |&| = ‘ﬁ‘ av Kot povo av o =

!

viL Ioyvet |&| =0 < a =0.

VIIL Av |&+ ﬂ| =0, toteta a, B eivon avriBera.

IX.Av |&| + ‘ﬁ‘ < |& + ﬁ| , TOTE Ta dovdopato d , S eivol avtippoma.

1.14. No. OpmANp®GCETE T KEVA OTIG EMOUEVES TPOTAGELG.
1. To pétpo evog dovoopatog AB  @ovepdvel TO
............... Tov gubuypdppov TpRpatog AB M ™V
..................... Tov onueiov ... amd 1o onueio ... .

I. Av 4 kou B givar dvo drakekpippéva onpeio kot yio éva onueio M elvon |W| = |W

B

TOTE TO ONUEID ... LOOTEYEL OO TAL AKPO ... KOL ... TOL EVOVYPALIOV TUALOTOG ...... .
Emopévmg to onueio ... PBPIoKeTol TAVED 6TV wvvvvvvinienininnnnen. Tov evbuypappov
TUNUOTOG ...... .

L. Ogwpovle éva 6Tabepd onpeio O kot yio Eva Tuyaio onueio 4 eivan |OA| =p, pe p>0.
Tote to onueio ... PpiokeTon TAVOD GE ............... 7OV EYELTO O ®OC .vvvvenvennnnn. Ko
TO P O veneearaninannnn. .

Wv.Otav Al = Bl , tote 10 dtavooua AB = ..., om6tE 10 onuela 4 xor B
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ENOTHTA 2

HOAAAITAAZTAZMOY APIOMOY ME AIANYXMA

2.1. OPIZIMOZ: | ‘Eote 4 évag Tpaypatikdc opOudc pe A =0 kar d@  €va pn pmdevikd

dtavvopa. Ovopdlovpe yvopevo tov 4 peto o kot to cupforilovpe
A-0. éva d1Gvucio To omoio:
e givat opoppomo tov d , av A>0 Kot avtippomo tov d , av A <0 Ko
o £yel LéTpo |/1|-|&|.
Aveivor A=0 1M d = 0, td1e opilovpe og A-0 70 uNdevikd drvooua

0.

2.2. ITPOTATH: O1 1016tNT¢ TOAAOTAao10010D op1Buod pe diavooua eivor:
O Ma+p)=id +Aip
) AMwa =ia +ua
G  Aua)=GAwa
Emi whéov w¢ ovvérera tov opiouod tov yivouévov apiBuod e
O1GVOOUA KO TV TOPOTAVE® 1010THTWV EYOVUE:
) Aa=0 o 1=01M a=0
() (HAa)=i-a)=—(a)
(i) Ma—p)=rd —Af
vy (—wa =41da —ua
™) Av Ad =Af xm A# 0,101 G =p

~vi) Av dla =pa wxou a # 0, tote 1=pu.

2.3. OpizMOX: | P POLUIKOS GUVODLOTUOS OO SLOVOGUAT®OV 0 KoL ,5’ , ovoudletan kaOe

Sévoopa e LopeNiG
v =xa +,1,[;’ , omov k,AeR.
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2.4. IIPOTAZH: Av a, E eivar dvo d1ovoouaTo, UE ,Z)" %0, tote
G/ < a=1B, ueieR.
An6dein: Av yio o dSovOopoto 6 Ko E , ue /;’ #0 woydetn oo d =24 [? , TOTE
allp.
|

Aviigmpoga, av @/l f xon f#0,10te Oétovpe k= 1= < |d :x|ﬁ| . Zovendg:

g

U

e Av a'™pB, 1ot d=xp.
e Av a N B, 1ot d=-xp.
e Ava=0, t01c a =05.

Ye kGOe mepintmon vdpyel 4 Kot PLAAMOTO LOVOSIKOG TETOW0G, MOTE d = A ff.

U

U

2.5. IIPOTAXH: Av O onueio ovapopds kor M 1o péoov evog evBoypauuon
0A+OB
I
An6beién: To ) dtvuopatiky aktiva OM tov pécov M Tov TUNHOTOG AB £yovpe:

OM = OA4 + AM = OA+7AB

unuatogs AB, tote va amodeilere o1 OM =

M
= 04 + 1. (0B-04)
_ ZO—A—OB—OA _ OA+OB o B
2 2 ’
2.6. IIPOTAZH: e 30 pn Guyypapiké Sovoopato G kot A 1ox0eL 1 160-
Sduvapia:
K-a + [;’ 0 < k=1=0

Anoderln:
o Av k#0 t6te K0 +/1~B =0 < xa :—/1-[3 & a :—%-/;’ onradn &//ﬁ,
0

dromo. Emopévemg, k=0 Kot /1-[3 =0 < A=0.
0-

e Aviiopoga, ov k =A=0 101 K- 0 +/1E: &+O~ﬁ:()
AYMENEY AYXKHXYEIY

e <

~§* | M€80odog [l |AnédeiEne dlavuopoTIKWY 0oTATWY. ||

INo va amodeiovpe pia dtovoopatikny 1odtTa cuVRBOE dovAedovpe ®G eENG:
U Eekwvodpe amd 1o éva LEAOG TG 100TNTOG YPAPOVTAG T SI0VOGUATO TTOV 0L
povctifovtal 6° aVTd MG GLVAPTNON GAA®Y SIAVUCUATOV Kol KOATAATYOUUE GTO
dAlo pélog.
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Av 10 éva, péhog ivan TG popeng A+, A Betikdc axépatog, TOTE UITOPOVLE VO
YPAWOLUE TO U HE A SLOPOPETIKOVS TPOTOVG KOl LETA VO TPOGHEGOVLE KATA
HEAN TIC 1oOTNTEG,

[aipvoupe éva onpeio avapopdg Kot ypapovpe kabe didvuoua og cuvaptnon
TOV SIVUGUATIKOV OKTIVOV TOV KPOV TOVG. METE 10050VAI®MG KATAATYOULLE
o€ pio Tpopovn 160N Ta.

Av divetar kamolo, 1661 Te 6TV VTOBECT] UTOPOVLE VO, EEKIVIIGOVLE amd QLTNV
Kot vo, katoAnEovpe ot {nrovpevn.

AT .

2.7. Ze éva tpiywvo ABI' maipvovpue 1o peco E g Srapéocov tov BA kan 1o onueio Z g
BI’ wote ZI' = 3BZ.

o) Na atodeitere 0n AE = % AB + i AT
B) Na ek@ppaocete 10 Sivvopa AZ  o¢ ypappukd cvvdvaoud twv Stuvvopdtwv AB ka

v) Na amtodeiete ot EZ//AB.
8) IHowa oyEon £(ovv Ta pNkn tev tunuatov AB kav EZ.

Avon:
2 AB+dd _ 1 % . 11 o=
-1 g+ 1 ar
A —2AB+4A
p) ZI' =3-BZ < Al — AZ =3(AZ — AB)
=
B Z r

Al — AZ =3-AZ -3-AB <

AT +3-AB =3-AZ + AZ < 4-AZ = Al +3-AB < ﬁ=%-ﬁ+%.ﬁ.
y EZ =47 - AE =3 4B + L ar - (L 4B + L ar)
:é_. 7.ﬁ_7._'_7 7—~
Apa EZ /| AB emopévag EZ//AB.
¥ |EZ| ‘ AB‘ ‘ ‘ |AB| -|ﬂ§|.En0uévmg EZ= %-AB.

2.8. Ozswpovpue oto ertintedo Eva tpiyovo ABI. Na Bpeite kan va oyxedraoete ta onueia M tov
emuteédov ta omoia £yovv mv Siomta 3 MA + MI' =2 MB.

A

‘Ecto 4 ompeio avagpopds. Tote
3MA + MI' =2 MB =
M 3AM + AT — AM =2(AB—-AM) =N
3AM + AT — AM =2A4B -24AM &
£ 3AM — AM +2AM =2 AB — AT’ o
r
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2 AM =2 4B — A’ =N
AM :—%(225 _AT) o

- . 1 —=

AM =—-AB +§AF.

Wi
N

M£Bodog I |AnoédeiEnc oTL Tpia onpeia eival cuveuBelakd. ||

T"oa va amodei&ovpe 6t Tpia onueia my. A, B kou I givar cuvevbeiaxd opkel vo,

amodei&ovpe 6Tt 000 0o T SLOVOGLATO, TTOV OV TE SNULOVPYOVV TT.Y. AB, Bl , civon
mapdAinia. Tote ol evbeieg AB, BI" Ba gival mapdAinieg kot ¢’ doov £xouvv éva

Kowo onueio Ba TavtiCovrat. o va amodei&ovpe 611 AB /| BT apket va dgi&ovpe
6t AB =A-BI" , 0mov A1eR .

2.9. Oewpovpe Ta onueia tov emumedov X, P, A, B, I' yia Ta 07101 10(VEL 1] 100 TTA:
5P + B — 4T3 =5PA.
a) Na arodeiete 0 ta onueia A, B, I' eivan ovvevOeraxa.
B) Na Bpeite  oxeuxn 0£on twv onueiov A, B, I' kKol vat KATAGKEVACETE EvA CYT LA
Avon:
a) Oewpodpe 10 4 cov oNpeio avaeopdg 6To Eninedo.

Elvau 5P + XB —4T% =5PA =
5(AX — AP)+ AB — AX —4(AX — AT )=-54P <&
545 —5SAP + AB — AS —4 A5 +4 Al =-54P <&
AB +4 A =0 SN
AB =-4AT .
Apa AB /] AT . Emopévac, ta onpeia 4, B, I givan cuvsvemng. 5
p) Emedn AB =—4 AT Oaeivm AB T AT
Ko
‘E‘ = ‘—4-?‘ = |4 ‘ﬁ‘ =4‘ﬁ‘. Emopé-
vag, to onpeto 4 Ppiloketar petald tov I ko B T A .B
he (AB) = 4-(AD). MG a0 .

2.10. Aivetan taparinioypappo ABIA pne AB = @ ki AA = B . 2m Sayovio AI' aip-
vovue onueio E wote AE = iAI‘ Ymv mievpa BI' maipvovue onueio Z ®ote
BZ = %BF KAl oV TPoLKTacT) TG TAevpag AI' onueio P wote I'P = gAF.
i) Na ypépete ta Stavbopata AE , AZ k. AP o¢ypappukd cuvSvacpd twv Stavv-
ouatwv d xau fB.
ii) Na ypapete ta Stavvopata EZ xat EP , 0¢ ypappikd ouvdvaosuo tov Slavuopatev

a xa 3.
iii) Na amodeifete 0t ta onpeia E, Zka P givar ovvevOeraxad.
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iy EZ = A7 —AF =(a+2. By—(L.g+L. py=g+2.5_1. 5_1 5
i) EZ=AZ — AE =(G+3- p)—(yd+ypBr=da + 2 f-3a -5 f

3.5 &
=2 + 2.
eI o
EP=A4P - AE =S a+p)-La+l pH=8a+p5-L g L g
5 4 4 5 4 4
27 . 3 %
ﬁaﬁ-zﬂ

soe 27 - 3 D 9 3 5
EP==2L.g+2.8=2(2.4 73 fEZ

Apa, EP//EZ omdte to onpela E, Z ko P givar cuvevbeiod.

2.11. Aivetan tpiywvo ABI pe AB = @ kv AT = f . Haipvovpe 1o péco E e mAevpde
AB xavomyv mhevpa AI' maipvovpue onueio A wote AA = %AF Ta tuipata BA kaw T'E

téuvovtat oto onueio K.
i) Na ypépete ta Stavdopata BA kat TE ¢ ypappukod ouovduacud tov Stavoopdtev

a xa f3.
ii) Na Bpette 1o Stavvopa B£ong tov onueiov K pe apyn to A.
Avon:
y BA=Ad- 4B =3 f-a
TE = AE — Al = % a—p.
i) BK =x-BAd =x(3- f —d)=—xd + %Tx B

TK =y-TE =y(3-d - f)= 5 @ -y
A—E=A_f+ﬁ=ﬁ+%&fyﬁ=%&+(lfy)ﬁ’.

H ypaon tov dtovoopotog AK oov YPOLUUIKOD GUVOVAGHOD TOV U1 CUYYPOUUIKAY Sovy-
oudtov a Kot B eivon HOVOOIKY), OTOTE:
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l—x:% y=2-2x y=2-2x y=2-2x y=2-2x
= 3y & 3y & { f=—4 {

f'ax_1 y=1-= 2-2x=1-= 8—-8x=4-3x —Sx=-4
> Y
4
y=2-2x y=2—2% y=2—% y:%
4 & o =
*=3 x=2 x=2 x=2
5 5 5
% 45 = 345_4- .32
=(1-2 + 2.2 B8 =25+ 2
Apa AK =(1 5)oc 13 B s 0t i

&%//' Mé&Bod0og mg:: > EUpeon yewpeTPIKOU TONOU £VOG GNEIOU TO 0Moio
. enaAnBevel pia woétnTa.

Av {nteitor va Bpovpe 10 yeoUeTpikod TOTO £vOC onpeiov M dtav divetar pia dtovu-
GLOTIKY 160N TA TOTE:

O T'pdaeovpe TV oyéon ot Lopen AM =)+ ,6mov A yvootb onueio, u
YVOOTO6 Stdvoopa Kot A Tpayuatikdg aplBpog 1 avikel og Kamoto didvuopa. O
YEOUETPIKOG TOTOG £ivon gubeia 1 nuevBeio 1 eVOVYPApUO TULO TOV SLEPYETOAL
and to A.

O  Avomy 166mTa vaapyovy HETPa SIVUCHATOVY TNV HETACYNUATI{OVUE 61N
Hopen
J |m| = |m| ,0mov A4, B ctofepd onueia, onodte 0 YemUETPIKOG TOTOG
glva ) pecokadetog Tov TunpHoTog AB.

. |AM | =p>0,06mov 4 ct00epd onpeio, OmOTE 0 YEMUETPIKOG TOTOG givar

0 KOKAOG KEVTPOL A Kot aKTivag p.

2.12. Oewpovue éva tpiywvo ABI. Na Bpeite 10 YE@UETPKO TOMO TOV onueinv M Tov enute-
Svo yua ta ooia wyvel n wotnTa:

AM = A-AB +(1-2)-AT pe O<A<1.

"Eyovpe: AM =}-AB +(14)-F = A

AM =}-AB + AT —)-AI <

AM — AT =)-AB —)-AI &

AM — AT =)(AB-AT') <

I'M =}-TB
Enedy 0<A<1 tote ITM™MTB xau |ﬁ/7| = |/1f§| B M r
= || -|TB| = 2|

Eivar 0< 2<1 = 0< A-|ﬁ|s|ﬁ| = 03|W|s|ﬁ|.

Apa 0 YEOUETPIKOG TOTOC TV onueiov M givon to Tpuqpo Bl

|| 2.13. Aivetan éva tetpautievpo ABI'A. Na Bpeite 10 YE@UETPKO TOTO TOV onueiov M Ttov -
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TUTESVOo ya Ta oToid WoYvEL N 10O T TA:
(MA+ MB) = |MI'- M4 .

Bewpovpe 10 péco K tov tpunqpotog AB. ‘Exovpe:
(Vs M| = [WT -1 < K| = 3]

2 i) ~[ar| < |~ 1 fi.

Apo 0 YEOUETPIKOG TOTOG TV onpeiov M tov emumédov &i-
vor 0 KOKAOG pe kévipo 10 K Kot aktiva p = % ‘ﬁ‘ .

A

AXKHXYEIY

A’ Oudda
2.14. No amodei&ete 0TL 10 TeTpdmievpo ABI'A oto dimAavo
oynuo givor tpomédio.

2.15. Aiveton mapoAinroypappo ABIA xoi maipvovpe to péco E g A Av Z onueio g

Al této10, dote AZ = %AF , VoL yphyete To Stdvoopa EZ oav YPOUUIKO CUVIVLASHO TOV

Stvuopdtov AB = G xu A4 = ﬁ

= _1 . 2=
[An.EZ—lOot g1

(SN}

2.16. Na amodei&ete 0T yio onowadnmote onpeia. 4, B, I, 4, E tov emmédov oyveL 1 100t
AB + A" + AA = EB + EI' + EA +3 AE .

2.17. Aiveton mapoAinroypappo ABIA kot Oswpovpe ta péca £, Z tov mievpdv Bl Kot
I'4 avtictotya. Na amodeifete Ot AE + AZ = % Al

2.18. ' ta dwavoopata o, f kor X 1oydeL ) oot

%()?7266)+ %(572): %(;4& +5).

!

No ypayete 10 S1dvoopua X GOV YPoppkd cuvovacud TV S10VUCUAT®Y 0 Kot

[An. %=43-0]

2.19. To Swavbopota d, f, ¥ ko ¥ enaAndedovv Tic 166TNTeC:
453455 =115-22a «wu 6X-4y =36a—-185.

No anodeifete 0t1 T0. SovdopaTo, X Kol €ival avtippomna.
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2.20. Av yo to Sovbopato d, S, X Kol Y 1ox00vV Ol I6OTNTEC:
5(¥-2p)=3y-4a «xo 2By+7a)=35p-%,

vo amodeifete 0TL To, dloavoopaTo X Kol Y givat ioa.

2.21. Aivovtot ta dtovdopata, OA = G +3 ,Z)" ,OB =2a —E xat O =3a -5 /;’ . No anodei-
Eete 0TL TO onpeio B eival 1o péco tov A7

2.22. Atvovton ta Stovdopata 04 =a +[)’—)7 , OB =3d —3ﬁ+2;7 kot O =-54 +13ﬁ—
107 . No anodeiete 6t ta onpeia A, B, I gival cuvevbelokd.

2.23.Ta ta onueia O, M, 4, B, I' 1oyder n 160N TOL: M +3MO + AO +40B =4 MA.
Noa amodei&ete 0T To onpeio 4, B, I” glvar cuvevbeiad.

2.24. O@swpovpe ta onpeio Tov emmédov M, A, B, I' ywo. ta omoia 1oyveL ) 100TTAL
4MA +2MB =6MI .
a) No amodei&ete 0t1 ta. onueion 4, B, I" glvat cuvevbeiakd.
B) Na Bpeite ) oyetikn 0éon tov onueiov 4, B, I” Kol vo. KATOGKEVAGETE £Va. GYNLLL.
[Am. B) AB =3 AT ]

2.25. Aiveton éva mapaAnAoypappo ABIA kot to onueio £ kot Z g dayoviov A7, tétola
wote va glvan AE =Z1"= %AF .

i) Na exppdoete Ta Stavoopoto AE xa AZ MG GLVAPTNON TV SLVVCUATOV AB = d
xaw BI' = .
ii) No anodei&ete O6t1 10 TETPATAEVPO AEBZ givar mapaAANAOYpaLLLO.

2.26. Ocwpobie Técoepa onueio Tov enmédov A, B, I, 4 ek twv onoiwv ta. B, I gival diake-
KPLUUEVOL KO AA =3 BI' . N VIOAOYIGETE TOV TTPAYUATIKO aplOUd X, Yio TOV 0010 1oy VEL
N w6éT T AB + IT'A =x Bl .

[An. x=2]

2.27. Aiveton tpiyovo ABIT ko A 1o péco g AB. Ztv Bl maipvovue onueio E dote
BE =3BI" xawomy AI" onpgio Z dote AZ= %AF.

i) Na exppdoete ta Stavoopoto AZ xon AE MG GLVAPTNON TV SLVLCUATOV AB = d
ko Al = .
ii) No anodei&ete O6ti ta onpeia 4, E, Z givar cuvevbeiaxd.

2.28. Ocwpovpe éva tpiyovo ABIT kou ta onpeio M, N pe BM =x-A' — AB xo
IN = AB + Al .
a) No amodeifete 0t ta onueio 4, I, M givar cuvevBelokd
) Na Bpeite tov ke R dote MN // AB.
Yy wepintoon avt anodei&te 0t t0 ABNM givat ToparAnAdypopLo.
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2.29. Xe éva tetpdmievpo ABIA maipvoupe ta onueia E, Z otig mhevpég AB, I'A avtiotoyo

wote AE =k AB xa AZ =x Al . Nao amodeifete 0T1 To péoa tv A4, EZ wou Bl givan
ouvevbetoKd.

2.30. Atveton piymvo ABIT kot éva toyaio onpeio M tov emumédov Tov. Na amodeifete 6T TO
dtvoopa U =3 MA +5 MB —8MI" giva otabepo.

2.31. Aiveton tpiyovo ABI. Na mpocdiopicete onpeio K Tov €MMESOD TOV MOTE VoL IGYOEL M
oot AK +3BK —2TK =0.

232.Av a+f+275 =0 kot |a = vo anodeifete OTL

iy attp i) f=3a kou § =—2a.

2.33. @c@polLE TO U PNOEVIKE KoL U1 GLYYPOUUIKG dtavocpoto o, f.Eote y =2d + ,E
Kat 0 = a2 5’
i) Na omodeifete 0tLTo0 § KO 5 Seveivan TapAANAa.

ii) Na ypawyete 1o divoopo u =3 d +4 E GOV YPOUIKO GUVOLOCUO TOV J Kot 5.

o

[Am. U=2V-8]

2.34.'Eoto tpiyovo OAB. Ta dwavoopoato 0éong tov onueiov 4 kor B pe apyn to O givan

a xor S avtiototya. [Maipvoope onueio I” tov OA4 pe OI'= %OA Kot to péco 4 Tov

OB.
i) Na ypayete ta dravdopata Ad , Bl OG YPULULKO GUVOLAGUO TOV a , B .

ii) No Bpeite 10 didvoopa Béong 7 , Tov onueiov Toung TV tunpdtov A4 kol BI.

[An. T = E]

o+

il
(SIS}

2.35."Eotm éva tplyovo ABI" xon to onpeio 4, E ®ote

AA = % AB xa AE = % A . Ot gvbeieg BE ka1 T'A tépvovral oto onpeio M.

i) Na amodeifete 0T AM = % AB + % Al

ii) [Taipvoope to onueio Z wote BZ = % -BI' . Na amodeifete 011 0. onueia 4, M, Z &i-
VoL GuVELBELOKA.

2.36. O@swpovpe tpiyovo ABI. Na Bpeite to yeopeTpkd 1610 TV onpeiov M tov emumédov
TOV Y10 T oToia 1oyvEL 1] 1I6OTNTOL!:

MB +)\-BI = TM +)-AT", énov LR .

2.37. Aiveton tetpanievpo ABIA. No Bpebei o yempetpicdg tomog tov onpeiov M yio ta o-
moia woyveL: |W+M—B| = |W +m| .
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2.38. Xe éva tpiyovo ABIT 1 dibpecdg tov A4 €xel piog 6. Na Bpeite to yempeTpikd tomo
TV onpeiov M 1o 1moia tkavomolovv Ty oyEon:

3|VB-TB| = [MB+ M 23]

B’ Oudoa
2.39. Av G 10 onpelo TOPNG TV TUNUATOV OV EVOVOLY TO, LEGO TMV OTEVAVTL TAEVPOV TE-
tpoamAevpov ABI'A xor O tuyaio onpeio Tov emmédov, va anodeitete ot

iy GA+GB +GI +G4 = 0.
iy OG :%(@+@+W+@).

2.40. Atveton mevtdyovo ABIAE ko K, A, M to péca tov AB, I'A, KA avtiotovya. [oip-
vovpe onpeio G tov ME wote MG = %GE kot toyaio onueio O tov emmédovn.
Noa amodei&ete ot
iy GA+GB + Gl +G4+GE = 0.
iy OG = %(@+ﬁ?+ﬁ+07l+ﬁ).

2.41."Ect® M 710 onpeio Topung tmv evfuypaupov TUNUAT®Y Tov EVOVOULV To LEGO TOV Oté-
VOVTL TAEVP®V EVOC TETPATAEDpOL ABIA. ¥10 eminedo tov TeTpamiedlpov opilovral ta on-

peia K ko 4 ®ote AK = MB xon KA = MI" . Na omodeifete 0TLT0 M gival to péco
Tov AA.

EPQTHXELY KATANOHXHX

2.42. Na yapaxktnpioete Zwor M Aabog kéfe pia omd tig emdueveg mpotdoelc. Na dikotolo-
YNGETE TNV AAVTNCY| GO,
a v

LAv a xou f#0 tot1e 10 S10VOCHOTO = KO ‘B‘ €yovv ioa pétpa.

e
mLAv i =3, 0ten yoviotov 4 ka w eivar 180°.
nLAvV X :7% 7, tote N yovietov ¥ kou ¥ eivar 180°.

AV [d] =4[], o @l

v.Avto a+ B glvat ouYYpOopUIKd ToV a , TOTETO a + ,B glvol cvyypopkd Tov S
vi.Ioyvet ‘2&—4B+77‘ =0 © @ =28-357

VILAV ad, f etvan d0o pun pndevikd dtavocpota, tote 1o Stdvocpa 2a +3 f dev umopel va
glvat cvyypopLUKS He Koo omd avTd.
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VILAV Y10, To. pn pndevikd dtovdouato a , B woyveL La +u E =0,101e A=pu=0.
IX.Av (A*+3) i =24i , AeR 16t i1 = 0.

2.43. No OMLLEIDOETE TN COOTI ONAVTNGCT OTLG EMOUEVES TPOTAGELG. Not SIKAOAOYNGETE TNV

OAVTINOT GOG.
L. Av 4, B eivou §Ho Srakekpiypévo onpeio Tov emmédov kot woydet (1 — 4k + 4x?)- AB =0

101 T0 K 1600TOL LUE:
A 2 B. -2 r. 0 A 172 E. 3/2
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ENOTHTA 3

2YNTETAI'MENEY XTO EIIIEAO

3.1. IIPOTAZH: KadBe diavooua 0 ypapetor Katd povaoiko pomo oty Hopen
I a=xi+yj.

Anobeién: 'Eoto Oxy €va 60oTNUHo GUVIETOYUEVOV OTO EMIMESO Kol o €va SIEVUGHO TOV &-
mmédov. Me apyn to O oyediaovpe o dtdvooua OA =d.Av 4, xa 4, givarot nmpofPo-
AécTov A 0TOVG GEOVEG XX KOL V'Y aVTIOTOLYMG, £OVLE:

04 = 04, +04, ().
Av X,y 01 couVIETAYUEVEG TOV A, TOTE 1oYVEL O—A1 =xi xat
@ =y j . Emopévac 1 (1) yphoston @ =xi +yj , Sniadn
T0 @ YPAPETAL GOV YPAUMIKOS GLVEVACHOG TV [ KoL J .
‘Ecto 61110 @ pmopei va ypagel d =x"i +y'] .
Tote Oa Eyovpe:

xity] =xi o] & @i =097
Av xx" # 0 < x # x, 1018 O woydel | = fc__;f j e

i//],mov sivon dromo.
Enopéverg x =x" omodte 0 =(9)] © yry=0 < y=y.

Apa T0 SvVopo. @ YPAPETAL KOTG Lovadtkd TpOmo ot popery d =xi +y J .

3.2. 1IPOTAZH: Av a = (x1, 1), ,E = (X2, y2) kou AR, va arodeilere oT1

@) @+ p = (rrtxg, yitys)
@) Aa = (A, A1)
Anoberdn: i) G+ =(ai tyij )+ (i ty) )= (k)i (i)
Apa G+ f = (xitxs, yity).
i) 4G =A0ai +y1j)=0e)i + 0y J -
Apa Aa = (Axy, ).
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3.2.1. XHMEIQZH: ['evikotepa, yio T0 YPoppuKd cuvovacpud A-a+ u E £xovpe:
Aot p-f =200, )+ ey, y2) = (A0, ) + (xa , ) = (o) + gy, Ay + 1)

3.3. IIPOTASH: Ot GVVTETAYUEVES TOV UEGOD EVOS EVBVYPAUULOD TUNILATOS EIVaL
elvau [oeg e 10 NUIGHPOLOLLO TV OUOVOUDY GOVIETOYUEVDV TV
GKPWYV TOD TUNUOTOG.

Anodailn: Oswpovpe 0o onpeior A(xy, ;) Kot y
. . R A(X1,y1)
B(x3, y2) 1OV KOPTEGIAVOD EMTESOL Kot VToBETOVE
ot (x,y) etvar ot cvvteTaypéveg tov pécov M tov
AB. Tote OA = (x1, y1) OB = (x2,12) Ko M)
OM =(x, ).
I B(x,,1)
Eivot OM = —-(0A+0OB) <
2 0O %
1
(x, )= > [, p1) + (x2,02)] &
()= [+ + )] & ()= (172,070 o x= 270w y= 270
3.4. IIPOTAZH: O oVVTETAYUEVES TOV JLaVDoUOTOS UE arpa To. onueio. A(xy, Vi)
xar B(xa, y2) dtvoviou amo tig oyéoeig
X=Xp—X] Kol Yy =),-)1.
Ano6bailn: Oswpovpe d0o onueior A(x1, i) kot B(xy, y,) TOL y B0, Y,)
KapTESLOVOD EMTESOV Kol vtoBétovpe 6Tl (x, ¥) &ival ot cuvre- Axy.y,)
TOYHEVES TOV SLAVOCLOTOG AB .
Tote OA =(x1,y1), OB =(x2,)) kau
AB = 0B — 04 < (x,))=(2,))-(1Ly) <
(==X, —y1) © X=X-X KO Y=y~ ° g

3.5. IIPOTAZH: I Av @ =(x,y) e |a|= x’+)".

Anoderln: y
‘Eoto a éva d1dvuopa Tov KapTeslovoy ent- A2‘

EG0L Kot A TO GMPEIO LE OLOVOGHOTIKY OKTi-

vo OA = d.Av 4, xau 4, givar ot npofo-

Aég oV A oTovg GEoveg XX KOl ¥y ovTl-

oTOlY®C, EMEON TO onueio A4 &yel TeTunuévn o)
X KoL TETOYREVN V, Ba etvan (OA4,)) = |x| Kol

(04,) = | y| . Tote Ba giva:

@’ =(04) = (04 + (414) = (04 + (04D = | + |y =" )7,

t_i| = Jx*+y" .

Emopévag,
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3.6. IIPOTASH: H ordoraon twv onueiowv A(xy, y1) kar B(x,, ) eivou ion ue
(AB) = \/(xz X )2 +(», _J’H)z .

Andéderln: Oecwpolue dvo onueia A(xy, y1) ko B(xa, y2) TOV »1 Blxz,,)
Kkapteotovod emmédov. Eivar AB = (xp — X1, y2 — y1)-
Téte (4B)= [4B| = Jir,—x)*+(n-»)* - Roa.y)
O| %
3.7. LIPOTAZH: Av a =(x1, ) Kou ,[;’ = (X2, ¥2) €ivai dvo dravdouoTa, TOTE 1GYVEL:
allf < det(d,f)=0 o |1 M=o0.
X W
3.8. OPIZMOZ: ‘Eoto d = (x,y) &vo un pmdevikd y
Sibvuopo kot 4 to onpeio Tov emume- A(xy)

40V Y10 T0 07oio 1oYvEL OAd=a. Tn
yovio @, Tov dtaypdeet o NGEovag

Ox av otpogel YOpw amd o O Kotd
T BeTIKn POpPA PEYPL VO GUUTESEL [UE fe) X
v nuevdeio OA4, v ovopdalovpe

ywvio mov aynuotifel o diavooue, d  ue tov aéova x'x.
Eivon 0 < ¢ <27

Ve

3.9. OPIEMOZ: ‘Ecto a = (x,y) é&va un undeviko didvooua, e x# 0 kar ¢ givoun
yovia Tov oynuatifet pe tov a&ova x x. Opilovue og ovvredeorn
Y =

oedBovong TOv a TO TNAIKO o T EQp KoLTo ovpPorifovpe pe 4,

N A. Emopévaog A= % = £0Q.

Av x =0, dnkadn av a //y’y, 1ote dev opiletal cuvteresTtig Sievbuv-
OTG TOL JLVOGUATOC d .

3.10. LIPOTAZH: Av a, E givar 000 drovoouato pe ooVTELETTES O1E0BVVoNG Ay, Ay
avtioToLya, TOTE:
QB o =h.
Ano6deailn: Oswpovpe ta dwovdopata a = (xy, y;) Kot [)’ = (x2,12) He ovVTELEOTEG d1eVBUV-
ong i, 4 avtiotoiywc. Tote Oa £xovpe:

allf o det(d,f)=0 o [* 1
X, W

=0 & X['yz—XQ'y]ZO & X2 = XY &
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—_ == = ),1:),2.

AYMENEY AXKHXYEIY

3.11. Ta 8vo Savdopata a@ kat B 1OYVOVV OL1COTNTEG:
3a+4P =(4,15) xa 2P -g4a =(-20,2).
i) Na astoSei€ere ot a = (4,1) kau ﬁ =(-2,3).

ii) Na avaivoete to Stavvopa y = (—24,1) o€ Yo ouvviotwoeg pe SievBivoerg exeiveg tov

a ka [3
Avon:
i) Etvat 3a+4"i:(4’15) = 3a+4ﬁ:(4’15)
—4G+2f=(-20,2)|(-2) 8G—4f5=(40,—4) (+)

11a =(44,11) < ﬁ.ua =ﬁ-(44,11) PN
a =(4,1).
3a +4p =415 < 3@ 1H+4p=(4,15 < (123)+4p5 =(4,15) <
4B =@415)-(123) < 4f =(8]12) & 14f=1(812) o f=(23)
ii) ['o va avaddcovpe 1o dtivocpa j o€ 300 CLVIGTOGEG e d1EVBVVGELS EKEIVEG TOV @ KoL
,[;’ apkei va podpe x, yeR  té€tol0vg, dote
Y =x-d +y-5’ & (24,)=x4,1) +y(23) & (-24,1)=(4xx)+(-20,3y) <

4x-2y=-24 4x-2y=-24
—24.1) = (4x—2y, x+3
(24D = (r2y, x43y) < { x+3y=1 [(-4) < {—4x—12y=—4 +)
=_ - =28 _
-14y=-28 < y —1a 2.

x+3y=1 & x+32=1 < x=1-6 < x=-5. Apa J =-5-6 +2-.

3.11.1. TIAPATHPH=H:  H éxppacn “Na avalidoete éva 01avoouo y o6& 000 oOVIGTMOES e
orevBvoeig 5vo dAlwv diovooudrwv a, B givar 1oodbvaun HE Tig TPOTAcELS:

“No. ypawete to diavoouo. OOV YPOUUIKO GOVODACUO TV JLovooudToy 0., f 7 Kol

| U

“Na ypawete 10 d1dvooua WG GVVAPTHON TWV dlovooudTwy a kor f 7.

3.12. Aivovtar ta onpeia A(3,2) , B(1,0) kaw I'(0,4). Avn AI' tépver tov aova x’'x oto on-
peio A kaun AB tépverov afova y'y oto onueio E, tote.
i) Na vrtoloyioete Tig ouvieTAyuEveg TOV onueiov A kat E.
ii) Na Bpeite Tig ovvtretaypéveg twv pgowv K, A, M twv OA, EA xauw BI' avriotoyd.
iii) Na amtoSei&ete o ta péoa K, A, M eivar ovvevdeiaka kot va Bpeite 1o AOyo oTov otoio
xopi¢erto K to tunpa AM.

Avon:
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i) 'Eoto A4(x1,0) ko E(0, yy). Tote y
T4 =(3-0,2-4)=(3,-2) ko r(0.4)
A = (x—0, 0-4) = (x;, -4). Eneidy
Ta StovoopaTo TA xa I eivon
GLYYpapKA Ba £xovpe )
I, 3 -2 M A(3,2)
det(I'd,7'4)=0 < =0
x, —4 K
&
—12+2X1 =0 & 2)C1 =12 & X =
6. o B(1,0) A(x4,0) *
Apa. 4(6,0). A
Axopo AB =(1-3,0-2) = (-2,-2) E(.y)
Ko

BE =(0-1,y-0) = (=1, y).
Ene1dn ta dtvdopata AB xa BE sivat GLYYPOUUIKA Oa £xovpe

-2
det( 4B ,BE)=0 < =0 & 292=0 & 2,=2 & py=-1I.

-1

Apa E(0,-1).
ii) To péco K tov tpunpatog OA €yl cuvteTayUEVes:
_ XotXy, _ 043 _ 3

— 3 — Yotla _ 0+2 _ r 3
XK 3 3 3 Kol yg 3 - 1. Apa K(2 ,1).

Opota Ppickovpe A(3;l) Ko M(% ,2).

i) KM =(5-32-)=(-1-1) ﬁ=<§—31+%)=<—§,§)=§(—1,1)=§m.
s 18] = 0] - 1] o (-3 o -3

3.13. Aivetan éva tetpaywvo ABI'A. XT0 £0MWTEPIKO TOV TETPAYRDVOV KATATKEVA(OVUE 100-
TAeVPO TPiywvo I'AE kAl 010 eEWTEPIKO TOV KATATKEVALOVUE EVA AAAO LOOTTAEVPO TPIY®-
vo BI'Z. Na arodeiete out ta onueia A, E , Z givan ovvevOeraka.

Avon:

Kartackevalovpe éva opboka-

vovikd cvotnpa aEdvav pe a&o- A(-1,1) B(0,1)

va x'x tnv evbeia A" ko aEo- 1

va yy v evbeia BI'. Tote ot =2

GUVTETAYUEVES TV KOPLPADV TOL

tetpaydvov Oa eivor 710,0),

B(0,1), 4(-1,0) xor A(-1,1). Av

EM &ivon to vyog Tov 160TALD-

pov Tptydvov [AE, tote AM =

B ————————

Mr=1 xa EM= M = :
2 x A(-1,0)

\/— . Apa E(fl £) Opow
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Bpiokovpe 6t Z( g , % ).
AE = (-1l B3 1y= (1 B3-2 A7 = (B L y= (B2 1
AE = (-5 +1, D=(3."57) ke AZ = (35 +L5-D)=(35=-3)
1 B2 B2 B B2)(3
. 7 Tv_| 2 2 [ _ 1.1y sB+23-2_ 1 (3+2)(3-2) _
Eivon det( AE ,AZ) Bz | 2( 2) 3 3 4 7
2 2
S ) e S W S SO N RV BN QPN
4 4 4 4 4 4 4 4

Enopévag, AE I/ AZ . Apa ta onueia A4, E, Z eivar cuvevbeioxd.

3.13.1. ITAPATHPHZH: (1) Zav obotyua alovov umopovue vo. emilééovue omoio Oédovue . I y.

UTOpODUE Vo, Tapovue w¢ aéoveg Tig evleies AL kou AA.

) EmiiéCaue avBaipeta m¢ povada urovs |y mAevpd. Tov Tetpayavon. Mropovue vo. e-
mAelovue omoradnmote OELovuE Kai TOTE 01 GUVIETOYUEVES TV GNUELWY alAalovV Ka-
oAdnlo.

Me v katddAnin emiloyn e HOVAOOS UNKOVS ETIOICOKOVUE THYV ATAOTOINON TWV TP~
Ceav.

3.14. e éva kapteolavo ocvotnua ovvietaypEvov Oxy, Sivovran ta onueia B(-3,—3) ko
I(3,9).
i) Na vtoAOYIOETE TIG CUVIETAYUEVEG TOV OTUEIOV A yud 1O omtoto wyve: A =—2 AB.

ii) Na Bpeite ™ ywvia ov oxynpatifel to Siavvopa AO pe tov dEova x'x.

Avon:

i) 'Eoto A(x,y). Tote Al = (3-x,9-) kaw AB = (-3—x,— vt o(3,9)
). o
Eivaw AI' =2 4B < (3—x,9)=-2(3x,3)
(3—x, 9—) =(612x, 6+2y) < .
3-x=6+2x “3x=3 x:%:‘l
= S B . Apa A(—
9-y=6+2y -3y=-3 :;3:1
y==3 A(-1,1)
L,1). ! : >
(6] I b
. _ - O A(1,-1)
ii) 40 =(0+1,0-1)=(1,-1)= 04 o6mov A(1,-1).
Emopévog, N yovia ¢ mov oynuatilel to didvucua A0 B(-3,-3)
pe tov GEova x'x givor @ = 271'—% = %[ .
AXKHXYELY

A’ Qudda
3.15. Aivetar to Sivoopa d@ = (A*+34-4)i + (21+114+12) j pe 1R . No Ppeite tov 4 é-
oT€ TO SIVLCUA G
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i) va gival To undevikod diavooyo.
i) vo etvarl pun undevikod kot TapdAAnio otov GEovo x'X.
i) va glvor un pundevikd kot mapdiinio otov dova yy.
3

[Am. i)A=-4 j.j.)}\:—E iii)Aa=1]

3.16. No vroAoyicete Tov mpaypatikd aptBpd x dote ta StovOcHaT

0 =(K—Kt4)i +(5-k) ] wou B =(x+12)i —(Br=1)] ,va eivar ioa.
[Am. x=-2]

3.17. Aivovton ta dwovoopate a = (A+3u, ut3), B =24, u—2+1) xou j = (Tu,24—1). Na
Bpebovv ot mpaypotikoi apBuol A, 4 dOTE Vo 1GYVEL 1) 1IGOTNTA:
26 -3 27 =0.

[Am. A=2 , p=-1]

3.18. Na amodei&ete 6tL ta onpeion A(2,5) , B(—4,1) , 1(2,-1) xor 4(8,3) eivor Kopueég mapai-
AnAoypappov. ‘Enetta vo peite TG CUVIETAYUEVEG TOV KEVTIPOL TOV.

3.19. Atvovton ta onueto 4(-2,3) , B(5,0) , I1(4,-5).
i) Na Ppebei onueio 4, dote 10 ABIA va givat TopaAANAdYPOLULO.

ii) Na vroloyicete Tig cuvtetaypéves Tov kévipov K 100 ABIA.
[Am. 1)A(-3,-2) 1i)K(1,-1)]

3.20. Oswpovpe piyovo ABT pe A(-1,1), B(5,-1) kot I'(3,7) kou AM givor 1 14 puecog
tov. Na Bpeite:
i) Tig ovvretaypéveg v SovVOGHAT®V AB, AT kot AM.
ii) Znueio A dote 10 ABI'A va glvot TopaAAnAdypopLLLO.

[Am. 11)A(-3,9)]

3.21. T éva mapaiinioypappo ABTA divovtot ot kopueés A(-2,3), B(5,7) kot to kévipo

tov K(1,2). Na Bpeite tig ovvtetaypéves tv kopueov I kot A.
[Am. T(4,1),6(-3,-3)]

3.22. Na Bpeite 10 d1Gvocpo d , Yo 0 omtoio diveton 6ti:  a = (=6,

a-2).

[Am. & =(-6,8)]

) kot E=(2—|5€| ,4)

[An. G=(-2,442), B=(-4,4)]

3.23. Na Bpeite T0 dtavocpoto d , E av divetan 6t o = (-2, ‘ B

3.24. Aivovton ta onueton 4(-2,-3), B(6,1) , I(—1,2) a1 4(4,-3). Na omodei&ete 011 10 pécO
ToL TUNpaTog AB eivon onpeio g gvbeiag 14.

3.25. Na ypawyete 1o davoopa j = (6,—-13) cav ypappukd cuvovacsid Tov S1ovusHATOV
a =(4-5) xu f =(2,3).
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3.26. No avaivoete 10 dtavocpo i = (—13,19) og 600 cuvicT®oeg Le d1evbivaelg Tapaiin-

Aeg TV dovuopdtov o = ( 3,4) K f =(-52).

>
=1
=1}
Il
w
QU
+
Nl
i

3.27. T 600 dwavdopata a Ko /3’ 1oYHOOLVV Ol IGOTNTEG:
3a+76 =(-1-12) xa 2d-3f =(-16,15).
i) Na omodeifete 011 a = (-5,3) ko ﬁ =(2,-3).

ii) No avolvcete to divoopa j = (%7 ,—7) o€ dVo cuvicTdoeg e devBivoelg ekelveg TV

a xour f.

[Am. ii) y=-2 & +2p]

3.28. Na amodeitete o0t ta dwavoopata o = (4,—1) ko B =(1,4) &ival un cLYYPOLUIKE Kot
HETE VoL avolboeTe T0 Stdvuopa i = (1,1) og 500 cuVioTOGEG e SevBOVEELS EKeEiveg TV

a xor f.
[Am. G=(A-1) & +AB ]

3.29. Na Bpeite Tov mpaypatico aplBpd 4 ote to dtavocpata o = (6+4,1-4) ko
/3’ =(8,4-4) va etvar TopaAANAQL.

[Am. A=-2 1§ A=8]

3.30. Na Bpeite Tov mpoypatico apldpd « dote ta dtovoopate d = (1-x, k) Kot
[3 = (k-5,6) vo givar avtippomo.
[Arm. k=-3]

3.31. Aivovton ta onueton A(24,-1), B(34-1, 4-2) xar I'(4, -5).
a) No Bpeite T1ic TYég TOoL A Yo Tig omoieg oynuatifetol tpiyovo ABI ..
B) Av A=2 va Bpeite to pfkog g dwoupécov BM.
[An. a)A#1, A#4 B)A=~/53]

o—4 )
5 )
a) No armodei&ete O6ti ta onpeio 4, B ka1 M givatl cuvevdeiokd.

B) Na Bpeite v Ty to0 a ®CTE BM = % AB .

3.32. Aivovton ta onpeia A(l,f% ), B(2,-1) xon M(a,

y) No amodeifete 0TL TO HETPO TOL SLAVOCHOTOG OM &ev pmopet va gival pukpoTepo amod
45
5
[An. p)o=7/3]
3.33. X10 kaprectavo eninedo divovral ta onueia 4(2,4) , B(-5,3).

i) Na Bpeite onueio P, tov d&ova x'x, 1é€to1o dote (PA) = (PB).
ii) No Bpeite 10 pqKog Tov Hyovg PA, Tov tprydvov APB.
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3.34. Aivovton ta dwovdopate a = (1,2) kot E =(2,3).
a) No Bpeite 0 pétrpo tov davocpotog ¥y =5S5a —3 E .
B) No Bpeite  yovia mtov oynpotiletto y pe tov aEova x'x.

[An. i) v2 1i)135°%]

3.35. Ze éva Kapteslavo Voo cuvtetaypévav Oxy, divovtar ta onueio A(3,-2) ko
B(-5,10).
i) No Bpeite onueio M tov emmédov MOTE VoL IGYVEL: MB =3 AM .
ii) No Bpeite ™ yovia mov oynuarilet To didvoopa MO He Tov aEova x'x.
[Am. 1)M(1,1) 1ii) =]

3.36. Ocwpovpe tpiyovo ABIT ne kopueég A(3,3), B(-3,-1) ot 1(5,-3).
a) No Bpeite 11¢ cvvtetayuéveg Tov pécov M, N tov tievpmdv tov AB , A" avticTtoryo.
B) Na Bpeite Tig cuVTETAYIEVEG TOV GUUUETPIKOD A, TG Kopveng I ®¢ mpog 10 M.
y) Na Bpeite Tig cuvteTaypéveg Tov GUUUETPIKOD E, Tng Kopuens B ¢ mpogto N.
3) Noa anodeitete 61110 4 givar to péco tov tunquatog AE.

3.37. Oewpovye to dovdopato a = (—1,2) xou E = (2o-pB,0+p-1).
i) Av ta dovoopoto Y = o + ,[;’ Kou ¥V =37 -4, &ivol cuyypopiKd, vo eKQpaoETe
TIG GUVTETOYIEVEG TOV J MG GLVAPTNOT TOL a.

ii) [ moteg Tipég tov a ko B 1o Stdvoopa §  glvor povodiaio;

1 4 1 26
T 4

[Am. i) y=(-9,120) ii)a=g¢, B=-{r N o=-1z, B=—22]

3.38. Ta onueio 4(1,3), E(-4,1), Z(-1,~1) eivor ta péoa tov mhevpov AB, A" xor Bl gvog

pryovov ABIT avtictoyo. Na Bpeite TIg GUVIETAYUEVEG TOV KOPLPDV TOV.
[Am. A(-2,5) , B(4,1) , T(-6,-3)]

B’ Oudoa
3.39. Aivovtot ta. dovoopate d = (x,y) Kot ﬁ =(5,12)

i) Na Bpeite ta pétpa tov dvospdtav @, f kot d—f .
i) Na amodeiete 6t x> +3” + J(x=5)> +(y—-12)° > 13.
iii) [10Te 10%0€L N 16OTNTA GTN GYECN TOV EPOTAUOTOC (ii).

3.40. Eocto a =(-7,1) ko [3 = (2,-1). Na Bpeite ta dtavdopata v, yio To 0Toio 1oyvEL

v=a +JB.

(Am. ¥=(3,-4), ¥=(-2,-2)]
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EPQTHXEI>Y KATANOHXHX

3.41. No yapaxtpioete Zwoty M Adbog kéBe pia omd tig emdpeveg mpotdoelc. Na dikoiolo-
YAGETE TNV OMAVTNOY| GOGC.
1. Avo avtifeta dravdouata £xovv avtiBetovg cuvieleotég dievbuvong.
1. Abo dravicpata pe ioovg cuvieAesTég devBuveong eivat opdppomna.

3.42. No oMUEIDOETE TN COOTH ANAVINGT OTLG EMOUEVES TPOTAGELS. Not SIKAOAOYNGETE TNV

OTAVTNOY| GO,
1. To divocpo a = (mud, cvvl), givat To undevikd Le:

A. 0=2xr B. 9=21c7r+% I. 0:2xn+%
A O0=2km+ 7 E. xopio Ty tov 6

1. To dtdvoopa a = (Mud, ocuvl), eivor mapdrAinio cto ﬁ = (ovvl, nub) pe:
A.6=0 B.O=x/6 r.o==/2 A.0=37/4 E.0=71

L Atvovtot to Stavocpote  a = (4, 1-1) ko ﬁ = (4, 1). I'a mowa omd TIG TOPUKATM TULES

OV A TO dlvOoHOTO O KOt ,5’ glvot TopaAAN A,
A A=1 B. A=3 r.1=2 A A==2 E. 1=-3
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ENOTHTA 4

EXQTEPIKO I'INOMENO AIANYXMATQN

4.1. OPIZMOX:

o Ovopdlovpe E0OTEPIKO YIVOUEVO dVO LT UNOEVIKOV SLOVUGUATOV
a Kot E kot 1o ovpforifovpe pe a - ﬁ TOV TTPAYHOTIKO aplOpd

a ﬁ = |&| ‘E‘ ‘oUVEY , OTOL @ 1) YOVIO TOV SIOVUCUATOV ¢ Kol ﬁ

e Ava=0 7§ B=0, 16t€0pilovpue &'ﬁ=0.

4.1.1. ITAPATHPHYEI®: (1) ANECEG CUVETELES TOL TOPATAV® Optoov givar ot €ENg:

° o
° o
° o
. o

B =p-a (Avryuerabeticn 1010Tn701)
Lp o a-p=0

ME o af=la|p

NG o af=-|a|p

cOT 0 ¢ a-a iCet a EYETOL TETPAY@VO TOD Q. .
2) To eocmteptKd YvOpUEVO ovpPoriletor e @ ko Aéyeton

‘Eyovus: a

4.2. [IPOTASH: I

Anéseifn: ‘Boto @ = (xi1), B = (xap2) 80 ym pm- Bixoy)
devikd dtavocpato. Me apyn to O maipvovpe ta dtovo-

opoTOL OA =d xo OB = [?.An(’) 70 VOO T®V GL- —
ymutévov oto pitymvo OAB éyovpe v 100TNTA

= |a| -|a| -ouv0 = |&|2. Enopévac, a° = |&|2.

To eowTEPIKo YIVOUEVO DO J1OVDOUATOY EIVOL I60 UE TO
aBpoioua TV YIVOUEV®Y TWV OUOVOUMY GUVIETAYUEVODY TOVG.

0 A(X1 5 Y1 )

”y

(AB)? = (OA)* + (OB)* — 2(0A)(OB)-ouv AOB (1), 0 x

1N omoia WoyvEL Kol 6TV TTEpimTmon mov ta onpeia O, A4,

B eivan cuvevOgtoxd.

Opag sivar (AB)* = (xx)> + (1), (04 = xP+y! , (OB’ = xI+y «xu
(OA)(OB)ow AOB = 6. - j.

Enopévacn (1) < (v—x)’ + ()’ = x>+ 2 + x>+ y? —2(0A4)-(OB)-owv AOB
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2 2 2 2 _ 2 2 2 2 -~ 9
S X —2oxitx ty, =2yt oy =xty txty, —2a B
< 20 B = 2X2'X1 + 2y2'y1
= &ﬂ :Xl'X2+y1'y2.
Av évo TOLAYLOTOV A6 TO. dVO SLUVOGHOTA EIVOL TO PNOEVIKO 1oYVEL TAM 1) 1IGOTNTO.

4.3. IIPOTASH: Av @ = (x1, 1), B = (x2, 12) kou AeR, va amodeiere o1

@ (Aa)yp=a @Gp)y=i(a-p)
@ a-(B+rj)=a-p+a-j
Gi) a L f o Ah=-1
omov Jy = 2y xow b= Ay, (@, B Hy).
Anobailn: Av a =(x, 1), ﬁ = (X2, y2) Kot ¥ = (x3,3), TOTE EYOVLE:
W) (A1) f = (o1, 2y1) (X2 y2) = (o) s + (i) = Ay + Ayipa = AMxixs + yip2) = (@ - )
Kot
@ (4 B) = (x1, 1) (2, Ay2) = x1(0x2) + p1(Ay2) = 2010y + Ap1yn = My + yiy) = 4@ - B )
Apa (Rd) B =ad-(AB)=A(a p).
B) @ -(B+7)=(xr, 1) (xatxs, yrtys) = Xi(xotxs) + 1i(vatys) = xpxa + x1X5 + yiya + 31y
= (2 Tyiy) T (oxs Fyys) = a /;) +a-y.
RN R

DAl & @ f=0 uutyn=0 o yp=wn & 2=
1 2

= 11’12 =-1.

44. IIPOTAZH: Av a = (x1, 1), ﬁ = (X2, ¥2) €ivau 600 1) HEOEVIKG. O10VOOLATO.

oo aynuatilovy ywvia 6 tote:
XX+ V),

[2, 2 [2, 2°
X+ NG T,

Anobeaién: T to un undevikd dwavoopata a = (x1, y1) , E = (X2, y2) moOL oynpoTilovy yovia

owvld =

6, &govpe:
i f= |&| ‘E‘ ‘ouvl < ouvvl = ?é
&l |3
Eivow a ﬁ =x1x%+tyiy , |5E| =Jx+y xau ‘E‘ = x5 +y .
Enopévag,

XXtV

[ 2 2 [ 2 2’
X+ X T,

ovwvl =
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4.5. IIPOTAZH: Av a kor V elvai 000 J10vOOUATO TOD ETITEOOD, UE O # 0
T07€:
a-v = a-mpof,v.
Anobain: 'Eoto d, v 600 dtavdouata Tov EnméEdov Le
a # 0. Me apyf évo onpeio O maipvovpe to Srovoopota
OAd=ad xa OM = 7.
dépvovpe v TpoPfoin O—M1 TO0 V OT0 a .
‘Eyoope a-v =a-(OM,+MM)=a-OM, + a-MM o
=G -OM, +0=a mpof,v.

4.6. EOAPMOTH: I (Aviootnta Cauchy — Schwarz — Buniakowski)
Ta omoradimote Siavbouota 6 ko B ioyder

- < |3
1ot 10061 n 100TNTOL
Anodeirln: i)
o Ava=0 1 B =0 tote TPOPAVAG 1GYVEL |0| <0.

—

o Ava # 0 xau E £ 0 xau 0=(&,E)réts:
@3] = ||al-|B-oove| = [al-|#| -lovve| < |al-|A]-1=lal ||
H 160tnta 1oyvet av kot povo av o =0 npg =0 il |cvv6| = =S

a=01%H =0 fowd=117ocowl=—1 <

AYMENEY AXKHXEIY

4.7. Avo Swavdopata a, f &xovv pétpa 3, 2+/3 aVTIOTOWA KAL T Y@VIA IOV GYNUATi{ovY

eivan 5?” . Ozwpodpe ta Sravdopata i =d+f ka v=da-f.

i) Navmolroyioeteto a-f3.

ii) Na Bpeite ta pétpa tov Sravvopatov i kaw v.

iii) Na vtoAoyioeteto i *v.

iv) Na asmtodeigete ot 1 yovia twv Stavvopdtov i kat v eivar appieia.
Avon:

b @B =1d || -oovE :3.2\/3.(,§):,9_
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i [@ = \a+ﬁr —(a+fy=a+2a-f+ B =|a+2a-F + ‘/?‘2 = 3242:(-9)+(243 )?
=9-18+12=3. Apa [i| = /3.
v’ = \a—ﬁ\z —(a-fy=a—2a-f+F =|a-2a f + ‘Br = 32.2:(-9)+(23 )
=9+18+12=39. Apa || = +/39.
Wy @V =(at+pa-fr=a-p =i - ‘B‘z -2 23P=9-12=-3.

- v _ -3 _ -3 -3 1
-l V339 BABAI3 313 VI3

Apan yovia Tov dtovoopdtov i kot v givor apPAreio.

iv) ouv( 57,\\7 )

4.8. i) Avyia ta Siaviopata @ xa f wyveinwomra @ =3 -(a-3 ) e attp.

ii) Avywata Siavdopata B km y wyvetnwomra y: =8B (y+28) tote BN y.
iii) Na Bpeite 1o pérpo tov Sravvoparog @+ f +y.

Avon:

i) Evar a’> =38-(d-3p) < a* =3B -9 < a*-3a-f+95 =0 <

(G3-FY=0 < ‘&—3B‘Z=o & |i-3f=0 & a3f=0 o i=3p.

Enopévag 61T 4.

ii) Elvan j7z=—8ﬁ-(;7+zﬁ) = }72=—8[3-37—16E2 s 7 +8[3-37+16E2=0 N
- 2 - ~ _ R

(FH4BY=0 < [j+4f] =0 o [j+4f|=0 o 4B =0 o j=-45.

Emopévamg )71\1«/3’ .

iiiy Eivaw 6 +B+7 =3f+p -4 = 0. Enopévac, ‘&-#[)’-1-;7‘ =0.

4.9. T¢ éva tetpaywvo ABI'A spoekteivovue Tig mievpeg tov I'B kar BA katd ica tunipata
BE xau AZ avtiotoya. Na amrodeiete ot
i) OvevBeieg oig omoieg avikovy ta tunuata AE kaw AZ tépvovra kaBeta.

ii) AE = AZ.
i) Ta dtuvdopata BE xou A4 givon avtippoma, dpa f
BE =) A4, 1<0. .z
AE = AB + BE = AB + ) AA. N 2 &

Ta dwovdoparta AZ xou AB eiva avtipporma.
Eme1dn ‘E‘ = ‘ﬂ‘ Ko ‘ﬁ‘ = ‘ﬁ‘ Oa sivat
AZ =) AB,

1<0. AZ = AZ — A4 =)- AB — AA.
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"Exovpe: AE - AZ =(E +/1~D)(/1~E - ﬂ)
=) AB — AB-AA +)> A4 AB — ) AX
— 3 [4B[ 0+ 70— [ 4d]
=)o’ —Lo’

=0
Emopévac, o1 popeig T@mv 300 S1ovucHAT®V TEUVOVTOL KAOETO.

R} — 2 — —— 5  —=2 —_ 2 2 2 2 2 2\ 2
i) |AE[ = 4E =(AB +i- AAY'= 4B +20AB- 44 +)> A4 =d’ +0+ 72 a’ = (14)d.
2 ——2 —_— — ) — 52 —_— -2 2 2 2 2 2
|47 = 4Z° =@ AB—44.Y =) 4B ~ 20 AB - A4 + AX =7 a*+0+ o’ = (P+1)’
Apa ‘ﬁ

2 —_2 —_— —_—
=‘AZ PN ‘AE‘=‘AZ‘ o AE=AZ

4.10. Aivovran ta Stavvopata a = (‘ﬁ‘ -1,2) ket f=Q@1, || —2).
i) Na Bpeite vo Sravvopa @ + f.
ii) Na 8eifete o @ L .
iii) Na 8eifete ot a* + B > 5.
Avon:
i Eivaw G+ f =(\E\—1 ,2) + (1, |d]-2) =(

i) Eivan ‘&+ﬁ‘ = /Wﬂaf N ‘a+ﬁ2 = "Zg
@ +2a-prpf =+ o2af=0c af=0c alp.

iy Bivar 6§ =0 < (|f|-1)1+2([a]-2)=0 < [f|-1+2[d]-4=0 < |§|=5-2]d|.

A Ja).

i o (a+p) -

=p+ad o

Etvar @+ = [’ +‘/§r = |6 + (5 -2]a| = |6 + 25 —20]d| + 4|
=5la —20a| +25=5(|a - 4la| +5) = 5-1=5.
Tati 10 TpLdVLpO |&|2 —4|d| +5, o mpog |d], &xer ehdyotn TR ™Y

A _ (4415 16-20 - -4 _

" 4a 4.1 4 4

4.11. Xpnowomowwvrag v avicotnta C-S-B va Bpeite v eAdyot) kat T pEy1oTn Tur) mg
ovvapmong,
F(x,y) =8x—15y av Sivetnom x2+yz=1,
KAOOG KA TG TINEG TOV X, Y YA TIG OTTOIEG 1) CUVAPTIOT) TTALPVEL TV MEYLOTI KAL TV EAQ-
xwot) tur me.
Avon:

Oswpodue ta dovdopoto a = (8,—15) ko ﬁ = (x, ¥). Amo v avicomta C-S-B éyovpe:
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‘&-E‘ < |a|.\/§\ o [Bx-15y < F+(-15)7 -+ <
[F(x,»)| < V289 V1 < [F(x,y)| €17 & -17 < F(r,y) < 17.

Oa egetdoovpe av vapyovv (xy, y1) Ko (xz, ¥2) pe F(xy, y) =17 wou F(xy, yp) =-17.

8 —15

H 160tnta 1oyvet av kot pdévo av o // E & det(a ,ﬁ) =0 < =0 <

8y +15x=0 < 8y=-15x < y=—1%.

2 2
Eivae 2 +)° =1 < x2+(—1%) “1 o P2 o o a5 -6 o

2 _ 2_ 64 _ | 64 _ 64 _8 - _ 8
289" =64 < x 259 & X< ‘,289 nx= ,28 S X=X 7

158 _ 15 _ _ 15( 8\ _15
3 17 17 Koty x, = 17 gival V2 3 ( ) 17"

T =
X 17

8
17 glvan y =
Enopévag, yw (x1, 1) = 17, 17) 1 cuvéptnon éxet péyiot Ty my F(xy, y1) = 17

Kot Yo (xp, yp) = (’ﬁ 17 ) N ovvaptnon €xet eErdyot T v F(xp, 1p) =

4.12. Aivovral ta Sravvopata a =(4,2) ka , u = (3,14). Na pBpeite tig Svo kabereg ovviotm-
0£G OTIG OTTOLEG AVAAVETAL TO U €K TMV OOV 1] L EIVAL TAPAANAN OTO0 A .

IogTQOJIOs.'
‘Eoto u,, u, ot{nrodvueveg cvviotdoss. Tote u = u, +u, , y
u, L u, xou u/la. o
Eivar 4,//G < i, =46 < 6 =A42) o & =@E12). _\
U \
Exoope G i = d i, < 43+214=44]+22) < ?
12428 =161+42 < 40=201 & 1= 30 & i=2, s
Q
Ondte i, = (44,27) = (42,22 = (8,4). o x

Axdpa @i = i, ti, © i, =i—i, < i, =(3,14)—(84)
o i, =(-5,10).

2° TPOTOG:

‘Ecto 10 dtévoopa f=(-1,2) L a.

Av u,, u, 018V0 KAOETEG GUVIGTAOGEG TOV SLOVOCUOTOG U TOTE

u=u-+tu, < u=xa p < (3,14)=x(42)+y(=1,2) < (3,14)=(4x,2x) + —,2y)

4x-y=3 |2 8x-2y=6
3,14) = (4x—,2x+2
< Gl =(rr2t2y) < {2x+2y=14 < {2x+2y:14 (+)
10x=20 < x=% o x=2
Kot 2x2y=14 o 442p=14 o 2y=10 < y—i’ o y=5.

Emopévog 4, =2a =2(4,2)=(8,4) xav i, =5 =5(-1,2) = (-5,10).
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4.13. @zwpovpe Ta Sravdopata @, B, ¥ pe pétpa 2,1 kA 5 avtiotoya. Av 0 glva N yw-
viatov @, ¥ ka ¢ sivainyoviatewv @, f pe ovvd = 0,8 km ovve = 0,6 TOTE:
i) Navmoloyioeteta a@-f, a-y.
i) Na vtoroyioeteto f-y.

iii) Na avaivoete 1o Srtavvopa y oe 8vo ovviotwoeg pe Stevvvoeig avtégtov a, f.

Avon:
b Eivar - f = |a]-|f|-oovp=2106=12 xa @5 = || -[j]-oov0=2508=8,

i) @étovpe @ = (B,;?). "Exovpe:
nwo=1-ocwp=1-06"=1-0,36=0,64 dpa

e = /0,64 =0,8.
nd=1-ocov’0=1-0,8=1-0,64=0,36 dpo

nud = /0,36 =0,6.

ovvw = ouv(p—0) = cuve-cuvl + nuemud = 0,6-0,8+0,8-0,6
=20,48 = 0,96.

Enopévas, f-7 = \/?\ -[7]-oove = 1:5:0,96 = 4.8 .

iii) Av y,, 7, 01000 cuvicT®oEGTOV J pE y, //d wou y,// B 1ot
y =9 ty, < j=xd +y B omov x,yelR.
Eivat G 7 =a-(xda +yf) © a7 =xa* +Wa-f) © 8§=x2>+y12 <
4x+1,2y=8 (1
B7=pxa+yp) o p7=x@pf)+yf < 48=x12+y1> &
12x+y=48 (2)
Amd (1) ko (2) €yovue

4x+1,2y=8 4x+1,2y=8
1,2x+y=4,81(-1,2) ~1,44x-12y=-5,76 (+)
_ _ 2,24 _
256x=224 < x 356 < x=0,875
kot 12x+y=48 < 12:0,8754+y=48 < 105+y=48 < y=48-1,05 <
y=3,75
Enopévog 3, =0,875d xou  §, =3,75f.
AXKHYEILY

A’ Oudda

4.14. Av |&| =1, [3| =23 KOL 1) YOVIO TOV SIOVUCUATOV d Kot E givar 150°, va vo-

Aoyioete T0 HETPO TOV dlaviopatog U4 =20+ f.
[Am. 2]
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4.15. Av |,E’| =1, n yovia tov dwwvvcpdtov d kot S eivon % Ko |&—2/3’| =7, va

Bpette o |l .
[Am. 3]

4.16. Av a ot S eivon povadtaio dtavocpoto Kot 8 1 peto&d Toug yovia, vo anodeitete

GUVQ .

ot |&+ﬁ|:2~ 7

T

4.17. Av |&| =1, B| =2 KOl 1 YOVio TV dlavoopdtov 40 Kot —2 ,Z)" glvan 7 Ve Bpeite

TO ECMTEPLKO YIVOUEVO a - E .
[Am. -1]
4.18. Aiveton to TopaArnAdypappo ABI'A oto omoio givol AB=2a + B kot Ad= G2 B.

Av 1o Siavbopata @, S éxovv pétpo 1 kar oynpotiCovy yovia 60°, vo vroloyicete ta

UK TV dyaviov tov ABIA.
[An. AT'=+/7, BA=+/13 ]

4.19. T ta Swvoopato a@, B Siveton ot | =1, |ﬁ| =2 ko (@, f) = %.'Eorco T S10-

voopata u =2a +3 B,V =ad=2 /;’ . No vroloyicete:
a) TO ECMTEPLKO YIVOLEVO d ° B.

B) T pétpar |;|, |;| TOV SIVOGUATOV i Kol V.

Y) TO E0MTEPIKO YIVOUEVO 1 -V .

3) TO CLVNUITOVO TNG YOVIOG TOV SOVUCUAT®V @ KOl V.

4.20. Avo dwvdopata a , E &yovv pétpa 2 kar 1 avtictoyo. H yovia mov oynpatioovv &i-
von 120%. Av 5 = a + B kat 0 =G -2 ,5’ . No voloyioerte:

i) To ecmtepikd yvopuevo a - B .

iiy To ecwtepcd ywvodpevo y E

iii) Ta pérpo T@v dtavvopdtov

)

y Kot
iv) Tn yovia Tov dtavooudtov 7 Kot
[Am. iv)60°]

4.21. @swpovpe ta. povadiaio StvocHaTo o Kot ,Z)’ . Av 1o dwvoopato W = a +2 E Ko

u=50-4p eivaukdbeta, vo vroroyicete T yovia tTov d, .
[Am. 60°]
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4.22. Av |&| =2, E’| =3 ko1 1M yovio Tov dlovocudtov d kol S givon 27”,\/(1 vroloyice-

e T Yovia Tov oynuotilovv ta dtavdopate u =3a +2 f wor a .
(An. 60°)

4.23. ' o Stavoopato o Ko B va amodei&ete OTU
l = |f| < (@+p)L(a-p).

[Mowx givor 1 YEOUETPIKT EpUNVELD TNG TAPOTAV®D GYECNG AV ¢ ,E ;

4.24. T ta StovOopate d Kot E vo anodeifete OTL:
j@+p| =|a-B < alp.
[Mowx eivor 1 YeoUETPIKT EpUNVEiD TG TAPOTAVD GYECTG, AV TO. OVO SLOVOGUATO Eival U
pundeviKa;

425.Av G L B va amodeifete ot 6] < |&+E|.

No epunvedoete YEOUETPIKE TNV TAPATAVE® TPOTACT), OV T dVO SLVOGHATA ELVOL [T L)-
deVIKA.

4.26. T to. StovOCUATO TOL SUTAAVOD GYTLLOTOG 1GYXVOVY O GYé- A r
CEIC:
E:&,ﬁ:B,BZZ&,Kalﬁ:—Zﬁ. B A
i) No ekppdoete 10 S1VOGHOTO Al xav TE GUVOPTNHOEL E
TOV SOVUCUATOV ¢ Kol /;’ .
ii) To d1vuoua AE  givau ioo Le:
A 3a+f B. 36— r.3a-3p A G3B E 264

i) Av oyvet |&| = ‘ ﬂ‘ , TO1e va amodeifete 0T Ta dSavocpota A7 kou I'E givor peta&d

Tovg KABETO.

4.27. Atvovton ta dwovdopata o, f, § yuo ta omoia 1oydovv:

la| =3, |E| =2 kot (d,f) = % kat @ +f—y = 0. Na Bpeite:

a) To ecmTePKO yvoOuevo a - E .

p) To pétpo Tov davdouatog 7 .

y) Avumdpyovv, tovg Oetikong aptBovg x, yio Toug 0moiovs woydeL 1| oYEo
(a+xp)2da—xp)=17.

4.28.'Eotm a kot S 600 pun pndevikd dtoviopatat Tov enumédov e ioa pétpa. Av To dovo-
opato X =d +2 f xor y =50 —4 f eivor kabeta peta&d Toug, vo Ppeite ) yovia Tov

oynuotilovy ta dwavdopata a Kot f.
(An. 60°]
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4.29. T ta Sovoopata 6 kou S 16y00vV ot Gxé681g:|ﬁ| =2lda| xku |&+ [3| = |d| . Novo-

nodeigete OTL Ta 00 dravicata givol ovtipporna.

4.30. Aiveton tetpdyovo ABIA pe mhevpd o = 1. No vmohoyiceTe 10 E0MTEPIKE YIVOLEVOL:
iy AB-BI iy AB-Al iy BA-AT  iv) Al -AA

4.31. Aiveton 166mAgvpo tpiyovo ABIT pe mhevpd a=2. Av A4 eival to Hyog Tov TPLydvov,
VO VTOAOYIGETE TO, ECMTEPIKE YIVOLEVOL:

iy AB-A' iy AB-B[C iy AA-A  iv) IA-BA
4.32. No amodei&ete 0Tt 01 dtaydviol Tov popPov TéuvovTal KAOeToa.
4.33. i) Na amodei&ete 0TL yio omowadnmote onpeia 4, B, I kor 4 oAnbedel ) icotTO
AB-TA + AI-AB + AA-BI' =0.

ii) Me 1 Ponfeia g mponyovuevng mpdtaomg, vo anodeitete 6Tl 01 POPElG TOV VYDV VOGS
TPLY®VOV S1EPYOVTOL 0O TO 1610 onueio.

)

4.34. Aivovton to. dovoopato a = (3, ‘E‘ —1) ko E’= (|&| =3,1).
i) Na Bpeite to ddvoopa o + /;’ .
ii) Na deiete oT1 a L B.

iii) Na deifete ont a’ + > > 10.

4.35. No amodei&ete 0Tt eivan kdBeta To dtavdopata:

S

D (@7) B —(aB)7 xm W jo@hd oG

4.36. Atvovtar ta Stavdopato d@ = (-3,~/3) kou B =(~/3,1). No peite:
i) To ecwpewcod ywvopevo a- E .
ii) Ta pétpa TV dStovuopdtov o Kot ﬁ .
iy Tn yovia 6 twvsbo davoopdtov.
[An.i)-2+3 1ii)2+3, 2 iii)120°)

4.37. Na amodeitete 0t ta onueion A(—2,3) , B(4,1) xon I(2,-5) givar kopupég opboymviov
KOl 1GOGKELODVG TPLYDVOUL.

4.38. Aivovton ta onueto 4(1,2) ko B(4,1). Na Bpeite otov opildvtio aEova x'x onueio M
hote AMB =90,

4.39. Aivovton ta onueto. A4(—4,1) xor B(3,3). Na Bpeite onueio M tov aEova y'y Té€T010 BO-
ote AMB =90".
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4.40. No Bpeite Tov mpaypatiKo aplBpd x, dote 1 yovio Tov dtavooudtov a = (x,1) kot
B=(1,1) va givar fon pe %
[Art.x=0]
4.41. No. avolvoete 10 Sidvoopo. w = (3a, 2—a’) , acR , o€ 800 cuVIGTOGES, [ag TopGAin-
Ang mpog 1o dtdvoopa # = (a,1) Kot pog kaBetg mpog owTo.

4.42. T to davdopata da, f 1oY00LV 0L GYECELG:
20 +3f=(4-2) xau a -3p =(-7.8)
@) Nodeifete o d=(-1,2) ka f=(2,-2)

B) No Bpebei o mpaypotikdg aplBuog x, dote To dStovdopoto xa + ,E kot 26 +3 B vaei-
vau kéoeta.

y) Na avaivbel to dtdvoopa 7 = (3,-1) oe dVo KaBeTEG GLVICTAOGES, OO TIG OTTOIEG 1) piat
va glvat TapdAANAN 610 Sdvocua a .

4.43. @swpovpe 600 dwvdouata a , [3 Yo To. omoia diveTon OTL 2|&| = |E| =2 Ko

(@ f) =60°. No anodeitete omi:  mpop,(3d—f) =2 .

4.44. Ocwpovpe T0. Stavdopata @, f Gote |d =1 ko mpoP,f =24 .
i) No vroloyicete 0 d- 5’ .
ii) No Ppeite 10 S1GvocpHo X ©G cLVAPTNON TOV d , E MoTE
¥/ (a-2B) kv @ L(B-%).
i) Av (o{,\ﬁ) =120", va Bpeite 10 |ﬁ| .

[Am. 1)-2 ii) % =-

[G11N]
(AN

4.45. Osopovie T SovoopaTo d , ﬁ woTE |&| = 2|E| =1 kot (&,ﬁ) = 2?” . T éva d14vv-
opa X diveral 0Tt )?//(&—2,[;’) k. a L(X-pB).
i) No vroloyicete 0 a- /;’ .

ii) Na ypayeTe 10 S1Gvuopa X ®G YPOUUKO GUVEVOoUO TV d , .

iii) Na Bpeite ) yovia (57,\)?) .

4.47. Oswpovpe ta dSavoopate a = (2,6) kot [3 =(-1,2).
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i) Na Bpeite ) yovio v SlovocpdTov d Kot f.

ii) Na Ppeite 10 divoopo u av (ﬁ—&)//ﬁ Ko (12+[3)J_ a .
[An. 1)45° ii) G=(7,-4)]

448.Av |a| =1, |E| =2, | =3 xuw @ + f +7 =0, va anodeilete ot

450.Av |a| =2, |B| =2,

=1 ku @ = -27 ,tote:
i) Na omodeilete OtU 5&-[3 —4E-;7 +3y-a =3.

ii) Na Bpeite 11¢ yovieg mov oynuatifovv ava évo ta dwvdouate a , 3 , 7.

4.51. Av a, ﬁ kot ¥ givon tpio Stovdopoto pe pétpo 1 ko d E’ + B+ =2, vo amodei-

EeteotL o = B =7 .

4.52. Xe éva tpiyovo ABIT pe dapécovg A4, BE o I'Z, va amodeibete Ot
AA-BI' + BE-TA + TZ-AB =0.

4.53. Tia to Savbopato. @ kot S oydein oyéon 6] = |,B| = |&+B|.
Na amodeilete otu: |&—[)’| = |a|-V/3.

ITod eivon 1 yeopeTpikn epunveio TS Topamdvm oyEonc, av To VO SLOVOGLOTO EVOL U
UNoeVIKA;

4.54. i) Xpnoyomowwvtag v avicomto C-S-B va PBpeite v eAdytom Kot T pHéylotn Tiun
me mapdotacng A=6x—8y av x*+)’=36.
ii) No amodeifete oti:  [S-nux—1 2-01)\/x| < 13.

4.55. Xpnowonotdvtag v avicdmta C-S-B va Bpeite v gldyio kot ) péytotn Tiun mg
GLVAPTNONG,
F(x,y)=8x+9y av divetaw 6Tt 4x* + 9)* = 36,
KaODG KO TIC TWEG TOV X, ¥ Y10 TIG OTTOIEG 1] CLVAPTNGCT TALPVEL TNV UEYIOTN KaL TNV EAG-
YLOTT TN TNG.
[Am. -30<F(x,y) <30, F(LSZ, g )=30, F(_%,_g y=-30]
4.56. O1 KOpVQEG evog Tprydvov ABI sivon A(3++/3 ,3++/3), B(2,2) xon I(0,2). Na voho-
yioete

iy mv B i) mv T i) v A
[Am. 1)135° 11)30° 1ii)15°]
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4.57. Tpia dwavdopata a , f war j €xovv pétpa 3,1 ot 2 avtiotoyo. Eivar a L E ,
(B.7) =30° xau (G7) = 120"
i) Na Bpeite 10 pétpo tov Stavdopatog d—3/3 f +37 .

ii) No ypdwyete To Stdvoopa j GOV YPOUUIKO GUVOLOCUO TV 0 Kol f.

3 V3

4.58. Osmpovpe o dSovdopoto a@ , f Kor j o ope pétpo 2, 1 ko 3 avtiototya. Ot yovi-
€G TOV SOVUOUATOV a Kol B eivan 120°, toov B ko etvon 150° kawtov § kou
d sivor 90°. No omodeifete 6t % a + 2[3 +35 =0.
4.59. @sopodpe dvo Savdopate d , f pe |d] =2|/3’| =2 ko (({,\ﬁ) =120".
i) Na omodeilete 0TL @ —2~/§’ 0.
i) No. Bpeite 10 Sivoopa ¥y to omofo wybdet: ¥ //(a—2-f) kou B L(a+5%).
&+

[

[Am. ii) % =-

Wl
wln

4.60. Atveton tpiyovo ABIT pe AB = &—[3 , Al = &+3B Kol |6E| = |ﬁ| =l,al ﬁ
dépvoupe ™ duapesd tov AM. Na Ppeite:
a) To pétpo tov dovdopaTog AM
p) To Guv(ﬁ,m)
» Ty wpof AT

[Am. o) V2 B) 25 V)28 +20 ]

&

461.Av PA + PB —-2PI =0 xau \ﬁ\ =6, ‘ﬁ‘ = ‘ﬁ‘ =2./3, va omodeifete oL

i) Ta onueio 4, B xar I givar cuvevbetad.
ii) To onueio I" etvon avapesa ota onpeio 4 ko B.
iiiy APB =90°.

iv) To diGvoopa v = PB + PI' sivou xéeto oto AT .

4.62. Atveton mapaiinhoypappo ABIA , to péco E g I'A kouto onueio Z g Al wote
AZ :%'F.A\/ AB =q ,Ad=f pe |a =4, |B =1 xa 4 =120", t6re:

i)y Na ypayete 10 didvoopa EZ oav YPOUUIKO GUVOLIGUO TOV SLOVUCUATOV ¢ Kot [ .
ii) No Bpeite To pérpo Tov EZ .
iiiy Na Ppeite 10 ecmTEPIKO YIVOUEVO 0 ‘EZ .

iv) No Bpeite ™) yovia tov dtavvopdtov a ko EZ .
[Am. iv)120°)
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4.63. Aivovton ta dwovoopate a = (1, |ﬁ| —1) xon ﬁ = (|&| —1,1). No amodei&ete ot
i)&+/§=(|&|,|ﬁ|) i) a L p i) |&|+|E|=2
iv) |&|=|E|=l wa=i xu f=]

4.64. Eoto d = (lf|ﬁ| 1) xou f=(1,]d —1). No anodeitere 6tu:

i) a-f= |d‘|—|,5’| i) a LB i) 6=/ wou f=i

“LB.

A

B) Oewpovue ta povadiia Kot kdbeta dSwovdopoto d , ,5’ . 'Ecto v =5a+ ﬁ ,

4.65.0) Av B = 0 Ssigte 611 mpop i =

u=a-2 ,5’ . No ypayete v mpof,V  ©G YPOUUIKO GUVOVOCHO TV SVUCUATOV 0 ,

!

[An. B)-2&+% @)

ullw
ailoy

4.66. @) Av a, v eivail 600 un pundevikd dtovdopata, TOTE vo amodeibete Ot
- AT - a-v

TpoB, v = ‘f—‘z-a kat |mpoB,v| = 2] )

a

i

B) Av a , ,Z)’ glvat dVo pn undevikd davicpata, TOTE:

[mpop. | = [wpop | = aLp  lal =|f].

4.67. Atveton tpiyovo ABIT 610 omoio eivor |E| =4, |ﬁ| =6 Ko7 yovio Tov Slovocud-

tov AB xa Al givon %.Av M 10 péco g mhevpds Bl 10te:

a) No vToloYiceTe TO PETPO TOV SLOVOGHOTOG AM .

B) Na omodei&ete 611 M TPOoPoAT TOV SLOVOGHATOG AB mave 610 diavoopa AM  givor to

davoopua % -AM .

4.68. Atveton moporinidypoppo ABIA xouw ITE L AB ,I'Z 1 BA. Na onodeilete Ot
BA-BZ = BI' + BA-BE.
4.69. Z10 SumAOVO GYN L0 TO SLOVOGHOTO  d B civan povadtaia, evd To d1dvu-
opa w €xet pétpo 3. Na avaADoETE TO S1GVUGHO W Og dVO GUVICTAGCES

TAPOAIAEG TOV a Ko [ .

4.70. Aivovton ta onueto 4(0,4) , B(1,-1) wau 11(5,3).
i) Na Bpeite Tig cvvtetaypéveg tv dtovocpdtov AB, AT xor A4, 6mov A
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10 HLEGO TOL TUNpatog Bl
ii) No Bpeite 10 ddvoopa AE , 6mov E givar 1 mpoPoin Tov onueiov 4 oty Al
iii) Av M eivor to péco tov tunqpatog AE, va Bpeite TIg GUVTETAYUEVESG TOV JLOVUGLATMOV

BE xon AM .
iv) No amodeiEete 6Tt AM | BE.

4.71. O@swpovpe éva opfoydvio ABI'A ko éva tuyoaio onpeio M tov emmédov Tov. Na amo-
deilete OtL:
_— _— — —2 _— _— —2
i) MA'BA+MF-AF:‘AB‘ i MB~FB+MA«AA:‘BF‘

iiy MA-MIT = MB-MA .

B’ Oudoa
4.72. Ta dwovoopato d , ,B, Y Kot X TOL EMTESOL IKAVOTOLOVV TN GYEO:
(@-%)-f=7 +x.

y-o.

@) No amodeitete ot (f-6—1)(a-X)

B) Av E’-& # 1 va ekppdoete 10 Sdvoopo. X G cuvapTnon Tov d, f, j Kol X.

4.73. Atvovto ta. pun pndevikd dtovocpoto o , . Na anodeiete dttavta a, f sivol kéOe-

TOL KO LOOUNKT), TOTE Kol Ta dtavoopata 20 +3 f, 3d -2 f eivar kdbeta Kot tGopnK.
"Emerta amodei&te to avtictpopo.

4.74. 310 duthavd oyfipa ta Svoopata 6, B, KoL § &xouv

pétpa 2, 1 ko 4 avtictorya. Av 1 yovia T@v Slovuoudtov

a, f eivon % Ko 1 yovia Tov dtavooudtov £, j etvot

0 s

T
Z’
Bovoelg avtéc TOv d Ko f.

va avoAivBel To dtdvoopa j  og V0 CLVICTMOGES LE dlEV-

[Am. v=—% &+76*/5§2\/g f

4.75."Eva tpiyovo ABI™ éyet A =60° xar10 punkog g Al givarto. 3/5 tov pnkovg g
AB. Etig mhevpéc AB xou A" moipvovpue avtictorya to onpeio 4 ko E ©oTE

AA = %AB Kol AE = %AF. [Tpoekteivovue v Bl kotd tuqpoa 1 Z=BI.

Noa amodei&ete Ot
i) Ta onueia 4, E kv Z givon cuvevbeloka.
iiy BELIA.

i) ‘ﬁ“ = ﬁ‘ﬂ‘
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EPQTHXEIY KATANOHXHX
4.76. No yapaxtnpioete Zwot) | Aabog kdBe pa omd Ti¢ emdpeveg Tpotdoels. Na dikatoloyn-
GETE TNV AMAVTNON 00,

1 loyver Va* = a .

1. Av 500 povadaio dtvdiopata £xouv E0MTEPIKO Yvopevo —1, tdte givat avtibeta.

nLAv ta dtovbopota @ Kot [3 glvat cvyypapukd tote |&-,B’| = |&|-| /;’|

v.I'o omotodymote Stavdopoto 6 kou S 1oydel d - ﬁz =(@d-p).
V.Av V' =4’ tote Vv =20 W V =-2i.
vi.To [(a - ﬂ) ¥ o TOPICTAVEL SAVUGLLOL.

vir Ioyost: (G -f)5 =a-(f-7).

4.77. No OMLELDOETE TN CMOOTI ATAVINGT OTLG EMOUEVES TPOTAGELS. Nl SIKOLOAOY|GETE THV
OAVTNOY| GOG.
. Ta dtavdopoata d ko S €xovv ica pétpa. To a-f yiveton péyioto 6tav to d ko f
€YoV Ko apyn Kot ivort mhevpég
A. 100TAEHPOL TPLYDOVOL B. TETPUYDVOL I. Kavovikos e&oydvov
A. opBoywviov Tptydvov E. 160GKEAOVC TpLydvou e yovia kopuerg 54°.

1. Aivovton ta Swovoopata. @ = (4, A1) kau B = (4, A), pe A# 0. [No mowa omod TG TapaKd-

T TWEG Tov A Ta davdouate d Kot [3 elvan kaOeta,;
A A=1 B. 1=3 r.A=2 A A==2 E. A=-3

4.78. Atvovton ta Stovdopata u = (1,—\/5) ,v = (2,2\/5) Kol w = (\/5 ).
Noa avtiotoyicete kdOe yovia mov Bpioketol ot 6TMAN A pe T0 PHETPO NG oL PpiokeTon
ot otqAn B.

21iAn A Z1iAn B

1. yovio Tov u# Kot v A /2
2 / - - B. 7/6
. yovio tov u Ko w r
3. yovio tov v Kol w A 213
E. 3m/4

Z. 73

4.79. Aiveton o&uymvio tpiymvo ABI. Av givon |&| < ‘ ,5" < |;7 | , va. dtatdéete amo
TO HIKPATEPO TPOG TO LEYOAVTEPO TOVG aPLBLOVG
B-7 o- /7’ fi )7 .
2 411







KE®AAAIO 2. |

EYOEIA XTO
EINIINEAO

EEiowon eubeiog

levikA popen
etiowong eubegiag

Eppaddv tprywvou

N
N
—_

H APACTACT] TOV ONUEI®V TOU EMMITEGOU ATIO
éva {euyog aplBpmv — g TETPNPREVNG Kat
G tetaypevng — £6woe ) duvatdnta va
Bpoupe e§lowoeig pe HUo ayvaotoug, ot oroieg
va Taplotavouv H1aqQopeg ypapég oto ertiredo.
Me 116 £§l000e1g ypapp®v priopoupie pe kabapd
alAyePpikeg peBOdoUg va pedetr)coupEe TG YE®-
HETPIKEG 1010TNTEG TOV YPAPP®V AUT®V 1] va a-
vupetwnicoupe dAAa ouvaer pofAnpata. Au-
10 eivatl Kat 1o Paociko avukeipevo g Avaduti-
k¢ 'eoperpiag, n onoudaiotnta g ornoiag
o@eiAeTal OT0 YEYOVOG OTL PUITOPOUNE EUKOAOTEPA
va peAetr)jooupe pa £§l0mon rmapd pia ypappn
YEQUETPIKA, a@oU IoAAEg 11€00bo1 €xouv ava-
rtuxBet oty AdyeBpa kat ) Mabnpatikn Ava-
Auon yua ) peAén e§lo0oewmv.

H armlouotepn kat mo ouxva Xpnotporolou-
pevn ypappn €ivat n eubeia ypappr. Sy ava-
{non g eSiowong eubeiag xpetaldpiacte 1oV
0p1OPO0 PACIKGOV EVVOIGMV ITOU XAPAKINPI{OUV
v eubeia. H évvola tou ouviedeotr) Sieubuv-
ong eubeiag eival autr) rou pag odnyei otnv
gupeor g e§iowong eubeiag rmou HiEpxetal anod
€va onpeio.

Metd erudiodrkoupe v €UPEOT] P1AG YEVIKIG
popeng eSicwong cubeiag, n oroia propei va
naplotavel OAeg TG eubeieg Tou ermuredou — au-
TV 110U opifetal aAld Katl aut®v rou dev opile-
tatl ouvieAeotrg Hievbuvorng.

[Tapouociafovtag, 1€Aog, TOV TUTIO TIOU Sivel
TNV arootaocrn onueiou arno subeia Kat Tov TUTo
mtou Hivel to epfadov evog Tplywvou, OUNTIAN-
PAOVETAL TO OUVOAO T®V BACIKAOV YVHOERDV TTOU
TPETIEL VA ATTOKTI|COULE Y1 VA AVIIPETIOITIoO0U-
pe Baowkd B¢pata rou agopouv v eubeia.

Me 11§ yvwoelg autou tou Ke@aldaiou pro-
poupe va AUooupe apKetd rpofAnpata tmg
EuxAeidelag yeoperpiag. 'Etol priopoupe va 61-
axkpivoupe ) drapopd t@v dUo peBoddwv. Amd
1 P1a IMASUPA TG YE@HETPIKTLG KAl ATIO TNV
AAAn g AAyeBpikrg, ou TouAaxiotov 6w,
xXprnotpornotel peBodoug emiduong eClomwoemv Kat
ouotPATOV.
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ENOTHTA 1.
EZIZXQXH EYOEIAY
T'wvio ag ‘Ectew Oxy éva 60GTNHO GUVIETOYUEVOV GTO EMi-

sveiog & HETOV  meso kon & oL EVOELR TOV TELVEL TOV GEOVEL X X
deova xx 610 onpeio A.
Tnyovie @ mov dwaypdeet o GEovag x'x dtav
otpael YOpw omd To onueio 4 katd ™ BeTikn po-
o uéypL va cupmécet pe v gubeia & ™ Aéue yo-
via mov oynuoatifern e pe tov aEova x'x
Av 1 evbeia & etvor mapdAinin mpog tov aova x'x, tote Aéue OTL oYM LLO-
tilel pe avtdv yovio, @ =0.

Ot Tipéc mov pmopet va mépet M yovion @ eivar 0°< & < 180° 1 og okri-
vie 0< @ <.

Q¢ ouvtedeot devBuvong A pag gvbeiag & opifovpe v epamTopévn

2vvieleotris ™G yoviag mov oynuotiCeln & pe tov GEova x'x.
dredBvvong pog
Oei N , . ro .
eovelas Avnyovie & g evdeiag & pe tov GEova x'x eivon 90°,dnhadh 1 ev-
Oela elvar kaBen otov dEova x'x, TOTE dev opiletar cuvteleotng dtevBuvong
yio TV gubeio oo,

Avnyovie @ eivon o&glo t01€ 0 cLVTELEGTNG S1EvBLVETG givan BeTikdg,
evd av n yovio @ eivon opPreia tote 0 cuvtedeothc diebBuvong sivar ap-
ynTkos. Av 1 evbela oynuotiler pndevikn yovia pe tov dEova x’'x, dniadn
etvat TopAAANAN oTOV AEOVaL X X, 0 GLUVTEAESTNG dtevBuvong etvan i6og e
pnoév.

Anhodn €xovpe:

e Av 0°<0<90° < gpw>0 < 1>0.

e Av 90 <m<180° & gpu<0 < 1<0.

e Av =0° s gpw=0 < 1=0.
Zvvieleotic

o1evfvvong pog

cvbeiag wov Av pio evBela & diépyetor and to onueia A(xy, y1) ko B(xy, y2) e
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diépyetor amé Ta. X1 # X , TOTE O GLVIELESTNG 61EVOVVONG TG & €ivar 160G pE TO GUVTEAEGTN
onueio. A(x,y1)  §1evduvong Tov SlavicUaToC
Kor B(xpy) , ue

X % X AB = (xyx1, yy1) , dnhadn eivar A= %
2 1
1.1. IIPOTAZH: Mo evBeia kot évo. didvoapa eivor Tapdlinia, ToTe EYovy oV
1010 ovvreleatyy dievBovong.
Anoderln:
Y €

o1l
Y
=

/ ¢=T+uw

"‘Ect® 611 10 Stdvooua J givorl topdAinto ue pia evbeio 6. Av ¢ kol @  €ivol ol yovieg

oV oyNUatilovy T0 & KOoLM € HETOV X'X OVTIGTOUY(O.
Tote Baoydel 9= M @¢=7T+@ Kol EMOPEVOG €Y = £Qm. Apa /13 =l .

1.2. ITPOTAZH: Av &) ka1 & eivar 6vo vbeieg ue ovvreleotés diedBovons Ay kou
Ay avtiotorro. va amodeilete oti:
o 81//82 = i]ziz.
o gl & /11'12: -1.

Anoderén:

‘Eot® & kot & 0600 gubeieg pe ovvieleotég dievbuvong 4; kot 4, avtiotoyyo. Acwpodpe

0. S1viopaTe. ) Kol J, To onoia eivol TapdAAnie TpoOg TIG £ Kol & avTioTOKA.
Tote Oa Eyovpe:
° 81//82 = 51//52 = /11212 .

o SIJ_SZ f— SIJ_SZ < /11'/12:—1.

1.3. ITPOTA>H: Mia evBeio wov diépyetar omo éva onueio A(xo,yo) Kot Exel
ovvreleat) dievBovong A, Exel ellowan.
Y =Yo = Ax —xo).
Anodeiln:
‘Eoto Oxy éva cOGTNUO GUVTETAYUEVOV GTO EMIMESO KO y >
A(xo,y0) éva onueio tov emmédov. H gubeia & diépyetar amd
10 A Kot €yel cuvteheotn devbuvong A. M(x, »)

"‘Eva onueio M(x, y) dapopetikd tov A(xy, Vo) OVAKEL GTNV A(x,, V)
&, av Kot povo av 1o dvoope. AM - givar mapdAinio oty &, 7ﬁ

(6] e

dNAadn ov Kot Hévo av To ddvucua AM ko n & égouvv Tov
010 ovvtereotn dievbvvong.

Emedn W = (x—x0 , y0), EYOovpe A= Y=V .

A _
X=X,
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Emopévac 1o onueio M(x, y) avikeltomyv & av kot pévo ov

Y=o _ v = ) (v —
Ty, A S y—yi=21(x—Xx).

H televtaia e€lomon emainBeveton kot amd to onpeio A(xg, yo)-
Apa n g&iowon g gubeiag & eivat ¥y —yy = A(x —xo).

1.3.1.XHMEIQXH:
» 'Eotw pia evbeio & mov digpyeton amd to onpeion A(xy, y;) kot B(xa, y5). Av x| #X,, TOTE O

ouvteLeoTg dlevbuvong g vbeiog sivar A= L_)J:l

Kot emopéveg 1 e&locwon
X, —

1

Y=yo=A(x—x0) yiveton y -y = 2220 (x —x).
X, =X,

» H nopandve egicwon dev purnopei va ypnoiporombel oty mepinto- v X=X,
on mov M evbeia & etval mapdAAnin otov a&ova ¥’y (Ba Aéyetan
Kkatakopuen gvbeia), e’ 6cov dev opileTorl 0 cuvteresTNS devBuv-
one. o) (x,0) X

H g&iocwon piog kataxdpueng evbeiog mov diépyetotl and o onueio
A(xp, ¥o) €lvor x = Xxq.

1.3.2.ITAPATHPHZEIX:
e H &e&icmon g evbeiog mov téuvet tov dova ¥’y oto onueio

A(0, B) xau éxet ovvtedeotn devbuvong A eivar y—f=2-(x —
0) © y=k+p

e Av pia gubeia Siépyetar amd v apyr TV aEovav kat £xel cuvtedeot devbuvong A, tote

n e&icwon me etvar y—0=4(x-0) < y=41Ax.

‘ (o] X

INo Topdderypa o1 dyyotdpotl v yovidv xOy koar yOx' €xovv eE1I0MGELG
y=X KOl y=-X avticTOoUy.

e Av pia gubeia Siépyetar amd Eva onpeio A(xg, Vo) ko glvon To- Y
pAAANAN otov d&ova x'x (Ba Aéyetar opilovtia evbeia), TOTE T Y=Y,
N eéiowon g sivoar y—y,=0-(x —xg) < Y =p. ¢ e
[0} X

AYMENEY AXKHYEIY

1.4. Aivovtat ta onpeia A(-1,2) , B(3,4) , I'(7,—1) xav A(-3,—6).

o) Na Bpeite mv e§iowon g evbeiag €1 mov Siepyetar amod 1o pe¢co M g BA kau gival
kaOe ov AA.
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B) Na Bpeite myv e€iowon g evdeiag €2 mov Siepyetar and to péco N g AI' ka givar
k@O omv BI.
v) Na amtodeifete 0t o1 evleieg €1, €2 kaun pecokaderog g I'A Siépyovrar ato to idro

anueio.
Avon:
y Xp+x, _ 3-3 _
B(3,4) a) Eivaw xp, = % =5 =0,
= YtV 4-6 _ -2 _
yy=E 4 =2 =22 =]
A(-1,2), 2 2 2
Apa M(0,-1).
O cvvteleotrg dtevBuvong g evbeiog A4
x : = YaTVs _ 246 _ 8 _
sivar Ayy o, 123 3 4.
D gldd & A du=-1 o 4 -4=-1
-1
> S 1
H s&tcm)cn g evbeiog & eivou
o) y=yu= A, (exy) <y =—g (x-0)
S
& y=ogx 1.
p) Eivow xy= % = ‘12” = g =3, yy= yA;yf = % = % Apa N3, L).

O ovvteleatng devbuvong g evbeiag Bl etvon Apr= —2—L . - = = = ==

o LBl & I dgr=-1 & ) -(2)=-1 & } =%

5
H efiowon g evbelog & elvar y—yyv= 4, -(x=xy) < y— % = %(x%) =
4 12 1 4 19
=2,_ 1 4 1 =2, _ 17
- T B A A TR
) T va Bpovdpe to onpeio toung tov &), & Ba Abcove 1o choTHHA
yz—lx—l yz—lx—l yz—lx—l y=—-x-1
4 4 4
419 4,191 4.1 19, 21 9
Y 57 10 5 10 4 57 47 10 200 10
1 16 3 17
y=——x-1 =0 =—= ] =—1
4 PN 417 14 14
=2 .20 =0 =6 L6
10 21 7 7 7
A . , . 6 17
pa to onpeio Topng Tovg etvar K =7 1)
Av P givorto péco g 174 tore:
_Xptx, _7-3 _ 4 _ _Yrty, _ =1-6 _ 7 7
Xp 3 =5 "3 2, yp= 5= 7 Apa P(2, ).

_VrVs _ =146 _ 5 _ 1

O ovvteleotng devbBuvong g evbeiog 14 sivor Ay = pr— 723 TR
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17 7 17 .49

O ovvteleotng devBuvong g evbeiag KP eivar Agp = Y= Vp - 14 2 - 14 14
Xg =Xp 6_5 6_14
7 7 7

32

_ 14 _ 732 _ 732 _ . . . D B Y .
g 118 128 2. Etvon Apy - Agp 3 -2) 1 omdte KP 1 IA.

S
Enopévagn evbela KP eivon 1 pecokdbetog g 4. Apa ot gvbeieg &, & Kol pecokdde-
t0¢ g 14 diépyovton amd to onpeio K.

1.5. Avo mroia Eexkvovv v 181a ypovikn otiyur) o ta Apavia A kat B avtiotoya. O ov-
vretaypéveg g 0£ong tovg eivan avriotoyya  (—2+4t,8—9t) kar (3—t,10—11t) , Omov t o
XPOVOG OE GPEG.

0) Bpeite ig ovvretayuéveg towv ipaviov A kau B.

B) IMowa €ivan n ATOCTACT) TOVG HETA AWTO 30 min;

v) IToweg eivan o1 eE10MOELG NG YPAUUTG TTOPELAG TOVG;

8) Xe oo onueio Oa cuvavmnBovv ta Svo hoia kat o€ OO GPA;
£) I1010 TAOTI0 KIVEITAL pHE HEYAAVTEPT] TAYVTTA;

Avomn:
A B a) Otovvietaypéves Tov dvo Apoaviaov Ba fpebodv av 6¢-
) covpe 6mov ¢ =0.
Tote Oa givar: 4(-2,8) o B(3,10).
B) Av ol Béceig TV mhoiov petd and 30 min givar avti-
n otowyoa 11, xou I, , tote o1 GuvTETAYUEVEG TOVG Bt Bpe-
2

b Bovv av Bécovpe = % .

Tote I1,(-2+4-5,8-9-2) 1 IH(-2+2,8-2) | [1,(0,2)
1 1 ; 5 11\ 59
r Ko H2(3—§,10—11‘§) Ll HQ(—,IO—T il HQ(E,z .

s - 3 - T - - -2

y) T v e&icmon g Topeing Tov TPMTOV TAOI0L EYOLLLE:

x=2+4 & x+2=4 & t=x4i2 ko y=89t < 9=8-y < t=8_Ty
Apo QLZ:S‘Ty & MHI8=32-4y & dy=Or+14 o y= 2t
INa v e&iowon g mopeiag Tov devTEPOL TAOIOL £YOVLE:

10—y

x=3-t & t=3-x xau y=10-11t & 1lt=10-y < = 1

10—y

1

3) T va Bpovpe Tig GuvTETAYHEVEG TOV GTUEIOL GLVAVINGONG T®V dV0 TAOI®Y, B AVGoLLLE TO
GUOTN O, TOV EEIOMCEDY TOPELNG TOVG.

DXL = 11623 & Or+ 14=44r92 & S3x=-106 < x= X o x=2.

Apa 3—x= < 3B-1lx=10y & y=11x23.

ko y=112-23=22-23=—1.
Apa ta dvo mhoia Bo cvvavtnBovv oto onueio 7(2,-1)
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Eiviw 2+4t=2 < 4=4 < t=1.
Apa ta dvo mhoia Ba cuvavinBovv 1 dpa petd v avoydpnor Tovg.

9 (AN = J(-2-2) +(8+1) = {(-4)'+9* = VI6+81 = o7
(BD) = \(3-2) +(10+1)" = V411> = JI+121 = 122

Enedn (AN <(BI) (ta dwwotipata wov dmvocov o€ 1 h), n taydnto Tov devtepov mAoi-
ov givar peyaivtepn.

1.6. Aivetau n evleia e:y = — é x — 3 kataonpeia A(-5,2) kav B(3,1).

o) Bpeite myv e§iowon ¢ evbeiag ¢ mov Sigpyetar and 10 A ko givan kaOen omyv e.

B) IToieg €ivan Ol CUVIETAYUEVEG TOV OTuelov Topn g M towv evBeiwv £ kau

v) Bpeite o ouupetpkod tov onueiov A wg pog v evbeia &.

8) Na Bpeite onueio P g evbeiag € wote 10 aBpowopa (AP) + (PB) va gival o eAdyt-
070 Suvaro.

Avon:
y a) Enedn {Lle Baslvar Apd,=-1 <
Aé" (—%) =] & ié': 3.

A(-5,2)

& y=3x+17.

B) o va Bpodpe Tig cuvtetaypéveg tov M Ba AD-
GOVLLE TO GVOTNUA TV EEICOGEOV TV ¢ Kot (.
B H17=-3x-3 & %+5l=29
10x=-60 & x=-6
kow y=3(-6)+17=-18+17=-1. Apa M(-6,-1).

y) Av A" gtvon o cuppetpkd Tov onueiov 4 ®¢ mpog v gvbeia & 10TE B EYovyLe:

/o

7)6'4';)(/1 =Xy & xAé_S =6 & XA'*5:*12 = XA':*7.
7“2”4 =y < yA';Z =1 © y2=2 o ypr=-4 Apu A(-7-4).

3) Oewpovpe o onpeio Topung P tov tunpatog A'B pe v evbeia €. Av N éva dAro onueio
mg &, 10te Ba eivo:
(AN) + (NB) = (4'N) + (NB) > (A’B) = (A’P) + (PB) = (AP) + (PB).
Emopévag to {ntodpevo onueio P eivar 1o onpeio Topng tov tpunpatog 4B e v evbeia
&.

: _1+4 _ 5 _ 1
Eivow A4 37 TR
1, ’ T . :] :] 3 :1 l
H e&icwon g A'B eivar: y—1 2()c3)<:>y1 FX= 5 SVT X5,

Io va Bpodue T cuvtetaypéveg Tov P Ba ADcovpE To GOGTNIO TOV EEICDCEDMY TOV € KOl
A'B.
1 1 1

F¥— 3 =—§x—3 o 3x-3="2x18 o 5x=-15 < x=-3.

Ko y=7%-(73)73=173=72. Apa P(-3,-2).
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AXKHXYEIY

A’ Oudda
1.7. Na Bpebei n e&iowon g gvbeiog
i) 1 omoio SépysTan amd To onpeio 4(=3,2) ko oympatiCel yovia 120° ue tov dEova x'x.
ii) 1 omoia diépyeton and 1o onueio A(—1,—4) Ko eivor TopdAinin oty gubsia pe e&icwon
(&): y =—2x+5.
i) 1 omoia diépyetar amod to onueio A(3,-2) ko etvon kabetn oty evbeia pe e€icmon

1
(n:y=7x-6
iv) 1 omoia S1€pyeTOL 0o TO onueio TouNg TV gvbeldv pe e&lomaoelg (g1): y = -2x+4,
(&2): y =x+2 «xou givon kéBetn oty evbeia pe e&icoon (1): y = %x +9

[Am. 1)y=- \/g x+2-3 \/g ii) y=-2x-6 1iii)y=-4x+10 iv)y=- % x+ % ]
1.8. 1) Na Bpeite v e&iocwon tng gubeiog mov diEpyetar and ta onueion 4(4,-3) ko B(-2,5).
ii) Na Bpeite 10 1 (LeR ) éto1 dote N mapandve gvbeio va SiEpyeTarl amd o onueio
I(-3,24-1).

1.9. Agi&te o011 ta onueio. A(a,—f) , Blo+f , o—p) ko I(0+2f , 20—p) , pe f# 0, givar cuvev-
Oeiaxd. Metd Bpeite v e&icwon tng evubeiog otnv omoia Ppickovrat.
[Am. ax—By=0’+p%]

1.10. Aivovtat ta onpueia A(—1,-3), B(0,2), 71(8,3) war 4(3,4).
i) Aegi&te 6T To TOpATAVE onpeia gival KopuEE 1000KeEAOVS Tpameliov.
ii) No Bpeite 11c e€lomoeig Tov dayoviov tov tpareliov.
iiiy Na PBpeite v e&icwon g dapécov Tov.

1.11. Na BpeBolv ot cuvtetaypéveg tov cuppeTpikod P tov onpeiov P(—5,13) o¢ mpog v
evbeia ¢ pe egiowon y= %x -1

[Am. P’ (11,-11)]

1.12. Aivetan tpiyovo ABIT pe A(1,-1), B(2,1) xau 11(3,5). No Bpebei n e&icwon tng kabetng
7oL Ayetol amd TV Kopuen A otV Up.

1.13. Aivetan tpiyovo ABIT pe A(-10,2) ), B(6,4). To opB6kevipd tov eivar to H(5,2). Bpei-

TE TIG GLVTETAYHEVES TOV [ KOl TIG EEICDGELS TOV TAELPADV TOV.
[An. T(6,-6)]

1.14. Tpiyovo ABI" éyer xopvoég A(3/-1,24+3), B(2A-1), I(1,4), AeR.
i) Na Bpeite v eiomon g ypapung oty onoia Bpicketor n Kopven A4 yio Tig S1épopeg
TWEG TOV A.
ii) [ o T Tov A 10 Tpiymvo givar opboymvio oto A;
2 11

(An. i) y=3x+IL 1i)-1)
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1.15. Z10 dimhavd oyeddypopia, Le Kopteolavd cvotnuo advav Oxy,
ta onpeio 4, B ko I’ mapiotdvouy Tig 0E0ELS TPLOV KOWVOTHTOV &-
vO¢ dNpov. X0 1010 oxedidypoppa o AEovag ¥y TopLoTAVEL pio &
Bvikr 006 Kot ta euBvYpoppa TuNpata AB kol AT 600 emopylaong
dpopovg Tov cLVdEoLY TNV KOwoTNTe 4 e TIg Kowotteg B kot I”
wot govv unkn SKm kon 13Km avrictoyyo. [Ipoxettot va Kota-
oKevaoTEl Evag emapylokds dpopog Bl mov Ba GuvoLet TIg KOWOTI)-
teg B kot I, 0 omoiog 610 GYeddypaLlla TAPIOTAVETAL LE TO VOV-
ypoappo tunpe. Bl Av ot amootdoelg Twv Kowvottov B kot T and

v eBvicn 086 'y eivar 3Km kot SKm avrtiotowya, va Bpeite: x

a) TG cvvteTaypéveg tov onpelov 4, B ko 7

B) TO UKOG TOV EmaPyLaKOD dpopov Bl

y) Vv e&icwon g evbeiag BI™ ka1l 6T CLUVEXELN TIG GUVIETAYLEVEG TOV onueiov X oto
omoio o0 emapylakdg dpopog BIT cuvavtd v eBvikn 080.

[An. o)A (0,12), B(-3,8), I'(5,0) B)8VEV Y)y=-x+5, %(0,5)

B’ Oudda

1.16. Na. Bpebei n e&icwon g gvbeiog mov diépyetot amd to onueio M(3,0) Ko Téuvel Tig €v-
Oeieg (g1): ¥y =2x-3 kot (&): y=-—x-3 otaonueia 4 Ko B, ®ote 10 M va givat HEco Tov
AB.

[Am. y=5x-15]

1.17. Atvetan tpiyovo ABIT pe A(3,4) ko ot eEloMOELG VO VYOV TOL glvan y = %x + % Ko

y=-x+ 3. Na fpebovv o1 cuvtetaypéves Tmv Kopuedv B kot I Tov Tplydvov.
[Am. B(-1,0), I'(5,-2)]

1.18. Na Bpeite v e&iomon g CUUUETPIKNG TNG gvbeiag &: y =—3x + 7 ®¢ mpog v gvbeia
ny=x-1

EPQTHXEIY KATANOHXHX

1.19. No yopoxtpicete Zwotp | AdBog kabe pio amd Tig emdpeveg mpotdcels. Na dikaiolo-
YNGETE TNV AMAVINGT COG.
1. Ot gvbsieg pe e&lodoelg x =—4,y =15 givol kdOetec.

1. H evBela pe e€icwon y=Ax —2 €yxetl éva koo onpeio pe tov dova x'x yu kibe AR .
1L H gvBeio mov diépyeton and T onpeio A(a, f) kot B(a,y) €xel cvvigleotn dievbouvong
punoév.

1v.H gvbeia pe egicwon

B(0, f).

+ g =1, ue a, f#0 téuver Toug GEoveg ota onueior A(a,0) ko

x
B
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v. Otav 0 cuvtedeostng d1evbuvong pog evbeiog dev opiletat, tote 1 e&icmon g givat g
HOPONG X = X

VvL.H e&icwon y = Ax opilet Oheg 115 gubeieg mov d1épyovtal amd v apyn TV aEovav.

vir. Ot gvbeieg pe e&lomoelg y =3 ot y =3x gival TapdAinies.

vl H coppetpucn g evbelog (¢): y =2x g mpog tov GEova x'x €xel e&icoon y = 2x+2

1x. Ot gvbeieg pe e&lodoelg y = ﬁx , ¥ =—Ax eivon kéBeteg yuo kéBe 4 # 0.

x. H gubeia pe e&icmon y =-2x + 5 oynuatilet pe tov aéova x'x oela yovia.

x1.H gv0eia pe eéicoon y= 2x—"-2)x + k— 1 oynuortilet pe tov dEova x'x opPhreia yovia.

XIL Ytapyouvv evbeiec & kot & e cuvTeAeoTég dtevbuvong A; kol A, avtiotoya, yio Tig
omoieg 1oy0eL GLYYPOVOS A =1, Ko Ap:d, =—1

xmr. To onueia A(atp, y) , B(f+y, o) ko I(y+a, f) eivar covevbelaxd av to a, B, y ivor ot-
apopeTiKol ava 6vo.

x1v.H e&lomon x-y =x mopiotdvet o povo gubeio Tov KOPTEGLOVOD EMTESOV.

1.20. No onUEUDOETE T1 GOOTN ATAVINOT OTIG EXOUEVEG TPOTACELS. Na d1kalo oy oETE TNV
OAVTINOY GOG.
L AvnevBela ¢ tépvel toug aoveg x'x kot ¥’y ota onpeio 4(a,0), B(0,5) avtictoya kot
woyvel f=-3a, a+0 to1¢:
A. H & oynuotifet pe tov x'x ofela yovio.
B. H ¢ oynportilel pe tov x'x apPireia yovio.
r. H ¢ oynuarilel pe tov x'x opOn yovia.
A. H ¢ éyel ouvieleot dievbovong —3.
E

. H ¢ &gl ovvieheot) dievbouvong %

1. 10 dimAavo oynpa n e&icwon g evbeiag OA4 eivan y = V3x. A
H yovia OAB 1covtan pe:
A. 30° B. 45° r. 60° A. 90° E.
135°
0 B

1L Av ot gufeieg Tov SIMAOVOD GYNUATOG £XOVV GUVTELECTEG
devbuvong 4,4, ko A3 avtiotoya, TOTE 1GYVEL
Ac 1> 3> 4 B. A4, >A> 15
I. L>11>1; A Ma>3> 4 E. 3> 4>

& £, €,

1v. O1 gvfeieg pe eiohoeg y=2 kot y = /3 x-1 oymuatilovv peta&d tovg ofeio yovio ion

He:
A. 30° B. 60° r. 45° A. 75° E. 15

v. 210 Kopteotovo eminedo 1 eicwon y: =x* napioTdvet:
A. o gvBeia kéBe otov x'x
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. uévo ) dyotoépo g yoviag xOy

. HOVo TN d1yotoHO TG Yoviag yOx”

T1G O1Y0TOOVG TV Yovidy xOy kot yOx’
. o gvbeia kdBetn otov ¥’y

o W

vi.Atvovton ta onueto 4(-2,3) ot B(4,6). H hion g gvbeiog g dapécov AM tov tpi-
yovov OAB (O m apyn TV a&Ovav), 1000TaL LIE:

A 2 B. 3 r. 1 A. O E. dgv opiletan

T2
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ENOTHTA 2.
TI'ENIKH MOP®H EZIXQXHY EYOEIAY
2.1. ITPOTASH: KaBe evbeia tov emimédov Eyer eliowon the popens

Ax+By+1=0 pue A=0 1 B=0 (1)
Kol avTlotpopas, kabe eCiowon e uopens (1) moappiotdver
evleia ypoyun.
Anoderln:
e 'Eoto ¢ o gubeio oto Kapteolovo eninedo.

o Avnevbela ¢ téuveltov dova y’y oto onueio 2(0,5) won €xet
ouvteheotn devBuvong A, tote Ba xet eEicmon y = Ax+f, n onola
ypapetar Ax + (—1)y+f=0.

o Avnevbelo & givar KaToKkOpLEN Kot SIEPYETAL OO TO GNUEID
P(x0,)0) , T0T€ B €xel e&icmon x = xo, 1 oMol YPAPETAL LIGOSVVOLLAL

x+0-y+ (=xp) =0.

Apa kat 6115 dV0 TEpTOGELS N e&lomaon g evbelog € maipvel T pop-

om:

Ax+By+I'=0 pe A#0 7| B#0.

® AVTIoTPOQOG, £é0Tm N e&icwon Ax+By+1'=0 pe A4#=0 1 B=0.

o Av B=#0,10te 1 e€icwon ypapetor y = Ay L , Tov givan e&iowon gvbeiag pe ov-

B B
vtereotn| dtevbuvong A =— % Kot 1 omoia TEUVEL TOV AEova ¥y 610 onueio
I
o Av B=0, t6te MOy TG vobeonc , ivar A = 0 kou m e&iowon ypaeeTol x = —% s

mov givan e&loman evBeiag kaBetng otov dova x'x o6To onpeio Tov P(—% ,0).
e Oheg Tig meputtoeig M e€icwon Ax +By+1'=0 pe 4#0 N1 B# 0 mopiotavel gubeio.

2.2. ITPOTAZH: H evBeio ue eCiowon Ax+ By + 1T =0 eivou mapdlinin oro
o1avoouo. 5 = (B, —A).

Anoderln:
‘Eot® Oxy éva cOGTNO CUVTIETOYUEVOV OTO ENINedO Kol & pua evbeia Tov emmédov pe e&i-
owon Ax+ By +I'=0. Tote:
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o Av B#0,n & éeLovviereotn diebbuvong A =— % KO EMOUEVOG Efval TapaAANAN

TPOG TO SLAVLGLLAL 5= (B, -A).
o Av B=0,n ¢ givar mapdrAinin mpog tov dEova ¥’y Kol EMOUEVMS TAPAAANAN TPOG
70 didvuopa 5= (B,-A).

2.3. IIPOTATH: H evleio ue eliowon Ax + By + 1 =0 eivou kabetn oto didvooyo
d=(4,B).
Arnoderén:

To dtdvooua 5= (B ,—A) givar kabeto oto didvooua 77 = (4, B) , apod
671 =(B,~A)(4,B)=B-A+(-AyB=4B—-AB=0.

Onawg to 5 siva mapdAAnro oty evbeia e: Ax + By + I'=0.
Emopévac 1o dtdvucpo 4 = (4,B) eivor kGBeto otnv gvbeia &.

2.4. ZHMEIQXH: Av (g): Ax+By+11=0 xou (&): Apx+ By +1,=0
totE O evbeieg (g1) Ko (&):

, I3 7 7 r 7 1 Bl
e 'Eyovv éva povo xowvd onueio, ov kot povo av, =0
2 2
’ 7 . Al B 1 A] F 1 B 1 F 1
e  Elvou mapddinieg (g1//¢,), av xat povo av, =0 Kot =0 |.
AZ B 2 A2 F 2 B 2 F 2
; r A] B 1 Al F 1 B 1 F 1
e Xyumintovv, av kot Lovo av, = = =0.
A2 B 2 AZ F 2 B 2 F 2
Me tov meplopiopd otLta A, , By, I dev givan undév, o1 mapamdve cuvinKes ypapovtol Kot og eENg:
(.) Al # BI (‘.) AI — BI # E (...) A] — BI — E
i) — — i) — = — — iil)) — = — = —
A2 B2 AZ BZ FZ A2 B2 1—‘2

AYMENEY AYXKHXYXEIY

2.5. Na Bpette kaw va oxedraoete T1g ypAUUEG TTOV TAPLOTAVOVV O ENOUEVEG EELOMTELG.

0) X2+ 4y —4x+8y—4xy+4=0 B) |2x-3| = [1-y]
V) X2—y>*—2x+2y=0 0) xX2Yy>?—4x>—y>+4=0
£) 2x2 +5xy —3Y*=0
@) X+ —dx+8y—4dxy+4=0 & yi €
K +dy 2722y —2x2+22y2=0 & /
(x2y-2)*=0 < x2y-2=0. o) 2 P

Apa n e&iowon mapiotdvel evbeio v &: x—2y-2 = 0.
To oyéd10 NG YPOUUNG TTOV TOPLOTAVEL 1] €&icOT PaiveTal 6TO
oynua 1.
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B 2x-3=1-y © 2x-3=1-y | 2x-3=-1+y < 4\y
2x-3-1+y=01M 2x-3+1-y=0 & 2x+y—-4=01M 2x—y
-2=0.
Apa n e&iowon mapiotdvel 600 gubeieg Tig £1: 2x +y—4 =0 ko &
&:2x—y-2=0.
To oyéd10 TV YPAUU®Y TOL TOPLOTAVEL 1 EEI0MON PAivETOL GTO o /12 =
oynua 2. / \82

-2

DXV -2+2=0 & (H)E)-269)=0 <
NE+y2)=0 & x-y=09 x+y-2=0. 2 &
Apa n e&iocmon mapiotdverl dvo gvbeieg Tig
erx—y=0 xa g:x+y—-2=0.
To oyéd10 TV YPALU®Y TOL TOPLoTAVEL 1 EEI0MON PAivETOL GTO

oyfipa 3. /10 2\, *

3 ¥ -4 1P +4=0 o (04 -(74)=0 < & [V 5
(-1 =0 <) -4=01 - 1=0 < y*=4 7 x=1 2 &
&S y=2ny=-271x=171x=-1.
Apa n e&iomon mapiotdvel T€coepig evbeieg Tig -1 o |1 x
ery=2, ey=-2, e:x=1 xm g:x=-1.
To oyéd10 TV YPAUU®Y TOL TOPLOTAVEL 1 EEI6MON PAiVETOL GTO =2 £
oyxnpa 4.
& 2x° +5xy—3)" =0. 4=(5y)" —42:(=3)%) =25)* + 24)* = 49)°. Y €,
—Sy+T7y 2
= —5y+4/49y° _ “5yxTy _ y4 y:%:% &
2:2 4 —5y—7y:ﬂ: 3

4 4 Y % X
Eiva 2(x—%)(x+3y)=0 o r—))(x+3))=0 < 2x—y=

0 x+3y=0.
Apo n e&iocmon mapiotdver dvo gvbeieg Tig &1 2x —y =0 Ko &:x + 3y =0.
To oyéd10 TV YPAUU®Y TOL TOPLOTAVEL 1] £i0MON PaiveTol 6To oYU S.

2.6. Aivetan n e§iowon A2(x+2y+3) + A(y—x) —2x—y—-3 =0, AcR.

o) Na Bpeite ig iuég 1ov 4 yra tig omoieg ) e§iowon taprotaver evdeia.

B) Aei&te 6T1 0Aeg 01 evOeieg Tov maprotaver N e§lowon SiEpyovrar atod to 180 onueio P, tov
omnoiov va Bpette g CUVTETAYHEVEG.

y) T ot Tyur) tov A 1) €vBeia Tov IPokvITTEL Eivan TAPpAAAnAn otov afova x’x, yia towa -
1 givan Tapadiinin oov afova y'y ko yla rota T eivar ) Siyyotopog mg 18 kan 3ns
yoviag;

8) Na Bpeite v e§iowon g evdeiag mov Siépyetan atd to onueio P kot t€Uvel tovg nuda-
Eoveg Ox' kanw Oy’ ota onueia A kat B @ote 1o P va eival 10 peoo tov tunpartog AB.
T towa Tur) Tov A Tpokvte 1) e§iocwan g mponyovuevng evdeiag;

Avon:
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y a) 22+2+3) + A(y—=x) 2x9-3=0 <
XA 302 + Ik 2x9-3=0 &
N -1 P=2-2)x + Q12+)-1)yy +3)2 3 =0 ()
A (0] x H e&iowon mapiotdvet gvbeia av kot pLovo av,
-1 P—i=2#201M 22 +1-1%0.
P B To v eéiowon A2 —1-2=0 n A=(-1>41(2)=1+8=9
N Ko
_4_
g= 129 _ 143 _ A=p=2
2 2 1e=2_
=5=
To v eéiowon 247+ —1=0 épovpe: A=1>-42:(-1)=1+8=9 km
a=2-1
A= —15y0 _ 123 42 Apa Ba mpémer A= —1.
4 4 -4
/l = T =-1

B) o =0 éyovpe: 2x—y—-3=0
lNa A=1 éovpe: x+2y+3+y—-x—-2x—y—-3=0 & -2x+2y=0 & —x+y=0.
IMo vo Bpodpe to onueio Toung T@v 600 gvbetdv Ho AOGOVUE TO GVGTN L
{—2x—y—3=0 {—2x—yz3
=S
-x+y=0 -x+y=0
3x =3 & x=-1.

Tote x+y=0 & y=x o y=-1.
lNo x=-1 kv y=-1 n (1) yivetau
==+ Q@I+ A=) +347 3 = 2+ 21+2-2 -2+ 1+37-3=0.
Apa 6Aeg ot evbeieg diépyovtan and To onueio P(—1,-1).

) H gvbeia mov eivon mapdAinin mpog tov GEova. xx mpokdnTel 6toy A — A —2 = 0.
Apa o pénet 1 =2.

H gv0eio mov eivon mapdAinin mpog tov dEova. ¥’y mpokbdmtet dtav 2%+ A —1=0.
Apa Bo péner A= % .

H dyotopoc g 1™ kar 3™ yoviag éyst e&icwon y =x. Ottiuég tov 4 yio Tig onoieg ot gvbei-
€G OépyovToL amd TV apyn ToV aESVev etval:

323 =0 o 37=3 & =1 o A=179Ai=-1.
®a egetdoovpe ™ Ty A=1 ywrt 1= —1.
Otav A=11n @) divew xF2y+3 +y—x 2x9p-3=0 & 2x+2y=0 o 2y=2x o y=x.
Apa Bo mpéner A= 1.

3) H OP 6a givan dtyotopoc kot didpesog tov tprydvov AOB. Apa. Ba givar kot Dyog tov. Ania-
61’] OP 1 AB. Eﬂ:OHéVCOg /‘LAB'AOP =-1 l'iop =-1 & j.op =-1.
H e&iowon g evbeiog AB Ba eivat:
y+l=-1x+1) & y+1=—x-1 < x+y+2=0.
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A2=A=2 _ 2A%+A-1 _ 3A°-3
1 1 2

INa va Bpodpe v T tov 4 Ba mpénet:

343
2

(A+17%=0 o 1+1=0 < i=-1 anoppinteton yatito A#—1.

Apa dev vmdpyet T tov A4 yuo Ty omoia 1 (1) va diver v e&icmon g evbelag AB.

227+ A-1= 407 +24-2=31"-3 A +24+1=0

2 A2
A=A-2=24"+4-1 {/12—,1—2—2,12—/“1:0 - {—/12—2/1—1:0

2.7. Aivovtar ot e§lowoerg (A-1)x —Ay +1—5u=0 (1) kv (uz—2p)x + uy + 32+ 7 =0 (2) 6oV
A,k aképarot. Na vrtoloyioete:
o) T gmueg twv A, u ®ote o1 80 e§lowoerg va Taplotavovyv evdeieg.
B) Tigueg Twv A, 4 ®ote ol Vo evdeieg va tEuvovrar oto onueio A(—4,1)..
v) Tnv ofeia yovia mov oynuatifovv ot vdeieg pe e§10M0ELIE TOV TPOKVITTOVY IO TG TAPA-
TAVE TIHEG TOV A KAl U.

a) Eivou 1-1=0 < 1=1 ku —-41=0 < 1=0. Otovviereotés tv x, y g e&icwong (1)
dev undevifovion tantdypova, emopévagn (1) mopiotavel evbeia yio kdbe 1eZ .
Eniong 1 —2u=0 & u(u—-2)=0 & u=0 4 u-2=0 < u=0 1 u=2.
Ot ovvteleotég tov x, y g e&lowong (2) undeviCovrar tavtdypova otav i =0, emopévac n
(2) mopioTvet evbsio Yo kGbe ueZ’ .
Apa AeZ won ueZ .

B) To onueio A(—4,1) avikel kot oTig 600 gvbeieg apa:
(DA =21+1=52=0 [ ~4i+d=i+1-5u=0
(W =2p) (=) +pu-1+34+7=0 —4u° +8pu+p+31+7=0
—5A+5-5u=0 5-5u=54 l—u=4
2 Iu < 2 Iu = 2 lu 1
-4 +9u+32+7=0 -4 +9u+32+7=0 -4 +9u+32+7=0

A=1-pu - A=1-p o A=1-pu
—412 +9u+3(1-pu)+7=0 —4p> +9u+3-3u+7=0 —447 +6u+10=0

J=1-
ST A=3-4(2)5=9+40=49
=2u"+3u+5=0
_ 34449 _ -347 _ 347 _ 4 _ _3-7_-10_5
M= gy T a o MT T T Tl v = T = g = g e

Emopéverg, u=-1 xaw A=1-(-1)=1+1=2.

y) Ta p=-1 xou A =2 mpokdmTOoVVY 01 gVbeieg &: x—2y + 6 =0 kot &;: 3x—y+ 13 =0.
Eivar: o, =(2,1)// & xav 6, =(1,3) // &, . Tore

m((g’g): 96, _ 24413 _ 243 _ 5 _
R A A N N [ N AN TN AN AN

Av @ eivoun ofeio yovio tov evbsidv & Kol & Oa Exovue:

V2

2

5 _ 1 _~N2

NN )

oLV =

= 72 Shadh @ = 45°.
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AXKHXYEIY

A’ Oudoa
2.8. Na Bpebei n e€lomon g evbelag (¢) mov diépyetan amd to onpeio M(1,—1) won givon Tapdi-
AnAn mpog v evbeia pe e€lcmon S5x -9y + 12 =0.

2.9. Atvovton ta onpeta 4(2,1) , B(10,1), 7(8,7) xou 4(4,7).
i) Na Bpeite Tig cvvtetaypéveg tov péocwv K, A4 tov tuquateov AB , I'4 oavtictolyo.
ii) No Bpeite 11¢ e€lomoeig Tov evdeidv A4 , BIT, KA.
i) Agi&te 611 gVBeieg TOV TPONYOVUEVOL EPOTHLATOG d1EpYOVTaL 0T’ TO 1010 ompeio.

2.10. Aivovton ta onueto A(1,1) , B(—1,3) «ou 7(2,-4).
a) No Bpebei n e&iomwon g gvbeiog Tov Vyovg ToL TpLrY®VOL ABIT MOV S1EPYETOL OO TO ONLELD
A.
B) Na Bpebein e&lowon g gvbeiag g dapécov Tov Tptydvov ABIT mov diépyetot amd TO o1-
peio B.
1) No Bpebei o onpeio Topng TV Topamive evdetmy.

2.11. Aivovtae To onpeio A(8,0) kor B(0,4) tov kapteciovov emmédov Oxy.
a) No Bpeite v e&icwon g gvbeiag mov opiletar amd v apyn tov akovov O kot to péco A
TOL TUNHOTOC AB.
B) Na Bpeite v e&icwon g evbeiog (&) mov diEpyetTat amd To onueio 4 Kot givor KaBeTn
oty evbeia O4.
y) 'Botw M toyoio onpeio g napamdve gubeiog (). No deilete 0Tt 1oy0eL | oyéon:

—_—2 —2 —2
MA +MB =2-OM

2.12. T éva guBVypappo tupo AB divetar 1o A(-2,5) kotto B avijket oty gvbeia

(¢): 2x —y = 1. Na Bpeite 10 yeopeTpikod 1610 T0v pécov M tov Tufuatog AB.
[Anm. 2x-y+4=0]

2.13. Aivovtae to onpeio A(-2,1), B(3,4), T'(=1,-1) xor A(S, -3). Na Bpeite To yeoUeTpiKo TOTO
Tov onpeiov M yia ta onoia 1oy0veL |m + m| = |W + M—A| .

[An. 2x-6y=1]

2.14. Aivetou 1 g€iowon 24+ Dx+ (24 -3)y+54—-7=0 pe 1eR . Na amodeiete ot
i) H e&iowomn mapiotdvet evbeia, yio kabe tipun Tov A
ii) O)eg o1 gvbeieg, yo T1g Srpopeg TES ToV 4, diépyovtar am’ To ido omnpeio, Tov omoiov va
Bpeite t1g cuvTETOYHEVEC.

2.15. Na anodeigete 6T n e€icmon xcvvzg +ymu? % +ouvd—1=0 pe <0, 7], mapictdvel ev-

Osia ) omoia Siépyetar amd otabepd onpeio.
[Am. A(0,2)]

2.16. Ocwpodpe Ty ekicoon A’(2x—y—5)+A(x—y—3)—-3x+2y+8=0.
a) o moteg Tpég tov 1eR 1 e&icmon maplotdvet gvbeia;
B) Na eEetdoete av ot evbeiec, yia Tig d1dpopeg TIég Tov A, diépyovtar am’ o idto onpeio, Tov

omoiov va Bpeite TIG CLVTETAYLLEVEG.
[Am. 1)A#1 1ii) (2,-1)]
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2.17. Oswpovpe v eicoon (x—2y—3)+A(2x+y+6)=0 (D).
a) Aci&te 0Ti 1 e€lomon (1) moplotdvel gvbeia yuo kdbe Ty Tov LeR .
B) No e&etdoete av 1 gvbeia pe e&iocwon x+2004y =3 aviKel 6TV OKOYEVELN TV EVOELOV TOV
divetor and v (1).

2.18. Na anodeifete 6Tt yio KAOe TR Tov TpaypoTikod apdpol 4, n eEicwon :
Cpr: B-1)x+(2-A)y—-31+5=0
maplotdvel evbeia Tov diépyetar omd otabepd onpeio.
Metd Bpeite v gubeia g e&icwong C; 1 omoia eivor kaBetn pe v &: 2x+y+1 =0.
[Am. ( % ,—% ), x-2y-5=0]

2.19. Oswpovpe Tic evleieg e:ax+ Py +y=0,¢cax—py+y=0,e:0x—pPy—y=0,

e:ox+py—y=0 pe a, B, y# 0. Na anodeilete 0tU:

a) H & etvon coppetpikn mg € o¢ mpog GEova cuppetpiog tov x'x.

p) H & eivar coppetpikn mg & g mpog GEova GLUUETPIOG TOV VY.

) H & eivar ovppetpikn g € g mpog kévipo cvppetpiog v apyn tov a&dvav O.

2.20. No Bpeite TG YPOUUESG TTOV TAPIGTAVOVY Ol EEICAOGELS:
x| -y =0 i) X’ +x2=0
iii) 2)°+y-3 =0 iv) 4x’—4xy+* =0

2.21. Atvovton ta onpeton A(4,0) , B(24, 31) , A# 0. Av 1 kéBetn otv 4B o10 onueio 4 tépvel
v evbeia x=-21 oto I, va anodeitete 6t 0 Tpiymvo ABI™ glval 100GKEAES.

2.22. Na Bpebel o mpaypatikdc apduoc u, dote ot evbeieg () ux+(u—1)y—-4=0 o

(&2): Bu+ Dx—2uy—7=0 vo givar kdBetec.
[Am. p=0 1 p=-3]

2.23. Aivetau 1 e€iowon 2x* — 7xy + 317 = 0.
i) Na d¢iete 6T M mopandve e&icwon mapiotdvel dVo gvubeieg & Kol & TV onoiwv va Ppeite
T1G eElOMOELS.
ii) No Bpeite v o&ela yovia mov oynuatilovv ot evbeieg & kat &.
[Am. i)y=2x, x-3y=0 ii)45°]

2.24. No. amodeilete 6111 eicwon 2)° — 3xy — 2x” = 0 mopiotdvet (ghyog 500 gvbeidy. IToa givon
N oxetkn B€om tv d0o gvbeidv mov Pprikarte;

2.25. No amodsifete ot n sicwon x* — ) — 4dy — 2Ax — 342= 0 mopiotdvel d00 svbeisg kGeTeC
peto&d toug. Na Bpeite to yeopetpikd tOmo Tov oMuUeiov Topng TV 600 gvbeIdY.

2.26. No amodei&ete 0TL 0 YEOUETPIKOS TOTOC TV CMUEI®V, TOV OTOIOV TO, TETPAY®OVI TOV OT0-
otdoemv oo ta onueio 4(5,2) kot B(-2,4) €yovv otabepn dapopd c, sivat gvbeio kdbetn
otV AB.

4.1. Aivovtan ot g€iodhoeig e (1—2k-3)x + B2y + 1 =0 &: Bx’—11x+6)x — (’~1)y —5=0
pe keR.
i) Aei&te 6T 01 mapaTive eEICMGELS TAPIOTAVOLVY gVBEiEg Yo TIG SIAPOPES TIHES TOV K.
ii) No mpocdiopicete Tov K, dote o1 gvbeieg va etvon kibetes.
(Am. ii)-1, %, 2, 5]
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2.27. Ze éva opBokavovikd chotnpa avopopdc Oxy divoviar to onueio 4(4,2) kot B(3,-5). Os-
opovpe v gubeia & e eicwon 7x +y—23 = 0. Na Bpebel onueio M g evbeiog ¢ této10
mote 10 Tpiyovo AMB va givor opBoydvio oto M.

2.28. Na Bpeite v e&iocwon g gubeiag mov diépyetat amd To onpeio M(2,§ ) KoL TEUVEL TIG €V-

Befec ():x+2y—2=0,():3x—y+7=0 otaonueia 4, B dote AM =2 MB.

[Anm. 7x+9y=29]

2.29. Na Bpebei n elowon g evbeiag mov diépyetan amd to onueio M(4,0) kou tépvel Tig evbeieg

(61): 2x—y =4 ka1 (&):3x+y=3 otaonueio 4 ko1 B, ®ote 10 M vo givol péco tov AB.
[Am. 6x-y=24]

2.30. Aivovtot to onpeio A(1,-2) ko ot evbeieg pe e€iomoelg (g): 2x—3y + 1=0,

(&2): —x +4y +3 =0. No Bpebei onueio M g &, dote T0 PEGO TOV AM VO AVIKEL OTNV €.
[Am. M(-49/5,-16/5)]

2.31. Ze éva opBoxavovikd cvotnua avapopdas xOy Bewpodpe tpiyovo ABIT pe kopupr A 10
onpeio (2,1) ko éotw 611 o1 eVBeieg, TAVD oTIC OMoies Ppiokovtar S0 amd Ta VYN ToV, £XOVV
eflomoeig: 3x+y—11=0 , x—y+3=0.

Na Bpetite 115 e€l0d0eIC TV gLBeIDY TAVO GTIG OToieg PpicKovTat o1 TAEVPES TOV TPLYMVOL Kol
TIG GLVTETOYLLEVEG TOV KOPLOAOV B won I

2.32. Aivetau 1y eéiooon x> —y* +6x+ 9 =0.
a) No anmodei&ete 6TL M mopondve e&icmon mapiotdvel dvo gvbeieg & Kot &;.
B) Na deiete O6t1 01 gvbeieg &, kar &, eivor kiBetes.
y) No Bpeite éva onueio M(x, 1) pe x>0 xor 1> 0 tétowo mote 10 Sdvocpo a
glval TapaAAnAo Tpog T pia omd Tig dVo gvbeieg & KAl & Kol TO SAVLGH E =(-16,44)
va givor TapdAinio Tpog TV GAAN gvbeia.

2.33. Zrovg nud&oveg Ox kot Oy moipvovpe ta onueio 4 ko B €161 dote é + é = %
Noa dei&ete 6111 gubeion AB diépyeton amd otabepd onpeio.
(An. M(2,2)]
2.34. Xtovg nuacoveg Ox ot Oy maipvovpe ta onueion A kot I' étot VA
wote OA+OI' =5. Av OABI' eivar opBoydvio, va deitete 6t - r B
Oela (¢) mov pépvovpe kabeta and to B mpog v AT, diépyetan omod /
otafepd onpeio. >
o e/ A x
4

B’ Oudoa

2.35. Atvetan tpiyovo ABIT pe A(1,2) xon ot eElodoeig 600 vydv Tov etvor 2x — 3y + 1 =0 ko
x+y=0. Na Bpeite:
i) T cvVTETAYUEVES TV KOPLYOV B ko [

i) T1G €EIOMOEIS TV TAELPDV TOV.
[Anm. B(-2,-1),T(7,-7)]
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2.36. Z¢e éva tpiyovo ABI pe A(1,3) o1 e&iomoelg dvo drapécmv tov givar x —2y + 1 =0 ko

y—1=0. Na Bpeite 11 cuvteTaypéves TV GAADY 600 KOPLO®V TOV.
(Am. (5,1), (-3,-1)]

2.37. AVo mhevpég evog TopaAAnAoypappov Exovv eélomoelg x +2y+1=0,2x+y—-3 =0 kot 10

Kkévtpo tov givar to K(1,2). Na BpeBovv ot e€lomdaelc Tmv GAA®Y TAELP®V TOL.
[An. x+2y-11=0, 2x+y-5=0]

2.38. Bpeite v e&lomon g evbelog mov diépyetar amd TV apyn TOV aEOVOV Kot TEUVEL TIG £V-
Oeieg (e1):x—y+1=0,(g):x—y—-2=0 otaonueio 4 kar B avrtiotoyyo, £T61 OOTE
(4B) =3.

[An. x=0 , y=0]

y
B
2.39. Ztovg nudgoveg Ox kar Oy moipvovpe ta onueion 4 kor B
étor @ote OA = OB = 6. 10 tufqua AB maipvovpe petafintd A
onueio P(a, f). Ovopdlovpe P, P, Tic Tpoforég tov P oT1g /" P
OA4, OB xor & ™ pecokdfeto tov P P;. P /
a) Na yphyete 116 ovuvtetaypéves tov onpeiov P, Py, P, ®g ov- a
VapTNom ToL a. x O s 2 A x
B) Na Bpeite v e&icmon g pecokabétov & Tov TUNHOATOC PP). y’

y) Na deiete 6T n gvbeio & diépyetan omd otabepd onpeio.
[Anm. o)P (o, 6-at),P;(ax,0),P,(0,6-a) B)oax+ (o=6) y+18-6a=0 y)M(3,3)]

EPQTHXEIY KATANOHXHX

2.40. No yapoktmpioete Zwoty | Adfog ke o amd Tic emdpeveg mpotdoeis. Na dicoioloyn-
GETE TNV OMAVINGN COG.

1. To onueio A(nu%” , —K) ovnkel oty evbeio pe eicwon 3x + ky = 4.

1. O)gg o1 evbeieg g okoyévelag evbeidv x +y —2 + A(4x + 3y —9) =0 diépyovtal o’ To o1-
peio (3,-1).

m.H s&icoon (a— Dx + (o —3a+ 3)y — 5 =0 mopiotdvet svdsio yio kGOe T TOL TPAYLATIKOD
apdpov a.

v.H e&icoon (o + a—10)x — (o — 4)y — 1 = 0 mopiotéver vbeia yio KAOE T TOL TPAYUATICOD
apBpov .

v. Av A# B, 161¢ 1 €€icwon Ax + By + I'=0 mopiotavel mavrote vbeia.

vi.H g€icwon 3xy = 5x> mopiotéver pio pévo evbeio, Tov Koptestavod emutédov.

2.41. No OMLLEIDCETE TN CMOOCTI OTAVINGT OTLG ENOUEVES TPOTACELS.
No S1K00AOYGETE TNV OTAVTNGT GOG.
L. Hevbelo &: 9x +ay =5 elvar mapdAinin oy evbeion ax —4y =3 6tav o a 1covtat E:
A. 6 B. -6 r. 6 q -6 A. 18 E. Agv umapyet
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2.42. No avtiotoyicete Tig mopakdto gubeieg pe ta TapdAniao TPog oVTEG SLOVOGLLOTAL.

EubBcia Aldvuoua
A y=05x+4 1. 0 =(-3,6)
B. y=-3 =

N 2. 5=(038)
A. xfinyIO > é:(Z,l)

2 4. 5=(42)
E. 2y+x=3 . 32(2’4)
6. 0 =(4,0)
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ENOTHTA 3.
EMBAAON TPITQNOY
3.1. IIPOTASH: H aroaraon tov onueiov My(xy , yo) amo v evbeia
(e): Ax + By + ' = 0 divetau amo to tomo
Ax,+By,+ I ‘
dM,,e)= |Axo+ By, + 1
o
3.2. IIPOTAZH: To gufadov evog tpiyavov ABIT e kopopes A(xy, y1) , B(xa, 12)

xor I(x3, y3) diverar omo to tomo
(4B = % det(4B , AT)

AYMENEY AXKHXEIY

3.3. Aivovtan i evfeia &£: 6x — 8y =7 kar 1o onueio A(—1,2). Na Bpeite:
o) Tnv e€iowon mg evleiag (§) mov Sigpyetal antd 1o onueio A kat elvan TAPAAANAN OV
().
B) Tnv e&icwon g pecomapdriining v (g) kat (9.
v) Tnv andotaon twv evberov (£) kar (4).

Avon:
o _ _ 6. 1 3.7
a) Eivau (e):6x-8y=7 & 6x-7=8y & y=g¥tg S ysgx-g-
Agod (8)// () < /1£=14=% Kar (O) 1y —ya = Ae(x — xa) y72=%(x+1) PN
y—2=%x+% o 4y-8=3x+3 & 3x—4dp+11=0.

B) H pecomapdAinin () tov dbo mtapolinieov evbeiov (¢) kot ({) Oa €xel e&icmon:
(n):3x—4y+x=0.

To onueio B(% ,0) aviketomy (¢) xatav M eivar to péco tov tpunpatog AB, Oa givau:

_1+Z l
_ XatXg 6 _ 6 _ 1 _ Iat)s
™ 2 2 2 12 KoM 2

_ 240 _ 2 _ Al
3 3 I, onAadn, M(12 ,1).
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1

To onueio M avikeltomv (77) Gpo: 3~% -41+xk=0 < if4+1c=0 S K=

Apa. (1): 3x—4y+§ =0 < 12x—16y+15=0.

) (6):6x—8y=7 & 6x—8y—7=0.

6-(-1)-8-2-7| _ |-6-16=7] _|-29] _ 29
d(e, ) =d(A, :‘ = = =22 =20,
(&, ) =d(A.e) 6" +(-8) 36+64 100 10
AXKHZEIY
A’ Oudda

3.4. Aivovtot o1 gvBeieg (g1): 6x+ 8y +7=0 xan (&): 6x + 8y +3=0.
a) AgiEte 0T1 01 dV0 gubeieg efvan mapdAines.
B) Bpeite v andotoon tov 600 gvbeidv.

1) Bpeite v e&icwon tng pecomapaiiion Tv.
[Am. 1i) 2/5 iii)6x+8y+5=0]

3.5. Na Bpebovv ot e€iomdoelg Tmv evbeidv mov givar TapdAinieg oty vbeia (g): 4x +3y—21=0

KOl €Yoy o’ ot andoToon 2.
[Am. 4x+3y-11=0 , 4x+3y-31=0]

3.6. Alvetou tpiymvo ABIT pe xopveéc A(7,6) , B(—1,0) wor 7(41-1,31+2) pe 1eR.
i) Na Bpeite v eiomon g Ypapung Tave oty ontoia Ppicketar ) kopven I yia 11§ d1deo-
PEC TWEG TOV 4.

ii) No oei&ete 0TL T0 gUP0dOV TOL TPLYdVOL ABIT givo otafepd Kot Vo VTOAOYIOTEL.
[Am. 1)3x-4y+11=0 1ii)E=8]

3.7. Atvetou pityovo ABI pe xopvoéc A(4,3) , B(—1,0) xon 7(54-1,34+4) pe 1eR.
i) Na Bpeite 1o yeoperpkd 1610 TG KOpLeNG I Yo TIC S1Popeg TIES TOL A.

ii) Na deifete 611 10 gUPadov Tov Tpryddvov ABI™ eivon 6Tofepd Kot Vo VTOAOYIGTEL.
[Am. 1)3x-5y+23=0 1i)E=10]

3.8. Aivetau 1y eéiowon x> —y* +x—y =0.
i) Na d¢iete 6T M mopondve egicwon mapiotdvel 000 €vbeieg & kol & TV omoiwv vo Ppei-
1€ T1G €E1I00D0ELC.
ii) No Bpeite 10 gufodov ™G EMPAVELNS TOV TTEPIKAEiETAL OO TIG €VBEieC € , & Ko ToV dEova
x'x.
[Am. 1) y=x , y=-x-1 1i)E=1/4]

3.9. Atvovton ta onueto 4(1,0) , B(3,0) , 710,2) kou A4(0,4). No Bpebel o yewperpikdg T0m0G TMOV
onpeiov M dote ta tpiyovoe MAB , MI'A va éxovv ica epfadd.

[An. x-y=0 , x+y=0]

3.10. To onpueia A(1,1), B(2,2), I(3,~1) eivor tpeig dtadoyikég KOpueEg evOg mapaAnloypdit-
pov. Na Bpebovv:
i) Ot cvvteTayHEVES TOV KEVTPOU TOV.
ii) Ot cvvtetaypéves ™G T€TOPTNG KOPLENG TOL A.

iiiy To euPadov tov.
[Am. 1)K(2,0) 1ii)A(2,-2) 1ii)E=4]



ENOTHTA 3": EMBAAON TPIFQNOY 235

3.11. Oswpovpe tpiyovo ABI pe kopveég ta onueio A4(-1,4) , B(-2,-2) o 11(3,0).
i) Na Ppeite v e&icmon g dapécov BM ToL Tprydvou.
ii) No Bpeite v e&icwon Tov Vyovg A4 TOL TPLYOVOUL.
iii) Na Ppeite T1g cvvtetaypéveg tov onpeiov toung P tov A4 kou BM.

iv) No d¢ciéete 0T1 (APM) = 2% (ABT).

IN)
N}

[Am. 1i)4x-3y+2=0 ii)5x+2y-3=0 iii)P (=2,

- )]

w
[N}
w

3.12. Na Bpeite v e&icwon tng gvbeiog mov diEpyeTat amd TV apyn TV aEOVeV Kot I0amEYEL and
ta onpeia 4(3,0) , B(0,-5).

[Am. 5x+3y=0 , 5x-3y=0]

3.13. Na Bpeite 115 e€iodoelg TV gubeidv mov diépyovtot and To onpeio P(-2,3) kat ond Tig o-
moieg woanéyovv ta onueio 4(=6,1) , B(2,7).

[Am. x+2=0, 3x-4y+18=0]

3.14. Atvovton ta onueto 4(—2,0) kot B(5,-3). Bpeite 116 e&lodoeig tov gubeidv mov diépyoviat

and to A Kot and 115 omoieg 1) andotoon tov B etvan ion pe 3.
[Am. y=0, 21/20x+y+21/10=0]

3.15. Bpeite v e&icmon g evbeiog mov diépyetor amd v Top Tev evdetdv & x—3y+1 =0,

&:2x+5y—-9=0 xoun amdctacn g apyns O and avtn eivar 2.
[Am. x-2=0, 3x+4y-10=0]

3.16. Aivovton ta onuetor 4(2,—1) kot B(-5,3). No Bpebei onueio M 1tov d&ova x'x ®GTE TO gL~

Badov tov tprycddvov MAB va givan 12 ..

23

(An. (-22,0),

3.17. Atveton tpiyovo ABIT pe kopvoés A(3,4) , B(2,2) ko kopven I” Ppioketar otnv evbeia
pe e&iomon 3x+2y—9=0. Av 1o gupaddv tov tprydvov ABI glvon % T.1., va Ppebodv o1 cuvte-

Taypéves tov 1.

cpcl9 3
[Am. T(1,3) A T(=,3)]
3.18. Na BpeBovv ot eElomaoelg Tmv evbeidv mov eivan mapdAinies oty (): 2x+ 3y +6=0 xo

opifouvv pe Toug aEoveg Tpiymva pe epuPfaddv 3T.p.
[Anm. 2x+3y+6=0 , 2x+3y-6=0]

3.19. Na Bpeite v e&icmon g gvbeiog mov digpyetan and to onueio P(1,1) ko oynuotilel pe
ToVg GEoveg Tpiywvo pe eufoddv 2t.pu.
[Am. y=-x+2 , y=(3+2+2 )x-2-2~2 , y=(3-2+2 )x-2+2+2 ]

3.20. e kapTECIOVO GUOTN O cuvTeTaypévav Oxy , 1 e&iomon evbeiog (A-1)x+(A+1)y-1-3 =0,
OOV A TPUYUATIKOG aplOUOC, TEPLYPAPEL T POTEV] OKTIVO TOL EKTEUTEL EVOG TEPLOTPEPOLLE-
vog edpog D.

a) No Bpeite 11 cuvtetaypéveg Tov edpov D.
B) Tpia mhoia Ppiockovtar ota onueio K(2,2), A(=1,5) xor M(1,3). Na Bpeite tig e&lodoerg
TOV QOTEWVAOV 0KTIiVOV Tov dtépyovtal and ta thoia K, 4 wor M.
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y) Na vroAoyicete oo amd ta mhoion K kot A Ppicketal TANGIECTEPD GTI POTEVY OKTIVOL
oV d1EpYETOL amd TO TAoio M.
3) No vroloyicete to epfaddov g Baidooiog Teployng mov opiletat amd to edpo P Kot Ta.

mhoio 4 xou M.
[Am. 1)K(2,0) ii)A(2,-2) iii)E=4]

B’ Oudoa
3.21. Na Bpebei n e&icmon g evbeiog mov Siépyetar amd v apyn Tov a&dvov kot oynpatilet pue
Tig gubeiec (¢1):x+y—3=0, (&): x=0 Tpiyovo pe eufoddv 3 t.u.
[An. x-2y=0, 5x+2y=0]
3.22. Aiveton tpiyovo ABIT pe kopvoég A(1,3), B(2,4) ko1 kopven I Ppicketar oty evbeia
pe g&icoon 4x + 3y — 11 =0. Av 10 eufadov tov tprydvov ABI™ givar % T.lL., va Bpebovv ot

GUVTETAYUEVES TNG KOpLONG 1.

3.23. Oewpovpe 115 evbeieg mov oe opHokavovikd chotnra aEovav Exovv eilomoelg x+uy+1 =0
Kot 2ux + 2y + 4 =0 avtictoya, (6mov ot u, 4 givor paypatikoi apbpoi). Na mpocsdiopicete
v oo Levyn TV Tv 4, i o1 dVo gvbeieg eivor TopdAinies Kot Exovv andoTaot HeETaEDd

Toug 2 V2.

3.24. Aei&te 011 TO TPiy®VO TOV 0T010V O1 TAEVPEG €£XOVV EEIGMGELS Y = ax — % , y=px— % ,

y=p- 2L geepposov E=Lia-pip-ni-a).

EPQTHXELY KATANOHXHX

3.25. Na yapaktnpicete Zwoty | Aabog kdOe pio oo Tig ETOUEVES TPOTAGELS. Nat StKotoAoyn-
GETE TNV AMAVTNOY 0O,
1. 270 eninedo divovrar ta onueia K, A4, M. Av yio v andotoon tov K amnd v evbeion KA 1-
oyver d(M , KA)=0 tote 10 K, A, M &ivar cuvevbeiaxd.

1. H amootaon tov mapdiiniov evfeidv e y=x kot Ey=x+1 egivor 1.
1LH andotoon tov mapdAiniov evbeldv &1y =x kot g: y=x+x gvar |x|.

1v.H ondotaon tov evbeidv iy =Ax + f; ko &:y =Ax + f, dlvetar an’ to TOTO

d(er, ) = ﬁ%

v. Xg omowodnmote Tpiywvo ABI oyvst:
det( AB , A’ Y=det(BA,BI') W det( AB, Al )+ det(BA,BI )=0.
vi.To gupadov tov tprydvou mov opilel n evbeia €: ax + fy =1y, (afy# 0) pe tovg d€oveg x'x
2
kot 'y elvan E =7

2-Jap|”
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3.26. No. OT|LELDGETE T GOOTN ATAVINGT OTIG EXOUEVES TPOTAGELG. No. SIKAOAOYNGETE TNV ol
VINo1 Gog.

1. To euPadov tov tprydvov mov oynuartifel n evbeia pe e&icwon 3x —4y + 12 =0, pe tovg d&o-
veg, &xet epPadov:

A. 15 B. —6 r. 12 A. 6

ILAV 0<a<p xou & \/g x+ \/% y= V2 tote Yo TV 0TOGTOOT TNG 0PYNG TV AEOVOV amd
v gvbeia & 1oyvet:

A.d(O,e)>1 B.d(O,¢)< 1 r.d0,¢)<1 A.d(O,e)>1
m.H andotoon tov onpeiov A(—1,1) and v gvbeia
e oxtfy=0, pe a>p eivou

o arpy e o @=p T F ol
o’ +p’ o’ + p? Jok +
L _lersl o @pJaF
o’ +p o+p

3.27. No cupmAnpadoete Ta KeVEL e TIG TopaKATo gvbeied:
e:3x—-4y+1=0 &:6x+8+3=0 &y =-5x e 5x+12y—4=0 exx+ty=2

d0,..) < d(0,...) < d(0,...) < d(O,...) < d(O,...)






KE®AAAIO 3. |

KQNIKEY TOMEX

» O KuUkAog
» H TMapaBoAn
» H 'EAAewn

» H YnepBoAn

Ot TOPEG PO KOVIKIG EMPAVELAS HIE eMiTedo,
YV@OTEG arId TV apyalotntd, Iapovotalo-
VIAL OTO KEPANCLO ADTO AIIO T OKOMLA T1)G AVAAL-
Tikr|g ['eopetpiag.

O xovxAog, 1 mapaBory, 1) ENenpn Kat 1) vepPo-
A1) AéyovTal K@OVIKEG TOPEG, VATl LIIOPOLY va
TIPOKOWOLV arId TV TopI) piag opOr|g KoVIKIG emmt-
pavelag pe éva emimedo, To onoio dev diépyetal
dIIo THV KOPL@PI] TG, OKG PALVETAL OTA IAPAKATD

oxtparta:

v

KoxMog E"Newyn Hapd[}o)\f] YnepfoAn

H napovoiaon) xabfe Kovikr|g Toprng Sexiva pe
TOV OPLOPO T1)G KAl TOV TPOIIO KATAOKEDHG TG A-
KoAovbel 1) eSiowor) g yia oplopéveg Béoelg mov
pmopet va £xet oto ovoTpa alovmv. Ao tr) pelé-
) 16 £§10001G TG KOVIKIG TORIG PIIOPOVHE VA
Bydlovpe Paocka ocopnepaopata yU avtiyyv. ['a
apdadetypa av éxel aSoveg oLPPETPLaAG, onpeia
oovppetplag, 1) 0¢on g oto ovotpa aSovev K.T.A.
Meta Sivetat 1) e§lomon TG EQATITOPEVNG O KA-
1010 ONHEl0 TNG KOVIKI)G TOPIG KAl Ol LOPPEG TIOD
HIIopel va €xel avaloyd pe ) 0¢on g KOVIKI|g
TOHI|G OTOLG ASOVEG.
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ENOTHTA 1.
O KYKAOX
1.1. IIPOTAZH: Na arodeilete v ellowan Tov KOKAOD TOV Eyel KEVTIPO THV apyn
v aéovov O(0,0) kot axtive p.
Anodern:
‘Eoct® Oxy éva cVotnpo cLVIETaYHEV@V 6To eminedo kot C y A
0 kKOKAog e kévtpo to onpeio O(0,0) xat aktiva p. Eva on- M(xy)

peto M(x,y) ovikel otov kOkAo C, av Kot LOVO oV oméyeL
amo6 to Kévipo Tov O amdotact ion pe p, NAodn, ov Kot po- o
VO oV 1oYVEL:

Ry

(OM)=p = 0(0,0)
+yl =p o

2+ y2 _ p2

Apa 01 GUVTETAYUEVES TV OMUEI®V TOL KUKAOL KOl LOVO
ovtég emainBedovy Ty eéicmon  x” + = p* 1 omoio sivar . e&icmon Tov KHKAOD e KEVTPO
o 0(0,0) ko axtiva p.

1.2. ITPOTAXH: No arodeilete v eliowon e epomToueVnS TOD KOKLOV TOV el
Kévipo v apyn twv aéovov 0(0,0) xai axtiva p, oto onusio
00 A(x1, y1)-

Anoberln:

"Eoto & 1 pantopevn tov kokhov C: x* +3? = p* ot éva y ¢
onueio tov A(xy, ;). Eva onueio M(x, y) avikel oty &, av M(x,y)
kol povo av O4 L AM < OA-AM =0. (1) AGx,p)

171
Eivar 04 = (x1, y1) xov AM = (x—x1, y— ).
‘Etoin (1) =
xp(xr—x) +y1-(y=y)=0 < 0(0,0) *
xx;— X, +yyi—y; =0 =
xxptyy=x ty e

xxytyy=p’ agod x} 4yl =p”

Enopévog, 1 pomtopev tov kokhov C: x” + > =p? oto onpeio tov A(x;, y;) éxel eéiooon
xxptyy =p.
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1.3. IIPOTAZH: No. arodeiete v eliowon Tov KOKAOD TOV Exel KEVIPO TO OHUELD
K(xg, yo) Kor axtivo. p.
Anobeiln:
‘Ect® Oxy évo 60GTNHO CUVIETOYUEVOV OTO EMIMESO VA

kot C o KOKAOG pe KEVTpO o onpeio K(xy, yo) Kot o-
ktiva, p. 'Eva onueio M(x, y) avikel otov kdkio C, av
KoL povo av ameyel and to KEVTpo tov K amdotoom ion
pe p, MAadn, ov Kot Lovo av 1oyvEL:

KM)=p <= P M(x,y)

Va3 +-2) =p @ o ~__“
(@ —x0)* + (v —y0)*=p’
Apa o kK og pe kévtpo to K(xg , vo) Kot oktiva p
éxel e&iocwon:

K%, 5,)

Ry

(x—x0)’ + (v —po)=p".

1.4. ITIPOTAZH: Na arodeilete 011 ka0 KOKAOG Eyel eliowon TS HOpENG:
Y+ Ax+By+T=0, pus AA+B —4I'>0 (1)
Kol avTiotpopwgs kabe eliowan e nopens (1) mopiotavel
K0K0.

Anodeirln:

Bempovie Evav KOKAO pe kévipo o onueio K(xo, yo) Kot aktiva p . H e&icmon tov eivan:
@-x)+@-y)=p &
X =2xxot Xy TV -2t yo =pt &
Xy = 2x0x = 2yey + (x5 + yo —p) = 0.
Av Béoovpe 4 =-2xy, B=-2y, kou I'= x, +y, — p*, tote M ekicwon maipvel ™ popon

X+ +Ax +By +T=0. (I)

Avuiotpopws , k6B e&icmon g LopeNS:

¥+ +Ax+By+I=0 =
(P +A4x)+ (O +By)=—T =
24 ﬁ.+iz+ 24 £.+372:_ +A72+Biz
WH2G Xt ) T2yt )=l et S
4\’ B\ _ A*+B>-4I
al 4+ D) 47D —al
(x+2) (y+2) 2 =
Emopévac:
o Av A*+B*—4I'>0, n eficoon (I) TaploTavel KOKAO LE KEVTIPO TO GUELD
[2 2
K(—g,—g) Kol oOKTivo pzw.

o Av A*+B*—4r'=0, nefiooon (I) TaploTavel £vo Hovo onpeio, To K(fg , *g ).

o Av A+ B*—4I'<0, nefiooon  sivor adbvarn, dniady dev vdpyovv onpeio
M(x, y) TV 0moi®V Ol GUVIETUYUEVEG VO TNV ETAANOEVOVV.
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AYMENEY AXKHXYEIY

1.5. Aivetann e€iowon C:x2 +y2—2Ax + 2Ay + 22— A+ 2=0 ,AcR . Na Bpeite
o) Tig Tyuég Tov IPaAyHaTikod aptdpov A ywa tig omoieg 1 €§l0wom Taplotavel KUKAO.
B) To KEVIPO kAL TNV AKTIVA TOV KUKAOU C KAl TNV YPAUUT] OTNV OOLA KIVELTAL TO KEVTPO
TOL Y TG S1apopeg Tipeg tov A.
v) Twguég tov A, @mote 1 evbeia £: x —y — 2 = 0 va e@durteTar Tov kvkiov C.
Avomn:
@) H eEiowon mapiotével kokho, av kot povo av A’ +B?—4I'>0 <
(20 + A —4(FP—1+2) >0 <
AP +4P -4+ 48>0 <
Ly

42 +4)-8>0
2+1-2>0.
-1+3 2
2 _1449 143 e
A=1—41(2)=148=9 J,= —F = —=
> 2o\ o3z,
2 2
) —® -2 1 + o0
22402 + 0 — 0 +

Apa n e&iowon mapiotdvel KOKAO 0Tav A <-2 7 4> 1.

=24 — B__2_

A = —_— p—
P 2 2 ) 2 2
To kévtpo Tov KOKhoL givar K(4, —4) kou 1 aktiva Tov givol

A +B 4T \/4(/12+/1 D) _2lirim2 o,
2

2

=1 =1
{x" = { K . Eneldn A<2 9 A>1 o xx<-2 1 x¢>1
= Y =Xk

To kévtpo Tov KhKAOL Kiveiton otnv nuievbeio pe e&icoon y=-x pe x<-2 1 otV Nui-

gvbeia pe e€icoon y=-x pe x> 1.

y) Hevbeio & eivan epamtopevn tov kbkiov C, av kot poévo ov:
d(Ke)=p &

[-ch-2 NYEE ) &
JIP+(=1)
\l+l—2\:
2
22-1 = V2 V2422 &
40—1)* =2(1*+\-2)
2(-24+1) = 1*+A-2
204042 = ) +)-2
2-5)+4=0

Z+A=2 =

g0y
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A 573—§—4
=(-5 =25 — — (5)—\19 5+3 1 2 2
. ) _S 3_2_1
y ===

Apo A=4.

1.6. @zwpovpe nig eflomnoerg C:x2+ Y2+ Ax+y—1=0 ka £: Yy = Ax pe AR . Na Bpeite
0) Na 8zi€ete o yua kaOs tyun tov rpaypatkov apiuovy A n e€iowon C raplotavel KO-
KAO, TOV 07TO10V VA BPELTE TO KEVTIPO KA TNV AKTIVA.
B) Na Bpeite 10 YEOUETPIKO TOO TOV KEVIPO®V TOV KUKA®V yla Tig Sta@opeg ipuég tov A.
v) Na Seiete oun evbeia £ tépuver tov kVxAo C oe §vo onueia A kau B.

3) Av (AB) = V6 va Bpeite qv Tiur) Tov A.
Avon:
@) Eyovpe A*+B*—4r=2+12-4(-1)=2+1+4=/2+5>0.
Emopévag n e&icwon C mapiotdvel kKOKAO yio kGO Tipn tov AR .

Eivaw —4 =2 i B -1 19 KEVTPO TOL KOKAOL glvan K(—i ,—l) Kot 1 aKtiva
2 2 2 2 272
2 2 2
Tov givon p = VA& +B -ar _ \i+s
2 2
_ A
X = —5
B) ‘Exovpe | vy kiBe AR, dpa 0 YEOUETPIKOG TOTOG TOV KEVIPOV TV KOKA@V K,
Yk =75
2

glvau 1 gvbeia pe e&icoon y = —% .

y) Ta onpeia toung Tov kKOKAOL Kot g gvbeiag divovtal amd T AVGN TOL GLOTNUATOC:
=x =x =)x
2 2 y g 2 ) Zy = 2 2 )2) )
X +y +ix+y-1=0 X +(Ax)" +Ax+Ax—-1=0 X+ x"+2Ax-1=0
A+ +24x-1=0"

a=1+2>0 ko y=-1<0. Apa 10 choTua £XEL 3V ADGE TOL oNuaivel Ot 1 evbeio &
kat 0 kokhog C Téuvovtol g 000 onueio. A kot B yio omowndnmote T tov A

{ = H 2" eEiowon €xel 800 Gviceg mpoypatikés pileg apov

3) Dépvovupe 1o andomua KM. To M eivar to péco g yopdng AB, dpa AM = %
To KM eivorn amdotacn tov kévipov K amd v evbeia ¢ y=Ax <& Ax—y =0, ondte
A m ) e B e G
2) 72 272 2 1-7
KM=d(K,¢)= = = = .
& &) 7241 V241 NP+ 22+

210 opboydvio tpiyovo KMA éxovps: KM? + AM? =KA® <

= 2+(J€)2_ JEes) o 0-7) 6 2as
wat) T 7 T
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—

1-2) 1-2)
/12+1) t6=i+s & (/12+1)
1-22420=2-1 o 2/’=2 & F=1 & i=-19i=1

=12-1 o (1-)=P-D)(FP+]) <

1.6.1. IIAPATHPHSH: XT0 £pOTNUO y) Yo TV vapén pildv g devtepoPfadiag e&icwong,
XPNOLUOTOMGOLE TNV TPHTACT TOV AVOPEPEL OTL:
“Ynv eéicoon ax’ +fx+y=0,a#0,0av ay<0 (a,y stepdonuor) ToTe N
eklomon éyel 8o aviceg mpaypotkég piles.”

AXKHYELY

A’ Oudéa

1.7. Na Bpebei n e&icwon tov khkiov (C) otav €xet
a) kévtpo 1o K(-5,2) war diépyetan omd to onpeio A(—3,-1)
p) ddpetpo to tunua AB pe A(—4,—-1) xor B(2,3)
y) Ké€vipo 1o onpeio K(-5,-3) kot epdmretal otov dova x'x
3) kévipo 10 K(-2,3) ko epdmteton oty vbeia (g): x—y =2

1.8. @cwpovpe Tov kokho C: x>+ 3> =5.
a) Bpeite mv e&iowon g gpomtopévng & tov kuklov oto onueio tov A(1,2).

B) Bpeite v e&icwon g epamtopévng €1 TOL KOKAOL TOL Eival TOPAAANAT 6TV &.
[Am. o) x+2y=5 B)x+2y=-5]

1.9. Aiveton o kbxhog C: x* +)° = 4.
i) Na Bpebolv o1 epantopeveg Tov KOKAOV OV givan TapdAAnAeg Tpog TV gvbeia
e:3x+4y=1.
ii) Noa BpeBodv ot epamtopeveg Tov KOKAOL TTOL ivar kaBeteg mpog Ty gvbeia ¢ 2x +y = 1.
iii) Na BpeBovv o1 epantdpeves Tov KOKAOL ot omoieg diépyovtar amod to onueio M(2,3).
(Am. 1)3x+4y+10=0,3x+4y-10=0 ii)x-2y+2 V5 =0, x-2y-25 =0 iii)x=2,5x-12y+26=0]

1.10. ©@sopovpe Tov kKokho C: (x+3)* + ()—1)> = 17. Asiéte 61 10 onueio 4(-2,5) aviKkel 6OV

KOKAO Kot petd Ppeite 1o avTdapETPIKS TOV.
[Am. A" (-4,-3)]

1.11. Na Bpeite v e€icmon g evbeioag mov diépyetal omd 10 KEVTPO TOL KOKAOL

C:x*+y*+1=2x+ 6y kot givon ke oty gvbeia (g): 2x+y +5=0.
[An.x-2y+5=0]

1.12. Na Bpebei n e&icwon tov khkAov 0 omoiog diépyetar omd ta onueion 4(3,1), B(—1,3) won

7O KEVTPO TOVL Ppioketarl oty evbeia (¢): 3x—y—2=0.
[Am. (x-2) %+ (y-4)°=10]

1.13. Bpeite v e&iocwon tov kOKAOL 0 omoiog diépyetar amd ta onpeion 4(2,2) , B(6,-2) kot

TO KEVTPO TOV giva onpeio g gvbeiog (€): 2x +y = 5.
[Am. (x-3)%+ (y+1)°=10]

1.14. Bpeite v &iocwon tov kOKAOL ov €xet kévipo K(-3,2), kot amoKOmTEL Ao TNV €VOEin
(e): x =2y =3 xopdn unkovg 6.

[Am. (x+3) %+ (y-2)°=29]
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1.15. Na Bpebei n e&icwon tov kOKAov oV gpdmtetat otny gvbeia (g): 4x — 3y =4 kot glvan

opoKkevtpog pe tov (C): x* + 1> +4x -2y —3 =0.
[Am. (x+2) %+ (y-1)°=9]

1.16. Na Bpebei n e&icwon tov khkAov mov S1€pyeTol and To ONUELD TOUNG TV EVOEIDOY
(e1):x—3y=8, (£):y=23x—16 xa eivar opdxevtpog pe tov (C): x* +1* — 8x — 6y —5=0.

[Am. (x-4) %+ (y=-3)°=17]

1.17. Na Bpebei n e&icwon tov khkAov mov diépyetar and to onueion A(1,1), B(1,~1) won
12,0).

[Am. (x-1)%+y®=1]

1.18. Na Bpeite v e&icmon Tov Teptyeypaplévov KOKAOL TOL Tptydvov ABIT pe Kopupég
A(1,2), B(-3,-1) ko I(1,3).

[An.xz+y2+5x—5y=o]

1.19. Aivetan o kokhog (C): (x-2)> + (+1)* = 8.
a) Agi&te 0t1 10 onpeio M(3,1) Ppioketor 6TO ECMOTEPIKO TOV KOKAOV.
B) Bpeite v e&icwon g yopdng Tov 1 omoin Exel pEGo to onueio M.

[Am.x+2y=5]
1.20. Na Bpebei n e&icwon tov khkAov mov gpdmtetat oTig gvbeieg (g1): x+2y =0 ,
(&2): x+2y—10=0 xou dépyeton amd 1o onueio A4(1,2).
[Am. (x-3) 7+ (y-1)=5 , (x+1)°+(y-3)°=5]

1.21. Na Bpebei n e&icwon tov khkAov mov gpdmtetor otny gubeia (g1): x +y+2 =0 Kot otV
evbeia (&): x—y—4=0 oto onueio g A(2, -2).

[Am. (x=1)%+ (y+1)°=2 , (x-3)%+(y+3)?=2]

1.22. Na Bpebel n e&iowon tov khkAov mov gpdntetar 6Tov Aova x'x oto onueio A(4,0) ko

amoKOnTEL Od TOV AEova ¥y Yopdn e unKog 6.
[Am. (x-4)%+(y=-5)%=25, (x-4)%+(y+5)?=25]

1.23. Aivetar éva tpiyovo pe kopveés A(24-1,34+2), B(1,2), I(2,3) 6mov 1eR pe 1 #-2.
a). No amodeibete 6t1T0 A Kveital o€ gvbeio, kabdg 10 A petafdrretoroto R.
B) Eav 1=1,vo Bpeite:
i) To epPaddv tov tprydvov ABI.
ii) Tnv e&lomon Tov KOOV, OV £xel KEVTPO TNV Kopupn A(1,5) Kot epdntetor oty €v-
Ocia BI.
[Am. o) 3x-2y+7=0 B)i) %I.p. i1) (X—l)2+(y—5)2=%]

1.24. Aivovtat ot mapaAAnAeg gvbeieg &1: 3x +4y +6=0 ka1 &:3x +4y+16=0.
a) No Bpeite v andotoon TV TopdAAniov evdsidv & Kol &.
B) Na Bpeite v e&icmon Tov KOKAOV OV £YeL KEVTPO TO GNUEID TOUNG TG vbeiag & pe

ToV GEova XX Kol amokOmTEL amd TNV evdeia &, yopdn pikovg d =4/3 .
[Am. a)2 B) (x+2)°+y*=16]

1.25. Bpeite v g&iocwon g Kowng xopong tov KHKA®V
(C): x>+ —4x+3y=0 xon (Cy): 2x° +2)* +x—4y=0

[Am. yzi%)d
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1.26. Aivovtat ot gvBeieg (8): Ax—y—1=0 kot ({):x+Ay—4=0.
a) Na dei&ete 0Tt Yo kGOe TR TOV TPOypaTKoD aplBpod A ot evbeieg tépvovtat o onpeio
M, tov omoiov va PpEeite TIG GUVTETUYIEVEG,.
B) Noa omodei&ete 61110 onueio M PBpioketar 6Tov KOKAO e kévTpo T0 O Kot aktiva, 1.

2A A1 )

An. o)M >
[ ) (2\/+1 "N+

1.27. g éva kaptectavd cvotnpa cuvtetaypévov Oxy oto eninedo, divetarl n e&icwon
X+ —dx—2ly=0 (1) , 6mov leR.

a) No anodei&ete Ot1, Yo kGOe Ty Tov 4, M Ypapun mov maptotdvel 1 e&icwon (1) diépye-
Tan oo v opyn O tev a&ovav.

B) Na amodeifete 011, Y1 TIG Sdpopeg TIHES TOV 4, 1) e&icwon (1) TaploTdvel KOKAO e Ké-
vipo 1o onueio K(2, 1) kat oxtive p= VA +4 .

y) T 4 =2, va anodei&ete 611 0 KOKAOG oV opiletar amd v eicmon (1) TEUVEL TOVG G-
Eovec x'x kot ¥y ceomnueia A ko B avtictotya, dtapopeticd and v apyn O, té-
Tolwo. dote To Tpiymvo OAB va givat 160oKeENES.

%) T =2, va amodei&ete 6TL M evBeia pe e&lowon y =—x €QANTETOL GTOV KUKAO, TTOV O-
piletar amod v eicmon (1) , oto onueio O(0,0).

1.28. Aiveton 1 eélowon x> +)*—2Ax+1=0 (1).
a) No Bpeite tovg AR yio Tovg omoiovg N (1) wAPIOTAVEL KOKAO.
B) Na Bpeite to KévTpo Kot TV aKTiva Tov KOKAOL. [To10g gival 0 Ye@ueTpikdg TOTOG TOL
KEVTPOV;
y) TTotog omd Tovg Kbkhovg TG eéicwong (1) epamtetan oty svdeia (¢): x +y— V6 =0;
[Am. o)A<-1 A A>1 B)K(A,0) p=vN—-1 v)x*+y*-4x+1=0, x*+y*+4x+1=0]

1.29. Aivetou 1) eéiowon  Cp: x* +)7 + 2Ax — 4y+5=0
a) No Bpebodv ot Tpaypatikés TIéG Tov aptfpuov A yia tig omoieg 1 e&ic®on va ToPIeTAvVEL
KOKAO.
B) Na Ppeite T0 KEVTPO KOL TNV OKTIVA TOV KOKA®V.
y) Bpeite 10 ye®UETPIKO TOTO TOV KEVIPOV TV KOKAMV.
[Am. o)A<-1 § A>1 BIK(-X,2) p=vN'-1 v)y=2 xol xe(-0,-1)U(l,+w) ]

1.30. Aiveton  e&lowon  Cp: x> + )7 = 2Ax = 2(A+1)y + 442 =1 +2=0
a) No Bpebodv ot Tpaypatikés TiéG Tov aplfuov 4, dote 1 eElcmon va TaploTdvel KOKAO.
B) Bpeite 10 yeopeTpikd TOMO TOV KEVIPOV TOV KOKAMV.

[Am. O()L<)\<l B) y=x+1, l<x<l]
2 2

1.31. Aivetou 1) eéicwon x* + y* — 2x-covf — 2ymud—1=0,0<60 < 2m.

a) No anodeiete 6TLy1o kbBe 8 1M e&icmon avT TAPIOTAVEL KOKAO, TOV 0TOI0L VO, TPOGH10-
ploeTe TO KEVIPO KO TNV OKTIVOL.

B) Av 6= %, va Bpeite v e&icwon g epoamtopévng Tov KOKAoL 6to onueio M(1,2).

y) Noa amodeifete 011 yia T1g 010popeg TYWES Tov 6 TO KEVIPU TV Topamdve KOKA@V Bpicko-
vtol o€ kokho pe kévtpo 0O(0,0) ko axtiva p = 1.
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1.32. ®empovue Evav TAnbvopd and 1999 pvpunykio. Kabe popunykt yopoaktnpiletor amd
évav apOuo n=1,2,3,..., 1999 kot kiveitol e1dvod 610 KapTeESIAVO entinedo Oxy daypd-
QOVTOG (oL TPoXId pe e€iowon: (x— 1)* + > =2n(x+y—1)

Noa amodei&ete ot

a) M TPyl KGBe pupunyKLov givar KOk og Kot vo Bpefohv o1 GLVTETAYUEVEG TOV KEVTIPOL
TOov.

B) Kot TNV Kiviion Toug OA T puppyKia Stépyovot amd Eva otobepd onueio A (Tov eivat
N e®ALd Tovg). TToteg eivar o1 cuvtetaypéves Tov onpeiov A;

Y) OLTPOYIEG OA®V TV PLUpUNYKIOVY gpdmtovTotl TG evbelag x +y— 1 =0 oto onueio A.

1.33. a) Na Bpebei o mpaypatikog apBuds x, dote 1 e&icwon
kK + 25+ (+x+ Dy —x+2)=0 va napiotével kokho.

B) o Tig d1dpopeg TIHEG TOV K Vo, fpeite TO KEVTPO KoL TNV OKTivVe, TOV KOKAOV.
[Art. o) k=-2]

1.34. Aiveton  e&lowon x* +1° —(u—Dx—uy—3=0 (1).
a) Acgitte ot e&lowon (1) mapiotdvel kokho (C) yua kéBe Ty Tov TpaypaTikoy aptfuov
M.
B) Aei&te 6tLt0 onueio P(1,-1) aviket otov kdkho (C).
1) Bpeite tov mpaypotikd apbpd u ov n xopdn mov opiler n evbeia (g): x—2y—-2=0

otov kokho (C) eaivetar amd to onueio P vnd ophn yovio.
[Am. p=-5]

1.35. Aiveton  e&lowon (1 + x>+ (1 +A)* —2x—24=0.
a) No Bpebodv ot Tiég tov 4 yia Tig omoieg N Topandve eElcmon ToploTavel KOKAO.
B) Aci&te 611 1o TIG S1hPOpES TIWES TOL 4, Ol KOKAOL S1EpyovTal 0md 600 oTabepd onpeia,

TaL 07010 V0L TPOGOI0PICETE.
[Am. o)A# -1 B) (1,1) xot (1,-1)]

1.36. Aivetou 1) e&iomon x> +)° —Jx—Ay=0 (1) koin evbsia & y=x+ 3.
a) No Bpebodv ot Tég tov 4 yio tig omoieg (1) TOPLOTAVEL KOKAO.
#) Na Bpeite tovg mpaypatikods apBpodc 4 dote 1 evbeia & vo Téuvel Tov KOKAO o€ dVo
onueio.
y) No e&etdoete av vapyel AR dote 1 xopd1| mov opileTor amd TNV TOUN TG € Kot TOL
KOKAOV Vo paivetol amd TV apyn Tov aEovev vad opdn yovia.
[Am. )AF 0 PB)A<=3 4 A>3  vy)Aev undpxelt]

1.37. ¢ éva koptectavo eninedo Bewpovpe ta onueia A(24-3,0) xoar B(0, A+6) , 6mov 1eR.

a) No Bpeite v e€icmon Kat 1o €i00¢ TG KAPTVANG Ve 6TV omoio Kvovvtal Ta onpeio
M(x, y) tov emumédov, £Tol doTE TO TUNHO AB va @aivetol and avtd vrd opdn yovia.

B) Acifte 6TL OheG Ol KOUTOAEG TOV EPMOTANATOC @) dépyovTat amd dvo otabepd onueio, To

omoio va. TpoGd10PIGETE.
[Am. o) x*+y%+ (3-27) %= (A+6) y=0 B) (0,0), (-3,6)]

1.38. Aivetou 1) eéiomon x* +)7 + 2kx + k> —2=0.
a) Aci&te 011 e€lomon maptotdvel Tavta kOkAo. No Bpeite TNV aktiva TOL Kot T0 YEQUETPIKO
TOTO TOL KEVIPOL TOVL.
B) No anodeiEete 6T evbeio &: x —y =3 &ival Kown QomTOUEVN 08 dVO KOKAOVE TTOL
TPOKVTTTOLY Omd TV eEicmon.
1) Na Bpeite v eiomon g GAANG KOWNG EPATTOUEVIC TTOL JIEPYETAL OO TO CMUEIO GTO
omoio 1 ¢ téuvel tov Gova x'x.
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[Am. a)p=<J§ , y=0 v)xt+ty=3]

1.39. @cwpodpe Ti¢ e€lohosig C:x*+ 3> +Ax—1=0 xar & y=Ax pe lcR.
a) No dgi&ete 011 Yo KGOe T ToL TPaypoTikov apBpod A 1 eiowon C mapiotdvel KO-
kA0, TOL 0moiov va Ppeite To KEVTPO KoL TNV aKTIVAL.
B) Na Ppeite 10 YEOUETPIKO TOTO TOV KEVIPOV TOV KOKA®V Y10 TIG S1APOPES TYEG TOV 4.
y) Na deitete 6tin evbeio & téuver Tov kokho C og dvo onueion A kot B.
3) Na Bpeite v eiomon g KOUTOANG OV d10ypapeL T0 PEGO TG Xopdng AB.

[Am. B)y=0 8)x+(y+i)’=

[~

¢ !

o

1.40. Aivetat o kokhog C: (x+2)* + (»—4)> = 5. Na Bpeite to. onpieio Tov KOKAOD TOV 0méXovV

TN WKPOTEPT KOt T HEYAADTEPT amOGTACT amd TNV apy TOV 0ESVOV.
[Am. A(-1,2), B(-3,6)

1.41. Na Bpeite 10 yempeTpikd tOm0 1@V onueiov M tov enimédov, yio To 0moio 1oyveL OTL TO
4BpoIopO TOV TETPAYDVOV TOV 0I0oTAcE®V TOVG 0mto ta onpeion O(0,0) , A(4,0) , B(4,4)
kot 71(0,4) wwovton pe 68.

[Am. (x-2) %+ (y-2)°=9]

1.42. Na Bpebel 0 yeopeTptkdg TOT0G TV oneiov M Tov eMmESOL, TOL TO AOPOLSLLA TOV TE-
TPUYDOVOV TOV OTOCTAGEDY TOVG amd TiG gvbeieg £: 2x +y—7=0 kot &:x—-2y—1=0

ot pe 40.
[Am. (x-3)%+ (y-1)°=40]

1.43. ©@sopodpe Tovg KOKAovg Cp: x>+ 3>+ 6y +8=0 kou  Cy: x* +y* — 12x — 10y — 60 = 0.
i) Na anodeiete OTL 01 KOKAOL EPANTOVTOL EGMOTEPIKA 0TO onpeio P tov omoiov va Ppeite
TIG CUVTETOYLLEVEG.
ii) No Bpeite v e&icwomn g Kowng Toug epanTopévng & oto P.
[An i)P(—%,—ng ) ii)e:3x+4y+17=0]

1.44. ©copovpe oV KOKLO e e&iowon x* +)° +2x—4=0.
i) [ow ivon Ta onpeion Topng Tov KOKAOL LE ToV aEova V' y;
ii) Bpeite 116 e&lodoeig tov epantdpevov Tov KHKAOV ot Tapamdve onueia.

i) Aei&te OTL 01 TPOMYOULLEVES EPATTOLEVEG TEUVOVTOL GE oNLelo Tov dEova x'x.
[An. 1)A(0,2) , B(0,-2) ii)x+2y-4=0 , x-2y-4=0]

1.45. Aivetat o kokhog C:x” +y* +4x— 10y +20=0.
a) Na Bpeite T1g gpamtopeves Tov KOKAOL 01 0Toieg eivan TopdAInies oTov GEova y'y.

B) Na Bpeite Tig epantoOpEVES TOV KOKAOV 01 0T0lEG gival mapdAinieg atov dEova x'x.
[Anm. o)x=1,x=-5 B)y=2,y=8]

1.46. Aivetat o kokhog C: (x +3)* + (y + 1)* = 2. Na Bpebodv o1 epamtopeves Tov KHKAOL ot

omoieg eivan TopaAAnAec Tpog Ty gvbeia &: x +y = 3.
[Am. x+y+2=0 , x+y+6=0]

1.47. Aivetan o kbkhog C: x* +y* —4x + 6y — 7 = 0. Na Ppebodv o1 epamtopeveg Tov KOKAOL Ot

omoieg eivan kaBeteg oty gvbeia &: x — 2y — 6 =0.
[Am. 2x+y+9=0 , 2x+y-11=0]

1.48. Aivetat o kokhog C: (x +2)* + 1 = 2. Na Ppeite Ti¢ £QonTOUEVES TOL KOKAOV Ol OTTOTEC
oynuotiCovy yovia 45° pe tov déova x'x.
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[An. x-y=0 , x-y+4=0]

1.49. Aivetan o kdkhog C: (x — 1)* + 3% = 2. Na Bpeite Ti¢ E16DOEIC TOV EQATTOUEVOV TOV KO-

KAov ov dyovtat omd to onpeio P(3,4).
[An. x-y+1=0 , 7x-y-17=0]

1.50. Aiveton o kokhog C: x* + 3% + 8x+2y —8 =0 Kot 10 onueio P(-3,-8).
i) Na Bpebolv o1 e&lodoelg v epantopevov and 1o P otov C.

ii) Na Ppebei n yovia tov epantouevoy.
[Am. i)4x-3y-12=0 , 3x+4y+41=0 ii)90°]

1.51. Aivovtan ov ypoppés Cy: x> +1> —2ix—8Ay+1742-9=0, 1eR.
i) Na deiEete 6tLyo k0Be AeR , ou C; eivar kOKAoOL Kot va deryBel 6Tt OAot o1 KOKAOL etvort
ioot.
ii) No Bpebei 0 yempetpikodg tomog tev kEVipmv TV KOKAwv C;.
iii) Na dgryfet 6t1 6hot ot kOK oL C;, epdmTovTotl 300 gvbeldY TV onoimv va Ppedovv ot

eElomoelc.
[Am. 1i)y=4x iii)y=4x+3 \/E ’ y=4x—3\/; ]
1.52. ©@sopodpe Ty e&iomon x*+ 7 + (u— Dx + py — % - % =0, ue ueR.

a) No det&ete 0TL Yo KGOg T TOL TPAyROTIKOV 0ptBpod w, N e&lowon mapioTdvel KOKAO.
B) Aei&te 611 6hot 01 KOKAOL pe e&lomon TV mapamdve diépyovtotl and dvo otabepd onpeia,
TaL OTo10L VO TPOGOI0PIETE.
7) Na Bpeite ™ yovia mov oynpotiletl pe tov aEova x'x 1 Kown xopdn TV KOKA®V.
[An. B) (0, 5), (1,-3) v)135°]

1.53. X¢ évo kaptectavo eminedo Bewpovpe ta onpeia AL+ 1, 1) ko B2 -1, 1 —4), 6mov
LeR.
a) No Bpeite v e€iomon Kat 1o €i00¢ TG KAUTVANG TEve 6TV omoio Kivovvtal Ta onpeio
M(x, y) tov emumédov, £tol doTe TO TUNHO AB va @aivetotl and avtd vrd opdn yovia.
B) Acifte 6TL OheG Ol KOUTOAEG TOV EPMOTANATOC @) dépyovTat amd dvo otabepd onueio, to
omoia va. TpoGd10PIGETE.

[Am. o) x’+y°=3x+ (4-2X) y-3A+2=0 B) (%,—% ), (—%,— )]

Nl w

1.54. ATt v apyn T@V aEOVOV PEPVOVLLE TIG EPATTOUEVEG TTPOG TOV KOKAO
C:(x=3)+(1—2)"=4. Av 6 &ivou 1| yovio Tov oYnuatilovy ot d00 QATTONEVES, VaL
12

deitete OTL €0 = 5

1.55. A6 10 onpeio M(3,6) GEPVOLLLE TIC EPUMTOpEVES TPOS Tov kKOKAO C: (x — 1)* + 17 = 4.

Av 0 &ivarm yovio Tov oynuatilovy ot d00 ePanTOUEVES, Va. Ogilete OTL £ =

Al

1.56. Aivovtat ot evBeieg g ox—y=0 o {ix+tay=2, aeR.

i) Na anodeitete 6Tt yia Tig d16popec TIéEG Tov aeR | o1 gvbeieg g, diépyovratl and otabde-
po onuelo 4 war ot gubeieg £, dépyovtar and otabepd onpeio B, Ta omoia vo TPocdlo-
pioete.

ii) Av M(x,y) eivor to onueio Topng tov g, kot ¢, vo amodei&ete OTL Yo TIC SLUPOPES Ti-
pégtov aeR 10 M xweitan og kKOKAO, TOV omoiov va Bpeite v e&icwon.
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1.57. ®empovue ta onueio M(u, 1) kot T1g gvbeieg:
erpx—(A+Sy+5u=0, e+ (S-Ay-5u=0.
Av ot evBeieg elvar kaOeTeG va Ppeite TO Ye@UETPIKO TOTO TV onueiov M.
[Am. x2+y2:25 ex16C 1tV (5,0) xoL (=5,0)]

1.58.'Eotm 0 k0khog C: x> + 1> =25 10 onpeio A(3,4).
a) Bpeite 10 avtidoperpicd B tov onueiov A.

B) Av M évo toyaio onpeio tov C karonueio P g evbelag AM, va, dgilete OTL
AM - AP = AB - AP .
y) Av AM - AP =16, va Bpeite 10 yeoueTpikd 10O TOL CNUEioL P.
[Am. Yy)3x+4y=17]
1.59. ©@copovpe Tov kKokho C: x* +3* =6 . Na Ppebei onueio P tov C oto 1° tetaptnuopro,

MOOTE 1 EQATTOUEV TOV KUKAOL 6T0 P va tépvel Tovg nuid&oveg Ox, Oy oto onueio 4
Kol B avtictorya oote va woyver AP =2 PB.

[Anm. A( \/E 1 2) 1]
1.60. Xt0 eninedo Oewpovpe To opBoydvio cvaTo a&ovav Oxy kot éva otafepd onueio A

ovTov HE |&| = 3. [Tow ypapun ypdoovv ta onueic. M(x, y) Tov emmédov yio Ta omoio
woyvst.  OM-(OM -2-04) =17.

1.61. o) Aivetan n e&iocwon (x — 1)(x —3) + (¥ = 3)(y — 5) = 0. No anodei&ete 6T 1 e&icmwon av-
T TOPLOTAVEL KOKAO Kot Vo, BpeiTe TO KEVIPO KoL TNV OKTIVA TOV.
B) X& TOTOYPAPIKO CYEOAYPOLLLLOL [LE KAPTESLAVO GUOTNUA CLVIETAYLEVOVY Oxy Ta onueio
A(1,3), B(3.,3),11(3,5) ko A(1,5) mapiotdvouv 115 B£0e1g Te606pmV dNUMV.
No arodeifete 0T pmopel va yapoyBel KukAKAOS dpOLOG TOL VoL SLEPYETAL OO TOVG TEGTE-
p1g OMUoVC.
7) Av Bepnocovpe 0Tt 6T0 GUGTNLO AEOVOY TOV EPMTALOTOS (B) Ol GLVTETAYUEVES EVOC O-
tokvntov K yuo kéBe ypovikn otiyun ¢ (¢>0) sivor (¢, t+2), va Bpeite ) ypauun oty

omoio Kiveitotl To avToKiviTo K, av GUVOVTH TOV KUKAIKO SPOLO K, oV VO, GE TOL0, O1)-
peio tov.

B’ Oudoa

1.62. Aiveton o kokhog C:x* +y* =10 xarn gvbeia & y = 2x. Osopodpe Toyoio onueio
P(xo, y9) t00 C.

a) Bpeite 116 cuvtetaypéveg tov mpoPfordv Py, P, kou P; mdve otig gubeiec x'x, ¥y ko
& avTioTolyOL.

#) Na omodeifete 611 10 guPadov tov tprydvov PiP,P; eivorl otabepd (aveEdptnto g 0¢-
ong tov P).

2 2 4
[Am. o) Pi(xo,0), P2(0,yo), Py, Z5ie) gyp=p)
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1.63. A. Aivetonn s&icwon x*+ ) + 6ux + 81y =0, 6mov u , A mpayporTikoi aptdpoi didpopot
oV Pndevog. Na dei&ete 01, Yo KGO T TV 1, A, N TOPOTAVE eEICMON TUPLGTAVEL KO-
Ko ov Siépyetar omd Ty apyn Tev afovav O.

B. 'Eoto 011 Y10 TOVG Tparypotikovg aplfpong u, 4 woyxdetn oyéon 3u+24=0.

@) No deilete 611 6hot ot kbKAoL oL opilovTat amd ™V eicwon x° + y* + 6ux + 84y =0 Yo
TIG SIAPOPES TIEG TV L, A , EYOVV T KEVTPA TOVG G€ gvBeio TOL dEPYETAL AITd TNV apyN|
TV 0EOVOV.

B) Na Bpeite ta u xor 4, étor dote, av 4, B givat o onpeia Topng tov avtiotolyov Ko-

KAov pe TNV gubeio x +y + 2 =0, va 1oydel 0408 =0.
y) T tig Tyég tov u, A mov PpiKote 6To EpAOTUA (B) VO VTOAOYICETE TO EUPUSOV TOV
Tpryovov AOB.

1.64. Aivovton ot kokhot Cp: x> + 37 =1, Co:x* +)* —4x =0 koun evbeion & y=Ax + f,
A, peR.
a) No Bpeite T1¢ amootdosls Tov KEvipov Tov Kokhov Ci, C, ond v gubsia &.
p) o motec Twég tov A, feR m evbeio & elvon kKowvn epantopévn tov kKokhov C; Kot
(O
y) No omodeifete 0TL 01 KOWES EQAUTTOUEVES TMV dVO KOKAMV TEUVOVTOL GTOV GEOVE XX Kol
va PBpeite v ofgla yovia TV EQUTTOUEVOY AVTOV.

[(Am o) d (K, e) =, d(ke, e)= B2 gy y=B i 28 y=- B 25 y)60°)

1.65. Na. Bpebei n e&icwomn tov KOKAOV OV S1€pyeTal omd TNV apyN TOV aEOVOV Kol EQATTETOL

011G gubeieg e e&lodoelg x+2y—9=0, 2x—y+2=0.
[Am. (x-2) %+ (y-1)°=5 , (x-22/5)%+(y+31/5)?=289/5]

1.66. Bpzite v e&icwon tov koKkhov mov epdmteton otov (C): x* + y* =24 o10 onueio A(3,4)

Kot €xet aktivo 10. Na eetdoete To10g QATTETOL EEMTEPIKA KOl TOLOG ECMOTEPLKL.
[An.(x—9)2+(y—12)2:100 eEWTEP LKA ,
(x+3) %+ (y+4)?=100 cowtep LK&]

1.67. @eopovpe Tov kOkAo C: x* + 17 =10 Kou 10 onueio P(—4,3). Amd 10 P @épvovpe dHo
EQPATTONEVEG TTPOG TOV KVKAO. Na Bpeite
a) TV e&loman g xopdng mov opifovv Ta onpeia emaeng,

B) v amdcTacn Tov onueiov P amd ™ xopdr| auth.
[An. o) -4x+3y=10 B)2]

1.68. @cwpovpe Tov kOkAo C: x* + 1 = p? ko1 10 onueio P(xo, yo) Tov emmédov. And 10 P
QEPVOLLLE 610 EQPAMTOLEVEG TTPOC TOV KVKAO. Na dgiete OtL:
o) H e&icoon g yopdig mov opilovv ta onueia emogng 4 kot B eivar xox + yoy = p* .
, , , , , |+ - P’
p) H andotaon tov onpeiov P and ) yopdn 4B eivau ——
\NXo T Vo
1.69. Atvetar o kokhog C: x> +3* =9 «at 1o onueio P2t ,% t+ % ), teR.

a) Acgitte 60T1 10 onpeio P elvan eEmteptd Tov KHKAOV.
B) Avand o P @épvoupe Tig epoantopeves PA kor PB tov kokhov C, va dgi&ete 0TL TO

onpeio Z(—% ,0) avikel oty evbeia AB.
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1.70.'Ecto 10 onueio P(6,6) ko P, P, otmpoforégtov P otovg afoveg x'x, ¥y avti-
oToy.
i) Na Bpebein e&icwon tov eyyeypoppévov kokkov C tov teTpaydvov OPPP,.
ii) e tuyaio onueio M(x,yo) tov C QEPVOVE TNV EQEOTTOUEVT] TOV TOV TEUVEL TOVG GEO-
vec x'x, ¥y otaonuelo 4; kou 4, avtictoyo.
Noa Bpeite 11 cuvtetayuéves Tov A4, , 4, .

iii) No voAroyiotei To yvopevo |P1A1| : |P2A 2| .

[An i)x’+y?-6x-6y+9=0 ii)A(§§ii¥i:3,0) B(0, Efiii&jg)
%,-3 v,-3
iii)18]

1.71. No deifete 611 o1 epomTdpeveg Tov kKokhov C: x*+ )% =25, ot onoieg Gyovton amd 1o on-
peto M(4 V2 ,3 V2 ) elvan k@Betec.

1.72. Ztovg Betikovg nua&oveg Ox kar Oy kwovvtar to onpeia 4, B @ote (OA4) + (OB) =u
(6mov 1 otafepd). No amodei&ete Ot o1 kKOKAOL pe didpetpo AB, diépyovtorl and otadepd
onpeio, SIAPOPETIKO OO TNV 0pYN TOV AEOVOV.

1.73. No Bpeboiv o1 EIGHGEIS TOV KOOV £QATTOpEVOV Tav KOk @Y Cp: x* +317 =1 ko
Cr:(x=2 +(@+ 1)y =4

[An y=1 , 4x+3y+5=0]

1.74. Aivovtor o khkhog C: x> +37 —8x + 2y + 12 =0 ko ko evleia & x — 2y +4=0.
Na Bpeite Ta onpeio Tov KOKAOL C OV ATEYOLY TNV EAAYLOTT KOl TN LEYIOTN aTOGTACT

amo v gvbeia ¢.
(Am (3,1) , (5,-3)]

1.75. @eopovpe Tov kOkho C: x* +3* — 10x — 8y + 31 = 0. Na Bpedel onueio tov dEova x'x

mote o1 epantopeveg and 10 P oto C vao givar kdOetec.
(An (3,0) , (7,0)]

EPQTHXEIY KATANOHXHX

1.76. Na yopoktnpioete Zwor N Aaboc kabe (o amd TG EXOUEVEG TPOTAGELS. Na S1Kal0AO-
YNGETE TNV OMAVTNGT| GOGC.
1. O xOxhog x* +1? =4 xoum evbeia y=2x gpdmrovial.
1. H eéicoon x> +)*+A2=0, émov A mpaypotikdc apBude, eivon eEicmon kokiov.
m.H skicoon x* +)” = o’ —3a + 4 mapiotdvel kOKAO Y100 kKOs TipH T0v e R .
1v.H e&icwon x°+)* —xx—Ay=0 pe k, AcR mapiotdvel mavia KOKAO.
v. Ta onpeion 4(=5,1) xar B(3,8) tov kdkhov C: (x + 1)* + (v — 3)* =20 eivor avuidiape-
TPIKAL.
vi.Ot kOKhot pe eélomoelg (x —2) + (3 +y)* =4 ,2—x)+(+3)* =9 &yovv d00 Ko onpsio.

1.77. No. ONUEUDCETE TI COCTN AMAVTNON OTIG ENOUEVEG TPOTACELS. Nat d1kaloloynoete v
ondvTnoY| Gog.
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1. O kOKAOG e e&iomon x* +17 +xx —ky —i° + 6k — 9 =0 Siépyetan amd ™V apyf TOV afo-
vov. H tiun tov « ivou:

A1 B. 6 r. 3 A 2 E. 3
1. H e&iooon %% + (2-A)y” + Ax + 2y + 1 =0 mopiotdver koxho 6tav 1 T Tov 4 sivo:
A. 1 B. 3 r. 1 q -2 Ao =2 E. 0

1.78. No. GOUTANPDCETE TOV EMOUEVO TIVOKOL:

Znueio to- Znueio to-

E€iowon KGKAOU ngrpo AI'(TIVC( UAG |§UK7\ou HAG I'(UK7\0U
KUKAOU KUKAOU pe dgova pe adgova
X x Yy

x2+y2:12
(x—2)" +y* =25
X+ +2x—2y—8=0
X —4x+4+y +8y=0
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ENOTHTA 2.

H IIAPABOAH

2.1. OPIEMOX: ‘Eoto o gvbeio d xar éva onueio E extog g o. Ovoudleton mapapo-

A pe eotia to onueio E kot dievbetodoa v evbeia & 0 ye@UETPIKOC
tomog C TV onpeiov TOV EMESOL TO OTTOIN IGUTEYOVY 0o TV £ Kot
m 0.

2.2. ITPOTAZH:

2.3. ITPOTAZH:

H eéiowon e mopoforns ue eotio E(% ,0) xai divbetodoa
o:x= —g eivar:  y* =2px.
H eiowon ¢ mapafolrng ue eotio. E(O, g) Ko drevfetodoa

o:y= —g sivor: x> =2py.

H eiowon g eparropévis e mapafolng ue alova ovuuetpiog
0V X'X, ot0 onueio e M(x1,)1) eivou:  yy; = p(x +xp).

H eiowon ¢ eparropévns e mopafolng ue alova ovpuetpiog
ov Yy, oto onueio g M(x1,)1) eivor:  xx;=p(y + yy).

I816tntes Hapaforns

"Eoto o mopafors 1 = 2px.

Zopuetpio g EA- o
Aeryme

Av x#0 1018 )’>0 < 2px>0 < p kou x opdonpo.

Apa m mapaforn Bpicketot oo Nueninedo mov opilel o GEovag y'y
koM eotio E. Emopévemg, n mapafoln Bpicketat 6to nyeningdo mov
opiler n devbetodoa J kain eotia E.

Av to onueio M (x1, y;) eivor onpeio tng mapaPoing, dniadn, ov
i =2px; , 101€ 10 onueio Ma(x;, —y;) Oa eivan onpeio g mapafo-
MG, apod (—11)? =2px; . Apa o GEovag x'x eivat GEOVOC GOHUETPIOC
g mapaforns. Enopévmg, n kdbetn amd v gotia ot dievbetodoa
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glvan dEovag ovppetpiag g mapaforng Kot Aéyetal dovag TG To-
pofoinc.

AYMENEY AYXKHXYEIY

2.4. ) Na Bpeite mv e§iowon g mapaBoing C: mov Sigpyetar asto to onueio M(1,—2) ka
gxer afova ovppetpiag ov x'x , kabwg kar myv e€iowon g apafoing C. wov Siep-

Xetaw atd o onueio  N(— % , % ) kau éyer afova ovppeTpiag ov y'y

B) Na Bpeite ta onpeia opng v Ci, C2 karmyv e§icwon mg evdeiag £ omv omoia a-
VIjkovV.

v) Aei&re 6N evBzia E.E. givar kaOetn omyv ¢ (E:, E: ol eotieg Tov tapafoi®v) kat to
onuEio TOUNG TV Srevdetovomv tovg §: , §: avijkeromyv &.

Avon:
@) H gkicoon mg C, 6o sivar y* =2px. c, 4
To x=1 ka y=-2 éovps: (-2)°=2pl <
4=2p <
p=2 =
Apa C;: y2=4x. 4 ______ A
H ekicwon g C, 0o eivar x* =2py. < §4 .
-1 L govpe: (<L) =2p. L 5 o x
o x 7 KLy = sxouus.( 2) 2p T 2 B
1= lp s p=2. ® )
4 y
Apa Cp: x*=4y.
B) o va Bpovpe to onpeio topng twv Cy, C; Ba Adcovpe 10 cOGTHLOL
2 _ x2 2_ x4 _ 4 _ 4 _
y? =4x y =4x (T) =4x R_4x X" =64x X" =64x
o dy = I . =3 2 = @ K ®
g y:% = Y= Y=
x+(x*—64)=0 x=0 7 x’ =64 x=0 x=364=4
T S
Y=g 774 £ _

y=0 y=—=4
Apa ot Cy, G téuvovton ota onueion O(0,0) wor A(4,4).

v Bivaw E/(1,0) kv Ex0,1). A, = =0 = L — 1 Enoptveg 4 A, =1-(-1)=-1.

Apa el E\E,. Eivax d;:x=-1 «o Jp:y=-1.
To onpeio Topung twv i, J, €lvarto B(—1,—1) 10 omoio avikel oV &.
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2.5. Aivetan 0 kOkAog Ci : x2+y? = 4 kaun tapafoin C::yz = 3x
i) Na Bpeite tig eflo00021¢ T@V £VOLLOV O1 OTTOIEG EPAITTOVTAL FVYYPOVIEG GTOV KUKAO KAl
omv tapafoirn).
ii) Na 8eifete 0Tt 01 TAPATAVED EPATTONEVEG TEPUVOVTAL O ONIEio Tov afova x'x.
iii) Na Seifete 0 0 afovag x'x S1oTopEl TN YOVIA TOV EQATTOUEVHOV.

Avon:

i) 'Eotw A(x,),) onueio g mapaforng C, oto
omoio M ePamTOUEVN & €lvor KOl EQATTOUEVN
TOL KOKAOV.

H e&iowon g epamtopevng eivan

ey =p(xtx) < = %-(xﬁcl) &

2y =3(xtx)) < 3x2yy+3x =
Eneidn n & eivor epoantdpevn tov kKOKAoL Oa
€yovpe:

3-0-2y,-0+3x,| _s

dOe)=p < -
3? +(—2y,)

36
—=6
/ 6
A= (-16)* - 43(~12) = 256+144 = 400 x, = 1633400 = 16?0 =
—4__2
6 3

Emedn to x; eivar opdonpo pe to p = 3 fa eivae x;=6.

2
Tote y2 =36 < y2=18 & y=+V18 = +3v2.
Apa o1 eE1I6MD0ELS TV EQOTTOUEVOV givol:
e:3x—23Y2 3+36=0 & x-2Y2 y+6=0 K
£:3x+23V2 y+36=0 < x+2v2 y+6=0.

ii) Tl va Bpode to onpelo Topng tov &, & Ba Avcovpe To choTNL:
x-242y+6=0
{x+2\/5y+6—0
2x +12=0 & 2x=-12 & x=-6 xu

x+2¥2y+6=0 & 6+2Y2y+6=0 < 2¥2y=0 < y=0.
Emopévamg o1 600 epamtopeveg & kol & TéERvovTal 6To onueio M(—6,0) tov d&ova x'x.

iii) Eivone;: xf~/_y+6 (IR 2~/_y xt6= y= Tx 2\/_ & y= %er 2
Kot e xtV2 pH6=0c 22 y=x 6 y=——t_x- O o :—Qx—@
, _\2 __\2
Apa /18] 5 Kot /182 T
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Emopévamg o Govag x'x O1y0TOEL TN YOVIO TOV EQATTOUEVOV & KOL &).
2.5.1. ZHMEIQ>H: MmopoOpe va omodeiEovpie To (iii) EpOTNHO YEOUETPIKE 0OG ENG:

To tuqpa MO Styotopel T Yovia TOV EQATTOLEVOV TUNUATOV OV dyovtal amd T0 M
TPOG ToV KOKAO0. "Apa 0 GEovag x'x OuyoTopEl T yovia Tov &, &.

AXKHXYELY

A’ Oudda

2.6. Na Bpeite v e&icwon tng mapafoing mov Eyet:
a) p=4 kot GEova GUUETPIOG TOV X'X.
p) Eotia E(—% 0)

y) AevBetovoa o:y =2
3) A&ova ovppetpiog tov x'x kot diépyetar omd to onueio A(—1,3)

2.7. Atvetou n mapaPforny C:y* =2px kot pio yopdn g AB 1 onoia eivan mapdAAnAn pe TOv
akovo ¥y Kot mepvaet amo v eotia. Na amodeilete 011 (4B) = 2(EK), dmov K 1o onpeio
7oV TEPVEL 0 AEovog x'x TV dievbetovoa.

2.8. Aiveton 1) mapaporsy C:y? =4x xonm evbeio &y =x—1.
a) No dei&ete 0TL 1 gvbeia ¢ dépyetor amd v gotia g C.
B) Na Bpeite ta kowd onueio 4 kot B g ¢ xortg C.

2.9. Na omodeitete o1 mapaPors] C:y* =2px xoim evbeio &1y =x &xovv §v0o Kowvd onueio.
IMoa o Tipn ™G Topapétpov p M amdoTac TOV oNpeiny avutdv eival ion pe 8 V2
[Am.-4 1§ 4]

2.10. Aiveton n mopaforr] C: > =2px . Oétovpe x'=ax kot y'=ay , a# 0. Na anoderydei 61t
to onueio (x’,y") xweitar wdAL o€ mopaforr.

2.11. Atvovtan ta onjueia Tov smmédov (x, ¥) = (2pi?, 2pk) pe kR
a) No dei&ete 0TL T0 oNpeia AVTE aviiKovy o€ pia Tapaforr.
B Av AQQpx.,2pr1), B(2p K3, 2pk,) etvon 800 onpeio g Topaodng authc, va omodet-

¥0ei 6tLav . AB Siépyetar and Vv eotia, givar 4xx, = —1.

2.12. Atveton 1 mopaPorn C: > =4px, p> 0. Mia yopdn g AB eivol k60etn otov dEovd
g kot £xet pnrog 8p. Na amoderydet 6Tt OA-OB=0.

2.13. Na Bpeite v e&icmon g evbeiog mov givar mapdAAnin mpog v &: 3x —2y +30=0
Ko epdmreTar oty mopaforsy C:y? = 12x.
Metd vo. Bpeite v andotoon tv 600 TapaAARA@V vfeldV.
[Am. 3x-2y+4=0 , 2413 ]

2.14. No. Bpsite T1¢ ££1606EIC TOV £QAnTOMEVOV TG TopaPoric C: y* = 8x mov dyovtal amd 0
onueio P(5,-7)

[Am. y=-x-2 , y=—%x—5]
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2.15. No. Bpeite Tic ££1600EIC TOV EQATTONEVOV TNG TapaPorg C: y> =— 6x mov dyovtar amd
to onueio P(0,4)
3

[Am. x=0 , y:—§x+4]

2.16. Aivetan ) mopaford pe s&icmon 1 = 4x.
i) Na Bpeite v e€lomon g epantopevng TG Topafoing Tov etvor kabetn oty evbela pe
e€iowon 3x+y+3=0.
ii) Noa Bpeite 11¢ e€l0D0EIC TOV £QAmTOUEV®V TNG TaPABOANS TIG 0TToieg PEPVOLLLE amd TO
onueio M(-2,1).

2.17. Aivetan  mopaPorsy v: = 4x. Na Ppeite:
a) TNV €otia Kot TN devdetovca TG Tapafoing.
B) TG gvbeieg mov SiEpyovTOL ad TNV EGTIO TNG TOPUPOANG KOl ATEXOVV GO TNV APy TOV

aovav andotact ion pe % .
y) MV e&lowon TG eQamTopuévng TG TapafoAng mov ivar TapdAAnin oty evbeia pe e&i-

cwon y=x—1.

2.18. @swpovpe To KOKAO e kévipo K(—1,0) mov diépyetan amd 1o onpeio A(—% ,—% .

a) Noa Bpeite: i) Tnv e&iocwon tov KOKAOL
ii) Tnv epantopévn & T0L KOKAOL 0TO A.
B) Avn ¢ diépyetal amd TV €0Tio TG TOPOPOANG TOL EXEL KOPLEN TNV APy TV aEOVOV
kot dEova ovppetpiog tov Betikd nuidova Ox, TOTE:
i) Na Bpeite v e&icmon g Tapafoinc.
ii) Av 1 devBetovoa TG Tapafoing Tépvet Tov kKoklo ota onueia M, N va
Bpette T0 gpPadov tov tprydvov AMN.
[Am. o) i) (x+1)%+y’=1 ii)x-v3y-1=0 B)1i)y’=4x ii) %]

2.19. Na Bpeite v e&icwon g mapaforng n omoio £yl kopven to O, AEOVA GUUUETPIOG TOV
OeTikd a&ova tov x Kot gedmtetol otnv gvbeio pe eicwon y=4x + 1.
IToto givat to onpeio oT0 omoio 1 gvbeia epdmteTan TG TOPAPOANC.

2.20. IoomAevpo Tpiymvo givar eyyeypoppévo oty mopofoin
C:y*=4px, p>0 pe kopuei; 10 O. Na Ppebotv ot eEI6HGELS TV TAEVPDY TOV.

2.21. O@zwpodpe v mapaPorr] C:3* = 2px. To dOpoispo tov tetoypévov d0o onueiov 4 ko
B mg C eivorico pe 1o dBpotopa tov tetayuévav dvo dAlav onueiov I kot 4 g C.
Noa dei&ete 01 AB//ITA..

2.22. And 10 onpeio M(—9,6) ¢épvovpe Tic epamtdpevec MA, MB oty mopaforj C: 1 = 4x.

Noa vrohoyicete ) yovio Tov oynuatilovy ot V0 EPUTTOUEVES.
[Anm. 90°]

2.23. No. Bpeite Tic KOwéC epomtdpeves Tov kokhov Cp: x* +17 =64 Kt ™S Tapoforng
Cy: y2 = 30x.

[Am. y=3x+10 , y=-3x-10]
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2.24. Antd 10 onpeio X(=3,2) @épvovpe Tic epamtopevec EA , B oty napoPorn C: y* = 8x.
Noa Bpebei n e&icmon g evbeiag AB KoBdS Kot 1 andoTOoT TOL GNUEioV X oo TNV €V-
Ocia AB.

[Anm. 2x-y-6=0 , % 1

2.25. And 1o onpeio M(2,1) @épvovpe Tig spantopeveg MA, MB oty mapoPorny C: y* =—4x
. No Bpeirte:
i) Tnv e&lowon g evbeiog 4B.
ii) Tig ovvtetaypéveg twv onueiov 4, B.
iiiy To epPaddv tov tprydvov EAB, dmov E 1 gotia ™mg napaBo?mg

[Am. 1)y=-2x-4 ii)A(-4,4), B(-1,-2) 1ii)3]

2.26. Afvetou 1) mapaforsy C: > =2px, p>0 koot evbeieg e y=Ax, &:y=—Ax, 6mov A

OeTikdC aKEPOILOG.

a) Agi&te 0t1 01 evBeieg ¢, &, TEUVOLY TNV TTOPOPOAT o€ onueia 4 , B GUUUETPIKA G
TPOG TOV AEOVH X'X.

B) Na Bpeite tov 4 6tavn AB dépyetan and v eotia g C.

y) Otav 1o euPadov tov tprydvov OAB yiveton péyioto, 6mov O 1 opyn TOV aovov,
deiEte 0TI O eVBeleg ¢ , & elvon KAOETES.

[An. o) (2B, 22), (22, -2P) p)2)

2.27. Aivetan n mopaBoryy C:y* =2px , p> 0. H e&icwon tng evbsiog y A
04 givon y=Ax,1>0 xorn OB eivar kGBs oty OA.
a) No Bpeite v e&icwon g vbeiag OB.

B) Na voloyioete Tig cvvietaypuéves tov 4, B ®g Guvaptnon tov 0 X
A
’ B
y) Na Bpeite mv e&icwon g evbeiog AB.
3) Noa omodeifete 6TL 1 gv0eio AB diépyetorl and otabepd GNUEIO Y10 TIG SLAPOPES TYUEG
Tov A

[Am. o)y=-1x B)A(i—}?,z—)\p), B(2pAZ, =2pA) v)Ax+ (A2-1) y-22p=0 av A# 1 , x=2p av A=l
8)M(2p,0)]

B’ Oudoa
5.1.'Eoto 1 napaPory C:y* =4x kot o gvbeia & mov Siépyetar amd v eotion E g mopa-
BoAng kot tnv tépvel ota onueic 4 ko B.'Eotw emmdéov I, 4 ot mpoPoréc tov A, B ma-
vo otr dtevbetovoa g mapaforng C kaw M 10 péco tov [A.
a) No vToloyicete Tig cLVTETAYIEVEG TV oneiov 4, B, I, 4 kot M g cvuvaptmon g
TeETOYUEVNG TOV A.
B) Na omodeilete 6111 apyn TV a&dvav ival To onpeio Topng TV Sloy®@vimv Tov Tpate-
Clov ABIA.
y) No arodeifete 0T AMB =90° ka1 61110 ME €ivan 10 Vyog Tov Tprywvov AMB.
3) Noa omodeilete 011 [ EA =90° konva vroloyicete to (ME) ®G Guvaptnon g TEToy-
pévng tov A.

), M(-1, L% 5) (uE) =

4
, T(-1, ; A(-1,-—=), ’
) Ly ( y 2y, 2ly,|

4
TI r r -
v Y
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2.28. O@swpodpe ™V mapaPorry C:y* = 5x xo1 1o onusio M(2,-3). Na Bpeite v séicwon g
gvBeiag mov tépvel v mapaPoin oto 4, B karto M givar o péco tov AB.
[Am. 5x+6y+8=0]

2.29. Na amodeifete 0TL dev vrépyovv 500 dapopetikés xopdés AB, I'A g Topafoing
C:y* =2px , mov va. £xovv 10 1810 péco.

2.30. Aiveton n mopaforr] C:y* =2px wou pia gvbeion & mov Siépyeton amd TV eotion £ Kot
tépvel v TopaPforn oto onuein 4 kot B. No dgi&ete 0TL TO YIVOLEVO TOV ATOCTAGEWDY
tov A kot B omd tov GEova x'x 1000TOL E PP

2.31. @swpodpe v mapaporr] C:3* =2px, p > 0. Na Bpedei 1 eélocmon g epantOpevns e

Tapaforng amd TNV onoia ot AE0VEG ATOKOTTOVV TUNLO LE WKOG P V3.

2.32. O@zwpodpe pa xopd AB g mapaforig C:y* = 2px mov diépyetan and v eotio. E
g mapaforns. No arnodeiEete Ot1 ot epomtopeves ¢ mapafoAng ota onueic 4 kot B
Tépvovtal o€ onpeio g dievbetovoag TNC.

2.33. A6 toyoio onpeio M ¢ SievBetovsog (8) g mapaBoric C: 1> = 2px QEPVOVLUE TIC
epantopeveg MA , MB. No amodei&ete 6Tt 1 AB diépyeton amd v eotia £ g mapafo-
ARG,

2.34. @cwpodpe v mapaPory C:y* =2px , ue sotia E wou évo, tuyaio onueio 4 tov dEova
y’y. Na anodeitete 611 gubeia mov givar kdbetn oty AE 610 onueio A4, EQARTETOL TNG
TAPAPOATS.

2.35. H gpomtopevn (&) oe toyoio onueio M g mapapornc C:y* = 2px, téuvel tov déova
V'y oto onueio 4. Av E eivorn eotio e mopaBolnc, va deitete 6Tt EAM = 90°.

2.36. H yopdn| AB ¢ mapaforic C:3? = dax , Siépyeton omd to onueio 1(1,0). Na Seiete
OTL Ol EPANTOLEVEG TNG Tapaorng ota onueio 4 , B ki1 gvbeia pe egicowon x+1=0
diépyovtar amod to 1010 onpeio.

2.37. And v xopuer; O g mapaPorric C:3* = 2px @épvovpe kébetn OA ot Tuyaio £pa-

TTOWEVT TG, 1| Oola emovaTéveL TNV TapafoAr oto onueio B. Agifte otu: |&||&§| =p~

2.38. Mio petofAntn svbeio &1y =Ax + B, 1# 0 téuver mv napaPory C:)* =4x og dvo on-
peia 4 ko B.
2-8
12
ii) Na Ppeite v e&icwon g kapmdAng oty onoia Ppicketat o M, av
o) A=1 xorto S perofdiieton

p f=0 koarto A perafdrieTon
[Am. ii)o)H nuievbeio y=2, x>1..1i1)PR)H mapaBoArfi y=2x° £ExLpoUupévne Tng KOPUEAC Tncl

i) Na anodei&ete 611 01 GuvteTayuéves Tov pécov M 1oV 4B givan ( ,% ).
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EPQTHXEI>Y KATANOHXHX

2.39. Na yapaxktnpioete Zwory M Adbog kéBe pia omd T1g emdpeveg mpotdoelc. Na dikoiolo-
YNGETE TNV AMAVINGT COG.
L. H mapoforn e eotio E(3,0) éxel mapdpetpo p = 6.
1. H evBeia mov éxetl e&iowon y =3 eivou mopdAAnAn ot dievbetovca ¢ Topafoing
3 =12x.
.20 0pBoydvio chomua a&dvov Oxy M mapafoln y* =2px Bpicketon mvTo 6To Npeni-
medo mov opilel o AEovag 'y kaim eotia E.
1v.0 GEovag x'x eivon GEovag ovppetpiag e mapaforic x* = 8y.
v. Mo apaforn pe a&ovo cvppetpiog tov dEova ¥’y éxel mavta e€icmon g Lopeng
x*=2py.
vi.Muwo mapaforn pe kopoer to O(0,0) kot dievbetodoa y=— g , £XEL AEOVa GLUUETPLOG TOV
x'x.
vir. KéBe onpeio g mapaPorng »* =—12x oanéyet amd v gvbeia x =3 kot 10 onpeio
(-6,0).
v Oha to. onpeia g mopaBoric »* =2px pe p >0, extdg Tov 0(0,0) Exovv BeTuch TeTUN-
pévm.
1x.H eotio ¢ napoPorig x* =y Ppioketar mdve oty svbeia y = x.
x. O koKhog pe eélowon x> =1 mepvd amd v eotion g mapaPorng ¥ = 4x.

2.40. No oMIEIDOETE TN COOTH ANAVINGT OTLG EMOUEVES TPOTAGELS. Nt SIKAOAOYGETE TNV
OTAVTNOY| GOG.
1. H mopaforn mov éyxet eotian £(0,4) kot kopver; to O(0,0), £xet eicmon:
A. V' =8x B. )° =—8x r. y*=16x A x* =16y E. X’ =8y
1. Mia mapafoin pe kopven 1o O(0,0) kot dievbetovon x = %, éxet e&lowon:
A. VP =6x B. )’ =—6x r. y>=3x A X =—6y E. x> =-3y
m. Ta kowd onpeia Te mapaforng y* = 8x kon tng evbeiag pe e&icwon x —y =0 sivar:
A. (0,0) ko (1,1) B. (8,8) xat (2,1) r. (0,0) kot (8,8)
A (1,V8) xau (-1,¥8) E. (2,4) kat (4,2)
1v.To onusio 4(x,4) avikel otV mapaforry »* = 8x. To cuppetpikd onpeio A tov A ¢
TPOG TOV AEova x'x etva:
A (44) B. (4,4) r. 2,4) A. (2,-4) E. (2,-2)
v.H gkicoon y* = 4ax
A. moplotavel mapafoir, pévo av o > 0.
B. maplotdvel Topafolrn, povo av a = % p (p>0).

I'. moplotdvel mapafolrn yio ke a# 0.
A. Toplotavel mapafoin yuo ke mpaypotikd apud a.
E. moplotdvel Topafolrn, povo 6tav a pnrog.
vi.Ot apaPorés V> = ax kon x° =ay (a=0)
A. €yovv éva udvo Koo onpeio.
B. gpdntovior oto 0(0,0).
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I. £yovv évo 1 600 KOWa onpeio avaAoya e TO a.
A. &YOLV TTAVTO 00O KO onueia.
E. DTOPYEL TUU TOV o Y10, TV OToi0 OEV TEUVOVTOL.
vir. To onueio 4(2,4) g mopaforic »* = 8x améyel amd ™ dievbetovoa omdoTaon
A. 2 B. 4 r. 8 A 16 E. V8

viLH e&looon y* = 16]x|
A. TOPLOTAVEL pio TopoBOoAT.
B. ToploTdvel dVO TapaPorés.
I. moplotdvel mapafoln, povo av o > 0.
A. moplotdvel mapafoirn, poévo av o < 0.
E. maplotdvel dVo gubeies.

2.41. Ze k@O ypoppn ot ZtAAN A divetar 1 e&icwon oG Topafoing mov €yt eotion £ ko
dtevbetovoa J, mov ypdpovtal ot ZTAAN B. No avtictolyicete ta ototyeio Tov 600 6tn-
AGV.

3TAAN A 3ThAn B

1Ly =x A. E(-1,0) kou o x+1=0

1 T
B. E(4,0) Kot J:x y) 0
r. E-5,1) ko J:x+1=0

3. x> =20y A E(-1,0) ko J:x—1=0
E. E(0,5) o 0:y+5=0

2.42. No avtiotoyyicete k60e mapafoin g STRANG A, Le TV eotio TG 0T ZTAANG B.

ZTAAN A 3TnAn B
_P
1.y =px A ( 2 0)
P
2 B. (5.0)
2. X° =
” r (2.0
4
3. 97 =-2px A. (Q%)
E. 0,3
4. y' = %x ( 4 )
P
zT. (O, 2)

2.43. Afvetou 1) mopaforsy »* = 8x kv ta onueio 4(2,0), B(-1,0),1(0,4), A(-5,1) xou
E(-2,2) 10 onoio anéyovv and ) dievbetovoo g Topafoing amoctdoels da , dg , dr, dy ,
de ovtioToiymg.

Noa yphyete og pia 6e1pdl TIG On0GTAGELS dy , d , dr ,dy , di , €161 BoTE KOBEVH va givar pe-
YOAOTEPN OO TNV TPOTYOLUEVT TNG.
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2.44. No. GUUTANPAOGCETE TOV EXOUEVO TTIVOKOL:

E€icwon napaBoAng SUVTETAYHEVEG E€icwon AEovag ouppeTpiag
€0Tiag dleuBeTolioag
) =6x
Y =—6x
x=12y

25
X=-2y
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ENOTHTA 3.

H EAAEI'YH

3.1. OPIZMO3: ‘Eoto E xoau E 600 onueia £vog emumédov. Ovoudleton éldetyn ue
eotiec ta onueia E” kar E 0 yeopetpikdg tomog C 1oV onueinv Tov &-
TTEGOV TV OTOI®V TO ABPOICLA TOV 0mocTdce®mV ond ta £ kol E &i-
vat otafepd Kot peyorvtepo tov E'E.

To o100epd avTd GBpoicua To cupPoiilovpe e 2a Kol TNV AmOGTACN
tov eotwwv £ xor E pe 2y. H andotaon E'E ovopdletor eotioxy o-
wooTaon G EMEYNG.

3.2. IIPOTATH: H eiowon ¢ élretyng pe eoties ta onueio. E'(—p,0) xar E(y,0)
giva:
5 2
z—z + % =1, omov f= x/az—yz .

H eiowon g éldetyng ue eoties ta onueio. E'(0,—y) xar E(0,y)

elvou:
2 2
% +j—2 =1, omov /)’=\/a2—y2 .
3.3. [IPOTAZH: . , ) e
H eliowon thc epartouévns s éldeiyng C: =5 + P =1, o70
a
onueio e M(xy, y1) eivar: al fl + y’;' =1
2 2
H eiowan ¢ epomrouévig e éldewyns C: % +2 =1, 010
a
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I610tnTee EAAciyng

2 2
‘Eoto ma éketyn  C: z—z + % =1.
Soupetpio e é- o Av M(xy,y1) eivar éva onpeio g EMewyng C, tote Ta onpeia
Aetymnc My(x1, —y1) , Ma(=x1, y1) xan My(—xy, =) ovikovy oty C, 0o ot

ouvTeETAYUEVES TOVG ET0ANBgboLY TV eElcmon Te.
Apa ot Eoveg x'x kKo ¥y elvar dEoveg ovppetplaog g EAAEWYTG
KoL 1 apyn TV aEOvVeV KEVIPO GUUUETPING TNG.

o Toa onueio mov N Eldetyn TEUvel TOVG GEOVEG AEYOVTOL KOPLPES TG
ENhewyng.

2
IMa y=0 &yovue 2—2 =1 & ¥=d> & x=+*a, vy

2
x=0 éypovue ;—:1 o Y= o y=15

2

Emopévag o1 kopuég g EAAelyYMG £XOVV CUVTETOYLLEVEG:

A(a,0) , A’(-0,0) , B(0,5) xar B'(0,—p).
Ta gvbOypappo tuqpata 4’4 kow B'B mov égovv punkn (4°4) =2a
Aloveg kol (B'B) =2 Ayovtar ko ueydlog Glovag Kol pikpog déovag
ovTioToya.
To gvBVypapo T wov opilovy dVO OTOLOTOTE GLUUETPIKE MG
mpog o0 O onueion M kot N g EMAewyng Aéyetan dduetpog g
E\ewyng.
Ioyverott 28<(MN)<20, dNhadn KAOe S1AUETPOC TNG EAAEWYNG
glvor peyodotepn 1 ion amd 1o pukpd aEova Kot pukpotepn 1 ion amod
TO peydho aEova g EAAEYG.

Kopopég

Aidpetpog

2
o Epovpe L +L -1 o Lz:l_? <1

Enopévog % <1 & ¥ <d® © ¥-ad* <0 & —a<x<a
a

Q
Q

Opown —f< x< .
Apa, n EMhewyn Ttepiéyetat 6To opBoydvio Tov opifouvv ot evbeieg
X=—a,x=o Kou y=—f, y=p

Exkeviportnta EAldewyne

=1.

Exxevipotnro tng

2
e ’'Eoto mo édhewyn C: X +
, a
eAderyng

yZ
a3
Ovopalovpe exxevipornra ™G EAeyng C kat ) cvpuPorilovpe pe

&, TONOYO &= L <.
o

e Enedn y= o' -p>, elvan ¢=
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_a B
(Xz OCZ
2 2
o d=1-2 o L1 2o boyig,
a a a

B

‘000 1 eKKeVTPOTNTA & PEYOADVEL TOGO LKPOIVEL O AOYOC = KoL
a

KATO GUVETELD TOGO T EMPNKNG YiveTor 1 EAdewym. Otav 10 ¢ Tei-
velmpog to 1, N éAdeym teivel va ek@uAioTel o€ vBVYpapLLLOL T

B

Otavn ¢ 1eivetoto 0, 10T€ 0 AdOYOog = 7teiveloto 1 Ko EmOpEVEOS
(¢4

N éAleym teivel va yivel KOKAOG.

Ouotec eheiyerc Ot ghdetyelg mov Egovv v idta eKKeVTPOTNTA, Apa 1010 AOYO Pt Ag-

Yovtal Ouoieg.

AXKHXEIY

A’ Oudda
3.4. Na Bpeite v e&icwon g EMAenyng mov et
a) Tig eotieg g otov Gova x'x kou nua&oveg 4, 2.
B) Meydro a&ova 5, o omoiog Ppioketal otov ¥y kot pikpd dova 2.
y) Tig eotieg g otov x'x, pe gotiaxy andotoon 12 ko pikpd nuasova 8.

3.5. Na Bpeite T1g kopup£ég Kot TIG £0Tieg kdbe piag and TG TapakdT® eALEIYELS.
5 2
i) 9x% +25)° =225 ii) %xz +42=108 iii) 2% + 3% =24

2 2
3.6. Oswpovpe v Elheyn C: ;—2 + % =1 pe a>f ko o evbeio Tov diépyetar amd TV

gotia £ g éMAerymg Ko tnv tépvel ot onueic A ko B. Av E givoln GAA gotio, toTE
dei&te 0T 1 MepipeTpog ToL Tprydvov AEB gival otobepn).

[Am.4a]
2 2 2
, . , . Yy _ . Yy —
3.7. Na omodeitete 611 o1 Eddetyerg Ci: % + ra 1 xa Cy aziﬂf + yarvie 1,a>p
€xouv 1d1eg eoTies.
2 2
3.8. @sopodpe ™y EMhewyn C: X + % =1 pe a>p pepeydro aéova 4°A. Av M tuyaio
[¢4
ﬂZ
onueio g EMkeryng, deite 6TL Avadma = — 5.
a

2
3.9. Na BpeBovv ot epamtdpeves g éAdewyng C: %2 + yT =1 mov glvan TapaAANAES TPOG

v evbeia & 4x +3y=1.
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[Am. y:—%x+2x/§, y=—%x—2\/§]

aQ
[
+
<
Il

2
3.10. No BpeBovv ot epamtopeveg TG EAAELYNG 1 st 1 mov givan kGOeTEG GTNV €L-
Ogia e:x+y=>5.
[An. y=x+5 , y=x-5]
2 2
3.11. Na Bpeite 115 e€iomoelg Tov epantopevev e EAleyng C: % + yT =1 mov dyovtot

amo6 to onpeio A(3,4).

2 2
3.12. @swpovpue v Elheyn C: % + % =1,a>p ko 1o onueio g M(xy, y1). H epontd-

pevn g Edenymg otnv kopuen g A(a,0) téuvel oto onpeio X TV QORTOLEVN AVTNG
ot0 M. Noa amodeifete 0t OX // A'M.

3.13. Aivovton ta onpeia E(+/3,0) ko1 E'(—=+/3,0).
a) No Bpeite 10 yeopetpikd tomo Tomv onpeiov M tov emumédov yia ta omoia 1oyveL:
(ME) + (ME") = 4.
B) Na dei&ete 611 TO oMuEio F( == —f) OVIKEL GTNV KOUTOAT TOV TPONYOVLEVOV EPMTI-

LLOTOG KoL HeTd va. Ppeite TV s&tcmcsn ™mg epantopevns () g Koumding oto I
y) Na deiete 6T n evbeio (¢) gpdmtetat Tov KOKAOL pe e€icmon x™ +y~ = 3.

[AT. o) XTZ +y=1 B) V2 x-y-3=0]

2 2
3.14. Na Bpeite éva onueio M g éMewyng C: = + % =1, 11010 ®OTE VA 1GYVEL

E'ME =90".
T 9 VT 9 5T 9 5T 9
[Am. M ( 7 rz)r M, ( 2 I_Z)I M}(_Trz), M4(_TI_Z)]
2 )
3.15. Na amodei&ete 0TL Ta onpeio Topng tov elkeiyenv  Ci: el + ra =1 Ko
X y2
Cy: P pel =1, elvar kopveég TETpayd®VOUL.

3.16. @) Na Ppeite 10 yeoperpikd 1010 TV onpeiov  M( V3 oV, 2Nug), peR.
2
B) Noa amodeifete 0TL T0 oNElR TOUNG TNG YPOUUNAG TOV a) pE TV EMAewyn C: XT + y? =1
AVIKOVV G€ KOKAO e KEVTPO TNV ap)1] TOV 0EOVOV.
3.17. Aivovtar 390 KoViKéG Topés: 1 mapaPod y* =2px, kar 1 EAAeym
4x*+2y*=3p*, p>0.
A. No omodeifete 011 01 €oTieg TG EMAEYNG gival Ta onpeia

E(o‘fp)m E(0, - ‘fp
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B. No arodeifete 0Tt 0 onpeio TOPNG TV 600 KOVIKGV TOU®V gival To onpeia K(g , D)
Ko A(% , —D)-

I'. No amodei&ete 6TL 01 EPURTOUEVES TV V0 KOVIKAV TOUMY GTO GNUELD K(% ,P) givan

KaOeTEC.

, , 6 6
3.18. A K—=,0 A(—=, 0).
tvovtat ta onpeio K( 5 ) ko A( N )

a) Na Bpeite v e€iomon g KOUTOANG oty omoia aviikovv Ta onueic M tov enumédov,
yw ta omoia woybvel (MK) + (MA) =6.

B) Na emoinBedoete 611 1o onpeio 2(-2,1) avikel 6NV TPONYOLUEVT KOUTOAN Ko vo. Bpei-
1€ TNV €€lo®ON TG EQOTTOUEVNS TG OTO 2.

7) No Bpeite v e&iowon g vbeiog mov diyotouei ) yovio K24 .
[Am. o) x’+5y°=9 B)2x-5y+9=0 y)5x+2y+8=0]

2 2

3.19. Atveton 1 e€lomon /lx—l + 531 7= 1. Na Bpeite tig Tipég tov 4y t1g omoieg n e&icwon
TOPLOTAVEL:
a) EXewyn B) 'EAlewym pe eotieg otov A&ova x'x
y) ‘EAlewym pe eotieg otov a&ova ¥’y 3) Kvkho

[Anm. o)Ae (1,3) U (3,5) B)Ae (3,5) v)Ae (1,3) d)A=3]

3.20. Oc®povjLe TOVG KOKAOLG LE EEICMGELG
Ci:(x+1 +y’=9 xat G:(x-1>+)y"=1.
i) Na amodei&ete 0t ot Cp, C; €QANTOVTOL ECOTEPIKA.
ii) No Bpeite 10 YEOUETPIKO TOTO TOV KEVIPOV TOV KOKAMV 01 0T0I01 EPATTOVTOL ECOTEPIKA
otov C; kat eEntepikd otov C,.

[An. ii) XT/+L3/:1]

3.21. Aivovton ot gvbeieg €1: x =2 Kot &: x = 2. Na fpebel 0 yeopetptkdc 10106 TV onpeiov
M tov gmmédov, Yo To omoia IYvEL:
d(M,e))-dM,e) = d(M,0) , émov O 1 apyf Tov aEOvav.

1N}
[N}

[Am. %+YT:1]

3.22. An6 1o onueio P(—4,5) oépvovpe Tig epantopeveg PA, PB oty éAdenym
2

2
C: x? + y? = 1. No Bpeite v e&icmon g evbeiag AB Kol va vrohoyicete TV andoTo-

ontov P orn’ autiv.
4

[

[Am. Jff]
2 2
3.23. Aivetou n édhewyn C: XT + % =1 xor 1o onueio M(1,1). Na Bpeite v e&icmon g

gvBeiag mov diépyetor and o M Ko tépvetl v EAAewyn og dvo onpeia I kot 4 €101 OoTE

t0 M va givat to péco tov 4.
[Am. 3x+4y=7]
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B’ Oudoa

2 2 2
5.2. Aivetonn éddewym C: x—z + y—z =1 pe a>pf>0 wouncvdeia & x= a?.
o

B
a) Agite 6Tim ¢ dev éxel kowd onueia e mv C.
p) Evbeia &; pe ovvrereot devBovong A diépyeton amd v eotia E(y,0) g EMAenyng

kot tépver v € oto onueio M. H B(0,8) eivon o kopven g C. Na Bpeite 1o 1 6-
Tav:

i) O kvKlog pe dtdpeTpo 10 BM diépyetal omd to E.
ii) O KOKAoG pe duapetpo 10 EM diépyetor and 10 B.
iii) Na. Bpeite tn oyéon mov cvvdéel to. 4 TV Tapardve (i), (i) EpOTNUATOV.
y) Avnevbeio g Tov (B) TEUVELTNV €&, OTNV TEPINTOOT (i) 6TO M| KOl OTNV TEPINTM®ON
(ii) oT0 M), va Bpeite 10 guPaddv Tov Tpry@vov EM\M,.

. gyt B gy CUPNTTR oy OBEE
B p p 2(o -p)

2
2
3.24. Oswpovpue v Eleyn C: % + % =1 pe a> >0 ko éva onueio g P, dopope-

TIKO TV Kopue®dv B kot B’. Orevbeiec PB kv PB’ tépvovuv tov d&ova x'x ota onueio
M xoar N avtiotoiywc. Na deilete 611, 6tav 10 P dwypdeet ) C (eKTOG TOV KOPpLOOY B
kot B’), to ywopevo (OM)-(ON) eival otabepo.

2
3.25. Aivetoun édewyn C: x> + y7 =1 koum evbeia & y=Ax+ 1.
a) Agitte 0L yo kGBe 1eR 1 ¢ tépveryv C og dvo onuela.

B) Av K, A ta kowd onpeio g & pe v C, va Bpeite v eElcwon g &, 6tov
KOA =90".

[An. B) y:gx-%—l , y:—gx-%—l]
2 2
3.26. Atvetarn ke C: 55 + % =1 pe a>f>0. Ano myv eotia. £ @épvovpe kabet
a

2
oToV GEova x'x mov tépvel v EAleym ota onpeion M, M. Na deitete dtt (MM') = %.

EPQTHXEIY KATANOHXHX

3.27. Na yapaxtnpioete Zwory M Aabog kdBe pia omd Tig emdpeveg mpotdoelc. Na dikotolo-
YNOETE TNV AMAVTON COC.

L. AVo amd T KOpLEEG Kot Ol €6Tieg omotoodnmote EAAeWNG Ppickovtatl oty ida gvbeia.
2 2
. H eéiowon &5 + % =1 mapiotdvel EAAetym pdvo otav a > f.
a
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m.H gotiokn andotacn pog EAeyng ivat 1o oo tov peydrov d&ova. H ekkevrpotnta g

ENhenyng eivan % .

1v.H e&icwon %xz + % V= % TOPLOTAVEL EAAELY).

v. Av 10 onpeio (x, —A) aviketl o pua EMAenym, tote Ba avijKeL 6”7 aVTHV Kot To onpeio

(—x, —4).
vi.H e&icoon x* + xy” =1 mapiotdvel mhvro EAenym.

vir. H éeyn x> +2)° =1 kat o kokhog x° + 1> =1 Sev £xouvv kowd onpeio.
viLAvo elhetyels elvar dpoteg 6tav €xouvv Tig 1d1eG eoTiec.
3.28. Nol O1LEIDOETE TN COOTH OTAVTNGT OTIG ENOUEVES TPOTAGELG. Not SIKAOAOYNGETE TV
ondvTnoY| Goc.
L Av E" xou E ot eotieg piog Edhenyng pe peydio d&ova pnkovg 2o kot A toydv onpeio
g EMAEWYTG, TOTE:
B. (AE")+ (4E)=« I. (AE’) = (4E)

A (AE")— (AE)=a
A. (AE))+ (AE) = 2a E. (AE') - (4E) = 2a

2
1. H andotocn tov kévrpov g EAdetyng ZSTX +4y* =1 and ™ pia eotio g ivan:

7 V11 V1l 5 4
A. — B. —— r. — A = E. —
6 10 5 2 3

5 2
u’Eoto n éMewyn C: 5 + % =1 pe eotioxn andotoon 2y kot peydro aSovo 2a. Tote
a

Ba elvon mévto
A. a>f>y B. fi=y"-d’ r. 0<a<p Ao y>a E. y<a
2 2
X+ =1 ke O L+ L
a

v.Otedhetyerg C: S
A. 800 poOvo Kowvd onpeio B. té00gpa Kowd onpeio
I. éva pdvo koo onpeio A. KOvéEVa KOO onpeio
E. dmepa Kowva onueio
v.H eticoon X+ oy’ =a’f*, o, f#0
A. TOPLOTAVEL TAVTA pio EAAEYT B. TOPIGTAVEL TAVTO VOV KOKAO
I'. Toplotdvel d00 TeUvOpEVES gvbeieg A. TOPLOTAVEL pia EAAEWYT, av a# f
E. moplotdvel plo EAdewym, av o=

3.29. No. GUUTANPAOCETE TOV EXOUEVO TTIVOKOL:
SUVTETAYMEVEG €-

EkkevTpoOTNTA

SUVTETAYHEVEG KO-

E&iowon EAAeIwNG : .
oTI®V pPUP®V
4x’ +9)* =36
X +47=16
2 +y =1
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ENOTHTA 4.

4.1. OPIZMOZ:

4.2. ITPOTAZH:

4.3. IIPOTAXH:

H YIIEPBOAH

‘Eotw E" xar E &vo onueia evog emmédov. Ovopdletor vaepfoln ne

eotiec ta onueia E- kar E o yeopetpkdg tomog C 1oV onueinv Tov &-
TTEGOV TV OTOI®V 1) OTOAVTH TN TNG SLIPOPES TOV ATOGTAGEWDY and
ta E” xou E elvar otobepn kot pukpotepn tov (E'E).

Tnv amdAvtn T ™G d1Popdg TV amooTdcewy kdbe onpeiov g v-
mepPorng amo Tig eotieg TNV cvpforilovpe e 2o KOL THV OTOCTACT TMOV
eotdv E” xar E pe 2y. H andotoon E'E ovopdleton eotiaki axooro-
on G LVIEPPOANG.

H eiowan ¢ vrepPolng ue eoties ta onueia E'(—y,0) ko

E(7,0) eivat
5 2
;C—z - % =1, 6mov f=y —a’.

H eéiowon e vmepforne ue eoties to onueio E'(0,—y) xai

E0,y) eivou:
2
— X =1, émov f=Ay*—a® .

2

‘ <

2
¢4

=

2 2
H e&iowon g epamtouévie g vrepfoiic C: 5 — % =1,
a
oto onueio g M(xy,y1) eivai: al fl - y,éf‘ =1
a
2 2
H eiowon ¢ eparropévis e vaepfoing C: y—z - % =1,
a

oto onueio g M(xy,y1) eivai:
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I610tnTee Ymepfolne

Zoppetpio g E-
Agrymg

Kopopég

Aloveg

Aidpetpog

>y
xz 1

‘Eoto po vrepforny C: = — = =1.

o ﬁz
Av Mi(x1,y1) eivan éva onpeio g vreepPfoing C, 10te TaL onpeia
My(x1, —v1) , M3(—x1, y1) kou My(—x1, =) avikovy oty C, 0poD ot
oLVTETAYUEVES TOVG ETOANBgboVY TV e&icmon TG.
Apa ot GEoveg x'x kKo Yy glvar dEoveg ooppetpiog tng vepPoAng
Kot M apy TOV aEOVOV KEVIPO GLUUETPING TNG.

Ta onpeto mov n vepPoln TépveL ToVg AEoVES AEYOVTUL KOpvPES TG
vrepPoinc.
x 2_ 2

INoa y=0 éovpe =5 =1 & x'=a” < x=ta, evd 10
(24

2

x=0 é&yovue — % =1 < y*=-4*, n onoio eivar adVvarn 610
R . Emopévag n vepPoin dev téuvel tov aEova y'y.

Apa, o1 KopuPég TG VITEPPOANS Exovv cuvtetaypuéves: A(a,0)

A’ (-a,0).

Ta gvbOypappo tupata 4’4 kow B'B mov égovv punkn (4°4) =2a
kot (B'B) =2f Aéyovtol kou ueyaAog adovag Kol pikpog aéovog
avrictoyya.

To evBVypappo TpuMqpa Tov opilovy dV0 OTOLONTOTE GUUUETPIKE MG
mpog o O onueio M kou N g vmepPoing Aéyeton diauetpog e
vrepPoAnc.

Ioyver 6Tt 28< (MN)< 2a, dniadn kdéBe diapetpog tng EAAENYNG
glvan peyolotepn M ion amd 1o pukpo aEova Kot pukpodtepn 1 ion amd
TO peydho a&ova tng EAMAEYNG.

2 2 2 2
Eyoope 5 - = =1 < )‘—2:1+y—2 > 1.
o o p
2
Enopdvog X 21 & ¥2d o ¥-ad'20 <
a
x<-a M x2a.
Apa, To onpeio g vrepPorng C Ppiokovral €€ and Tnv Tovia
mov opilovv ot gvbeieg x =—a , x = a, TPAYIA TOL oNpaivel OTL M V-
mepPoln amoteieiton and dVo Y®PLoTOHS KAGSOVGS.

Aovurrtwtes YnepfloAne

Acodurrwres e
vmepforng

2
e 'Eoto o vreppory C: 5 —
(¢4

v,
ﬂZ
2

X KOl &)y =—
a 2y

B

Ot gvbeieg pe e&lomoelg iy = Zx Aéyoviar o-
a

OVUTTWTEG TNG VIEPPOANG.

2 2
Av nurepPor C, éxet e&iowon y—z - % =1, 101 Ol ACVUNTMTEG
a
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g gival ot gvbeieg &1 y = %x KOl &y =— %x

e Toopboyovio KAMN pe kopueég ta onueion K(a,p) , A(a,—p) ,
M(—a,—p) kv N(—a,p) Aéyetor opBoywvio faons e vmepPoing.
Ot acvpnTmTES TG VILEPPOANG givar dlaydvieg Tov opBoymviov Pa-
one.

OpBoyavio faons

Exkevipornta Yrepfodng

2

2
Exxevipotyra te e 'Eoto po vrepporny C: x—z - y—z =1.
éhderyme « B

Ovopdalovpe exrevipotnra g vrnepPoing C kot ) cvufoArilovpe

He & 10 AOYO &= % > 1.

2 2 2 2
. . N +
e Enmedn y= o>+, sivmn e= AN S 5.7 PN

a

aZ

2_dt B 2 I I 2 B 3

8:7_‘_7 @821_‘_7 @7:8—1©*:8—1.
4 o o o a

Emopévag n ekkevipdtnto tpocdiopilel to cuvteheotn dievbuvong

NG AGLUTTMOTOL NG, dNAadn yapaktnpilel To opBoymvio Bdong, dpa

™ Hopen g idtag tng vrepPfoing.

Ooco 1 exkevipdmTo € pkpaivel Kot teivel va yivet ion pe 1, o Ao-

YOG s , Gpo KoL To f3, pukpaivel kot teivet va yivel ico pe 0. Tote

a
10 opBoymvio Pdong yivetar To enipunkes Kot 1) vtepPoAn yiveTot mo
KAeloT.

Ioookeisic vmepfo- ‘Otav 1 vaepPorn gival 1loookeAng TOTe o= Kot
Mj y:\/a2+,b’2 =Ja+a® =\2d =av2 .
Emopévac &= % :§ =2

AXKHXYELY
A’ Oudda
4.4. Na Bpeite mv e&icwon tng veepPoAng mov Exet:
a) Eotiegtig E(5,0), £'(-5,0) won dEova pnqxovg 8.
p) Eotieg tic £(0,13), E°(0,—13) xoi 1 eKkkeVTpOTNTO 1IGOVTOL [UE % .

y) Eotiec ig E(0,5), E°(0,=5) ko diépyetar amd o onpeio M(3,4«/5 ).

2 2 2
x Y _ AN S y _
(. o) 16 9 LB 144 Ty



ENOTHTA 4": YNEPBOAH

275

2 2
4.5. No Bpeite v ekicoon g vrepforng  C: %5 — % =1 n omoin:
a
a) Aépyeton amd o onueio M(«/E ,1) ko N(*Z,x/g )
B) ‘Exet acopntmteg Tig evbeieg pe e€lomoelg y = 3 3

= 5, yTo5x K diépyetar amod To o1-
peio (243 ,3).

4.6. No Bpebei n e&icmon ¢ 10ookelobG vVIEPPOANC, TTOL ExEl TIG 101¢ 0TiEg e TNV ENAEYT
9x? + 25y% = 225.

[Am. x2—y2:8 ]
4.7. Na Bpeite 10 gpPadov tov tprydvov mov opilovv ot acHUTTOTESG TNG VIEPPOANG
C: x’ yz

'Y T 1 koum gvbeia & 4x+6y—12=0.

[Am. 4]
3 , . x2 y2
4.8. Atvetan  vmepPorn C: =

= - ya = 1. Na Bpeite v exkevipotnTa TG vVIEPPOANG av ot
a
acvpmtetes g C oxnpotilovy yovia 60°.

4.9. Na Bpebei n eElomon g vepPoing, g onoing 1 €0TIOKT 0mOCTACT EVOL SITAAGL TNG
OTOCTACNG TOV KOPLO®V KOl Ol EGTIES TNG CUUTIMTOVV LE TG £0TIEG TNG EAAELYNG
2V

C =t 9 L.

[Am. 3x2—y2=12]

- N T S
3 1 kot g vrepPoing Cs: 13 3

2 2
4.10. Aciéte 61 o1 Topég TG EMhewymg Ci: % + 2
glvar kopueég opboywviov. Bpeite Ti¢ e€lodogig Tov TAEVPDV TOV.

=1

2

2= ko 1 veepPorn Cy: SR
ﬂz P -
0<p<i<a éovv tig idieg eotiec.

2
4.11. Agifre 6T éMhewyn Cp: X5 +
a

az_}Z m =1 6mov

4.12. @cwpodpe v EMewyn Cp: x>+ 4y* =4 ko v vaspPory Ca: x° — 2" = 2.
a) AgiEte otror Cy, G, €qovv TiG 1d1eg €oTiES.
B) Bpeite o onpeio Topng ToUG.

5 2
4.13. No amodei&ete 0TL 1 amodcTaon Kabe eotiog g vaepPoing C: x—z -

=1 omd 116 a-
ﬂz g
oOuURTOTEG TG glvon ion pe S

4.14. Aiveton n vepBoln pe sicwon 9x* — 16y = 144, e sotieg £ xar E xot onpeio
A4, ) v oty vepPoln.

a) No Bpebein eiowon g evbeiog, mov mepva and to onuein 4 kot £ kot g evbeiog
mov Tepva omd To onpein 4 ko E.
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#) Na mpocdiopiotovv o onueio A yia to omoio ot mopomave evbeieg eivar kabeTeg peta-
&v tovg,.

4.15. @cwpodpe TV 16ooker vepPorny C: x> —1 = o kar TV gvbeia & y =« 1 omoio TEUvEL
v C otaonueio B kot B. Av 4 ko A" elvar ot Kopueég tng vepPoing, deikte ot
BAB' = BA'B' =90°

2 2
4.16. No Bpeite v e&iocwon g gpamtopévng g vrepPoing, C: ;—0 — y? =1, mov givar

KéOetn oV gvbeia (g): 4x +3y—T7=0.
[Am. 3x-4y+10=0 , 3x-4y-10=0]

2 2
4.17. Na BpeBovv ot eElodaoelg TV epantopevmy e vaepfoing, C: % - yT =1, mov @é-

povtar omd to onpeio M(3,4).
[An. x-3=0 , 5x-6y+9=0]

4.18."Eoto 1 100okeMic viepPort] C:x* —y* =’ kow A, A’ ot kopupéc . Av M egivan éva
onpeio m¢g C kot M’ TO GUUUETPIKO TOV MG TPOG TOV &0V X X, va omodeiete OTL Ta o1-
peio 4, M" xar M eivar opBoxevipa TV Tprydveov MA'M’, AMA™ xow AM'A” ovtictot-
A0

2
X oy
25 16
1d1eg eoTieg pe TNV TOpOTAve EALEIYN Ko pdnteTan oty evbeia pe e&icwon x—y +1=0.

4.19. Aiveton n EAAeyn 1. Na Bpeite v eiomon g vaepPoing, n omoia £xet TG

2 2
4.20. An6 1o P(1,-10) @épvovpe epantopeveg otny vepPfoin C: % - ;1—2 =1. Na Bpebein
a&loon g evbeig (¢) mov opileton amd to onpeio ETAENS Kot 1) omdoTacn Tov P amd v
().
64 |

. +5y= =
[Am. 2x+5y=16, N

4.21. An6 1o onueio P(-2,—6) @épvovue Tig spomntopeveg PA, PB oty vrepoin
2 2
C:xT - % = 1. No. BpeBovv:
i) H e&iomon g evbeilag AB.
ii) H amdotacn tov P omd v gubeia AB.

iii) H yovia mov oynuatiovv ou gvbeieg P4 ko PB.
[Am. 1)3x-4y+6=0 1i)24/5 iii)ope=15/8]

x + y2

25-2 16-1

a) H e&icwon avtn napiotdvetl EAdeym av A < 16, vrepPfoin av 16 <A1 <25 evo eivar a-
dvvartn av 4> 25.

B) o Oheg TG TIHEC TOL A Ol KOVIKEG TOUEG IOV TAPLGTAVEL 1] €EI0MOOT £X0VV KOWVEG £0TIES.

4.22. Aivetou ) e&lomon

= 1. Na omodeifete otL:
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B’ Oudoa

4.23. To otaBepd onueion E', E givor onueio To0L XX GUUUETPIKG G TTPOC TNV apy TV 0.ES-
vov ue (E'E)=2 V5. Oempovpe To onpein M TOL EMTESOV TOV IKAVOTOIOVV TIG GYECELS

J[(ME)~(ME)] =4 xa ‘ME’Z—WZ =24.
a) AgiEte 0T 0 onuelon M TOL EMTEIOV OVIIKOVV GE dVO KOVIKES TOUES TOV 0TIV Vol

Bpetite 116 e&lodoELC.

B) Av M(xo, yo) Seiéte ott  x;=9y;.

(An. o) X -y’=1 , X+¥=1)
4.24.'Evo, euB0ypoppo tufua AB givar Stapetpog pog veepPoing av Kot udvo v ot Eporto-
peveg ota. A, B givan moapaAAniec.

4.25.Eoto M éva onpeio g 1000okeloic viepPporic C: x> —y* = o’ (a > 0). Na deilete 611
(OM)* = (ME)-(ME"), émov E’ xat E otgotieg g C kot O T0 KEVIPO TG,

4.26. No amodei&ete 0t ta onueion M( %(“%) s g(i—%) ) Kivovvtal o€ pe VEEPPoAn, TG

omoiag va Bpeite v e&icmon.

2 2
x°_y _
[Am. I 1]

5 2
4.27. Oswpovpe v vrepfoin C: x—z — % =1 xon v epantopevn e ¢ o1o onueio g P.
a
Av A, B sivol ta onpeio TOUNG TG € LE TIG ACVUMTMOTEG TG VIEPPOANS, TOTE:
a) To P eivon 1o péco tov A4B.
B) To eppaddv tov tprymvov OAB elvar otafepd, 6tav 1o P kiveitar ot C.

5 2
4.28. Oswpovpe v vrepPoin C: x—z — % =1 xorto onpelo M, N ta onola givor cuvev-
a
Ogiaxcd pe v apyn tov afovov O. And to onueia M, N pépvovple Ti TapdAANAeG TPOG
Tig acvpntoteg g C, ol omoieg TéuvovTol oto onpeio P. Agi&te 6tit0 P aviKeL 6TV v-

LZ,XZ =1
ﬂZ aZ

nepPory C':

4.29. Aivovtot ot evbeieg €1: y = kx, &:y =—kx. Na Ppeite T0 Ye®UETPIKO TOTO TV GNEi®V

272
KA

TOV EMTEOOV TMV OTOIMV TO YIVOUEVO TOV OTOGTACEDY OO TIG & , & OOVTAL LE >
+x

omov x, A otabepoi Betikoi TpaypoTikoi aptBpot.

4.30. No Bpeite 10 YEQUETPIKO TOTO TOV KEVIPOV T®V KOKA®V OV d1EPYOVTAL 0O TO GNLElD
) 1 , 2 2
A(2,0) kot epantovrar EmTeptkd Tov KokAov C:x“+y  +4x=0.
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EPQTHXEIY KATANOHXHX

4.31. No yapaktnpicete Zwoty M Adbog «aBe pa omod TG emdpeveg Tpotdoels. Na dikooro-
YNGETE TNV OMAVTNGT| GOGC.

2 2
x Y
2

1. H e&lomon piog vrepPoing eivan = — = 1. Ioyder mavta o> pf.
a

1. H vrepfoin 2—2 - ;—z =1 téuvertov GEova y'y o€ 600 onpueio.
m.H 16ookeMig viepPorn x* — > = a® éyet ekkevipdnra V2.
1v.H eéiooon x* — 9y =0 mapiotévet viepPolr.
v. To opBoydvio Baong pog veepBoing éxel kowd onueio pe v veepPoAn.
vi.To onueio (5,4) aviket o¢ pio acOpmtom evbeia g vaepPoric 16x” — 25y = 40.
vIL Y7tdpyovv vrepBoArég mov o1 acOURT®MTEG TOVG gival kdbeteg peta&d Toug.

2 2

[

v H vepfoin Lo X = éyet aovpmToTeg TIC subeiec gy = Lx xon g:y=—%x
: B B

ﬂz

Q

5 2
1x.H vrepfoin % - yT =1 téuvertov a&ova y’y ota onueia (0,2) ko (0, -2).
x. H e&iowon xx* + )% =1 mopiotévet viepBor yio kémow x, AeR .

5 2
x1.H vrepPoin % - y? =1 éyel téo0epa Kowd onpeia pe Tov kKokho x* +y* =4.

xi1. H dyyotdpog g xéy tépver v vepPody x° —y* =4 og dHo onusio.

5 2
x11.Kdabe acopntmtn g vrepfoing x—z - y—z =1 eivor k4BeTn o€ pio amd TIG ACVUTTMOTES

B

S

2
X =

ﬂZ

2
g vmepPorn -

x° y2
4

xiv. Yrdpyet e R dote 1o onueio (Mud,1) va avikel otnv veepPoin > I.

2

2 2
xv. OtvmepPorég X — 2L =1 ko ¥*— L =1 €youv TiG 101€G eoTiec.
PPORES 737 2 4

4.32. No O1LLEIDOETE TN COOTI ONAVINGOT OTLG EMOUEVES TPOTAGELG. Not SIKAOAOYNGETE TNV

ondvTno| Goc.
2 2
I. Mia vrepPoln éxel e€icoon C: %6 — % =1. Torte
A. N C &gl g eotieg g otov AEova y'y.
4

B. &Y€l ACOUNTOTEG TIG ¥ = i§ X.

. éxereotiec E'(-5,0), E(5,0).
. glvar a=3 xor f=5.
. &yxetkopupéc 4°(=3,0) , A(3,0).

=
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1. Mio acOpmtet g vaepforic 16x* —25)% =400 eivon
=3 -4 = 16 =25
A y= X B. y= X r.y=2sx A y=gex

E. Kopio amod tig mponyovpeveg
nLOvvmepPoréc Cp: fx* — >y =d’f>, Co V' — X =d’f  a=pf épovv
A. TNV 1010 EKKEVTPOTNTO
B. TiG 101e¢ €otieg
I'. TNV 1010 EGTIOKT OTOCTOOT)
A. SLOPOPETIKEG OICVUTTMTES
E. TiG 101eC KOopupég
x2
2

2 2 2
Iv.H vmepporsy Cp: &5 — % =1 koumn éMewyn C: = + % =1 é&yovv
¢4

IS

A. TNV 1010 ETIOKT OTOGTOOT).
B. TIG 101e¢ €oTiec.
I. Vv 010 ekkevTpOHTTOL.
A. dV0o amd T1c Kopveég g C, tavtilovtan pe Tig kopveég g Ci.
E. T€00€pa KOWA GNEia.
V.H géicoon kx> + 7 =pu pe k, A, u# 0 moplotével TavTa vepPoAy pe

Ao u=1 B. k1 <0 r. u<0 Ae K#A E. k=M A=u
2 5 2
VL.O1vrepPorég Ci: x—i - y—z =1 ku Cy: &5 — y—z =—1 (a=p) &povv
o B o B
A. TNV 010 EKKEVTPOTNTOL.
B. TG id1€¢C aoVUMTMOTES.
I. T1g id1eg eotieg.
A. TG 1O1€G KOPLOEC.

E. pio poévo Ko eotia.
VIL Ta onpeio M(x,y) yio to omoio 1oyvet |(AM )—-(BM )| =6 pe A(5,0) xar B(5,0)

2
A. OVIKOLV GTNV EAAEYM % + J2}—5 =1.
2 y2
B. avijkovv otnv vrepfoln XT - 55 = 1.
2 y2
I. aviKovV 6TV VIEPPOAn )16_6 e 1.
2 y2
A. ovIKOLY oTHV VITEPPOAN XT i 1.

2 2
E. . OvKOLV GTnV vrepPoin % — J1}_6 =1.

4.33. e kG0 vepPorn g STAANG A Vo avTioTotyicete TNV e&loMoT NG AGOUTTMTAG TG

ot =TNAn B.
STnAn A STAAN B
LY -y=d A V2x-y=0
. B. 3x—4y=0
2. 2x" -y =4 r. y=x
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Ao 4x-3y=0
3. (x=20)(x+2y)=4 E. 2x—y=0
) ﬁ_izl IT. x+2y=
9 1

4.34. Kabe kovik e =THAng A €xel e&iowon mov PBpioketar otn =TAAN B. Na avtiotoyicete
Ta oTotyein TV 600 GTNAMV.

ZTnAn A 3TAAn B
. A xty=1

1. KOKAOG 2
B. xX+y =0

2. opaPorr r. X*=9-(x-1y
A 9X° =63+ 7

3. éMhewyn f 7
E. y"—16x=0

4. vmepPor ET. 4x* =100 -25)"

4.35. Na ypawyete to onueia 4(0,3), B(2,0), 112,2), 4(0,0) xor E(2,-2) ot pia cepd, £T61 @
o1e koBéva va €xel amd TO TPONYOOUEVD TOV HEYUADTEP ATOGTACT] OO TNV ACVUTTMOTN TG
2 2
vrepPoAng % - yT =1, mov Ppioketal otV TPAOTN KO TPity YOVia TOV aEOVOV.

4.36. No. GOUTANPAOCETE TOV EXOUEVO TTIVOKOL:

E€iocwon SUVTETAYHEVEG EOTIOV E€lowoeig EkkevTpoOTNTA
unepRoAng AOUUNTOTWYV
2 2 _
X =9 =9
Y-y -4=0
3’ -4 =3




KE®AAAIO 4. |

OEQPIA APIOMON

» H MaBnuatikn
Enaywyn

» EukAeidela duaipeon

» AlapetotnTa

N
(o0}
—

Bewpia apBpov sival n reploxr) twv Ma-
OnNpatikev rov e§etadet IIPOTACELS 01 O-
roieg avag@Eépovtal 0To OUVOAO TRV aKePAimV
7 , 1) o€ UTTOOUVOAQ AUTOU OTIRG TO GUVOAO TV
@uUOKOV aplibuev N,

To §exivnpa tng evotntag avtng ivatl agie-
popévo oty apxr) mg Mabnpaukng Enayo-
ynis. H apxr) auvtr) eivat pia oxupr) pébodog
anodedng g aArnBelag plag rpotacng rov a-
va@Epetal otoug Quotkoug apldpoug. H apxr)
autn ouviotatat oe HUo anapaitnteg rpoUnobe-
oe1g: H mpotn anattei v aAnBeia avtr|g yua to
€AAX10T0 OTO1XEIO TOU CUVOAOU ava@opdg g
npotaong, eve n deutepn Heéxetal tnv 10XU NG
yla €va omolodr)rote otoixeio n Kat anattet
v aAnBsla ya 1o emopevo otoxeio nt+l. H
apxr) g Mabnpaukng Enaywyng xpnotpevet
0X1 povo oav p€Bodog anodeiing 10XuUPIoPOV
yla 0A0UG TOUG PUOIKOUG ap1Bpoug addd rat
oav p£6060g 0p1oP0U EVVOL®V yla TOUG (PUOT-
KoUg ap1@poug.

H endpevn evotnta napouoiddetl 1o Oempnpa
g EuxkAeidelag daipeong. Eival pia potaon
Vv oroia epappPofoupEe Ao Ta XPOovid NG
otoxe1wdoug exraidsuong addd pe peydldo Pa-
Bog kat poexktdoelg otn Oewpia apBpwv. Ta
duvatd undAoa g draipeong evog arkEpalou
ap1Bpou pe évav pn pndevikd Quolko opifouv
£€va KPLtr)plo “d1axmplopou” 1oV akepdinv oe
UTtooUVvoAd, yia Kabe éva arno ta ornoia prto-
poupe va £6eTACOUE TV 10XU IMPOTACERDV KAl
£€tot va eSaopaldicoupe v aAr|Beid toug oe 6Ao
TO0 OUVOAO TV akepaiwv.

H 8uaipeon duo akepaiwv pe uvniddouto 0, n
téAela Slaipeor), €xel KATIO1EG AS100NPEIDTEG 1-
O10tnteg yU auto agifet va peAetnOet 1daitepa.
Autég 1ig 18101tteg Hranpaypatevetatl i) pitn
evotnta, oty oroia napatiBeviat kat arodet-
Kvuovtat ot 1810t1eg g dlalpetotntag.
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ENOTHTA 1
H MAOHMATIKH EIIATI'QIH

To MaOnpotixe givor y faciiiocoa twv emt-

otnuav kot 11 Gecwpio twv Ap1Budv n fooi-

Aooa twv MaOnuatikov.

— FRIEDERICH GAUSS (1777 —1855)

Apxn ¢ MaOnuanikne Enaywyne:
L.1. APXH: ‘Eoto P(v) évag 1oyuptopdg mov avapEpeTal 6Toug OTikohg akepaions.

Av

aAn6ng, Kot

oug V.

(i) o oyVpLoudS givar aAnO”Mg o Tov axépato 1, dnAadn o P(1) eivan

(i) n aAnBewo tov P(v) cvvemdyetor v oAndeia tov P(v+1) yuo kébe
v 101 0 1IoYVPopog P(v) odnBedet yia 6Aovg Toug BeTikovg akepai-

1.1.1. ZHMEIQsH: H apyn g Mabnpotikng Exaymyng epapuoletol Kol 6€ TepmTOOELS OTIG
omoiec 0 wyvplopog P(v) woydet yuo ke v peyoivtepo 1 160 and KATOo opiopévo

QLOKO OPLOo.

AYMENEY AXKHXYXEIY

1.2. Na arrodeiete o yia kaOe Oetikd axéparo v woyvet

v(v+1)(2v+7)
%

1°3 + 24+ 35+ ... +v(v+2) =

Avon:
‘Eoto P(v) n wotta mov 0Ehovpe vo amodeiEovpe.
10+1)(2:147)

e Tw v=1 niooémra yiveton 1-(1+2) = o

o 3:%9 o 3=3,

nradnn P(1) eivar aAndng.
o Qo amodei&ovpe o6tLov P(v) anbng, tote kaw P(v+1) ainbng, onAadn ot

av 13424435+ . +v(v+2)= W 018

13424435+ 4a(2) + (r)(3) = LD D)
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‘Exovps: 13+24+35+. . +vv+2)+(v+1)p+3) = %

+v+1)(v+3)
_ vo+DQv+D+6(v+D(2v+3) _ (v+D[v(2v+T7)+6(2v+3)]
6 6
_ (D@ +Tv+120+18) _ (v+1)(v+2)(2v+9)
6 6 ’
Apa, 1 16otTa 0AnBeder Yo 6Aovg Tovg BeTIKOVG aKkepaiovs v

|| 1.3. Na awrodeiete o yia ke Oetikd axéparo v>2 woyvel 3v>3v+2.
‘Eoto P(v) n avicdmta mov BéAovpe va amodeifovpte.
e T v=2 novicomro yivetar 32>32+2 < 9>8, dnadin PQ2) eivar aindng.
e Qo amodei&ovpe 6tLav P(v) ainbng, tote kar P(v + 1) aindng, oniadn otu
av 3">3p+2 1ote 3VTI>3(v+1)+2.

‘Byovps: 3V1=33V>33v+2)=9%v+6=3(v+1)+2+6v+1)>3(1v+1)+2, apod
6v+1>0.
Apa, 1 avicdnTo aAnfevet yioa 6A0VG Tovg BeTikobs akepaiovg v pe v=2.

|| 1.4. Na astodeifete on yua ka0s Oetik6 aképaro v>3 woyvel 2v > vz,
‘Eoto P(v) n avicdmta mov Béhovpe va amodei&ovyte.
o T v=4 navicomra yivetan 24 > 42 < 16 > 16, dnradnn P4) sivor aindnic.
o Qo amodeiovpe 6tLav P(v) anbng, tote koaw P(v+1) adnbng, onAadn ot
av 2" > tote 2V > (v+ DA

‘Eyxovps: 2V>v? &

22" > 2 &

2V > )2
Apkeiva deibooue 6t 212 > (v+1)2 < 212212 +2v+1 <2 -2v—-1 20
A= (2P -41-(-1)=4+4=8

v

_—(2)x\8 _2 £ Va2
12 2 2 v —w 1=¥2 0 1+v2 4 +oo

: v2-2y-1 + 0 - 0 +
:Zigﬁzz(liﬁ)zliﬁ v
Emopévoc v —2v—1 >0 yia kdOs oxépato v > 4.

Apa, 1 avicdtnTo aAndevet yio OAovG Tovg BeTicos axepaiovg v pe v > 3.

H te)levtaio avicdtnra uropei vo amodetryfel kot Onwg Tapakdtm
V-2v=120 o vV-2v+1-220 < (v—1)* > 2 mov oydet yia kGOe oképono v >3
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AXKHXEIY
A’ Oudda
1.5. Na anodeitete 0Tt yio k6Oe BeTikd axépato v 1oyvEL:
) 1+3+5+.. +Q2v-1)=1? i) 2+4+6+...+2v=v(v+1)

1.6. No anodeiete 0Tt yio kdOe OeTikd axépato v 1oyvet:
3.(3"=1)
2

H 3+32+33+ . +3v=

1.7. Agiéte 61 y10.k60s veN' 1oydst:
0 22043214422+ L+ (w+ )2 =v2n

5 5 2 2_ 2v(v+1)(2v+1)
B 2+ Q) s ——

3 a2 2 2 v(2v-1)(2v+1)
p P32+l s S

1.8. Agifte 61y k6B veN™ 1oydet:

2
@ 12242324342+ + (- A= X ZDBv+2) _11)2(3V+2)

1.9. Na anodeitete 6Tt Yo k6Oe BeTikd axépato v 1oyvEL:
i 1-2234+345+ ... +Q2v—1)2vQ2v+1)=v+1)(2v*+2v-1)

i) 1234234+ . +v(v+1D)(v+2)= V(V+1)(V:2)(V+3)
1.10. Agi&te 6ty k6Be veN ' 1GYVEL:
1 2 3 \ v+2
~+ 2+ 24+ + XL =2
Dyttt Ty
1 3 5 2v—1 2v+3
e e e L,
B) 2 22 23 2\/ 2v
S S I R I
23 34 45 v+D(v+2) 2(v+2)
S B S B B
14 47 710 (Gv=2)3v+1)  3v+l
£) 0 D URRE S ot 1 _ v
110 1019 1928 Ov—8)(9v+1)  9v+1
or)L+L+L+...+ 1 = v
511 1117  17-23 (6v=1)(6v+5)  5(6v+5)
C)L+L+L+.”+ 1 =_V
1.3 35 57 Qv-DQ2v+1)  2v+l
2 2 2
n)i+27+37+___+ v :V(V+1)
13 35 57 2v-DQ2v+l)  2(2v+D)

1.11. Na anodsifete 0t yio k6Oe Oeticd axéparo v>2 1oyder 57> 5y + 14,
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1.12. No Seiéte 6t yia kdbe veN' 1oydet:

Vil s L Ly Ly v L <oy
METRE TS NorS T

A’ Oudda
. . . * , Dv+2) ... (2v) v
13, N s -2
1.13. Na amodeitete 011y kGBe ve N 1oy0el 135 .2r-1)
1.14. Na amodeifete 0ty k6e ve N™ woybet 1+\/§+\/§V+ S > % W

1.15. Atveton 1 oxorovbia (@) pe oy =1 xar @y =42+a, pe veN' . Na Seilete 611

i) a1 > a, ii) 0,<2, 7yakabe veN .

1.16. X¢ pia de&imon eivatl kaAeopévol v atopa. Av ToovyKpicovy avd 600 To TOTHPLOL TOVG

v(v—1)

161E va omodeifeTe 0TL Ba aKOLGTOVV 5

TooVYKpioHATA.
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ENOTHTA 2

EYKAFEIAEIA AIAIPEXH

To epawtiuore oty Ocwpio AprBumv katavoodviar kai
omo nlifiovg, amavtwvial, OUWS, HOVO A0 1010PVELS.
—PAauL ERDOS

To Ozwpnua tne Evkleideras Oraipeong

2.1. IIPOTASH: Av a kor f eivor pvoikoi opiBuoi ue f# 0, tote vadpyovy uo-
VOOIKOL QUOIKOL K KOl U, TETOLOL, (DOTE
o=rkf+to, 0<Lo<p.

2.1.1. XHMEIQ>H: Avol a kot S eivor aképarot tote 0< v < |ﬂ|

AYMENEY AYXKHXYEIY

2.2. Na antoSeiete ot
i) To afporopa o aprwv akepaiwyv ivar ApTog.
ii) To afporopa Vo TeprrrOdV akepainv ival aApTog.
iii) To aOporopa evog APTIOV KAL EVOG TEPITTOV AKEPALOV EIVAL TTEPLTTOG.
iv) To yivopevo §v0 apuiwv akepaiov givat apmog.
v) To ywvouevo 80 TePITteOv aKepaimV EIval TEPLTTOG.
vi) To YIvOHEVO €VOG APTIOV KL £VOG TTEPLTTOV AKEPALOV EIVAL APTIOC,.
vii) AV 0 akZpaiog a €ival ApTiog TOTE 0 a2 £ival APTogG.
viii) Av 0 aképaiog a eivar Teprttog tOTe 0 a2z eivan TeEPLTTog.
ixX) Av 0 aképaog az gival apTog T0Te 0 a gival apTog.
X) AV 0 aKEPAIOG a2 €IVAL TEPLTTOC TOTE O A EIVAL TTEPLTTOG.

Avon:
i) 'Eoto a=2k ko f=21 pe k, A€Z to1¢
atf=2k+21=2(+1)=2p dptriog (6mov p=rx+41).

ii) Eoto a=2k+1 kau f=21+1 pe k,AeZ 1618
a+p=2xk+1+2+1=2k+24+2=2(k +A+1)=2p Gptriog (Omov p=x+A+1).

iii) 'Eotow a=2k kot f=21+1 pe x,AcZ tote
atf=2k+2+1=2(k+ 1)+ 1=2p+1 meputrég (6mov p =k + A).

iv) Eoto a=2x xau =21 pe k,A€Z 1o1¢
a-f=2x21=22Krl)=2p dptiog (6mov p =2kA).
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v) 'Eotow a=2k+1 xot f=24+1 pe x,AcZ to1e

aff=QRrk+1)yQ2A+1)=4rkd + 2k +21+ 1 =2QrA+ K+ )+ 1=2p+ 1 meprr1dg
(6mov p =2KkL+ K+ 1).

vi) Eoto a=2x ko f=21+1 ue x,AeZ tote
a-f=2i:(2A+1)=2p dptog (6mov p = k-(24+1)).

vii) 'Botow o =2k pe xeZ tote

of = QK) =4 =22k =2p Gprioc  (6mov p = 2k5).

viii) 'Botw a=2x+1 pe xeZ tote
od=Qr+ 1Y =d + 4+ 1=22(kt1)+ 1=2p + 1 meprrrdg  (6mov p = 2(xc + 1)).

ix) Avo a ftav mepirtdc, TOTe omd 0 (viii) 0 o 0o frov TEPITTdC, GTOmO.
Enopévog o a elvar dptiog.

;. 7 I3 3 e 2 ; e ’
x) Avo a Ntav aptiog, tote omd 1o (vi) 0 o Ba fTav GpTIog, dToTO.
Enopévmgo a sivar mepirtdc.

AXKHYEIY

A’ Oudoa
2.3. Na Bpeite moteg and Ti¢ Tapakdt® 160TTeS £XOVV TPOKOYEL 0o guKAEIdELD dlaipeat). Na
Bpeite 10 mAiKo Kot To vTOAOITO o KABE MEPITTOON.

@217=12-17+13 p)—174 = 18:(-10) + 6 ¥) 639 = (=29)-(-21) + 30

2.4. H Swaipeon evog axépatov pe 1o 29 divet miiko x kot vworoumo v = «°. No Ppebei o a.
[An. O , 30 , 66 , 114]

2.5. Na dei&ete 011 10 TETPAY@VO KAOE AKEPAIOL @ UTOPEL VOL TTAPEL T1 HOPON:
=4k | o> =8k+1, keZ.

2.6. Av o a gival dptiog, va amodeibete OTL:
o +(a+1)’ +(a+3)’ —2a+2 _

4 oM. 3.

o (a+1)’—1=mnor4 B)

2.7. Na dei&ete 011 10 TETPAYOVO KAOE OKEPAIOL @ UTOPEL VOL TTAPEL TI LOPON:
=5 N =5k 1, keZ.

2.8.0) Av o aképonog A dev Stupsitan amd to 3, vo omodeifete 6Tt A2+ 5 = moA.3.
p) Na amodeifete 6Tt k(i* + 5) =moA3 , keZ.

2.9. Aivovtot ot axképator o =x—1 o1 f=5x+ 6, keZ . Na anodeifete oOtL:
a) Avo a eivarl Gptiog t0te 0 f glval TEPLTTOC.
B) 3f—4a=molrll

2.10. Aivovtor ot apiBuoi a=2x+2 kot f=6k+ 7, 6mov k axéparog apBpog. Na anodei-
Eete OTL:
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a) To vmoérowmo g draipeong tov apBuod (28 —a) peto 10 eivon 2.
B) Av o aplBudc x givar moAlomAdoto Tov 7, T0TE kat 0 apBpdg (o + f—2) givar morlho-
TG0 Tov 7.

2.11. O@®pOvLE TOVG AKEPALOVG aPBROVS a, f, k He oo =2k —3 KoL a—f =Kk —5.
a) No vmoloyicete tov f ®G GLVAPTNOT TOL K.
$) Na Bpeite o vwéAOO NG dlaipeong Tov Sa— 36 pe tov 7.
) Na deifete 0Tt of = moA8 + 1.

2.12. Atveton 0 axépaiog opBpog o =12x -5, 6nov KeZ.
A. No anodei&ete 6t10 o gival meptttog apdudc.
B. Na Bpeite T0 vrorouro ™ dwaipgong tov a dio tov 4.
I. No anodeiéete 6110 apBpdg A = (o + 15)(a* — 1) eivon morhamhdoto Tov 64.

2.13. Av o v givat évag Betikdc aképatog, va omodeifete Ot
@ 3" —1=m0A.26 By 3% +51=mor26

2.14. A. No 0modei&eTe OTL TO YIVOUEVO dVO TEPITTOV OKEPOIMV APBNDV EIvol TEPITTOS OKEPUL-
oG apfude.
2
‘ , , . . o-(o”+1
B. No amodeifete 0TLav o o &ivol aképaiog, TOTE kot 0 %)
a-(o* +1)
2

glvan aképaiog.

I. Avo a sivol meptttdg aképoiog, va omodeiete 0L o glvon emiong meprrtdg

aKEPOALOC.

2.15. OepovLE TOVG OKEPOTIOVS TNG LOPPNS o =6k + v pe 0< v <6 Kol x aKEPALOG.
Noa dei&ete otL
a) Ol TOPUTAVE OKEPALOL 0 OV OgV ival TOAAATAGGI TOV 2 1 TOL 3 Taipvouv TN HopPn
o=6x+1 M 1 popen a=>6k+5,6mov x oKéparoc.
B) TO TETPAY®OVO KAOE aKePiov aptBUOD TNG LOPPNG TOL EPOTNUATOSG (o) UTOPEL VO TAPEL
™ popen o’ =3u+1, 6mov u aképatoc.
) 1 S0QOoPA TOV TETPUAYDOVEOV dVO UKEPAIMY TOL EPOTAUATOS (¢) €lval TOAAOTAGG1O TOV 3.

2.16. ' Eocto aeZ . Noa anodeifete ot
A. O apBpodg o maipver t popeny a® =8k 6mov x€Z | o =2x+1 6mov keZ .
B. O apOpoc a-(a’+1) eivar Gptioc.

* * * * *

B’ Oudoa

2.17. Na d¢ei&ete 611 1 Sopopd kOP@v dV0o dadoykdv apTimv eivarl TG Lopeng 64 + 2,
AEZ.

2.18. Na d¢ei&ete 611 10 ABpotopa TV KOPV 00 drudoykdV apTimv etvol Tng LopeNg
8k + DRu+1), K ueZ.

2.19. I'a tovg aképatovg a, B 1oyveln oxéon 7a + 2 = 3. No Bpeite T LOPPES TOV 0 Kol

B.

[An. o=7x+4 , p=3x+2]



290 KEDAANAIO 4°: OEqPiA APIOMON

ENOTHTA 3

AIAIPETOTHTA

3.1. OPIZMO3: 'Ecto a, f &0 axépatot ue f# 0. Oo Aépe 6110 B daupsi ov a ko O
ypaoovpe fla, 6tav n daipeon tov a pe tov f givar TEAEL, dNAAOT O-
TOV VIAPYEL OKEPALOG K, TETOLOG, MOTE O = K-f.

3.1.1. XHMEIQ3H: (1) Otav f/a Aépe 6TLo f elvon diaipétng | mopdyoviag Tov a 1 OTLO
a owoupeitor pe Tov f N axopo 6tLo a eivar moAlamlaoio tov [, Kol ypagovue
a = TOAp.
2) T vo dnAdoovpe Ot 0 aképatog f O dlatpel ToV aKEPULO @, YPAPOLUE [+ a.

3.1.2. IIAPATHPH>H: 1 Av fla,10te o=xf N 100dbvape o= (—x)(— f), mov on-
poivel 0tLav o S eivor Stoupétng Tov @, T0TE kar o — f glvan
dwapémg Tov a. Emopévmg ot dtanpéteg evog aképatov epea-
vifovtat katd Levyn avtifetov aképotmy.

O Qg Gueosc cLVETELEG TOV TOPOUTAV® OPIGHOD EYOVLE TIG EENG:
e *l/a xou *a/a yaxdds acZ .
e S/0,vi0Kk60e feZ .
o Av f/a, 1018 1-f/ K00, Y10 KGOE KEZ .

3.2. IIPOTASH: Eotw a, p, y axépaior. No amodeilete ot
@O Av a/p ko1 f/a, ot a=p n a=-p.
@) Av a/p ko f/7y, ot 0./ y.
(i) Av a/p , 0te a/Ap, yo kibe axépaio A .
Giv) Av a/p ko o/y, tote o/ (P +y).
&) Av a/p xka B+ 0, 0t |a| < |/3|

Anodeiln:

(i) Emedn a/p xar B/ a,vrdpyovv axépaiol «, A, T€T0101 ®OTE f =Ko Kol a = Af, ondte
a =KAo Kol EMOPEVAGC, kA = 1, mov onuaivel 6Tt k =A=1 1 k=1 =—1, dnhadn oTL
a=pf 1 a=-p.

(i) Emedn a/pf ko B/ y, vadpyovv aképotot x, 1, tétotolt ®@ote f=ka Kol y = Af, ondte
y=Aka Koudpa o/ y.

(i) Ene1dn a/f vmapyel oképorog x, 1€1010¢ HoTE f = Ko, 0mOTE A = k0. KOl Gpo
allp.
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(v) Emedon a/f ko a/y,vadpyovv aképatot k, A, této101 ®OTE f =Ko Kol y = Aa, ondte
L+y=ko+lo=(x+ o xardpo o/ (B +7y).
v) Enedn a/pf xou f# 0, vndapyet aképarog k= 0 pe f= ko . Emopévac,
|ﬂ| = |KO(| = |K||0!| > |a| , AQOv |1c| > 1.

3.2.1. ZHMEIQZH: Ao Tig mopomave dotnreg (i) kot (iv) mpokvmtel Otu:
Av a/p xar a/y,t0te a/(kf + Ay) yio 6AOVG TOVG akepaiovg k Kot A.

AXKHYEIY

A’ Oudda
3.3. Na Seifete ot 3/ (4% —1).

3.4. Na Bpeite tov Oeticd axéparo S, av S/ (2a+3) ko S/ (3o+4) 6mov a axépaioc.

3.5. Na Bpeite t1g mBavég Tipéc Tov Betikod axépaov o av 6/ (60-3) kot 0/ (8a-3), acZ.
3.6. Na Bpeite t1g mBavéc tipég tov axépatov f av S/ 2a+5) xaw f/Ba—1), acZ.

3.7. Av a, f axépatot, 6/ (a+5) xar 6/ (17 —p), va amodei&ete 6TL 6/ (a0 + f).

3.8. Av a, f axépatot, 5/ (a+ 18) ko 5/(3 —p), va amodei&ete 6TL 5/ (a0 + f).

3.9. Av a, f axépatot, 3/ (a—8) kot 3/(2—-p), va amodei&ete 6T 3/ (a0 + 20).

3.10. Av n/a kot n>2,vo anodeitete 6t 1+ (a+ 2).

3.11. Av a Betikdg axépatog kot 3 / a, va anodeitete 6t 7/ (2°1).

3.12. Av m Betikdg axépatog kot 3/ m, va anodei&ete ot 26 / (3"-1).

* * * * *
B’ Oudoa
3.13. Na amodei&ete ot
) 5/377+2" ykéds veN i) 6/(v’+3V7+2v) yukéds veN.

3.14.'Ecto a, f€Z. No anodeiEete Ot
iy av 5/ Qa+3p), tote 5/Ba+2p) ii) av 7/ Ba+4p), 1ot 7/ (4o +3p)
iii) av 8/ (5a+9p), 10t 8/ (Ba—p)

3.15.'Eocto a, f€Z . No anodei&ete OtL:
iy av 7/ Qa+3p), tote 7/ (a—2p) ii) av 9/ (f—3a), 10t€ 9/ (Ba+11p)
i) av 11/ Qa+p), 101 11/ (a0 + 6p) ivi av 9/ (5a-1p), 10t 9/ (56— )
vvav 5/Ba-p+1), tote 5/Ba+196+11)
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3.16. Eoto a, f, k, AcZ pe k#—A. No amodeibete ot
iy av (k+1)/(ka+ip), t0te (k+ 1)/ (Ao + Kf)
ii) av (k+ 1)/ (ko —Ap), tote (¢ + 1)/ (Ao — k)

3.17. Na amodei&ete ot
iy 6/a(a+1)(a+5) ii) 6/a(a+1)(a+8)

3.18. No. Bpsite 10 Oetixd aképao o av (a—2)/ (o’ —o* —a+ 1)

3.19. No. Bpeite touc Quotkods aptdpoic v, hote (v+ 1)/ (v +1).

3.20. No Bpeite Tovg 0KEPOIOVE & Y10 TOVE OTOIOVE TO KAAGLLOL 2;:13 glvar aképaog.
3.21. No Bpeite 100G 0KEPAIOVG K Y10 TOVG OTOIOVG TO KAAGHLO 7K5+1 eZ.

3.22. Na Bpeite Tovg akepoiovg mov otav dtapedovy pe tov 7 divovv vdrowmo 3, evd Otav
SwopeBovv pe tov 5 divovv vdrouto 2.

3.23. No Bpeite Toug OeTicong aképaiovg x, y av divetar 6t x> —y* = 31.

3.24.Av o, feZ xar 2/ (a+p) | 2a—p 118 4/ (0" — ).

3.25.Av a, feZ xon 2+ a-ff, deilte ot 2/ (o + ) wou 4+ (aF + ).

3.26. Av a, feZ won 2/ (o — B va deifete onu 4/ (o — B).

3.27. T tovg Oetikovg axképatlovg x, y loyveln oxéon x(x —y) =3y —2. Tote
i) (x+3)/(*+2)

ii) (x+3)/(Bx-2)
iii) va Bpeite Toug x, y.






Ap1Buog
Ceuyapiwv

1

ITooa {evyapia xovveltwv Oa £yovue oto T€A0¢ TOV ¥POvVov, av
Eexvnioovue aro éva {evyapt xat av oAa ta {evyapia yevvovv
xkale unva éva xawvovpyto to omoio @Oaver oe nikia
avarapaywyng Héoa o Vo UNveg;

Eivat to 6wdonpo npofAnpa, yvwoto wg “IlpofAgpa tov koovehiowv” moo gixe B¢oel 0
Leonardo tg ITida - yvwototepog wg Fibonacci (1170 - 1250) - otig apyég tov 13”
awwva.
H anavtyoneivar 1,1,2,3,5,8,13,21,34,55,89,144, 233, ...

To mA\jfog TV (eoyapiwv xdabe prva aviiotoiyel otovg 0povg TG axkolovdiag
Fibonacci. O ouvaptnolaxkog coppfoAiopog ya tnv akolovBia d00nke yia npmtn
opa amo tov Kepler (1571-1630) to 1611, tnv omoia mneplEypaye g
fotfon=fu , OOV f, €ivato n-ootog 0pogtng akolovbdiag, f,=0 kat f,=1.

H axoloovBia Fibonacci ep@avietar oe mAnfog pabdnpatikev xAadwv xat
oovoceTal pe pia peyain MOKIAIA EQAPHOYDV.

To nnAiko TV dradox1ik®mv 0pmwv g akolovbiag

13 _ 21 _ 34 _ 55 _
g —L1625 , 13=161538 , 55 =1,6190476 , <, =1,617647, ...
teivetpogtovaplpo ¢ = \/g;l = 1,61803398...

O apiBpog ¢ = % , OII0 TO OVOpa Tov YAorTy) ¢ KAaowkrg apyatotntag Pedia,

omov x eivain Betikn pila g efiowong x* + ax-a’=0 MOL MPOKVITEL ATIO TO
npoPAnpa tg draipeong evog evfvypappov THHPATOG HIKOLG A4 OF PECO Kt
AaKpo AOYo, oV €ival yvowoto wgmpoPAnpatng Xpvong Toung.





