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3. OpLa - ZuvExeLla

3.1 H évvoia tou opiouv

OpLopnoGg
Opuo eivar n T € mou naipvel n cuvaptnon f kaBwg to x TANoLAaleL
LLE OTIOLOVSNTIOTE TPOTIO TO Xo.
lim f(x) = ¢
Napatnpnoelg
e [La va €xeL vonua n avalntnon Tou opiou tng f kovtd oto X,, MpE-
nel n f va opiletal kovtd oto Xo, SNAadn To X, MPEMEL va elvat
E0WTEPLKO oneio Tou mediou oplopol ¢ f i dkpo avolytoL dla-
otrpatog tou nmediou oplopou tng f.
e Yndpxettodplotngfotox, € R kattooupBohitoupe pe lim f(x) = ¢,
otav oL TLLEG TnG f Bplokovtal 6oo kovid BENoupe otov aplBuo ¢,
KaBw¢ To X pooeyyileL TO Xo.

OpLopog
Oa Aépe MAEUPLKO Oplo TNG f amo aplotepa kat Ba 1o cupBoAiloupe
limf(x), dtav o X TANGCLATEL TO Xo UE UIKPOTEPEG TLUEG (X < Xo).

OpLopog
Oa Afpe MAEUPLKO Oplo TG f amo de€ld katl Oa to cupPoAiloupe
limf(x), 6tav 1o x MANOLATEL TO Xo HE LEYAAUTEPEG TLUEG (X > Xo).

X— X9
Napatipnon

Mo va umdpxeL to 6plo tng f oto X, Oa MpémeL va untdpyouv Ta
TIAEUPLKA Opla Kal va gival ioa.

lim f(x) = lim f(x) = lim f(x)

X—Xo X—Xo

3.2 'Opto Zuvaptnong oto X, € R
1810TNTEC OpilV

Y€ OAEG TLG TOPOKATW LOLOTNTEG UTIOBETOUHE OTL UTIAPXOUV TAL OPLAL
0TO Xo.

e Oplo kat Statagn
* Avlimf(x)>0, téte f(x) > 0 kOVTd OTO Xo.

* Avlimf(x) <0, téte f(x) < 0 KOVTA OTO Xo.

Mpocoxr! Av limf(x) > 0, tote Sev LoxveL 6Tt f(X) = 0 KOVTA OTO Xo.



Avtiotoa av limf(x) < 0, tote Sev oxveL oL f(x) < 0 kovtd

0T0 Xo.
* Av f(x) >0 kovtd 670 Xo, ToTE limf(x) > 0.
* Av f(x) <0 kovtd 670 Xo, ToTE |imf(x) < 0.

Mpocoxi! Av f(x) > 0 kovtd oto Xo, TOTE Sev oxveL ot lim f(x) > 0.
loxVet opwg lim f(x) > 0.
Avtiotorya av  f(x) < 0 kovtd 01O Xo, TOTE Sev LOYUEL OTL
lim f(x) < 0. loxVet dpwg lim f(x) < 0.
* Av f(x) < g(x) kovtd 010 X0, TéTE Ka lim f(x) < lim g(x).
NMpoooxn! Av f(x)<g(x) kovtd oto X,, TOTe Oev LoxUel OTL
lim f(x) < limg(x). loxVet opwg lim f(x) < limg(x).
* Av limf(x) < limg(x) téte kau f(x) < g(x) kovtd oT0 X.
Mpocoxn! Av limf(x) < limg(x) tote 8ev woxvet ot f(x) < g(x) kovta
OTO Xo.
e Kputripto MapepPoAng (kpLtriplo caviouLtc)
e Av  oyvet h(x)<f(x)<g(x) «kovtd ot0 X, KoL
limh(x) = limg(x) = { tote ka lim f(x) = L.
e Opla kal mpagelg
o lim(f(x) £ g(x)) = limf(x) + lim g(x).
. Ierlwo(Kf(x))zmlxter(x).
o lim(f(x)-g(x)) = limf() - lim g(x).
f(x) _ limfOo
M g(x) = Timg(x)” K imetx) # 0.
o lim(f() = (limfO0).

o lim¥/f(x) =5/limf(x), av f(x) > 0 kovtd oo Xo.

e Oplo MTOAUWVUULKAG
o limP(x)=P(xo).

e Opo pntrig
lim P(x) _ P(Xo)

0 Q(x) T Qx0)’

pe Q(xo) # 0.



e TPLYWVOUETPLKA OpLaL
o limnpx = Npxo.
* limovvx = GuVXo.

oMux
© lim=y =
o lim =Ly
x—0 X

e Oplo ouvBeTNG ouvApTNONG
. Iximf(g(x)) = limf(u), 6mou u = g(x).

Npocoxr! Aev omape MOTE TO OPLO OE EMUEPOUG OPLA, XPNOLULOTIOLWVTOG
TG 1810TNTEG, av dev yvwpiloupe OTL OAA TO ETILUEPOUG OpLAL
UTTAPXOUV.

Mpoooxn! Eival duvatov va uTtdpxeL Eva Oplo XwpLig va UTIAPXEL KATIOLO
Qo TO ETUUEPOUG OPLAL.
Oswpnpa (Mnéevikni eni dppaypévn cuvaptnon)

Av ol ouvaptioels fi, f, elval oplopéveg o’'éva ocuvolo A, € eival
£€va EoWTEPLKO onpeio 1 akpo tou A, n f, elvat ppaypévn o pia meploxn
tou § kau limf,(x) =0, téte Loxvet ot lim(fi(x)f.(x)) = 0. (AnkasdH To
YWWOUEVO UNSEVIKAG cuvapTtnong ni dpaypeévn eivat pndevikn).
Me0BoboAoyieg

YToAoyLopOG oplwv 0TO Xo:

i. AmAd opua.
Ye auta Sev UTAPXEL MOPOVOUAOTAG Elte aAUTOG dev pundeviletal.
MNa va ta utoAoyioou e BEtoupe aneuBeiag OTOU X TO X, KOLL EKTE-
AOUUE TIG TIPAEELG.

3x+2

x+1 -

MNa va urtoAoyiocoupe To 6pLo Ba AVTIKATACTIOOUE TO X PE TO 2 KAl

Ba kdvoupe PAseLS lim X+2 _3.2+2 8
HETPACEG IM™ /7 =" 2+1 —3-

m.x. Na umoAoyLoTel To 6plo lim

ii. Opla % HE TTOAUWVU L.

Y€ auTa Ba MaPAYOVTOTOLOUUE apPLOUNTH KAl TIAPOVOUOOTH, UE
™ Bonbela tou oxnuatog Horner (0To X,) N AAANG pebodou na-
payovtomnoinong, LEXPLS O0Tou va amhonolnBel o 6pog X - X, OV
nipokaAel Tnv anpoodloplotia. Katomv B€Tou e OMoOU X TO X, KOl
KAVOUE TIPAEELG.

x*-4x>+5x-2

o x*+3x-10 ’ 0
Mapatnpope OTL AV AVTKATACTHOOUHE OTIOU X TO 2 TIPOKUTTTEL

4

m.x. Na umoAoyLoTel To 6pLo lim
il



TUX.

LY.

anpoodloplotia. Kavoupue oxpua Horner yla va mapayovionoLr-
OOUE TOV aplOuNTh Kal Bplokoupe Tig pileg TOU MAPOVOUAOTH YL
Val TOV TIOPAYOVTOTIOL|OOULE OTIOTE TIALPVOUE:

lim X3_24XZ+SX-2 =IimM(X2_2X+1)=

-2 X’ +3x-10 w2 (x~7)(x+5)

i X’ -2x+1 _2°-2-2+1 _ 1
M x+5 = 2+5 7

Opla % ue pilec.
Oa moAAamAaoLalou e aplOUNTr Kol TapovoaoTh e tn oculuyn
napaoctaon.

Mapaotaon Zuluyng Amnotéleopa

No urtoAoylotel To 6plo lim———7

ol
MapatnPOoUHE OTL AV AVTLKATAOTHOOUME OMoU X To 0 MPOoKUTTEL
0 , , . ,
o antpoodloplotia. Oa mpemnel va TOANATTAACLACOUE aplOunti

KOLL TTOPOVOUAOTH UE TN oulnyn Mapaotacn Tou aplountr), onote
TIPOKUTITEL:

Yx*+100-10 . [4/x*+100-10 ¢ x’+100+10
2 = ||m ) . B =
X -0 X VX~ +100 + 10

lim

x—0

m x’+100-100 - lim X’ _

<0 x?(/x*+100 +10) *-° x?(y/x*+ 100 + 10)

lim XZ = lim 1 = 1 =L

=0 ¥ (/x*+100+10) = /x*+100+10 0+100+10 20
VX+3-3

Na umoAoylotei to 6plo lim——.
=6 x-2-2

MapatnpoULE OTL OV QVTLKOTOOTCOUME OTOU X TO 6 TIPOKUTITEL
0 , . . .
o anpoodloplotia. Oa mpeEmeL va TTOAAATTAOCLACOULE aplOuntn

KOl TTOLPOVOUOLOTH UE TN oulnyn mapAaoTtoon Tou aplOunth Kol Tou
TIAPOVOUALOTH), OTIOTE TIPOKUTITEL:

|im‘/x+3 3 im VX+3-3 Vx+3+3 /x-2+2
=6 X-2- e\ WX-2-2 Yx+3+3 yYx-2+2




LY.

X-6 . /x+3+3

“m(;/é m+2) " Jx-2+2  J6-2+2 _4+2

x-6 Jx+3+3) = /x+3+3 J6+3+3 3+3
AV KATIOLOG OPOG TIEPLEXEL TIEPLOCOTEPA ATO SUO PLlKA, TOTE yLa
NV eUpeon tou opiou adatlpolpe and KABs pLllko TNV TIUA Tou
yla X = Xo. Emetta eite Staomdpe to KAAopa Kal moAAamAactalou e
1o KaBéva pe tn ouluyn mMapAoTAcK, ite SLalpoUE OAOUC TOUG
OPOUG TIOU SNULOUPYOUVTAL UE X - Xo.

VX+2-yx+7+1
X-2 :

MapatnpoUpe OTL AV AVILKATAOTCOULE OTIOU X TO 2 TIPOKUTITEL %
anpocdloplotia. Omote Ba mpEmeL va SLCTIACOULE TO KAACUA O€
600 kal va ToAAamAaoLdcou Ue To KaBéva e tn ouluyn mapdota-
on, OTOTE MPOKUTITEL:

<\/><T2-2_\/><T7-3>=

IIm((\/x+2 2(\/x+2+2)_(\/x+7 3)(\/x+7+3)>_
2\ (x-2)(Vx+2+2) (x-2)(Yx+7+3)

T i
(x~2)(Yx+2+2) (x~2)(/x+7+3)

1 1 _1

IX|2<,/x+2+2 \/x+7+3> 6~ 12°

lim x+3-9.\/X-2+2 lim x-6.\/X-2+2 _
X—6 X'2-4 /X+3+3 X—6

'3

Na urtoAoytotei to 6pto lim
sl

X

lim

X—2

iv. OpLa % HE amoAuTa.

Av 10 X, 6€V Undevilel To anoAuTo, TOTE BPLOKOUE TO TPOCNO TNG
TIAPAOTACNG LECO OE QUTO YL X = Xo KL SLWXVOUE TO AMOAUTO.
Ix-3]-1

1.X. Na urtoAoylotei To 6plo lim — 5 —
1n n

MapatnPoUHE OTL AV AVTLKATAOTACOUME OTIOU X TO 2 TIPOKUTITEL
% anpoobloptotia. Yrohoyitoupe o lim(x - 3) = -1 < 0. Enopevwg
Eavaypadoupe To apxkd 0pLo SLwXVOVTAC TO ATTOAUTO Kal aAAA-
{ovtag Ta TPOoN A TNG MOPACTACN G LECA OTO ATOAUTO (ETIELSN N
TLUA TOU oplou Elval ApvNnTLKN), OTOTE MPOKUTITEL:

lim (x-3)-1 = lim = lim =
X—2 X-2 x—2 X-2 X—2 M

AV T0 X, undevilel To AMOAUTO, TOTE MALPVOUE TTAEUPLKA OpLa. AgV
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LY.

LY.

EEXVAUE OTL OTAV TO X — X TO X > Xo KAL OTAV TO X — Xp TO X < Xo.

. | x*-3x+2]- x+1
Na umtoAoylotel to 6plo I|m x-1
X—

Mapatnpoupe OTL AV AVIIKOTAOTACOUE OTOU X TO 1 TPOKUTTEL
% anpoodloplotia. YroAoyiloupe t0 le[rll\ x*-3x+2|=0. Enoué-
VWG TIPETIEL VAL TIAPOU LLE TIAEUPLKA OpLa. YTtoAoyilou e Tig pileg tng
x*-3x+ 2 = 0 KoL KAVOULLE TIIVOLKOL TIPOOH LWV.
X -o0 1 2 400

S3x+2 | + | - | +
MNapatnpoUpe OtL x*-3x+2 <0 6tav to x — 1° kat x*-3x+2 >0
otav 10 X — 1. YoAoyi{oupe Twpa ta TAEUPLKA OPLA, OTIOTE TPO-
KUTTTEL:

(x—3x+2) x+1 i -(x-1)(x-2)-(x-1) _
x-1 = m x-1 B

im M&ZH) (1-1)=0

. xX*-3x+2-x+1 (x-1)(x-2)-(x-1) _
L'I‘D x-1 xf‘ﬂ x-1 -

Emeldn ta mAsuplkd opla eival SladopeTikd PETAEU TOUC, TO

o x*-3x+2]-x+1 ,
lim -1 Oev uTtapyeL.

X—

. Opla % LLE TPLYWVOLETPLKOUC OPOUG.

Oa mpoonabolpe (noMartAaotdZovraq Kal Slalpwvtacg) va ep-

pf(x) . ouvf(x)-1
davitoupe opla TG Hopdng Ixmx'l f(x) n lim £(x) omou

lim f(x) = 0. EtoL B€tovtag f(x) = u Ba katalfiyoupe ota Bactkd

opla Ilmn—hLu =1n IMGUVTUI 0.
P . 3

Na Uno)\oytot&to oplo Ilm Tlli X .

lim =X [3 “”3"]

G)srouus u= 3x.
Otavx - 0tou— 0.

Emopévwg IJ[Q[SH%] =3-1=3.



LY.

LY.

TLX.

3.3

o p(x-m)
N(?L urtoAoytotet To opto lim -1
O€TOVPE U = X - TT.
Otav x - mtou— 0.
npu

g =L

Ermopévwg lim
b

vi. Opla pe ouvaptroelg moAAamAoU TUMOU O0To onpeio aAlayng Tu-

Vi

TIOU TNG CLUVAPTNONG.
Oa unoAoyiloupe ta MAgUpLKA Opla TG f oTo X,. EToL yla va umap-
XEL TO Oplo Ba TIPEMEL TA MAEUPLKA OpLa va elval Loa.

Ma mowa T tou a € R undpyet to 6plo g f(x) =
oTo onueio x = 3;

Mo va UTIAPXEL TO OpLo OTO X = 3 Ba MPETEL VAL UTIAPXOUV TA TIAEU-
PLKA OpLa KaL va eivat {oa.

limf(x) = lim(x'-1)=3"-1=8

Iip;f(x) = Iim(Zocx) =203 = 6a

x*-1,x<3
20x, X =3

MNpéneL 6o = 8 & a=%.

Avtikataotaon.

Av 6éAouje vouTtohoyicoupe éva 6plo tng popdric A = lim f(g(x)),
tote Bétoupe g(x)=u, omote [img(x)=uo kaL av u # U, KOVTd
OTO Xo, TOTE A = lim)f(u). Emopévwe avti va umoloyiocoupe to
lim f(g(x)), uohoyiZoupe To eukoAdTEPO Gpto |im F(u).

Av lim f(x) = 1 va urtohoytotei to lim f(x - 2).

@ftoupe U = x - 2.

Otav x — 2tou — 0.

Enopévwg lim f(u)=1.

OswpnTIKA Opata HE opLa
Otav pag {ntolv To OPLO HLOG CUVAPTNONG, TNG omolag dev yvwpl-

{oue Tov TUTo, Ba edpapudloupe KpLtriplo mapeBoAnG av £xoupe SuTAn
aviootnTa.

Av €XOUUE OUWG TO OPLO JLaG TTAPAOTOONG, N omoia Ba TepLEXEL

v f, kot pog Intolv to dplo tne f, Ba B€toupe tnv apdotaon h(x) kot
Ba AUvoupe wg rpog f(x). Enerta Oa untoloyifoupe to dpro tng f(x) adou
OAa Ta UTtOAOLTTIaL OpLa ElVaL YVWOTA.

3.4 Mn Nenepacpévo Oplo oto x, € R

‘Eotw ouvaptnon :f A — R. loxbouv ot €€ ¢ 18LOTNTEC:

e Av lim f(x) =+o0, tote f(X) > 0 KOVTA OTO Xo.

X—Xo



* Av limf(x) =-o0, tote f(X) < 0 KOVTA OTO Xo.
o Av limf(x) =+occ, Téte Ixi_rQ(-f(X)) =-00.

o Av limf(x) =-c0, toTE Ixim(-f(x)) =+00.
* Av limf(x) =0 kot f(x) > 0 kovtd oT0 Xo, TOTE Iximﬁ =+00.

o Av limf(x) =0 kat f(x) < 0 kovVTd 6TO X, TOTE Lmﬁ =-%0.
R T
Av lim f(x) =+oo 1} o0 Tote lim 5y = 0.

* Av limf(x) =+occ, ot lim VE(X) =+oo.
e Av f(x) < g(x) kovtd oto X, Kot Iximf(x) =+00 01 lim g(x) =+oo.
o Av f(x) > g(x) kovtd oto X, kat lim f(x) =-co TéTE |im g(x) =-oc0.
MNapatnpnoslg
e [l AOyoug cuvtopiag umopoUue avti tng ékdppaong " Ixiqrp0 f(x)=0
kot f(X) > 0 KOVTA 0TO X,", VOL XPNOLULOTIOL)OOUE TO GUUBOALOHO
0*. Avtiotoyxa pmopoupe avti g ekppaocng "lim f(x) = 0 kat
f(x) < 0 KOVTA OTO X", VO XPNOLLOTOLiCOUE TO GUUBOALGUO 0.
MopdEg opiwv

lim f(x) §a>0§a<0§oc>0§a<0§ 0 0 +oo+oooooo
e |ng(x) ......... R AR s NS e S S Sie s e
||m(f(x)+g(x)>+oo ....... S TR St S M S SO s v

Anpocdioplotec MopdEg
(+00) +(-00), (+00) - (+30), (-00)- (-0), 0 (£00), J, T2
0°, (+00)™, 1%, (£oo)’
MeBodoloyiseg
Ta phn MENEPAOUEVA OPLAL OTO Xo € R Ba ivai yevikd dpLa tn¢ pop-

dAC Im% pe f(Xo) = @ # 0 kat g(xo) = 0. Na vo o utoAoyicou-

HE Ba ATIOOVWVOU LIE TOV TTOPOVOaoTH, Ba uTtoAoyi{oUHE TO OpLo
Tou Kal Ba e€eTaloupe TO MPOCNUO TOU.

i. Av 1O mpoOconuo eival otaBepd KOVTA OTO X, TOTE, AvVAAoya UE TOV
Tiivaka oTLC LopdEC oplwy, Bpilokoupe ameuBelag To 6plo.

, . . . 1
m.x.  Noumoloyiotei, av umdapxet, To opto lim x-27"
o (x -

To 6plo Tou MapovopaoTH, OTaV TO X TEWVEL 0TO 2, gival pundév. O



TLX.

3.5

TIOPOVOLAOTAG KOVTA OTO 2 €lval mavtote BeTIkOg (emeldn elvat
U WHEVOC OTO TETPAYWVO). Emopévwg To 0pLo Ba LooUTe pe +oo.

, , , . 1 1
Molo cUVTOA UTTOPOUUE VA YPAWOUUE I*@W =7 =+oe.

ii. Av 0 mopovopaotng aAAAlel TPOCNUO EKOTEPWOEV TOU X, TOTE,

naipvovtog MAEUPIKA Opla, akoAouBoUpE TNV TiponyoUEVN UE-
Boboloyia kal TeAka Bplokoupe OTL TO Oplo Sev UTTAPXEL EMELON
TO TAEUPLKA Opla elval SLadopeTIKA.

No urtoAoyloTel, av UTtApXEL, TO OPLO lim~ ?2 )
To 6pLO TOU TOPOVOROOTH, OTAV TO X TEIVEL OTO 2, elvalt Unbév. Emet-
61 &ev umopoL e va mpooSLopiooU UE TO TPOGCN L0 TOU TIOPOVOLLO-
0TI KOVTA OTO 2, Ba TAPOUHE TTAEUPLKA OPLAL.
|imL = % =+o00, lim l__ i =-00

x-27-0 ’ x-27-0

x—2" x—2

Ta mAeupika opla eival SLapopeTikA HETAEY TOUC, ETMOUEVWC TO

oplo lemﬁ Sev umapyeL.

OpLa oto Amelpo
Baowka Opla

e limx'=+o0.

{+oo,v = 2K

—oo,v=2K+1’KEZ'

e |imx'=
i

Oplo MOAUWVUULKNAG
o lim(ax'+ X+ ..+ aix+ao) = lim(a.x’), pe a, # 0.

Oplo pntig

Too,V>K
. lim X'+ X L X+ lim ax’ | a, Ve ue
X—+00 BKXK + Bx_lxK_l +...+ le + Bo X—#oo BKXK BK, s
0, vVv<kK
a.pe # 0.

Oplo appntng
o limY/aX + QX+ L+ QX+ Qo =

. K v Qy-1 OLl Qo
tim?/x (5 +"'+x“+xv>=
. v oK Qy-1 Qy Qo
X [x- et =
JlQl(' | \/ozv+ « +...+XV.1+XV)

(+00)- 5/ @, +0+... +0+0 =+oo.

10



e Oplo ekBEeTIKAG

e Ava>1tote lima*=+oo kat lima*=0.

e AvO<a<1tote Jima* =0 kat lima*=+co.

e Oplo AoyaplBuikng

e Ava>latote |limlog.x =+oo Kat Iinowlogax =-00
—+00 x—0"

e AvO<a<1rtote limlog.x =-oco kat Iirplogax =+00.
X—+00 X0

Me0BoboAoyieg

LY.

TUYX.

LY.

LY.

LY.

LY.

11

2ta Opla oTo Amnelpo, otav EXoUUE anpoodloplotia % YEVLKA
Byaloupe Koo mapdyovta, IPoomadbwvTtacg va SnULoUPYRooUE
HUNSEVIKA KAl va pmopécou e va Stwéou e Tnv ampoaodloplotia. Av
€XOUUE TTOAUWVULO. UTIOPOUKE VO XPNOLUOTIOL)COUE ameuBeiag
TIG LOLOTNTEC.

Na umtoAoytotei to 6pto lim(3x* + 5x - 2).

‘Exouue:

lim(3x*+5x-2) = lim(3x*) =+oc.

3x*+5x-2
Na untoAoyLoTel to 6pto in v
‘Exoupe:
2 2

)!L_OQ 3x )‘("-5])-(' 2 - >!I_oo 3))(( = )!Lm(3x) =-00.
Na urtoloytiotei to oplo Jim 3x+5x-2
. A e X+ 1
Exoupe:

352 3¢ 3 1

e BX'-x+1 gy T 6 27

, , . x-1

INa UTtOAOYLOTEL TO OpLO xl'ﬂlig,xz Ex 42"
Exoupe:

. x-1 X 1

li = lim=s

xAr;ro]o 3)(2 - 5X + 2 X —+00 3)( X —+00 3X
Na umoAoylotel to 6pLo xI|_r+r(l\/x +5x-2.

‘EXOupE:

limyx+5x-2.= Jimy ¢ (145 %) = Jim(Ix1/1+5 - &)=

X X

Jlm(x4/l+5 3) +00-1 =+o00.

No urtoAoyiotei to 6pto limv'x* +5x - 2.

‘Exoupe:

lim /" + 5x-2 = lim, /¢ (1+ 5 - & ) = lim(Ix1,/1+ 5 - &) =

X



TUX.

LY.

TUX.

J[.m('xm> =-(-00)- 1 =+00.

No urtoAoylotel To 6plo x“ﬁl(‘/ X+ 5X-2 +X).

‘Exoupe:

x“ﬂl["( (1 +%—%>+ 1)] =+00-2 =+o00.

Noa urtoAoylotel To 6plo XIi_ng(«/ X2+ 5x-2 +X).

Av BydAoupe KOO mapdyovTa TO X, OTIWE KAVOE OTO Tponyou-
pevo rapadetypa, Ba pokL P el anpoodloplotia O - co. EMOUEVWE
TMoAAAMAaoLA{OU UE TTPWTA PE TN oculuyn MapAcTAcH TOU aplOunti
Kol EXOUUE:

lim (VX" + 5x-2 4 x) = Jim S 2X 22X

. Hs-%) _5-0
xm_)«\/(“%_%)”) -(V1+0-0+1)

=
-3

. 2Ta Opla e EKOETIKEC, av €XOUE EKOETIKEG e TNV (6l Bdaon ToTe:

* AvTO X —+00 KaL N Baon eivat peyaAutepn tou 1 tote Oa Bya-
{OUUE KOLVO TTapAyovTa TNV eKOETLKA.

* AV TO X —-o0 Kal N Baon eival peyaAutepn tou 1 téte avtikaOi-
otoU e aneuBeiag adou To 6pLo TNG EKOETIKAG KAVEL 0.

e AvTO X —+oo Kal n Baon eival pikpotepn tou 1 tote avtikaOi-
otoU e aneuBeiag adou To 6pLo TNG EKOETIKAG KAVEL 0.

* AV TO X —-00 Kal n Baon sivat pikpotepn tou 1 téte 6a Byalou-
LE KOLVO TIOpAyovVTa TNV EKOETIKN).

X

Na urtoAoyLoTel To OpLo Iimﬂ
v o M 2e 41

‘EXoupe:
x 3 3
lim e+3 _ Iime <1+ ex> = lim 1+ et 1
X—+0o0 zex+ 1 T et X 1 T oo 1 - 2 :
e (2+ ex) 2+ o

12



LY.

LY.

LY.

LY.

Na urtoAoyLlotel To 6pLo lim e'+3
v PO M2+ 2¢*

‘EXoupe:

I e’ +3 0+3 3
x'mo2+2e 2+0 " 2

ITa Opla PE EKOETIKEG pE SLabOPETIKES BATELC, av £XOULE EKOETL-
KEC He SladopeTIKEC BACELG TOTE:
e AVTO X —>+00
Oa Bydlou e KOO Tapdyovta TV eKOETIKA LE TN LEYAAUTEPN
Bdon. Etol Ba exoupe lima* =0, adpov 0 < a < 1.
e AVTO X —>-0©
Ba Bydloupe Kowod mapdyovia TNV eKOETIKN ME TN UKPOTEPN
Bdon. EtolL Ba exoupe lima* = 0, adov Ba eivar a > 1.

Noa urtoAoylotel To 6plo I|m2x+753e2x

‘Exoupe:

. e'45.2" ex(1+5<%)x>_ 1 5<%>X_;

Im =530 = Jim e*((;)x+3> = lim <%)x+3 =3

e'+4-2"

Na uroAoylotel to 6pLo |Im72x+1+3 -

‘EXoupe:

IIme “+4-2" — i e'+4-2" i 2X(<%)x+4> _
w2t 43X T xmw 2027+ 3" 'Xﬂ-w2x<2+3<%>*> -
(5)ra 4

RPTEE

. 2Ta 0pla pe AoyaplOukég epapudlovpe tnv idla pebodoloyia pe

TIC EKOETIKEC.

Inx
Na urtoAoyLotei to oplo |im TTnx+ 1"
‘Exoupe:
lim Tyt = fim M= fim oty = gyl
In <1+Inx> 1+ %

Otav £X0UUE OPLO UE TPLYWVOLETPLKEG B XpNOLUOTIOLOUUE TIG Ba-

OLKEG TPLYWVOUETPIKEG OXEoELG | Mux | < 1, [ovvx | < 1 kat énetta
Ba epapuoloupe kpitrpLo mopeBoAnG.

Mpoooxn! Oa pmopoucae, yla va UTIOAOYIOOUHE TETOLO OpLa, VO XPN-

LY.
13
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Na unoAoyLlotei to oplo lim— — ml



RIS U W T S
X x| X

‘EXOupE " x|’

Iim<-1> -0, lim = =0,
X—+00 | X ‘ x—+oo | Y |

Ao 1o KpLTHPLO MAPEUBOARC TIPOKUTITEL OTL IL@% =0.
Oa pmopoVcape va TIOUE, EUKOAOTEPQ, OTL TO MUX €lval ppay-

uévn ouvaptnon. To JL@C% = 0. Emopévwg To JL’E% =0 wg un-

bevikn emti dpaypevn.
3.6 Iuvéxela Tuvaptnong
OpLopOG

Eotw pia ocuvaptnon f(x) kat x, éva onueio tou mediou oplopouy
™G. Oa Aépe 6tLn f(x) elvat ouvexrg oto X, 6tav lim f(x) = f(xo).
OpLopnog

Mua cuvdptnon f(x) eival ouvexig oto nedio oplopol tng, 6tav
elval ouvexng oe kaBe onpeio tou mediov oplopoU TNG.

Juveyelg, ekel mou opilovtal, elval oL MAPAKATW CUVAPTIOELG:

e KdBe moAuwvupkr cuvdptnon P(x).

P(x)
Q(x)
e OLTPLYWVOUETPLKEG CUVAPTACELG MILX, CDVX, EPX KOL OPX.
e H ekBetikn a* kot n AoyapOuikn log.x, pe 0 < a # 1.

e Kabe pntr) ouvaptnon

Oswpnua
Av oL ouvaptnoelg f kot g elval cuvexeic 0To X0, TOTE €lval cUVEXELS
OTO X, KOl OL CUVAPTNOELG:
f+g,c-f,f-g, é || ko ¥/ f
He tnVv tpolTéBeon 6Tl opilovtal o SLACTNLO TTOU TIEPLEXEL TO Xo.
OQswpnua

Av n ouvaptnon f eival cuvexng oto X, KaL n cuvaptnon g sivat
ouvexng oto f(Xo), tdte n oUVBeoH Toug g » f elval ouveXAg OTO Xo.
Me0BoboAoyieg

i. OtavBéhoupe va dei€oupe OTL pLla KAadKkn eival cuvexng, Ba eAéy-

XOULLE TNV CUVEXELQ LLE TOV OPLOUO TN CUVEXELOC OTO ONUELO OAAa-

YA TUTIOU TNG CUVAPTNONG.

ii. Otav 6é\oupe va amodeifoupe OTL Pla cuUVAPTNON €lval CUVEXAG
o€ 6Ao to Ttedio oplopoL TNG A 0 éva SlaoTtnua A, apkel va amodei-
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goupe OTL elval cUVEXNG G €va TUXALO X, TOU eSOV 0PLOUOU TNG
N Tou Staotrpatog A.

iii. Av o€ pla doknon pag Intav va anodeifoupe OTL N cuvaptnon &i-
ValL CUVEXAG O€ €va SLaoTnua A Kal pog §ivouv fia cuvopTnoLaKn
oxéon yla tn ouvaptnon f kal otL elvat cuvexng o' éva onuelo x,,
e 0a ypAdOoUE TOV OPLOUO VLA TNV CUVEXELD O €Va TUXALO Xo.

e Ba kavoupue KatdAAnAn aAlayn petafAnTr¢ oTo 6pLo (avalo-
yQL LE TN ouvaPTNOLAKN OXEoN) £T0L WOTE va TPOKUPEL TO OPLO
lim f(x) to omoio purnopoUue va to unoloyioou e NS yvw-
piloupue ot n f elva cuvexng oto X;.

3.7 Oswpnpota ZUVEXELOG

OQswpnua

Mta cuvaptnon f Oa Aépe OTL elvall CUVEXNG O€ €va avoLyTo SLaoTn-
na (@, B), étav eivat cuveyrc oe K&Oe onpeio tou (@, ).

Oswpnua

Mua cuvaptnon f Ba Aépe OtTL eival ouvexng o€ éva KAELOTO SLa-
otnpa [, B], 6tav eivar ouvexrc oe kdBe onpeio tou (@, ) kat emutAéov

li_ranf(x) = f(a) kat Ixifpf(x) =f(B).
Oswpnua Bolzano

Av o ouvdptnon f eivat ouvexnc oto Sidotnua [, B] kat
f(a)-f(B) < 0 téte umMApXeL TOUAdXLOTOV éva X, € (a,B) Tétolo wote
f(xo) = 0.
Napatnpnoelg

e To Bewpnua Bolzano eéaodalilel tnv Umapén pLag TOUAAXLOTOV
Aong tng e€iowonc f(x) = 0. Autd onpaivel OtL propei va undp-
XOUV KOlL TIEPLOCOTEPEG.

e To Bewpnua Bolzano Sev Bpioket tnv pila tng e€iowong f(x) = 0,
anAa e€aodalilel Tnv UTapPEN Hlag Touldaxlotov pilag.

e Otav 6ev kavorolouvTal kat oL SUo mpolinmoBEoelg Tou Bewpnua-
To¢ Bolzano &ev eival anapaitnto va unapxel pila ¢ e€lowong
f(x) = 0.

e Av uia ouvaptnon f eivat cuvexng oe éva dtadotnua A kot 6€ un-
Seviletal o' auto, ToTe aUTh A lvatl BeTikn yla kaBe x € A ) elvat
opvNTIKA yla KaBe x € A, 6nAadn diatnpel otabepd mpodonuUo oTo
Staotnua A.

e Muwa ouvexng ouvaptnon f Statnpel otabepd nmpodonuo oto dla-
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otnua mou opiletal and dUo Sladoxkég pileg TnG. EMopévwg yla
va BpoU e To MpOonUo TG ouvaptnong f o'éva diaotnua Ba Bpi-
OKOULE TO (POCNHO TNG CUVAPTNONG OE évav aplBpo tou dLaoTh-
patog autol. To MPOCNUO AUTO €ival Kal To MPOCNUO TG cuvap-
ton¢ f oto Stdotnua auTo.
Npotaon
Fotw M ouvdptnon f ouvexi¢c oto (a,B) wote
limf(x)- Iir?f(x) < 0. Tote UMAPYEL TOVAAXLOTOV éva X, € (@, ) tétolo

x—a*

wote f(xo) = 0.
H mapandavw npoétaon pag divel tnv Suvatotnta va epapuocou e
1o Bewpnpa tou Bolzano og avolyto Stactnua f NUiKAELoTo Staotnua.
Npotaon
KaBe moAuwvupo meptttov Babuou €XeL TOUAGXLOTOV ULa TPy O
TwKn pila.
Oswpnua Evéiapeowv Tipwv
‘Eotw pLa cuvaptnon f, n onola eivatl oplopévn og €va KAELOTO SL-
dgotnua [a,B]. Av:
e n feivat cuvexnc oto [a, B]
o f(a)#f(B)
TOTE, yla K&Os apdud k petall twv f(a) kal f(B) umdpyel évag,
TOUAAXLOTOV X, € (@, B) TéTtolog, wote f(Xo) = K.
Napatripnon
H ewdva f(A) evog SLooTAROTOC A HECW LG CUVEXOUC KL [N OTOL-
Bepric ouvaptnong sivat dtaotnua. 2tn nepintwon nou n f eivat otaBepn
10 f(A) eival povoouivolo.
Oswpnua Méyotng - EAaxiotng Tuung
Av o cuvéptnon f eival cuvexrc oto kAetotd Stdotnpa [a, B
TOTE UTIAPXOULV SUO TOoUAdXLoTOV onpeia X. kat X, Tou [a, B] tétola wote
va Vet f(x.) < f(x) < f(x,), yia kdOe x € [a, B]. AnAadn n f naipvel oto
[a, B] ehdxiotn T f(x.) kot péyiotn tpn f(x.).
Napatnpnoelg
e Av n f eivat ouvexric oto [, B] tdte to ovvolo Tipwv e f eivat
f([a,B]) =[m,M], 6mou m n eAdxtotn Twr Kot M n péytotn Tun

ne.
o Avn f eivat cuvexnc kat yvnoiwe avéouoa oto [, B] tote To oUVO-

Ao twwv tne f eivae f([a, B]) = [f(a), f(B)].
16



Av n f elvat ouvexig kat yvnoiwg dbivouvoa oto [a, B] tote To 0U-
voho tinwv tne f eivan f([a, B]) = [f(B), f(a)].

Av n f elvat cuvexnc kat yvnoiwe avéovoa oto (a, B) tdte To ouvo-
Ao tuwv e f eivan f((a, B)) = (1'[]:' f(x), lim f(x)).

Av n f elvat cuvexic kat yvnoiwe dBivousa oto (@, B) tote to oU-
voho T g f etvan f((a, B)) = (lim f(), lim f(X)>.

Otav n f eivat cuvexnc oto [a, B] éxet péytoto kat eAdxioto. Eotw
f(x.) To eAdiytoto kat f(x,) To péyloto 6mou X., X, € [a, B]. Av umo-
Béooupe OTL €lval X. < X,, TOTE N f elval cuvexng oto [Xe, X, |. Z0p-
dwva e To Bewpnpa VELAUESNS TLAG YL kABE K petall Tng f(Xe)
kot f(x,) urtdpyet éva touldytotov 0 € (x., %) C (@, B) tétolo wote
f(0) = k.

Enopévwg dtav €xoupe ouvaptnon f cuvexn oto [a, B, yia kaBe k
miou Bploketal HeTafL TNC HEYLOTNG KOL TNG EAAXLOTNG TIUAG TG f
kot Oxt petall twv f(a) kat f(B) umdpxel £va Touldytotov B wote

f(0) = k.

Me0BoboAoyieg

17

Otav og pla doknon pog divouv pia e€lowaon, TnE onolag amalttei-
Tal n umapén pog TouAdylotov pilag, Ba petadEpoupe TOUG 6poUG
oto éva péNog, Ba Bétoupe cuvdptnon h(x) kot Ba ebappodlovpe
TO Oswpnua Bolzano.

. Av 8€ pumopouUpe va XpnoLUOTIOW)COUUE ameuBeiag tnv mponyou-

nevn pebodoloyia, m.x. yiati n h(x) Sev opiletat yia kdrmota Tipr
TOU X, TOTE Ba KAVoUu e MpwTa anmaloldr napovouaotwy f Ba Si-
OLPOUE UE KATIOLOV TTAPAYOVTA KAl UETA Ba peTadEPOUUE TOUG
Opoug oTo éva PéNoG Kat Ba B€toupe ouvaptnon h(x).

Mepikéc dopég pmopel va xpelaotel va eTUAEEOUE EVa UKPOTEPO
Staotnua A;, utoocUVOAO TOU apXLkoU SLACTAUATOC A, TTOU HOG
BoAeveL kal va epappocou e To Bewpnua Bolzano o€ auto. H pila
nou Ba amodeifoupe OtL uTApXEL Ba avrnkel oto A;. Oa avAKEL
OHwG Katl oto A adou 1o A; € A.

. Av KOTa TV epoappoyr Tou Bewpripnatog Bolzano yla tn ouveyn ou-

vaptnon f oto [a, B] mpokuet ot f(a)f(B) < 0 tote Ba Mdpoupe

600 MEPUTTWOELC:

e av f(a)f(B) < 0 tote UTaPXEL £va TOoUAdXLOTOV & € (a,B) tétolo
wote f(§) = 0.



=

Vi.

e av f(a)f(B) =0 tote f(a) =0 f(B) = 0. AnAadA Ta @, B ano-
teloLV pileg TG f (av kamolo and ta dVo dev pmopel va LoxLEL
téte Ba anopipoupe tnv avtiotowyn Tur). Enopévwe £ = a n
§=8.

Apa UTtdpXeL €va Touhdtotov € € [a, B] tétoto wote (&) = 0.

Mo va artoSeifoupe 6Tt pia e§lowon g popdnc f(x) = a €xel pia

TouAdyLotov pila, ektog amo to Bswpnua Bolzano, pmopoupe va

Bpoupe To cUVOAO TIUWV TNC f KAl va amodeléoupe OTL TEPLEXEL TO

a.

Ma va BpoUpe to cUVOAO TWWV pLag cuvaptnong f, Ba kavoupe

HeAETN povotoviac. MNa kabe Staotnua oto onoio n f elvat yvnoilwg

povotovn Ba Bplokoupe To GUVOAO TIUWV TNC yLo AUTO To SLAoTn-

pa. To ouvolo Tiuwv tne f Ba eival n évwon OAwV TwV cUVOAWV

TILWV TtoU BPIKAUE TTPONYOU LEVWG.

Epwtnoslg Oswpiog
No SLaTUTIWOETE TO KPLTAPLO TtapEUBOANC.

No amobeifete OtL yla éva moAuwvupo P(x) BaBuol v toxvel
lim P(x) = P(Xo).

P(x
Na anobeifete o6t yla tn pnth ouvdptnon f(x)= Q((x))’ omou
P(x),Q(x), moAvwvupa Tou X Kot X, € R pe Q(xo) # 0, LoxVel
P(Xo)
limf(x) = .
am (x) Q(xo)

Mote pwa ouvaptnon f Aéyetal cuveXng oTo onUElo X, Tou Tediou
opLopoU TNG;

Mote pwa cuvaptnon f Aéyetat cuvexng o' éva dtaotnua;

Noa amobeifete 6TL av pla cuvaptnon f elval oplopévn kot ocuve-
xAc oto [, B] pe f(a) # f(B), tote yia k&Oe aplOpod K UETAEY TwV
f(a) kot f(B) umdpxel Touhdxiotov éva X, € (@, B) tétolo wote
f(Xo) = k.

Epwtroelg TUnou Zwoto - Aabog

Mo kdBe ouvdptnon f mou opiletat oto R, eivat lim = f(0).

Av yla Ti¢ ouvaptnoelg f, g kat h loxvouv:

e h(x) < f(x)< g(x) Kovtd 010 X,

o limh(x)=1; kau limg(x) =1, émov I,,I, € R,

tote | < [im f(x) < ..
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11.
12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

19

Av f(x) > 0 yia kdBe x € R kot urtdpyet to I|mf(x) TOTE KAT avVa-
yKn oxVeL Ilmf(x) > 0.

Avwxuallmf(x) 0 rors&evwxuetkar avayKr]othm ( )—+oo.

Av limf(x) = 0, tote lim 7=y f( j =+00.

Av LoxVet lim f*(x) =+oo, éte lim f(x) =+o00 A lim f(x) =-co.
Av urtapyet to lim (f(x)- g(x)), tote eivat ioo pe £(0)- g(0).
Av f(x) < 0 ywa k4B x € R kat n ocuvaptnon f éxeL dplo oto on-
peio 0 Ba eivae limf(x) < 0. -
X

. . , . f
Av limf(x) = 0 kau limg(x) =+oco toTE lim a(x) - 0.

H ewdva f(A) evdc SLaoTARATOC A HEOW MLAC CUVEXOUG OUVAPTN-
ong f eival Sidotnua.

K&Be moAuwvupikr ouvaptnon, eivat ouvexng oto R.

Av pla ouvaptnon f elvatl acuvexng og kamolo onueio tou nediou
0pPLOMOU TNG, TOTE 0 QUTO TO onueio dev Ba UTIAPXEL TO OPLO TNC.
KaBe ocuvaptnon eivat cuvexng oto nedio oplopoL tnc.

Av yla tig ouvaptioslc f kat g mou opilovtat oto R, n g eivat ou-
vexngoto R katoxvet f2(x) = g?(x) yla kdBe x € R, téte n f eivan
ouvexng oto R.

Av n ouvaptnon f elval cuvexng o' éva dlaotnua A, Tote opiletal
Kal n ouvBeon f - f oto A kat elval cuvexng og auto.

Av n ouvaptnon f eivatl ouvexng oto R, tote n eiowon f(x)=0
€XEL Ko TouAdyLoTov pila.

H ewdva f(A) evog avolktol SLaoTAMOTOC A HECW ULOG CUVEXOUG
Kal pun otaBepng ocuvaptnong f eival avolkto f KAELOTO Slaotnua.
Av n ouvaptnon f eivat cuvexric oto R, wote f(a)f(B)f(v) <0 pe
a,B,7 € R, t6te undpyxet xo € R, wote f(xo) = 0.

Av n ouvéptnon f eivat cuvexrg oto [, B], wote a < f(x) < B yua

+
k&Be x € [a, B], Tote umdpxeL xo € [, B], wote f(xo) = a 5 b

‘Eotw n ouvexng ouvaptnon f:R - R, ywa tv omoia woyxvel

x*f(x) = x - nux ylo kdBe x € R. To f(0) eivar %

Av n cuvdptnon f eivat cuvexig oto [0,1] kat n e€lowon f(x) =0
éxeL pia pila x, oto Stdotnua (0,1) téte Ba toxvel f(0)f(1) < 0.
Av n ouvaptnon f eivat cuvexnc oto [, B| tote n f €xet éva pova-
SO PEYLOTO Kat £vol LovaSLko edytoto oto [a, B].



23.

24.

25.

3.10

Av f cuvexng kat yvnoiwg povdtovn ouvdptnon oto [a,B] pe
f(x0) = 0, xo € (a, B), o1 f(@)f(B) < 0.

Av pia ocuvaptnon f:[a, ] - R eival cuvexrig, téte to oOvolo Ti-
MWV TNG €lval KAELOTO SLaotnua.

Av n ouvdptnon f eivar ouvexi¢ oto Sidotnua [a,B], ue

f(a) # f(B), ote n f maipvel Tpég povo petall twv f(a) kat f(B).
Acknoslg yia Avon

No uTtoAoyLOTOUV Ta TOPAKATW OpLaL:
(mu(mx) - 1)7% + e X’ -6x+8|+e"
a. lim

. . lim
w2 Y 2x+5 P *I*3|x —6x+9\+\/x+1
Vo lim(F-2x+y/x*-1). 8. Ixi[r;[(Zx-3)253\/x +1+[13x-4]].

e Iimx2+7x—11 x*+3x-30
Tl XP-5x+6 x*-1
Na urtoAoyloTtoUV ta MapaKATw opLa:

ot. lim
X—2

1
a Iim4-7x2 B Iim4 X’
-1 X+2 . . A l .
X—3 2_ X
(x+2)-8 x> -4x> +5x -2
VoI 5 M s 3-10
€. Iim< zx-l - 24 ) oT. IlmL
-2\ X" -3x+2 x°-4 1 X HEX X+
No uTtoAOyLOTOUV Ta TTOPAKATW OpLaL:
o “m3x2+7x4 8. lim X'-2x*+ 1
Tl x2-10 A3 -ex 2
lim x-3x+2 5. lim x*-16
V. Mx -4x+ 3" ’ Mx—5x+4
£ Iim—zx “3x+1 ot. lim=> - 3x
Tox—1 x-1 ' Toxe0 X2+ 3x°

Na urtoAoylotouv Ta napaKdtw opLa:
a. lim . B. X"+ 3x-4 V. lim—F—
=1 /X -2 N /X 3x+3-1° =2 /X245 -

1+x-1 M-,/1+x 2-yx-3

6. lim————. £. lim
x—0

X x~7  X°-49
Na uno)\oywto()v TO MOPOKATW OpLaL:
o lim— ==L B. lim—2=8
=13/1-x- iﬁ 8 3/x -2
Xx+3-y3 1 «/x+3 \/x+8+1
y. lim ; 6.
X— \/; 1 X— X - 1
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Jx-4 ﬁ+./x -1
€. Ix'frz‘x-3x+2 oT. Xﬂ ﬁx_l

\x2-2x-3Hx+1\-2

Na urtoAoyloTtoUV ta mapakATw opLa:
Vx*-8x+16-|x-4]
x-4 )

lim |-x*+2x-1]/-1 B. lim
|- 2\+x -3x+1 |24 3x[+x*-12
lim x*-1 : 6. lim x*-3x+2
|x-2[+x-2 o x-1]+x*+x-14
& M6 on M e
No uTtoAoyLoTOUV Ta TOPAKATW OpLaL:
|x-1]+x*+3x o x-1]+x-1
a fim B tim R
X -4+ [x"-5x+6] x2-2x+1
im X-2 S Im Ty
o x-1]+x*-3x+2 Cx-2]+x*-4
€. lem ot. lim——=—FY—"——

x2-1 : -2 X' -5Xx+6
No uTtoAoyLOTOUV Ta TOPAKATW OpLaL:

2/ x+2|+|[x-4]-7 |X+6|+4|x+1]|+4x+2

lim X’ +9x +8 - B lim 2x*+7x-4
Ix+2]-|x+1[+1 |- 3\+\x| 3
X2 X* + 2x : 6. lim x* - 3x '
o Ix]+x*-3x . [x*-10x+9]-|x-1]
€. IX'DQW' ot. lim x-1| .
Na urtoAoyloTtoUV ta mopakATw opLa:
x| x|-2x _ |4-x|+2x-8
o lim— B M Texva
O X-3+[3x-x| % - x|
M e O MM e ox-30
_|x*-2x|-|x*-5x+6| o xP-2x+ 1]+ 2x-2
e. lim x-2] . . lim - 7x+6 .
No urtoAoyLloToUV Ta MOPAKATW OpLa:
a lm 5. B miac v m 5K
X X . 1+mu3x-/1-nu2x
0. Ix'mx+TT]]ix €. lezr.)\/ i x‘/ i .

X
ot. lm—F——
0 3-4/x+9
No uTtoAoyLoTOUV Ta TIOPAKATW OpLaL:
e B. limX-X lim X+3X
TS0 MUX V- AMepx

al. I|m



12.

13.

14.

15.

16.

17.

18.

. EPX-MuU2x .
6. Ix|[r37)(2+4x . . le[ro1
No uTtoAoyLOTOUV Ta TOPAKATW OpLaL:

o 1-y1+mpx
=

| x| .
oT. I|[r01

X
X ' X |X '

o lim——,
B x=0 /1 -0DVv2X

o xPEXT - mux . 3x-4npx
v imTen 8 M S+ 7

e. lim 1- ovv2x ) ot. lim
x—0 X(/3+X'\/§) x—0

Noa BpgBoUv av uTtapxouV Ta OpLA TWV:

1-ovvx
2 .

x*-3x-5 x>4
a. f(x)= 0T0 Xo = 4.
ovv(nx)-2,x < 4
[ (x’-6x+8) 5
B. f(x)= K3z OTO Xo = 2
F00=Y gk a2 -x 0= 2.
X< 2
L X-2
X -x+1
,IX|< 3
y. f(x)= X'+3 I OTO Xo = 3 KOIL OTO X, =-3.

Vx*-5, |x|=3

, ) ) x+2a-1,x<0
Noa Bpebeito a € R woteyiatnouvvaptnon f(x) =

2x+a-3,x>0
va uTtapyet to Opuo lim f(x).

Na Bpebolv ta a,fER wote vy 1T ouvdptnon
ax+p, x<0
f(x)=40, x = 0 va toxVet limf(x) = 1.
Bx+a-1,x>0
Na BpeBolv ta a,fER wote ywa 1N ouvdptnon
ax’+x+1, x<2
-
x> -Bx+13,x> 2
kA rapdotacn tne f va Siépxetal and to M(-1,3).
Na Bpsbolv ta a,fER wote ywa 1N ouvdptnon
X’ +a, x€[-1,1]

va utapyet To Opuo lim f(x) kaw n ypadt-

f(x)=92x"+ax+B,x €(1,4] va undpyouv ta épla limf(x) ka
3x + 2B, x €(4,5]
lim (x).

2
. . . , .o XP-ax+
Na Bpebolvoltipégtwv a, f € R, woteva ivat |II‘T278 =
tal

x*-4 = 2.
22
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20.

21.

22.

23.

24,

25.

26.
27.

28.

29.

30.
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No Bpebeito 6plo |im f(x), étav:

o lim(f(x)+4x-3)= 1. B. lim Zf)(()f)3'1 4.
f(x) 3f(x)-5

. | —-2. 6. lim—_-——=5
Vo ke x+ 1 x4
Av mpx - f(x) = mu3x yla kdBe x € R ka limf(x) = k € R, va Bpe-
Belok.
Noa BpeBouv ta dpra tng f(x) oTo X0, OTAV:

X’ -4 12x 24

5 <f(x) < 5
1-x
B. -1 <f(X)<m,Xo=l.
<Hx) < 2(9-x%)
Yo T+ 2x-3 S3x+10x+3° %

5. Ol < f(x) < OV oo,

. Xo = 2

|
[
w

)

€. Mux < xf(x) < ex, xo = 0.
Av LoyVeL 4x < f(x) < x°+4 yla kdBe x € R, va BpeBouv ta bplac:

. f(x)-8 o f(x)-2x?
@ lIm=7 B m— 2
Av yia tn ouvdptnon f(x) oxUet 4x -5 < f2(x) - 2f(x) < 2x*- 3y
k&Be x € R va Bpebei o limf(x).

f(x

Av leg((x)) =aeR kat fP(x)+3g°(x)f(x)=4g>(x) ywa kdbe
x € R va Bpeite 1o a.
Av limf(x) = 0 va uTtoAOYLOTOUV Ta TAPAKATW OPLAL:

T (f(x)) JE(x)-2f(x)+1-1
Ny P T R L PR TP EP R

Av lim (f(x) +2x* - 4x - 2) = 5, va urodoyiotei to lim f(x).

AvioxVelx +f(x) = f(a - x) ylakd@ex € R pelim(f(x)+2x-a) =1,
va Bpedei to lim f(x).

f f(1
n ()z() = 1 va Bpeite to I|m 1( \Fx)

-1

f
Av lim(f(x- 1) +x*-Inx +3) = 3 va umoloyLoTei to IJ[QW

f(x)+ -1 f 1
Av |Im—(X) hx=2 2, va UTIOAOYLOTEL TO |Im—(X)
X0 X o /f(x)-ovvx



31.

32.

33.

34.

35.

36.

37.

38.

KiBe xe€R «ka

1 kaw lim (g(x)(x* - 8)) ——3,va Bpebeito limh(x),

Av  f(x)(f(x)-x+1)=2x>-4x+2 vy
f(x)-f(1
lim (x)?_ 1( ) = K, Tote va Bpebei o k > 0.
f
Av Ixirr; 2(X4)1

=2 X
v h(x) = f(X)g(X)

Av li IﬁO m((vx+1-1)f(x) ) 4, lim(g(x)(ovvx-1)) = 2, va Bpeite 10

- f(x)
" ()

Av lim (3f(x)+g(x)) = 19 kau lim(f(x)-2g(x)) =-3 va Bpeite 1a

lim f(x) kat lim g(x).

No uTtoAoyLoTOUV Ta MOPAKATW OpLaL:

x*-8x+ 16

Q. |lew. B
2x+3

v leﬂlx 2x+1° 8.
NUX - OLVX

€. IJEQT. oT.

No uTtoAoyLoTOUV Ta TOPAKATW OpLaL:

5x-6

a. limss x*-3x*+3x-1" B.
. X 2

v IxI£r1]<x2-1_x2+x-2>' 6.

€. lim 11 ot

. il ’ X ‘ X | .

No uTtoAoyLOTOUV Ta TOPAKATW OpLaL:

a. lim x-1 B
e XX+ 1

y. lim -3 . 5.
4 XY X =2X+4/ X -2
. 3x-5

€. lim oT.
1 /x-1

No uTtoAoyLOTOUV Ta TTOPAKATW OpLaL:

—2

a. I|m 0 ux - B.
. x-3
Vo Im Goux+ 1 g

. -3
Ilmx—.
x4 /x*-8x + 16

l x*-1

im

X \/x +3x%+3x+1
i n/ x|

im

x—0 3\/? .

lim 2= 1

x—0 T“J,X '
x-1

ovvx-1-

Iim

24
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40.

41.

42.

43.

44,
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€ IlmA ot. lim _X-3

©oox 200Vx-1" LT 2Nux+1 -
Mo uq Sladopeg tipég tou a € R va umtoAoylotolv, av urtdpxouy,
TO OplaL:

T X’ -2a’x+a B Iimxz-oax+20¢
Tl X -4+ 6X -4x+ 1 Tz [x-2]
. x*+ax-5
. lim .
Yo e 3% +3x-1
Ma tg dtddopeg Tpeg Twv a, P € R va unmoloylotoly, av umdp-
XOUV, Ta OpLaL:

i 2x*+ax+ P | 2x* + Px +4a
oM X B. lim— e va
lim oax+B-2 x+1
x—0 X
Na BpeBet
x-1)f(x
a. To limf(x) otav Ilm( ) ( )
TIMZX _
B. o limf(x) étav lim ) F0x)e03x =+00.
2

. . . > X -5x+4

v. To limf(x) avyio k&Be x # 4 woxvel f(x) 10 + 48x - 64"
2

. . . <X -5x+4

6. to limf(x) av yia kaBe x # 1 1oxVet f(x) o343 1
X+1|-2

e. 7o limf(x) av yia kaBe x # 3 oxvet f(x) = x-3]
No uTtoAoyLoTOUV Ta TOPAKATW OpLaL:
o lim(x*-3x*+2x-5). B. lim(3x*-5x"+2x-5).
y. Jlim(x*-3x*+2x-7). 8. lim(2x*-4x*+5).
e. lim[x’+2x*-5x-6|. ot. lim(-2x°+3x*+ 7x)

No uTtoAoyLOTOUV Ta TOPAKATW OpLaL:

x*-5x°+2 . 4X’-4xX°+6
o lim5S==—5. B. lim———=—F.

e 2%+ x -1 AT
i 2X°+5x*- 6 5 i A - X+ X -4/ 2
Vo M exe+3x-11" o 2X°-xP+1
e lim Ox’+16x-7 ot lim 4x>° +5x + 2
T x°-3x%-1 T 2%+ 7
No uTtoAoyLoTOUV Ta OPAKATW OpLaL:
i [%*+2x-5x + 1|+ x* - 7x 8. i <|x2-1 x2—2x—3>
o m |4x*-5x + 8 | SR L TS A



45.

46.

47.

48.

49.

v. limy2x*+x-1. 8.
€. !L{DQ(\/X2+2X-4+5\/—XS+2X2+1).

ot im(vx*-x+1-x).

No uTtoAoyLoTOUV Ta MOPAKATW OpLaL:

o lim(vVx*+x+2x). B.
v. lim(G/8x* +x-1-x). 5.

. lim(V4x +x-1-2x). oT.

Na urtoAoyloTtoUV Ta MapaKATw opLa:

a. !Lrpo(«/m+x). B.
V. in_r_g(xﬁ+x2). 5.
e lim(Vax’+1+yx +x+1-3x).
oT. xIi_r+1go(\/9x2+2x+ 1-3x+1-2x).

No uTtoAoyLoTOUV Ta TTOPAKATW OpLaL:

a Iim\/X“-Hl_‘/x“-1 B

e P+ l-y X Hx+1 '
X2+ 1-x

. lim—F———F—. .

N °

£. J[EUO(\/X+«/X+\/;-\/;)-

oT. lim(Vx*+x +/4x* +x+1 - 3x).

No uTtoAoyLOTOUV Ta TOPAKATW OpLaL:

a “mw B
' X—+oo 3ex + 2 :
x+1 _
v imos o
ex + ex+2 _ 2
£. JL@OW. oT.
No uTtoAoyLOTOUV Ta TOPAKATW OpLaL:
e>(+1 _ 3)(
@AMz P
. Inx
V- iminxs 1 °.
2x 3x+2 + ex 1
€. |Imw. OoT.

limy/7x” + 5x - 3.

VAX +x+4

Im~5x"5
li
lim (VX +x+1-x).

+00

lim (v 9X* +x + 2 + 3x).

im(v'x*+5x-3 +x).

Xli__m(\/x2+x+ 1-/x?-4x).

lim (3/x-¥/x-1).

=

lim (Vx+ /% -v/x-v/x).

6x+1 _ 3 . 6)( + 3
AR 1 _ 2 . 6x+2
2x 1 2x+2 3
oo zx 2x+3 1 .

e 1+2x+2
fmew 4o
lim Inx
x—o INX+1"
2x 3x+2+ex-1
3x+1 + 2x 1_ x- .

I|m

26
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51.

52.

53.

54.

55.

56.

57.

58.

59.
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Na urtoAoyloTtoUV ta mapaKATw opla:

o Jim(x°+x-5%). B. lim(2*-3"-x°).
. e +2 .
V- ima e 5. Xllmcln(\/x+1-ﬁ).
E. IimIn(M) ot. lim 1 T.
x—0 X"+ X x=0" 1 4 2
No uTtoAoyLoTOUV Ta TOPAKATW OpLaL:
X . ODVX
@ Jim="— B. lim™
. 1 . 1
2 JLmXﬂLLY 6. lemxnuy.
X7 2xmp3x
e lim3 3 Govax - ot. nuxmlx

Mo tig Stadopeg Tpég twv a € R va Uno}\oytorouv TO OplaL:

o (a-1)x*-2x+3 . ax*-5x’+x-2
a. lim > . B. i S .
e (- 2)X7+3x- 7 o (@-4)xC+ X -x+8

v. lim(Vx*+3x+2-ax+1). 5. lim(Vx*+x+3+ax).

Mo tig Stadopeg TipéG Twv a > 0 va urtoAoyLloTouy Ta opLa:
a Ilm 3x+1+ax+ 1 B Ilm 2x_4ax+1
HEN LA 3X+O[x—l_ 1 . . N tos 2x—1+ax .
Ma tig Stadopeg tpég twy a, B € R va umoloylotoly ta 6pla:
 (a-1)x°-ax+p _ (a-1)x*+2x-1
o fim ax’-Bx+1 B. Jim Px*+x-3

Aivetal n ouvdptnon f:(1, + o) — R yia tnv omnoia toxvel
VIx*-3x+1 <f(x)< 3x+4
X+ 2
Na Bpebeito limf(x).

yla KaBe x € (1, + o).

‘Eotw ouvaptnon foptous’vr] oto R ywa tnv onola oxvet

2
izii iVLaKOLBEX>O
Na Bpebei to xli_r_r;f(x).
P(x
Av |LYQCXS_2) =2 kat lim m(12>>< = K, va Bpebel o TUMOC TOU TMOAVW-

vOpou kabwg kato k € R.
Av n ouvvaptnon f:R—-R eivat mepurtip kot oxVeL

J[mo(zf(x)+x-\/x2+x+1)=3, va Bpebei to limf(x).
Av oxvel x(f(x)+g°(x))=2(f(x)-g(x)) ywa kdbe x € R, va
Bpebouv ta opta lim f(x) kot limg(x).



60.
61.

62.

63.

64.

65.

66.

67.

68.
69.

70.

71.

72.

73.

‘Eotw ott lim

Eotw ot lim

f(X) 1

SNy

1

Av LoxVeL < e kaBe x € R, va Bpebeito Xlimcf(x).

‘Eotw ouvaptnon f oplopévn oto R ywa tnv omoia woxvel

[(1+x°)f(x)-x*| < x yia k&Be x > 0. Na BpeBei to Jim f(x).
Av oxVel (2"+1)f(x)>e* ya kdBe x € R, va uno)\oytota 10

f*(x)- 2 (x) +
= 2f* (x) + 3f(x)- 5 ’
Av oxVel f(x)x' < ovvx-1 ya kdBe x € R, va umoloyiotel to
oplo Ixipg(\/f2 (x)- 2f(x)+3 +f(x)).
Av oyVel f(x)xnux = e* yia kdBe x € R, va urtoloylotel To dplo
ijg(sz(x)+ f(x)+1- f(x)).

f(x)-a

Av Iimm =+o0, 61ov @, B € R, va Bpebei to lim f(x).

X—Xo

Ilmf(x) Katormuw va Bpebeito lim

f(x)(1-ovvx)

Av LoxVet lim =-00, va Bpebei to limf(x).
X— X—

o FOO(x-1) .

Av oxvet lim () =% va Bpebei o lep?f(x).
27 (x) +e*?

Av lim gm)x = 5 va unoAoyLoTel To xIimcf(x).

Av  oxver  f(x)=f(2-x) yw@ kdBe xER  «ka

lim(f(x)-3/x+1+ f) 2, va urtohoytotei to lim f(x).

Av woxVeL 2f(x) - xf( ) X+ 11yla kdBe x € R-{1}, va BpeBolv,

av urtdpxouv Ta dpLa xIlﬂr;rgof(x) kau lim f(x).

Av lim f(x) =+o0, vot untoloyioTel To lim[In(2+x*+3)-f(x)].

ing nim = 0 pe f(x) < 0 yia kaBe x € R. Na uro-
3 (x+2)+7f(x+2)-1
0 6f°(x+2)-5f(x+2)+4"
[ X + x|
X2 XZ('ﬂM%"’ 1)f(x)

f2(x)+3f(x)-2

No untohoyiotei to lim 2(x)-

Aoylotel to I|m

=0, pe f(x)>0 yia kdBe x € R.

28
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76.

77.

78.
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Na e€eTacB0oUV WG POG TN CUVEXELX OL TTIOPAKATW CUVOPTNAOELG:

X-y/x

X
, x>0
X

X +4/x X*+1,x<-1

a. f(x)=11, x=0. B. f(x)=J3-x, -1<x<2.
X* + MUX 2
XX <0 £ x>2
1-x%x|<1 VX

V. f(x)={xz_1yx>1' 5. f(><)={6’)"x+ x X7 0

’ 1’ x=0
1

3ex-1 In(x+1)

e. f(x)= e%+1,x¢0. ot. f(x)={ Inx 17#x>0
3, x=0 0, x=0

Na e€eTacB0oUV WG POG TN CUVEXELX OL TTIOPAKATW CUVOPTAOELG:

o f(x)z{e%+1,x<0.
ovvx, x=0

B. f(x)z{(x-l)dvvﬁ,0<x¢l.
0, x=1
|x*-5x+6]-2

Y. f(x)={T’X>l.

ovv(mx), x<1

Vx-1

X-1 x>1

5. f(x)= %, x=1.

Vx*+3-2
x-1

,Xx<1

x*-ax+1, x<3

Fotw n ouvdptnon f(x)=1(4+P)x+2a, 3<x<4. Na Bpe-

X +(a+P)x-3,x>4
Bouv ta a,p € R wote n f va eivat ouveync.
Na BpeBouv ot Tipég Tou a € R, wote va eivat ouvexng n ouvap-
n(xnp® (ax))
3

non f(x)={ X X#0
2a-1, x=0

Na BpeBolv ot tipég twy @, B € R, wote va gival cuvexig n ou-
|X*-4|+|x-2]| 5
vaptnon f(x) = X tx-a X7c.
e, x<2




79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

‘EoTw n ouvaptnon f(x)={

Na BpeBolv ot tiuég twy @, B € R, wote va gival cuvexig n ou-

a
i ( gg(BX))'x 0
vaptnon f(x) = %, x = 0.
7VX+XB_OL' x <0

a/x|+B(Vx+1),x€[0,1)
ayx+Px+1, xe€[1,3]
Bouvta a,p € R wote n fva sivat ouvexric oto nedio oplopou g
kaw 4 lim f(x) = 12 lim f(x) + 1.

X—Z X—7

Na Bpe-

3
, . {X +OLX+B,X7£2
Aivetar n ouvdptnon f(x)=1 |[x-2]
Y, X=2
a,B,vy € R wote n f va givat ouvexnc.
20x+3p, x<-1
Aivetal n ouvdptnon f(x) =41 +x’, -1<x<1.NaBpebolv
Bx*+3ax-5,x=1
ta o, P € R wote n fva eivac:
O. OUVEXNG.
B. ouvexng oto X, = 1 KAl AOUVEXNG OTOG Xo =-1
Av (x*-x)f(x) = (ovov2x-1)(y'x - 1) yia k&Be x = 0, vo Bpebei o
TUTOG TG ouvexoU¢ ouvaptnong f oto [0, + o).
Na BpeBel o TUTOG TNG cuveEXOUG cuvaptnong f yla tnv omola Loxu-
et xf(x) = M3x + X* - X yLo KAOE TIPAYHOTIKO apLOUO X.
Na BpeBel o TUTOG TNG cuveXOUG cuvaptnong f yla tnv omola Loxu-
el xf(x) = MU5X + 2x* - X yLo KABE TPAYUATIKO aptOUo X.

. Na Bpeboulv ta

Av XT]!.L% < xf(%) < 1 yia kaBe x # 0, va e§eTaotel WG MPOG T

f(x)
GUVEXELA OTO X, = 0 n ouvdptnon g(x) =1 x X 70,
1, x=1

Av f2(x) < 2xf(x) yia kdBe x € R va dsixBel otu:
a. n felvalr ocuvexng oto O.

f(x
Av yla tn ouvdptnon f, oplopévn oto R, yia kdBs x €[0,0]
, +Xx+8 ,
LOXUEL TmXfx<f(x)+oz<\/x+l+1, va Bpebel n

30
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98.
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100.

31

Tl tou a € R, wote va eivat ocuvexic oto 0 n ouvaptnon
f(x)-f(0) f(O)
g(x)=1 X 70,
X +4f(0)- a,x<0
Av |f(x)-f(y)|<|x-y]| yia kdBe x,y € R, va Seiete o6t n f givar
ouvexng oto R.
Av lim (vVx-1 XX)1 np(7x)
va Bpebeito f(1).

Av ovvf(x) = 2x - ywa kdBe x € [0, 7], 6mou f cuvdptnon cuve-

= 2 koL n ouvaptnon f elvat ocuvexng,

xng oto R, va Bpebei to f(%)

Av f(0)=4 kat f(x)yx*+1 =2nu°x+f(x) yia kdbe x € R, va
Se1yBet ot n f elva ouveync oto 0.

Av yia t ouvdptnon f oxVet 3f(x) = 2x + pf(x) yua kdbe x € R,
va Seifete otL:

a. |f(x)|<|x]|yukdbe x € R.

B. n felval ouvexng oto x, = 0.

Av yia tn ouvdptnon f oxOet | xf(x)-nu(x-1)-f(x)[+2x < x*+1
ylo kaBe x € R kat eivat ouvexic, va e€stdoete av n ypadkr na-
pdotaon tng f mepvd and to onueio A(1,1).

Av n ouvaptnon f elvat ouvexng oto x,=0 Kol LoYUEL
xf(x)+ 1 < ovv5x yla kdBe x € R", va Bpebei to f(0).

Av yia tn cuvdptnon f loxUet f(2 - x) = f(x), yla kdBe x € R kaun f
elval ouvexng oto 3, va deifete otL N f elvat cuveyng oto -1.

Av n ouvaptnon f elvat ouvexngc oto 0 kol LoyUEL
f(x)+f(x+1)=x>+x+1 ya kdBe x € R, va deifete 611 n f elvar
ouvexng oto 1.

Fotw 6t f(x+y) = f(x)f(y) yta kdBe x,y € R. Av n f eivat ouvexng

oto 0, va SexBet 6tL eivat ouvexric oto R.

Fotw otL f(x+y) = e*f(y) +e'f(x) +xy yia kdBe x,y € R. Avn fei-

val cuvexng oto 0, va SelxBet otL elval ouveyxnig oto R.

Na SelyBel OTL oL MOPOKATW EELOWOELG XUV TOUAAXLOTOV pia pila
oTo avtiotolyo dlaoctnua:

a. 2nux+3ovvx = 0 oto (0, 7).

x> =x+1oto (1,/2).

X + ovvx = 4 oto (T, 27).

x+1 xt+1
- +XB—00TO(OLB)

o =



101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

x°+1  x*+3
e 51 *tx.3 =0010(L2).

ePX opx T T
o gortaxog =000 (3 5)
Eotw ouvaptioelg f, g ouvexeic oto  [a,Bf] kau

f(B) =g(a), f(a)=g(B) # g(a). Na Seifete 6Tl uTapyeL TOUAAXL-

otov éva p € (a,B): f(p) = g(po).

Eotw f, g ouvexeig oto R kat f(x) <0 < g(x) yia k4B x € R kat
undpxouv @,B € R wote f(a)=a kot g(B)=B. Na Seifete ot
v € R tétowo wote f(y) +g(y) = 7.

Av n ouvdptnon f eivat cuvexrgoto [0, 1] kat f(0) = a ko f(1) = B
ue @, B €(0,1). Na deixBeil 6tL n e€lowon f(x) = x éxel ToLAdXL-
otov pia pifa oto (0,1).

Av n ouvdptnon f:[-a,a] —[-a,a], a > 0 eivat yvnoiwg avéovoa
KoL oUVEXNG, va deiete OTL N C; €XEL €va LOVO KOLVO OnElO UE TNV
y =-X.

Eow ouvaptnon f:a,B]—R ouvexic pe f(oa) =p*  «kau

f(B) = a®. Na amodeifete dt umdpyet 0 € (o, B) wote f(0) = 02,
ormouv o, € R pe a < p.

‘Eotw ouvaptnon f:[O, 1] - [0, 1] ouvexngc. Na amodeifete otL
urdpxet 0 €[1,e] wote f(In0) = In 6.

Eotw f,g:[a, B]—[a B] ocuvexeic ouvaptioec. Av f(oc) = Kol
g(B) = B, va amobdeifete ot umdpxet Touldytotov éva 0 €[ a, B]
wote k- f(0)+A-g(0)=(k+A)-0, é6mou k,A € R opdonpot kat
a,peR pusa<p.

Av n ouvdptnon f eivat cuvexrigoto [0, 1] kat -1 < f(x) < 0 va bel-
xBel ot n e€lowon 7 (x)+ f(x) =-x éxeL pia TouhdyLotov pila oto
(0,1).

Av f:[0,2a] - R ouvexrg ug f(0) = f(2a) va dexBei dtL umtdpyet
£ €(0,a) wote f(§) = f(E+a).

Eotw ouvaptnon f:[a, B] — R émou o, € R pe a < B. Na arodei-
Eete oTL:

f(ﬂ) +f(v) f(xo).

o. AVa<p<V<PTOTE UTIAPXEL X, E (oa,B)d)orsf =
B. Ava<pu<v<pka 0,0, Betikol apOpol aképatot, ToTe UTLAP-
0. F(1)+0,f(v
XeL X € (a, B) wote f(xo) =— <9)+ ez ( )
1 2
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Fow ouvaptnon f:la,B]—=R  ouvexic Aivetar  du

f(oa):f(ang). Na amoSeifete ot umdpxet 0 €[a,B) wote

f(6)=f<9+ B_;,OL), émou a,B € R pe a < B.

Eotw ouvdptnon f yvnoiwe avfouca kat cuvexis ot |a,B]

Ko ouvaptnon g yvnoiwg dBivouoa kat cuvexic oto [, B]. Av
f(la,B])ng([a,B]) # 0, va amodeifete 6Tl umdpyel povOSIKS
0 e[a,B] wote f(0) =g(0).

Atvetal n ouvaptnon f pe
f(x) =x*-(a+B)x*- apx+aB,

orouv a,peER. Na amobeifste o6tL undpxet 0 € [0, 1] WOoTE

1-a)l-
f(0)= 121-B)
Na amodeifete ot n fiowon x°-16x = 11 £xeL TOUAAXLOTO pLa
pila oto R.
Av a, B > 0, va anobeifete 6tL N efiowon aovvx + 2 = 2x €XEL pla
TOUAGyLoTOV BeTIKA TIpaypatik AUon mou Sev ival peyalutepn
Tou a + B.

‘Eotw ouvaptnon f:R - R ouvexnc pe f(x) =x*+ax’+f, omnou

B>0 kat a + B < -1. Na anobeifete ot n e€iowon f(x) =0 €xeL
TPELC pIleG TIPAYUATIKEG.

Eotw f,g: R — R 800 cuveyeig ouvaptioeLg, wote f(x) - g(x) = KX,

yla kdBe x € R, 6mou k otaBepd¢ mpaypatikdg aptOpog. Av n ypa-
bk mapdocTaon TNG g TEUVEL Tov afova x'x o€ U0 onuela e eTe-
POONUEG TETUNUEVEG, va amodeifete OtTL N e€iowon f(x) =0 £€xelL
pa touldytotov pia oto R.

Eotw ouvdptnon f ouvexric oto R kau Staotnpa [, B]S R. Avn f

lavoroLet TL¢ tpolmodéoelg Tou Bewprpatog Bolzano oto [a, B]
va anobeigete ot n e€iowon f(a)f*(x)+ kf(x)+f(B) = 0, émou «
TIPAYHATIKOC aplOudc, £xeL SUo AVoelg oto R.

Eotw oL ouvexeic ouvaptioec f,g:a,B]— R, ormov a,BeR

He o < B. Eotw emiong ot f(oc) =B,f(B)=a,g(B) =P «kat
g(a) = a. Na anodeifete ot umdpxet toukdxtotov éva 0 € (a, B)

wote (fog)(0)+(g-f)(0)=20.
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‘Eotw ouvaptnoelg f, g ouvexeilc oto Saotnua [—oz,oz] omnou

a € R, wote n f va eivat nepurt, n g dpBivouvoa kat va oxvel
g(oa) =-Q Kol g(-oz) = a. Na anodeifete OTL UTIAPXEL TOUAAXLOTOV

EVa Xo € (—oz,a) WOTE VA LOXVEL f(g(xo>) + f(xo) + g(xo) = 0.

Eotw OUVOPTAOELG f.g:[a,B] - R OUVEXELG woTte

f([a,B]) = g([ @, B]) = [, B]. Na amobeifete dt undpyet 0 € [a, B]
wote va oxvet f(g(0))+g(f(0)) = 20.

Atvovtal ol OUVEXELG OUVOPTAOELG
f,g h:{a,B]—[a,B], omov a,fER ne a < B, wote n f va
elvat yvnolwg avfouoca esvw n g yvnoiwg ¢OBivouoa kat
f((a,B]) = g([a, B]) = [, B]. Eoww emiong ot h(oz) =B ko
h(B) = a. Na amodeifete o6tL undpyet 0 € (a,B) wote va oxveL

f(g(h(0))) = g(f(0)).

‘Eotw ouvaptnon f cuvexng, wote

3«/2x+8-\/x2+4<xf(x)<nu%+x6 (1),

YL K4OE X € [-4, +00).

a. Na anodeifete ot f(0) = %

B. Na amodeifete OTL UTIAPXEL TOUAAXLOTOV €va K € (0,1] woTe
f(k) = nu%+ K®.

‘Eotw ouvaptnon f cuvexng oto R wote va wkavomolel tig ouv-

f
Onkeg lim X(_X1> =4 kat dnp(x-2) < (x- 2)f(x> < x*-4, yla K&Os

x € R. Na anobeifete 6TL n ypadikr mopdotacn ¢ TnNE ocuvaptn-
ong f tépvel tnv ypadiki mopdotaocn TS mapaBorigy = x°-x + 1
O£ ONUELO YE TETUNUEVN OTO dlaoTnua (1, 2).

Fotw ouvdptnon f ouvexig oto [0,1] kat yvnolwg ov-

fovoa pe f(0)=2 kot f(1)=4. Na &esiBel o6tL n efiowon
1 2 3 4
fleg)+flc)+fle)+flT
f(x)= (5> <5>4 (5> <5> éxeL pia Touhdylotov Abon oto
(0,1).

Eotw ouvdptnon f ouvexrc oto Staotnua [a, B], dmou o, B € R pe

a<f, Kal Xi, Xz, X3, Xs Xs € [oz, B]. Na amodeifete OTL uMApPXEL
k€ (a,B) wote 15f(k) = f(x ) + 2(x, ) + 3(xs ) + 4f(x4 ) + 56(xs).
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Av n ouvdptnon f eival ouvexig oto Sdotnua [a,B], émou
a,BeR pe a < B, va anobdeifete ot undpxet 0 €[a,B] wote

f(0) = % 2f(oz)+3f< o&; B >+4f(8)].

Eotw ouvaptioelc f, g ouvexeic oto Stdotnpa [, B wote va oyvet

g(x) + 0, ylokdBe x € [, B]. Naarodeifete otiumapxet £ € (a, B)

f(§) 1 1

TETOLO WOTE 2(2) “T-a + E-p

Eotw ouvdptnon f cuvexrc oto Stdotnua [a, B kat 01, 0. € (a, B)

SVo Sladoyikég AUoELS TG e€lowang f(x) = 0. Na amobeifete otL
oTo Sdlaotnua <p1,pz> n ouvaptnon f Siatnpet otabepd mpdonuo.
Av yla kdBe x €[-1,0] woxvet 6t X + 2xf*(x) = 8 kat n f ouvexnig
va SexBel otL n f Statnpel otaBepo mpoonuo.

Av yia kdBe x € [a, B] woxvet ot f(x) # 0 kau n f ouvexrg va beL-
xOel 6t n f dratnpel otaBepd mpdonpo.

‘Eotw ouvaptnon fouvexngoto R kata>0. Oswpolpe tov pyadikod

aplBpo z = x +if(x ), 6mou x € R. Av givau f(%) = %,f<37a> =—%

KOL Yl K&mowo X, € (0,2a) wxvel |z-al<a,)2z-al>a ka
|22-3a|> @, va anobeitete 6t f(a) = 0.

No BpeBel To OUVOAO TIUWV TWV MOPAKATW CUVOPTOEWV:

a. f(x)=x-ovvx-4, x €(m,2m).

B. f(x)=e*-1,x€][0,+o0).

y. f(x)=e*-1+In(x+1),x€[0, +00).

5. f(x)=xInx, x €(0, +o0).

Fotw ouvdptnon FfR—-R ouvexic pe f(0)=0 kot

xIi_r_uf(x)=+oo. Na beiete OTL UTAPXEL TOUAAXLOTOV €va X, < 0
, . 1
wote f(xo) = €+ Xomt

0

Aivetal n ouvdptnon f:(0, + o) — R pe f(x) = %— x+1.
a. Na Bpebei to ovvolo tipwv tne f.
B. Na eifete otLn f eivat avtiotpéPiun kot 6tLn f* givat yvnoiwg
¢Bivouoa.
y. Av Bswpricoupe otL n f' eivat ouvexic vo PBpedel to
 f(x)-x
thox +f1(x)"
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