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3. Ʉʌɿɲ�Ͳ�ɇʐʆɹʖɸɿɲ
3.1 ȸ�ɹʆʆʉɿɲ�ʏʉʐ�ʉʌʀʉʐ
Ƀʌɿʍʅʊʎ
         Ʉʌɿʉ�ɸʀʆɲɿ�ɻ�ʏɿʅɼ�   ʋʉʐ�ʋɲʀʌʆɸɿ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʃɲɽʙʎ�ʏʉ�ǆ�ʋʄɻʍɿɳɺɸɿ 
ʅɸ�ʉʋʉɿʉʆɷɼʋʉʏɸ�ʏʌʊʋʉ�ʏʉ�x0 .

lim f x
x x0

,=
"
] g

Ʌɲʌɲʏɻʌɼʍɸɿʎ
ͻ� ȳɿɲ�ʆɲ�ɹʖɸɿ�ʆʊɻʅɲ�ɻ�ɲʆɲɺɼʏɻʍɻ�ʏʉʐ�ʉʌʀʉʐ�ʏɻʎ�Ĩ�ʃʉʆʏɳ�ʍʏʉ�x0 ͕�ʋʌɹ-

ʋɸɿ�ɻ� Ĩ� ʆɲ�ʉʌʀɺɸʏɲɿ� ʃʉʆʏɳ�ʍʏʉ� x0 ͕� ɷɻʄɲɷɼ� ʏʉ� x0 � ʋʌɹʋɸɿ� ʆɲ� ɸʀʆɲɿ�
ɸʍʘʏɸʌɿʃʊ�ʍɻʅɸʀʉ�ʏʉʐ�ʋɸɷʀʉʐ�ʉʌɿʍʅʉʑ�ʏɻʎ�Ĩ�ɼ�ɳʃʌʉ�ɲʆʉɿʖʏʉʑ�ɷɿɲ-
ʍʏɼʅɲʏʉʎ�ʏʉʐ�ʋɸɷʀʉʐ�ʉʌɿʍʅʉʑ�ʏɻʎ�Ĩ͘

ͻ� ɉʋɳʌʖɸɿ�ʏʉ�ʊʌɿʉ�ʏɻʎ�Ĩ�ʍʏʉ�x R0 ! �ʃɲɿ�ʏʉ�ʍʐʅɴʉʄʀɺʉʐʅɸ�ʅɸ�lim f x
x x0

,=
"
] g ͕�

ʊʏɲʆ�ʉɿ�ʏɿʅɹʎ�ʏɻʎ�Ĩ�ɴʌʀʍʃʉʆʏɲɿ�ʊʍʉ�ʃʉʆʏɳ�ɽɹʄʉʐʅɸ�ʍʏʉʆ�ɲʌɿɽʅʊ�,͕�
ʃɲɽʙʎ�ʏʉ�ǆ�ʋʌʉʍɸɶɶʀɺɸɿ�ʏʉ�x0 .

Ƀʌɿʍʅʊʎ
Ⱥɲ�ʄɹʅɸ�ʋʄɸʐʌɿʃʊ�ʊʌɿʉ�ʏɻʎ�Ĩ�ɲʋʊ�ɲʌɿʍʏɸʌɳ�ʃɲɿ�ɽɲ�ʏʉ�ʍʐʅɴʉʄʀɺʉʐʅɸ�

lim f x
x x0" -
] g͕�ʊʏɲʆ�ʏʉ�ǆ�ʋʄɻʍɿɳɺɸɿ�ʏʉ�x0 �ʅɸ�ʅɿʃʌʊʏɸʌɸʎ�ʏɿʅɹʎ�;x x< 0).

Ƀʌɿʍʅʊʎ
Ⱥɲ�ʄɹʅɸ�ʋʄɸʐʌɿʃʊ�ʊʌɿʉ�ʏɻʎ�Ĩ�ɲʋʊ�ɷɸʇɿɳ�ʃɲɿ�ɽɲ�ʏʉ�ʍʐʅɴʉʄʀɺʉʐʅɸ�

lim f x
x x0" +
] g͕�ʊʏɲʆ�ʏʉ�ǆ�ʋʄɻʍɿɳɺɸɿ�ʏʉ�x0 �ʅɸ�ʅɸɶɲʄʑʏɸʌɸʎ�ʏɿʅɹʎ�;x x> 0).

Ʌɲʌɲʏɼʌɻʍɻ
ȳɿɲ�ʆɲ�ʐʋɳʌʖɸɿ�ʏʉ�ʊʌɿʉ�ʏɻʎ� Ĩ�ʍʏʉ� x0 ͕�ɽɲ�ʋʌɹʋɸɿ�ʆɲ�ʐʋɳʌʖʉʐʆ�ʏɲ�

ʋʄɸʐʌɿʃɳ�ʊʌɿɲ�ʃɲɿ�ʆɲ�ɸʀʆɲɿ�ʀʍɲ͘
lim lim limf x f x f x
x x x x x x0 0 0

= =
" " "- +
] ] ]g g g

3.2 Ʉʌɿʉ�ɇʐʆɳʌʏɻʍɻʎ�ʍʏʉ�x R0 !

Ȼɷɿʊʏɻʏɸʎ�ʉʌʀʘʆ
ɇɸ�ʊʄɸʎ�ʏɿʎ�ʋɲʌɲʃɳʏʘ�ɿɷɿʊʏɻʏɸʎ�ʐʋʉɽɹʏʉʐʅɸ�ʊʏɿ�ʐʋɳʌʖʉʐʆ�ʏɲ�ʊʌɿɲ�

ʍʏʉ�x0 .
ͻ� Ʉʌɿʉ�ʃɲɿ�ɷɿɳʏɲʇɻ

ͻ� Ȱʆ� lim f x 0>
x x0"
] g ͕�ʏʊʏɸ�f x 0>] g �ʃʉʆʏɳ�ʍʏʉ�x0 .

ͻ� Ȱʆ� lim f x 0<
x x0"
] g ͕�ʏʊʏɸ�f x 0<] g �ʃʉʆʏɳ�ʍʏʉ�x0 .

Ʌʌʉʍʉʖɼ͊� Ȱʆ� lim f x 0
x x0

H
"
] g ͕�ʏʊʏɸ�ɷɸʆ�ɿʍʖʑɸɿ�ʊʏɿ��f x 0H] g �ʃʉʆʏɳ�ʍʏʉ�x0 .

 ,
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Ȱʆʏʀʍʏʉɿʖɲ�ɲʆ�lim f x 0
x x0

G
"
] g ͕�ʏʊʏɸ�ɷɸʆ�ɿʍʖʑɸɿ�ʊʏɿ��f x 0G] g �ʃʉʆʏɳ�

ʍʏʉ�x0 .
ͻ� Ȱʆ��f x 0H] g �ʃʉʆʏɳ�ʍʏʉ�x0 ͕�ʏʊʏɸ� lim f x 0

x x0
H

"
] g .

ͻ� Ȱʆ��f x 0G] g �ʃʉʆʏɳ�ʍʏʉ�x0 ͕�ʏʊʏɸ� lim f x 0
x x0

G
"
] g .

Ʌʌʉʍʉʖɼ͊� Ȱʆ� � f x 02] g � ʃʉʆʏɳ�ʍʏʉ� x0 ͕� ʏʊʏɸ�ɷɸʆ� ɿʍʖʑɸɿ�ʊʏɿ� lim f x 0>
x x0"
] g ͘�

Ȼʍʖʑɸɿ�ʊʅʘʎ� lim f x 0
x x0

H
"
] g .

Ȱʆʏʀʍʏʉɿʖɲ� ɲʆ� � f x 01] g � ʃʉʆʏɳ� ʍʏʉ� x0 ͕� ʏʊʏɸ� ɷɸʆ� ɿʍʖʐɸɿ� ʊʏɿ�
lim f x 0<
x x0"
] g ͘�Ȼʍʖʑɸɿ�ʊʅʘʎ� lim f x 0

x x0
G

"
] g .

ͻ� Ȱʆ�f x g xG] ]g g�ʃʉʆʏɳ�ʍʏʉ�x0 ͕�ʏʊʏɸ�ʃɲɿ� lim limf x g x
x x x x0 0

G
" "
] ]g g.

Ʌʌʉʍʉʖɼ͊� Ȱʆ� f x g x<] ]g g� ʃʉʆʏɳ� ʍʏʉ� x0 ͕� ʏʊʏɸ� ɷɸʆ� ɿʍʖʑɸɿ� ʊʏɿ�
lim limf x g x<
x x x x0 0" "
] ]g g.�Ȼʍʖʑɸɿ�ʊʅʘʎ� lim limf x g x

x x x x0 0
G

" "
] ]g g.

ͻ� Ȱʆ� lim limf x g x
x x x x0 0

G
" "
] ]g g�ʏʊʏɸ�ʃɲɿ�f x g xG] ]g g�ʃʉʆʏɳ�ʍʏʉ�x0 .

Ʌʌʉʍʉʖɼ͊� Ȱʆ� lim limf x g x<
x x x x0 0" "
] ]g g� ʏʊʏɸ� ɷɸʆ� ɿʍʖʑɸɿ� ʊʏɿ� f x g x<] ]g g� ʃʉʆʏɳ�

ʍʏʉ�x0 .
ͻ� Ⱦʌɿʏɼʌɿʉ�Ʌɲʌɸʅɴʉʄɼʎ�;ʃʌɿʏɼʌɿʉ�ʍɳʆʏʉʐɿʏʎͿ

ͻ� Ȱʆ� ɿʍʖʑɸɿ� h x f x g xG G] ] ]g g g� ʃʉʆʏɳ� ʍʏʉ� x0 � ʃɲɿ�
lim limh x g x
x x x x0 0

,= =
" "
] ]g g �ʏʊʏɸ�ʃɲɿ� lim f x

x x0
,=

"
] g .

ͻ� Ʉʌɿɲ�ʃɲɿ�ʋʌɳʇɸɿʎ
ͻ� lim lim limf x g x f x g x

x x x x x x0 0 0
! !=

" " "
] ]^ ] ]g gh g g.

ͻ� lim limf x f x
x x x x0 0
l l=

" "
]^ ]gh g.

ͻ� lim lim limf x g x f x g x
x x x x x x0 0 0

$ $=
" " "
] ]^ ] ]g gh g g.

ͻ� lim lim
lim

g x
f x

g x
f x

x x
x x

x x

0
0

0=
"

"

"]] ]
]

gg g
g
͕�ʅɸ� limg x 0

x x0
!

"
] g .

ͻ� lim limf x f x
x x

v
x x

v

0 0
=

" "
]^ ]_gh gi .

ͻ� lim limf x f x
x x x x0 0

=
" "
] ]g g .

ͻ� lim limf x f x
x x x x0 0

=
" "

l l] ]g g͕�ɲʆ�f x 0H] g �ʃʉʆʏɳ�ʍʏʉ�x0 .
ͻ� Ʉʌɿʉ�ʋʉʄʐʘʆʐʅɿʃɼʎ

ͻ� limP x P x
x x 0

0
=

"
] ]g g.

ͻ� Ʉʌɿʉ�ʌɻʏɼʎ

ͻ� lim Q x
P x

Q x
P x

x x 0

0

0
=

" ]] ]]gg gg ,�ʅɸ�Q x 00 !] g .
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ͻ� Ɉʌɿɶʘʆʉʅɸʏʌɿʃɳ�ʊʌɿɲ
ͻ� lim x x

x x 0
0
hn hn=

"
.

ͻ� lim x x
x x 0

0
vyo vyo=

"
.

ͻ� lim x
x 1

x 0

hn =
"

.

ͻ� lim x
x 1 0

x 0

vyo - =
"

.
ͻ� Ʉʌɿʉ�ʍʑʆɽɸʏɻʎ�ʍʐʆɳʌʏɻʍɻʎ

ͻ� lim limf g x f u
x x u u0 0

=
" "

]^ ]gh g,�ʊʋʉʐ�u g x= ] g.
Ʌʌʉʍʉʖɼ͊� ȴɸʆ�ʍʋɳʅɸ�ʋʉʏɹ�ʏʉ�ʊʌɿʉ�ʍɸ�ɸʋɿʅɹʌʉʐʎ�ʊʌɿɲ͕�ʖʌɻʍɿʅʉʋʉɿʙʆʏɲʎ�

ʏɿʎ�ɿɷɿʊʏɻʏɸʎ͕�ɲʆ�ɷɸʆ�ɶʆʘʌʀɺʉʐʅɸ�ʊʏɿ�ʊʄɲ�ʏɲ�ɸʋɿʅɹʌʉʐʎ�ʊʌɿɲ�
ʐʋɳʌʖʉʐʆ͘

Ʌʌʉʍʉʖɼ͊� ȵʀʆɲɿ�ɷʐʆɲʏʊʆ�ʆɲ�ʐʋɳʌʖɸɿ�ɹʆɲ�ʊʌɿʉ�ʖʘʌʀʎ�ʆɲ�ʐʋɳʌʖɸɿ�ʃɳʋʉɿʉ�
ɲʋʊ�ʏɲ�ɸʋɿʅɹʌʉʐʎ�ʊʌɿɲ͘

Ⱥɸʙʌɻʅɲ�;ɀɻɷɸʆɿʃɼ�ɸʋʀ�ʔʌɲɶʅɹʆɻ�ʍʐʆɳʌʏɻʍɻͿ
Ȱʆ�ʉɿ�ʍʐʆɲʌʏɼʍɸɿʎ� f1 ͕� f2 �ɸʀʆɲɿ�ʉʌɿʍʅɹʆɸʎ�ʍʚɹʆɲ�ʍʑʆʉʄʉ�ȴ͕�ʇ�ɸʀʆɲɿ�

ɹʆɲ�ɸʍʘʏɸʌɿʃʊ�ʍɻʅɸʀʉ�ɼ�ɳʃʌʉ�ʏʉʐ�ȴ͕�ɻ�f1 �ɸʀʆɲɿ�ʔʌɲɶʅɹʆɻ�ʍɸ�ʅɿɲ�ʋɸʌɿʉʖɼ�
ʏʉʐ� ʇ� ʃɲɿ� lim f x 0

x
2 =

"p
^ h ͕� ʏʊʏɸ� ɿʍʖʑɸɿ� ʊʏɿ� lim f x f x 0

x
1 2 =

"p
^ ^^ h hh ͘� ;ȴɻʄɲɷɼ� ʏʉ�

ɶɿʆʊʅɸʆʉ�ʅɻɷɸʆɿʃɼʎ�ʍʐʆɳʌʏɻʍɻʎ�ɸʋʀ�ʔʌɲɶʅɹʆɻ�ɸʀʆɲɿ�ʅɻɷɸʆɿʃɼͿ͘
ɀɸɽʉɷʉʄʉɶʀɸʎ

ɉʋʉʄʉɶɿʍʅʊʎ�ʉʌʀʘʆ�ʍʏʉ�x0 :
ŝ͘� Ȱʋʄɳ�ʊʌɿɲ͘

ɇɸ�ɲʐʏɳ�ɷɸʆ�ʐʋɳʌʖɸɿ�ʋɲʌʉʆʉʅɲʍʏɼʎ�ɸʀʏɸ�ɲʐʏʊʎ�ɷɸʆ�ʅɻɷɸʆʀɺɸʏɲɿ͘�
ȳɿɲ�ʆɲ�ʏɲ�ʐʋʉʄʉɶʀʍʉʐʅɸ�ɽɹʏʉʐʅɸ�ɲʋɸʐɽɸʀɲʎ�ʊʋʉʐ�ǆ�ʏʉ�x0 �ʃɲɿ�ɸʃʏɸ-
ʄʉʑʅɸ�ʏɿʎ�ʋʌɳʇɸɿʎ͘

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x
x

1
3 2

x 2 +
+

"
.

ȳɿɲ�ʆɲ�ʐʋʉʄʉɶʀʍʉʐʅɸ�ʏʉ�ʊʌɿʉ�ɽɲ�ɲʆʏɿʃɲʏɲʍʏʀʍʉʐʅɸ�ʏʉ�ǆ�ʅɸ�ʏʉ�Ϯ�ʃɲɿ�
ɽɲ�ʃɳʆʉʐʅɸ�ʋʌɳʇɸɿʎ� lim x

x
1

3 2
2 1

3 2 2
3
8

x 2

$
+
+ = +

+ =
"

.

ŝŝ͘� Ʉʌɿɲ� 0
0 �ʅɸ�ʋʉʄʐʙʆʐʅɲ͘

ɇɸ� ɲʐʏɳ� ɽɲ� ʋɲʌɲɶʉʆʏʉʋʉɿʉʑʅɸ� ɲʌɿɽʅɻʏɼ� ʃɲɿ� ʋɲʌʉʆʉʅɲʍʏɼ͕� ʅɸ�
ʏɻ�ɴʉɼɽɸɿɲ�ʏʉʐ�ʍʖɼʅɲʏʉʎ�,ŽƌŶĞƌ�;ʍʏʉ� x0Ϳ�ɼ�ɳʄʄɻʎ�ʅɸɽʊɷʉʐ�ʋɲ-
ʌɲɶʉʆʏʉʋʉʀɻʍɻʎ͕�ʅɹʖʌɿʎ�ʊʏʉʐ�ʆɲ�ɲʋʄʉʋʉɿɻɽɸʀ�ʉ�ʊʌʉʎ� x x0- �ʋʉʐ�
ʋʌʉʃɲʄɸʀ�ʏɻʆ�ɲʋʌʉʍɷɿʉʌɿʍʏʀɲ͘�Ⱦɲʏʊʋɿʆ�ɽɹʏʉʐʅɸ�ʊʋʉʐ�ǆ�ʏʉ�x0 �ʃɲɿ�
ʃɳʆʉʐʅɸ�ʋʌɳʇɸɿʎ͘

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x x
x x x

3 10
4 5 2

x 2 2

3 2

+ -
- + -

"
.

Ʌɲʌɲʏɻʌʉʑʅɸ�ʊʏɿ�ɲʆ�ɲʆʏɿʃɲʏɲʍʏɼʍʉʐʅɸ�ʊʋʉʐ�ǆ�ʏʉ�Ϯ�ʋʌʉʃʑʋʏɸɿ� 0
0 �
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ɲʋʌʉʍɷɿʉʌɿʍʏʀɲ͘�Ⱦɳʆʉʐʅɸ�ʍʖɼʅɲ�,ŽƌŶĞƌ�ɶɿɲ�ʆɲ�ʋɲʌɲɶʉʆʏʉʋʉɿɼ-
ʍʉʐʅɸ��ʏʉʆ�ɲʌɿɽʅɻʏɼ�ʃɲɿ�ɴʌʀʍʃʉʐʅɸ�ʏɿʎ�ʌʀɺɸʎ�ʏʉʐ�ʋɲʌʉʆʉʅɲʍʏɼ�ɶɿɲ�
ʆɲ�ʏʉʆ�ʋɲʌɲɶʉʆʏʉʋʉɿɼʍʉʐʅɸ�ʉʋʊʏɸ�ʋɲʀʌʆʉʐʅɸ͗

lim limx x
x x x

x x
x x x

3 10
4 5 2

2 5
2 2 1

x x2 2

3 2

2

2

+ -
- + - = - +

- - +
=

" " ] ]] ] g gg g
lim x

x x
5

2 1
2 5

2 2 2 1
7
1

x 2

2 2 $
+

- + = +
- + =

"

ŝŝŝ͘�Ʉʌɿɲ� 0
0 �ʅɸ�ʌʀɺɸʎ͘

Ⱥɲ�ʋʉʄʄɲʋʄɲʍɿɳɺʉʐʅɸ�ɲʌɿɽʅɻʏɼ�ʃɲɿ�ʋɲʌʉʆʉʅɲʍʏɼ�ʅɸ�ʏɻ�ʍʐɺʐɶɼ�
ʋɲʌɳʍʏɲʍɻ͘
Ʌɲʌɳʍʏɲʍɻ ɇʐɺʐɶɼʎ Ȱʋʉʏɹʄɸʍʅɲ

x a- x a+ x 2a-

x3 a- x x23 3 2a a+ + x 3a-
x a- x x xv v v v1 2 2 1fa a a+ + + +- - - - xv va-

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x
x 100 10

x 0 2

2 + -
"

.
Ʌɲʌɲʏɻʌʉʑʅɸ�ʊʏɿ�ɲʆ�ɲʆʏɿʃɲʏɲʍʏɼʍʉʐʅɸ�ʊʋʉʐ� ǆ� ʏʉ�Ϭ�ʋʌʉʃʑʋʏɸɿ�

0
0 �ɲʋʌʉʍɷɿʉʌɿʍʏʀɲ͘�Ⱥɲ�ʋʌɹʋɸɿ�ʆɲ�ʋʉʄʄɲʋʄɲʍɿɳʍʉʐʅɸ�ɲʌɿɽʅɻʏɼ�
ʃɲɿ�ʋɲʌʉʆʉʅɲʍʏɼ�ʅɸ�ʏɻ�ʍʐɺɻɶɼ�ʋɲʌɳʍʏɲʍɻ�ʏʉʐ�ɲʌɿɽʅɻʏɼ͕�ʉʋʊʏɸ�
ʋʌʉʃʑʋʏɸɿ͗

lim limx
x

x
x

x
x100 10 100 10

100 10
100 10

x x0 2

2

0 2

2

2

2

$
+ - = + -

+ +
+ + =

" "
e o

lim lim
x x
x

x x
x

100 10
100 100

100 10x x0 2 2

2

0 2 2

2

+ +
+ - =

+ +
=

" "^ ^h h
lim lim

x x
x

x100 10 100 10
1

0 100
1

20
1

10x x0 2 2

2

0 2+ +
=

+ +
=

+
=

+" "^ h
ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim

x
x

2
3
2

3
x 6 -

-
-

+
"

.

Ʌɲʌɲʏɻʌʉʑʅɸ�ʊʏɿ�ɲʆ�ɲʆʏɿʃɲʏɲʍʏɼʍʉʐʅɸ�ʊʋʉʐ� ǆ� ʏʉ�ϲ�ʋʌʉʃʑʋʏɸɿ�

0
0 �ɲʋʌʉʍɷɿʉʌɿʍʏʀɲ͘�Ⱥɲ�ʋʌɹʋɸɿ�ʆɲ�ʋʉʄʄɲʋʄɲʍɿɳʍʉʐʅɸ�ɲʌɿɽʅɻʏɼ�
ʃɲɿ�ʋɲʌʉʆʉʅɲʍʏɼ�ʅɸ�ʏɻ�ʍʐɺɻɶɼ�ʋɲʌɳʍʏɲʍɻ�ʏʉʐ�ɲʌɿɽʅɻʏɼ�ʃɲɿ�ʏʉʐ�
ʋɲʌʉʆʉʅɲʍʏɼ͕�ʉʋʊʏɸ�ʋʌʉʃʑʋʏɸɿ͗

lim lim
x
x

x
x

x
x

x
x

2 2
3 3

2 2
3 3

3
3

2
2

3
3

2
2

x x6 6
$ $

- -
+ - =

- -
+ -

+
+

-
-

+
+

+
+ =

" "
e o
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lim limx
x

x
x

x
x

x
x

2 4
3 9

3 3
2 2

6
6

3 3
2 2

x x6 6
$ $- -

+ -
+ +
- + = -

-
+ +
- + =

" "
e eo o

lim limx
x

x
x

x
x

6
6

3 3
2 2

3 3
2 2

6 3 3
6 2 2

3 3
4 2 1

x x6 6
$-

-
+ +
- + =

+ +
- + =

+ +
- + = +

+ =
" "
e o .

Ȱʆ�ʃɳʋʉɿʉʎ�ʊʌʉʎ�ʋɸʌɿɹʖɸɿ�ʋɸʌɿʍʍʊʏɸʌɲ�ɲʋʊ�ɷʑʉ�ʌɿɺɿʃɳ͕�ʏʊʏɸ�ɶɿɲ�
ʏɻʆ�ɸʑʌɸʍɻ�ʏʉʐ�ʉʌʀʉʐ�ɲʔɲɿʌʉʑʅɸ�ɲʋʊ�ʃɳɽɸ�ʌɿɺɿʃʊ�ʏɻʆ� ʏɿʅɼ�ʏʉʐ�
ɶɿɲ�x x0= ͘�ȶʋɸɿʏɲ�ɸʀʏɸ�ɷɿɲʍʋɳʅɸ�ʏʉ�ʃʄɳʍʅɲ�ʃɲɿ�ʋʉʄʄɲʋʄɲʍɿɳɺʉʐʅɸ�
ʏʉ�ʃɲɽɹʆɲ�ʅɸ�ʏɻ�ʍʐɺʐɶɼ�ʋɲʌɳʍʏɲʍɻ͕�ɸʀʏɸ�ɷɿɲɿʌʉʑʅɸ�ʊʄʉʐʎ�ʏʉʐʎ�
ʊʌʉʐʎ�ʋʉʐ�ɷɻʅɿʉʐʌɶʉʑʆʏɲɿ�ʅɸ�x x0- .

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x
x x

2
2 7 1

x 2 -
+ - + +

"
.

Ʌɲʌɲʏɻʌʉʑʅɸ�ʊʏɿ�ɲʆ�ɲʆʏɿʃɲʏɲʍʏɼʍʉʐʅɸ�ʊʋʉʐ�ǆ�ʏʉ�Ϯ�ʋʌʉʃʑʋʏɸɿ� 0
0 �

ɲʋʌʉʍɷɿʉʌɿʍʏʀɲ͘�Ƀʋʊʏɸ�ɽɲ�ʋʌɹʋɸɿ�ʆɲ�ɷɿɲʍʋɳʍʉʐʅɸ�ʏʉ�ʃʄɳʍʅɲ�ʍɸ�
ɷʑʉ�ʃɲɿ�ʆɲ�ʋʉʄʄɲʋʄɲʍɿɳʍʉʐʅɸ�ʏʉ�ʃɲɽɹʆɲ�ʅɸ�ʏɻ�ʍʐɺʐɶɼ�ʋɲʌɳʍʏɲ-
ʍɻ͕�ʉʋʊʏɸ�ʋʌʉʃʑʋʏɸɿ͗

lim x
x

x
x

2
2 2

2
7 3

x 2 -
+ - - -

+ - =
"
c m

lim
x x
x x

x x
x x

2 2 2
2 2 2 2

2 7 3
7 3 7 3

x 2 - + +
+ - + + -

- + +
+ - + + =

" ^ ^
^ ^

^ ^
^ ^e h h

h h
h h
h h o

lim
x x

x
x x

x
2 2 2

2
2 7 3

2
x 2 - + +

-
-

- + +
-

=
" ^ ^ ^ ^e h h h h o
lim

x x2 2
1

7 3
1

4
1

6
1

12
1

x 2

+ +
-

+ +
= - =

"
c m .

ŝǀ͘ �Ʉʌɿɲ� 0
0 �ʅɸ�ɲʋʊʄʐʏɲ͘

Ȱʆ�ʏʉ�x0 �ɷɸʆ�ʅɻɷɸʆʀɺɸɿ�ʏʉ�ɲʋʊʄʐʏʉ͕�ʏʊʏɸ�ɴʌʀʍʃʉʐʅɸ�ʏʉ�ʋʌʊʍɻʅʉ�ʏɻʎ�
ʋɲʌɳʍʏɲʍɻʎ�ʅɹʍɲ�ʍɸ�ɲʐʏʊ�ɶɿɲ�x x0= �ʃɲɿ�ɷɿʙʖʆʉʐʅɸ�ʏʉ�ɲʋʊʄʐʏʉ͘

x
2

3 1
x 2

- -

Ʌɲʌɲʏɻʌʉʑʅɸ�ʊʏɿ�ɲʆ�ɲʆʏɿʃɲʏɲʍʏɼʍʉʐʅɸ�ʊʋʉʐ� ǆ� ʏʉ�Ϯ�ʋʌʉʃʑʋʏɸɿ�

0
0 �ɲʋʌʉʍɷɿʉʌɿʍʏʀɲ͘�ɉʋʉʄʉɶʀɺʉʐʅɸ�ʏʉ�lim(x - 3) = -1 <�0.

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� 
   
lim       x -         .

 ȵʋʉʅɹʆʘʎ�
ʇɲʆɲɶʌɳʔʉʐʅɸ�ʏʉ�ɲʌʖɿʃʊ�ʊʌɿʉ�ɷɿʙʖʆʉʆʏɲʎ�ʏʉ�ɲʋʊʄʐʏʉ�ʃɲɿ�ɲʄʄɳ-
ɺʉʆʏɲʎ�ʏɲ�ʋʌʊʍɻʅɲ�ʏɻʎ�ʋɲʌɳʍʏɲʍɻʎ�ʅɹʍɲ�ʍʏʉ�ɲʋʊʄʐʏʉ�;ɸʋɸɿɷɼ�ɻ�
ʏɿʅɼ�ʏʉʐ�ʉʌʀʉʐ�ɸʀʆɲɿ�ɲʌʆɻʏɿʃɼͿ͕�ʉʋʊʏɸ�ʋʌʉʃʑʋʏɸɿ͗

lim lim lim x
x

x
x

x
x

2
2

2
3 1

2
2 1

x x x2 2 2 -
-

-
- - -

= -
- + =

-
=-

" " "

^ ^h h
.

Ȱʆ�ʏʉ�x0 �ʅɻɷɸʆʀɺɸɿ�ʏʉ�ɲʋʊʄʐʏʉ͕�ʏʊʏɸ�ʋɲʀʌʆʉʐʅɸ�ʋʄɸʐʌɿʃɳ�ʊʌɿɲ͘�ȴɸʆ�

"

"

x 2
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ʇɸʖʆɳʅɸ�ʊʏɿ�ʊʏɲʆ�ʏʉ�x x0" + �ʏʉ�x x> 0 �ʃɲɿ�ʊʏɲʆ�ʏʉ�x x0" - �ʏʉ�x x< 0 .

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x
x x x3 2

1
1

x 1

2

-
- + - +

"
.

Ʌɲʌɲʏɻʌʉʑʅɸ�ʊʏɿ�ɲʆ�ɲʆʏɿʃɲʏɲʍʏɼʍʉʐʅɸ�ʊʋʉʐ� ǆ� ʏʉ�ϭ�ʋʌʉʃʑʋʏɸɿ�

0
0 �ɲʋʌʉʍɷɿʉʌɿʍʏʀɲ͘� ɉʋʉʄʉɶʀɺʉʐʅɸ� ʏʉ� lim x x3 2 0

x

2

1
- + =

"
͘� ȵʋʉʅɹ-

ʆʘʎ�ʋʌɹʋɸɿ�ʆɲ�ʋɳʌʉʐʅɸ�ʋʄɸʐʌɿʃɳ�ʊʌɿɲ͘�ɉʋʉʄʉɶʀɺʉʐʅɸ�ʏɿʎ�ʌʀɺɸʎ�ʏɻʎ�
x x3 2 02 - + = �ʃɲɿ�ʃɳʆʉʐʅɸ�ʋʀʆɲʃɲ�ʋʌʉʍɼʅʘʆ͘

x -∞ 1 2 +∞
+ - +

Ʌɲʌɲʏɻʌʉʑʅɸ�ʊʏɿ� x x3 2 0<2 - + �ʊʏɲʆ�ʏʉ� x 1" + �ʃɲɿ� x x3 2 0>2 - + �
ʊʏɲʆ�ʏʉ�x 1" - ͘�ɉʋʉʄʉɶʀɺʉʐʅɸ�ʏʙʌɲ�ʏɲ�ʋʄɸʐʌɿʃɳ�ʊʌɿɲ͕�ʉʋʊʏɸ�ʋʌʉ-
ʃʑʋʏɸɿ͗

lim limx
x x x

x
x x x

1
3 2 1

1
1 2 1

x x1

2

1-
- - + - + = -

- - - - - =
" "+ +

^ ^ ^ ^h h h h
lim x

x x
1

1
1 1

2 1
0

x 1 -
- -

=- -
- +

=
" +

^ ^ ^h h h
lim limx

x x x
x

x x x
1

3 2 1
1

1 2 1
x x1

2

1-
- + - + = -

- - - - =
" "- +

^ ^ ^h h h
lim x

x x
1

1 2 1
1 3 2

x 1 -
- -

= - =-
-

" +

^ ^h h
ȵʋɸɿɷɼ� ʏɲ� ʋʄɸʐʌɿʃɳ� ʊʌɿɲ� ɸʀʆɲɿ� ɷɿɲʔʉʌɸʏɿʃɳ� ʅɸʏɲʇʑ� ʏʉʐʎ͕� ʏʉ�

lim x
x x x

1
3 2 1

x 1

2

-
- + - +

"
�ɷɸʆ�ʐʋɳʌʖɸɿ͘

ǀ͘ � Ʉʌɿɲ� 0
0 �ʅɸ�ʏʌɿɶʘʆʉʅɸʏʌɿʃʉʑʎ�ʊʌʉʐʎ͘

Ⱥɲ� ʋʌʉʍʋɲɽʉʑʅɸ� ;ʋʉʄʄɲʋʄɲʍɿɳɺʉʆʏɲʎ� ʃɲɿ� ɷɿɲɿʌʙʆʏɲʎͿ� ʆɲ� ɸʅ-

ʔɲʆʀɺʉʐʅɸ�ʊʌɿɲ� ʏɻʎ�ʅʉʌʔɼʎ� lim f x
f x

x x0

hn
" ] ]g g � ɼ� lim f x

f x 1
x x0

vyo -
" ]] gg � ʊʋʉʐ�

lim f x 0
x x0

=
"
] g ͘�ȶʏʍɿ�ɽɹʏʉʆʏɲʎ� f x u=] g �ɽɲ�ʃɲʏɲʄɼɶʉʐʅɸ�ʍʏɲ�ɴɲʍɿʃɳ�

ʊʌɿɲ� lim u
u 1

u 0

hn =
"

�ɼ� lim u
u 1 0

u 0

vyo - =
"

.

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x
x3

x 0

hn
"

.

lim limx
x

x
x3 3 3

3
x x0 0

hn hn=
" "

: D
Ⱥɹʏʉʐʅɸ�u x3= .
Ʉʏɲʆ�x 0" �ʏʉ�u 0" .

ȵʋʉʅɹʆʘʎ� lim u
u3 3 1 3

u 0
$

hn = =
"
: D .

 
x2 - 3x + 2
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ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x
x
π
π

x π

hn
-
-

"

] g
.

Ⱥɹʏʉʐʅɸ�u x π= - .
Ʉʏɲʆ�x π" �ʏʉ�u 0" .
ȵʋʉʅɹʆʘʎ� lim u

u 1
u 0

hn =
"

.
ǀŝ͘�Ʉʌɿɲ�ʅɸ�ʍʐʆɲʌʏɼʍɸɿʎ�ʋʉʄʄɲʋʄʉʑ�ʏʑʋʉʐ�ʍʏʉ�ʍɻʅɸʀʉ�ɲʄʄɲɶɼʎ�ʏʑ-

ʋʉʐ�ʏɻʎ�ʍʐʆɳʌʏɻʍɻʎ͘
Ⱥɲ�ʐʋʉʄʉɶʀɺʉʐʅɸ�ʏɲ�ʋʄɸʐʌɿʃɳ�ʊʌɿɲ�ʏɻʎ�Ĩ�ʍʏʉ�x0 ͘�ȶʏʍɿ�ɶɿɲ�ʆɲ�ʐʋɳʌ-
ʖɸɿ�ʏʉ�ʊʌɿʉ�ɽɲ�ʋʌɹʋɸɿ�ʏɲ�ʋʄɸʐʌɿʃɳ�ʊʌɿɲ�ʆɲ�ɸʀʆɲɿ�ʀʍɲ͘

ʋ͘ʖ͘� ȳɿɲ�ʋʉɿɲ�ʏɿʅɼ�ʏʉʐ� R!a �ʐʋɳʌʖɸɿ�ʏʉ�ʊʌɿʉ�ʏɻʎ�
,
,f x

x x
x x
1 3

2 3
<2

Ha
=

-^ h ( �
ʍʏʉ�ʍɻʅɸʀʉ�x 3= ;
ȳɿɲ�ʆɲ�ʐʋɳʌʖɸɿ�ʏʉ�ʊʌɿʉ�ʍʏʉ�x 3= �ɽɲ�ʋʌɹʋɸɿ�ʆɲ�ʐʋɳʌʖʉʐʆ�ʏɲ�ʋʄɸʐ-
ʌɿʃɳ�ʊʌɿɲ�ʃɲɿ�ʆɲ�ɸʀʆɲɿ�ʀʍɲ͘
lim lim xf x 1 3 1 8

xx 3

2

3

2-= = - =
"" --

^ ^h h
lim limf x x2 2 3 6
x x3 3

a a a= = =
" "+ +
^ ^h h

Ʌʌɹʋɸɿ�6 8 3
4+a a= = .

ǀŝŝ͘�Ȱʆʏɿʃɲʏɳʍʏɲʍɻ͘
Ȱʆ�ɽɹʄʉʐʅɸ�ʆɲ�ʐʋʉʄʉɶʀʍʉʐʅɸ�ɹʆɲ�ʊʌɿʉ�ʏɻʎ�ʅʉʌʔɼʎ� limA f g x

x x0
=

"
]^ gh͕�

ʏʊʏɸ� ɽɹʏʉʐʅɸ� g x u=] g ͕� ʉʋʊʏɸ� limg x u
x x 0

0
=

"
] g � ʃɲɿ� ɲʆ�u u0! � ʃʉʆʏɳ�

ʍʏʉ� x0 ͕� ʏʊʏɸ� limA f u
u u0

=
"
] g͘� ȵʋʉʅɹʆʘʎ� ɲʆʏʀ� ʆɲ� ʐʋʉʄʉɶʀʍʉʐʅɸ� ʏʉ�

lim f g x
x x0"

]^ gh͕�ʐʋʉʄʉɶʀɺʉʐʅɸ�ʏʉ�ɸʐʃʉʄʊʏɸʌʉ�ʊʌɿʉ� lim f u
u u0"
] g.

ʋ͘ʖ͘� Ȱʆ� lim f x 1
x 0

=
"
] g �ʆɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ� lim f x 2

x 2
-

"
] g.

Ⱥɹʏʉʐʅɸ�u x 2= - .
Ʉʏɲʆ�x 2" �ʏʉ�u 0" .
ȵʋʉʅɹʆʘʎ� lim f u 1

u 0
=

"
] g .

3.3 Ⱥɸʘʌɻʏɿʃɳ�Ⱥɹʅɲʏɲ�ʅɸ�ʊʌɿɲ
Ʉʏɲʆ�ʅɲʎ�ɺɻʏʉʑʆ�ʏʉ�ʊʌɿʉ�ʅɿɲʎ�ʍʐʆɳʌʏɻʍɻʎ͕�ʏɻʎ�ʉʋʉʀɲʎ�ɷɸʆ�ɶʆʘʌʀ-

ɺʉʐʅɸ�ʏʉʆ�ʏʑʋʉ͕�ɽɲ�ɸʔɲʌʅʊɺʉʐʅɸ�ʃʌɿʏɼʌɿʉ�ʋɲʌɸʅɴʉʄɼʎ�ɲʆ�ɹʖʉʐʅɸ�ɷɿʋʄɼ�
ɲʆɿʍʊʏɻʏɲ͘

Ȱʆ�ɹʖʉʐʅɸ�ʊʅʘʎ�ʏʉ�ʊʌɿʉ�ʅɿɲʎ�ʋɲʌɳʍʏɲʍɻʎ͕�ɻ�ʉʋʉʀɲ�ɽɲ�ʋɸʌɿɹʖɸɿ�
ʏɻʆ�Ĩ͕ �ʃɲɿ�ʅɲʎ�ɺɻʏʉʑʆ�ʏʉ�ʊʌɿʉ�ʏɻʎ�Ĩ͕ �ɽɲ�ɽɹʏʉʐʅɸ�ʏɻʆ�ʋɲʌɳʍʏɲʍɻ�h x] g�ʃɲɿ�
ɽɲ�ʄʑʆʉʐʅɸ�ʘʎ�ʋʌʉʎ�f x] g͘�ȶʋɸɿʏɲ�ɽɲ�ʐʋʉʄʉɶʀɺʉʐʅɸ�ʏʉ�ʊʌɿʉ�ʏɻʎ�f x^ h�ɲʔʉʑ�
ʊʄɲ�ʏɲ�ʐʋʊʄʉɿʋɲ�ʊʌɿɲ�ɸʀʆɲɿ�ɶʆʘʍʏɳ͘

3.4 ɀɻ�Ʌɸʋɸʌɲʍʅɹʆʉ�Ʉʌɿʉ�ʍʏʉ�x R0 !

x x0"

ȶʍʏʘ�ʍʐʆɳʌʏɻʍɻ� :f A " R ͘�Ȼʍʖʑʉʐʆ�ʉɿ�ɸʇήʎ�ɿɷɿʊʏɻʏɸʎ͗ 
ͻ� Ȱʆ�lim f]xg =+3͕�ʏʊʏɸ�f]xg > 0�ʃʉʆʏɳ�ʍʏʉ�x0 .
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ͻ� Ȱʆ� lim f x
x x0

3=-
"
] g ͕�ʏʊʏɸ�f x 0<] g �ʃʉʆʏɳ�ʍʏʉ�x0 .

ͻ� Ȱʆ� lim f x
x x0

3=+
"
] g ͕�ʏʊʏɸ� lim f x

x x0
3- =-

"
]^ gh .

ͻ� Ȱʆ� lim f x
x x0

3=-
"
] g ͕�ʏʊʏɸ� lim f x

x x0
3- =+

"
]^ gh .

ͻ� Ȱʆ� lim f x 0
x x0

=
"
] g �ʃɲɿ�f x 0>] g �ʃʉʆʏɳ�ʍʏʉ�x0 ͕�ʏʊʏɸ� lim f x

1
x x0

3=+
" ] g .

ͻ� Ȱʆ� lim f x 0
x x0

=
"
] g �ʃɲɿ�f x 0<] g �ʃʉʆʏɳ�ʍʏʉ�x0 ͕�ʏʊʏɸ� lim f x

1
x x0

3=-
" ] g .

ͻ� Ȱʆ� lim f x
x x0

3=+
"
] g �ɼ� 3- �ʏʊʏɸ� lim f x

1 0
x x0

=
" ] g .

ͻ� Ȱʆ� lim f x
x x0

3=+
"
] g ͕�ʏʊʏɸ� lim f x

x x0
3=+

"

l ] g .
ͻ� Ȱʆ�f x g xG] ]g g�ʃʉʆʏɳ�ʍʏʉ�x0 �ʃɲɿ� lim f x

x x0
3=+

"
] g �ʏʊʏɸ� limg x

x x0
3=+

"
] g .

ͻ� Ȱʆ�f x g xH] ]g g�ʃʉʆʏɳ�ʍʏʉ�x0 �ʃɲɿ� lim f x
x x0

3=-
"
] g �ʏʊʏɸ� limg x

x x0
3=-

"
] g .

Ʌɲʌɲʏɻʌɼʍɸɿʎ
ͻ� ȳɿɲ�ʄʊɶʉʐʎ�ʍʐʆʏʉʅʀɲʎ�ʅʋʉʌʉʑʅɸ�ɲʆʏʀ�ʏɻʎ�ɹʃʔʌɲʍɻʎ�Η lim f]xg = 0�

x x0
=

"

ʃɲɿ�f]xg > 0�ʃʉʆʏɳ�ʍʏʉ�x0 Η͕�ʆɲ�ʖʌɻʍɿʅʉʋʉɿɼʍʉʐʅɸ�ʏʉ�ʍʐʅɴʉʄɿʍʅʊ� 
0+͘� Ȱʆʏʀʍʏʉɿʖɲ� ʅʋʉʌʉʑʅɸ� ɲʆʏʀ� ʏɻʎ� ɹʃʔʌɲʍɻʎ� Ηlim f]xg     0� ʃɲɿ�
f]xg < 0�ʃʉʆʏɳ�ʍʏʉ�x0 Η͕�ʆɲ�ʖʌɻʍɿʅʉʋʉɿɼʍʉʐʅɸ�ʏʉ�ʍʐʅɴʉʄɿʍʅʊ�0-.

ɀʉʌʔɹʎ�ʉʌʀʘʆ

lim f x
x x0"
] g 0>a 0<a 0>a 0<a 0 0 3+ 3+ 3- 3-

limg x
x x0"
] g 3+ 3+ 3- 3- 3+ 3- 3+ 3- 3+ 3-

lim f x g x
x x0

+
"
] ]^ g gh 3+ 3+ 3- 3- 3+ 3- 3+ ? ? 3-

lim f x g x
x x0

$
"
] ]^ g gh 3+ 3- 3- 3+ ? ? 3+ 3- 3- 3+

Ȱʋʌʉʍɷɿʊʌɿʍʏɸʎ�ɀʉʌʔɹʎ

3 3+ + -] ]g g͕� 3 3+ - +] ]g g͕� 3 3- - -] ]g g͕�0 $ !3] g͕� 00 ͕� !
!
3
3

00 ͕� !3 !3^ h ͕�ϭ!3 ͕� 0!3^ h
ɀɸɽʉɷʉʄʉɶʀɸʎ

Ɉɲ�ʅɻ�ʋɸʋɸʌɲʍʅɹʆɲ�ʊʌɿɲ�ʍʏʉ�x R0 ! �ɽɲ�ɸʀʆɲɿ�ɶɸʆɿʃɳ�ʊʌɿɲ�ʏɻʎ�ʅʉʌ-

ʔɼʎ�lim g x
f x

x x0" ]] gg �ʅɸ�f x 00 !a=] g �ʃɲɿ�g x 00 =] g ͘�ȳɿɲ�ʆɲ�ʏɲ�ʐʋʉʄʉɶʀʍʉʐ-

ʅɸ�ɽɲ�ɲʋʉʅʉʆʙʆʉʐʅɸ�ʏʉʆ�ʋɲʌʉʆʉʅɲʍʏɼ͕�ɽɲ�ʐʋʉʄʉɶʀɺʉʐʅɸ�ʏʉ�ʊʌɿʉ�
ʏʉʐ�ʃɲɿ�ɽɲ�ɸʇɸʏɳɺʉʐʅɸ�ʏʉ�ʋʌʊʍɻʅʊ�ʏʉʐ͘

ŝ͘� Ȱʆ�ʏʉ�ʋʌʊʍɻʅʉ�ɸʀʆɲɿ�ʍʏɲɽɸʌʊ�ʃʉʆʏɳ�ʍʏʉ�x0 �ʏʊʏɸ͕�ɲʆɳʄʉɶɲ�ʅɸ�ʏʉʆ�
ʋʀʆɲʃɲ�ʍʏɿʎ�ʅʉʌʔɹʎ�ʉʌʀʘʆ͕�ɴʌʀʍʃʉʐʅɸ�ɲʋɸʐɽɸʀɲʎ�ʏʉ�ʊʌɿʉ͘

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ͕�ɲʆ�ʐʋɳʌʖɸɿ͕�ʏʉ�ʊʌɿʉ� lim x 2
1

x 2 2-" ^ h .
Ɉʉ�ʊʌɿʉ�ʏʉʐ�ʋɲʌʉʆʉʅɲʍʏɼ͕�ʊʏɲʆ�ʏʉ�ǆ�ʏɸʀʆɸɿ�ʍʏʉ�Ϯ͕�ɸʀʆɲɿ�ʅɻɷɹʆ͘�Ƀ�

 
"x x0
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ʋɲʌʉʆʉʅɲʍʏɼʎ� ʃʉʆʏɳ�ʍʏʉ� Ϯ� ɸʀʆɲɿ� ʋɳʆʏʉʏɸ�ɽɸʏɿʃʊʎ� ;ɸʋɸɿɷɼ� ɸʀʆɲɿ�
ʐʗʘʅɹʆʉʎ�ʍʏʉ�ʏɸʏʌɳɶʘʆʉͿ͘�ȵʋʉʅɹʆʘʎ�ʏʉ�ʊʌɿʉ�ɽɲ�ɿʍʉʑʏɸ�ʅɸ� 3+ .
Ʌʉɿʉ�ʍʑʆʏʉʅɲ�ʅʋʉʌʉʑʅɸ�ʆɲ�ɶʌɳʗʉʐʅɸ� lim x 2

1
0
1

x 2 2 3- = =+
"

+^ h .

ŝŝ͘� Ȱʆ� ʉ� ʋɲʌʉʆʉʅɲʍʏɼʎ� ɲʄʄɳɺɸɿ� ʋʌʊʍɻʅʉ� ɸʃɲʏɹʌʘɽɸʆ� ʏʉʐ� x0 � ʏʊʏɸ͕�
ʋɲʀʌʆʉʆʏɲʎ� ʋʄɸʐʌɿʃɳ� ʊʌɿɲ͕� ɲʃʉʄʉʐɽʉʑʅɸ� ʏɻʆ� ʋʌʉɻɶʉʑʅɸʆɻ� ʅɸ-
ɽʉɷʉʄʉɶʀɲ�ʃɲɿ�ʏɸʄɿʃɳ�ɴʌʀʍʃʉʐʅɸ�ʊʏɿ�ʏʉ�ʊʌɿʉ�ɷɸʆ�ʐʋɳʌʖɸɿ�ɸʋɸɿɷɼ�
ʏɲ�ʋʄɸʐʌɿʃɳ�ʊʌɿɲ�ɸʀʆɲɿ�ɷɿɲʔʉʌɸʏɿʃɳ͘

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ͕�ɲʆ�ʐʋɳʌʖɸɿ͕�ʏʉ�ʊʌɿʉ� lim x 2
1

x 2 -"
.

Ɉʉ�ʊʌɿʉ�ʏʉʐ�ʋɲʌʉʆʉʅɲʍʏɼ͕�ʊʏɲʆ�ʏʉ�ǆ�ʏɸʀʆɸɿ�ʍʏʉ�Ϯ͕�ɸʀʆɲɿ�ʅɻɷɹʆ͘�ȵʋɸɿ-
ɷɼ�ɷɸʆ�ʅʋʉʌʉʑʅɸ�ʆɲ�ʋʌʉʍɷɿʉʌʀʍʉʐʅɸ�ʏʉ�ʋʌʊʍɻʅʉ�ʏʉʐ�ʋɲʌʉʆʉʅɲ-
ʍʏɼ�ʃʉʆʏɳ�ʍʏʉ�Ϯ͕�ɽɲ�ʋɳʌʉʐʅɸ�ʋʄɸʐʌɿʃɳ�ʊʌɿɲ͘
lim x 2

1
0
1

x 2
3- = =+

"
+

+
͕� lim x 2

1
0
1

x 2
3- = =-

"
-

-

Ɉɲ�ʋʄɸʐʌɿʃɳ�ʊʌɿɲ� ɸʀʆɲɿ� ɷɿɲʔʉʌɸʏɿʃɳ�ʅɸʏɲʇʑ� ʏʉʐʎ͕� ɸʋʉʅɹʆʘʎ� ʏʉ�
ʊʌɿʉ� lim x 2

1
x 2 -"

�ɷɸʆ�ʐʋɳʌʖɸɿ͘

3.5 Ʉʌɿɲ�ʍʏʉ�ȱʋɸɿʌʉ
ͻ� Ȳɲʍɿʃɳ�Ʉʌɿɲ

ͻ� limx
x

v 3=+
" 3+

.

ͻ�
,
, ,limx
v
v

2
2 1 Z

x
v 3

3
!

l
l

l=
+ =
- = +" 3-
( .

ͻ� lim x
1 0

x
v =

"!3
.

ͻ� Ʉʌɿʉ�ʋʉʄʐʘʆʐʅɿʃɼʎ
ͻ� lim limx x x x

x
v

v
v

v

x
v

v
1

1
1 0fa a a a a+ + + + =

" "! !3 3
-

-] ]g g,�ʅɸ� 0v !a .
ͻ� Ʉʌɿʉ�ʌɻʏɼʎ

ͻ�

,
,

,
lim limx x x

x x x
x
x

0

>

<
x

v
v

v
v

x

v
v

1
1

1 0

1
1

1 0

!

f
f

3

b b b b
a a a a

b
a

o l

b
a
o l

o l
+ + + +
+ + + + = = =

" "! !3 3l
l

l
l

l
l

l

o

-
-

-
-

Z

[

\

]]

]
,� ʅɸ�

0v !a bl .
ͻ� Ʉʌɿʉ�ɳʌʌɻʏɻʎ

ͻ� lim x x x
x v

v
v

v
1

1
1 0fa a a a+ + + + =

"!3

l
-

-

lim x x x xx
v

v
v

v v
1

1
1 0fa a a a+ + + + =

"!3

l -
-b l

lim x x x xx

v
v

v
v v

1
1
1 0$ fa a a a+ + + + =

"!3

l
l

-
-b l

0 0 0v$3 f 3a+ + + + + =+l] g .
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ͻ� Ʉʌɿʉ�ɸʃɽɸʏɿʃɼʎ
ͻ� Ȱʆ� 1>a �ʏʊʏɸ� lim

x
x 3a =+

" 3+
�ʃɲɿ� lim 0

x
xa =

" 3-
.

ͻ� Ȱʆ�0 1< <a �ʏʊʏɸ� lim 0
x

xa =
" 3+

�ʃɲɿ� lim
x

x 3a =+
" 3-

.
ͻ� Ʉʌɿʉ�ʄʉɶɲʌɿɽʅɿʃɼʎ

ͻ� Ȱʆ� 1>a ɲ�ʏʊʏɸ� limlog x
x

3=+
" 3 a+

�ʃɲɿ� limlog x
x 0

3=-
"

a+
.

ͻ� Ȱʆ�0 1< <a �ʏʊʏɸ� limlog x
x

3=-
" 3 a+

�ʃɲɿ� limlog x
x 0

3=+
"

a+
.

ɀɸɽʉɷʉʄʉɶʀɸʎ

ŝ͘� ɇʏɲ�ʊʌɿɲ�ʍʏʉ�ɳʋɸɿʌʉ͕�ʊʏɲʆ�ɹʖʉʐʅɸ�ɲʋʌʉʍɷɿʉʌɿʍʏʀɲ�� !
!
3
3 �ɶɸʆɿʃɳ�

ɴɶɳɺʉʐʅɸ�ʃʉɿʆʊ�ʋɲʌɳɶʉʆʏɲ͕�ʋʌʉʍʋɲɽʙʆʏɲʎ�ʆɲ�ɷɻʅɿʉʐʌɶɼʍʉʐʅɸ�
ʅɻɷɸʆɿʃɳ�ʃɲɿ�ʆɲ�ʅʋʉʌɹʍʉʐʅɸ�ʆɲ�ɷɿʙʇʉʐʅɸ�ʏɻʆ�ɲʋʌʉʍɷɿʉʌɿʍʏʀɲ͘�Ȱʆ�
ɹʖʉʐʅɸ�ʋʉʄʐʙʆʐʅɲ�ʅʋʉʌʉʑʅɸ�ʆɲ�ʖʌɻʍɿʅʉʋʉɿɼʍʉʐʅɸ�ɲʋɸʐɽɸʀɲʎ�
ʏɿʎ�ɿɷɿʊʏɻʏɸʎ͘

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x x3 5 2
x

2 + -
" 3+
^ h.

ȶʖʉʐʅɸ͗
lim limx x x3 5 2 3
x x

2 2 3+ - = =+
" "3 3+ +
^ ^h h .

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x
x x

1
3 5 2

x

2

-
+ -

" 3-
.

ȶʖʉʐʅɸ͗

lim lim limx
x x

x
x x1

3 5 2 3 3
x x x

2 2

3-
+ - = = =-

" " "3 3 3- - -
^ h .

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x x
x x
6 1
3 5 2

x 2

2

- +
+ -

" 3-
.

ȶʖʉʐʅɸ͗

lim limx x
x x

x
x

6 1
3 5 2

6
3

6
3

2
1

x x2

2

2

2

- +
+ - = = =

" "3 3- -
.

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x x
x

3 5 2
1

x 2 - +
-

" 3+
.

ȶʖʉʐʅɸ͗
lim lim limx x

x
x
x

x3 5 2
1

3 3
1 0

x x x2 2- +
- = = =

" " "3 3 3+ + +
.

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x x5 2
x

2 + -
" 3+

.
ȶʖʉʐʅɸ͗

lim limx x x x x5 2 1 5 2
x x

2 2
2+ - = + - =

" "3 3+ +
b l � lim x x x1 5 2

x 2+ - =
" 3+
b l

lim x x x1 5 2 1
x 2 $3 3+ - =+ =+
" 3+
b l .

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x x5 2
x

2 + -
" 3-

.
ȶʖʉʐʅɸ͗

lim limx x x x x5 2 1 5 2
x x

2 2
2+ - = + - =

" "3 3- -
b l � lim x x x1 5 2

x 2+ - =
" 3-
b l
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lim x x x1 5 2 1
x 2 $3 3- + - =- - =+
" 3-
b ]l g .

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x x x5 2
x

2 + - +
" 3+
^ h.

ȶʖʉʐʅɸ͗

lim limx x x x x x x5 2 1 5 2
x x

2 2
2+ - + = + - + =

" "3 3+ +
^ bch l m

lim limx x x x x x x x1 5 2 1 5 2
x x2 2+ - + = + - + =
" "3 3+ +

bc bcl m l m
lim x x x1 5 2 1 2
x 2 $3 3+ - + =+ =+
" 3+

bc l m; E .

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x x x5 2
x

2 + - +
" 3-
^ h.

Ȱʆ�ɴɶɳʄʉʐʅɸ�ʃʉɿʆʊ�ʋɲʌɳɶʉʆʏɲ�ʏʉ�ǆ͕�ʊʋʘʎ�ʃɳʆɲʅɸ�ʍʏʉ�ʋʌʉɻɶʉʑ-
ʅɸʆʉ�ʋɲʌɳɷɸɿɶʅɲ͕�ɽɲ�ʋʌʉʃʑʗɸɿ�ɲʋʌʉʍɷɿʉʌɿʍʏʀɲ�0 $3͘�ȵʋʉʅɹʆʘʎ�
ʋʉʄʄɲʋʄɲʍɿɳɺʉʐʅɸ�ʋʌʙʏɲ�ʅɸ�ʏɻ�ʍʐɺʐɶɼ�ʋɲʌɳʍʏɲʍɻ�ʏʉʐ�ɲʌɿɽʅɻʏɼ�
ʃɲɿ�ɹʖʉʐʅɸ͗

lim limx x x
x x x
x x x5 2

5 2
5 2

x x
2

2

2 2

+ - + =
+ - -
+ - =-

" "3 3- -
^ h

lim lim
x x x x

x

x x x x

x x

1 5 2
5 2

1 5 2
5 2

x x

2 2+ - -
=

- + - -
=- -

" "3 3- -bc b
b

l m l
l

lim
x x x

x x

1 5 2 1

5 2

1 0 0 1
5 0

2
5

x

2- + - +
=
- + - +

=-
- -

" 3+ bc
b

^l m
l

h .

ŝŝ͘� ɇʏɲ�ʊʌɿɲ�ʅɸ�ɸʃɽɸʏɿʃɹʎ͕�ɲʆ�ɹʖʉʐʅɸ�ɸʃɽɸʏɿʃɹʎ�ʅɸ�ʏɻʆ�ʀɷɿɲ�ɴɳʍɻ�ʏʊʏɸ͗
ͻ� Ȱʆ�ʏʉ�x " 3+ �ʃɲɿ�ɻ�ɴɳʍɻ�ɸʀʆɲɿ�ʅɸɶɲʄʑʏɸʌɻ�ʏʉʐ�ϭ�ʏʊʏɸ�ɽɲ�ɴɶɳ-

ɺʉʐʅɸ�ʃʉɿʆʊ�ʋɲʌɳɶʉʆʏɲ�ʏɻʆ�ɸʃɽɸʏɿʃɼ͘
ͻ� Ȱʆ�ʏʉ�x " 3- �ʃɲɿ�ɻ�ɴɳʍɻ�ɸʀʆɲɿ�ʅɸɶɲʄʑʏɸʌɻ�ʏʉʐ�ϭ�ʏʊʏɸ�ɲʆʏɿʃɲɽɿ-

ʍʏʉʑʅɸ�ɲʋɸʐɽɸʀɲʎ�ɲʔʉʑ�ʏʉ�ʊʌɿʉ�ʏɻʎ�ɸʃɽɸʏɿʃɼʎ�ʃɳʆɸɿ�Ϭ͘
ͻ� Ȱʆ�ʏʉ�x " 3+ �ʃɲɿ�ɻ�ɴɳʍɻ�ɸʀʆɲɿ�ʅɿʃʌʊʏɸʌɻ�ʏʉʐ�ϭ�ʏʊʏɸ�ɲʆʏɿʃɲɽɿ-

ʍʏʉʑʅɸ�ɲʋɸʐɽɸʀɲʎ�ɲʔʉʑ�ʏʉ�ʊʌɿʉ�ʏɻʎ�ɸʃɽɸʏɿʃɼʎ�ʃɳʆɸɿ�Ϭ͘
ͻ� Ȱʆ�ʏʉ�x " 3- �ʃɲɿ�ɻ�ɴɳʍɻ�ɸʀʆɲɿ�ʅɿʃʌʊʏɸʌɻ�ʏʉʐ�ϭ�ʏʊʏɸ�ɽɲ�ɴɶɳɺʉʐ-

ʅɸ�ʃʉɿʆʊ�ʋɲʌɳɶʉʆʏɲ�ʏɻʆ�ɸʃɽɸʏɿʃɼ͘
ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim e

e
2 1

3
x x

x

+
+

" 3+
.

ȶʖʉʐʅɸ͗

lim lim lime
e

e e

e e

e

e
2 1

3
2 1
1 3

2 1
1 3

2
1

x x

x

x x
x

x
x

x
x

x

+
+ =

+

+
=

+

+
=

" " "3 3 3+ + +`
`

j
j

.
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ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim e
e
2 2

3
x x

x

+
+

" 3-
.

ȶʖʉʐʅɸ͗
lim e

e
2 2

3
2 0
0 3

2
3

x x

x

+
+ = +

+ =
" 3-

.
ŝŝŝ͘�ɇʏɲ�ʊʌɿɲ�ʅɸ�ɸʃɽɸʏɿʃɹʎ�ʅɸ�ɷɿɲʔʉʌɸʏɿʃɹʎ�ɴɳʍɸɿʎ͕�ɲʆ�ɹʖʉʐʅɸ�ɸʃɽɸʏɿ-

ʃɹʎ�ʅɸ�ɷɿɲʔʉʌɸʏɿʃɹʎ�ɴɳʍɸɿʎ�ʏʊʏɸ͗
ͻ� Ȱʆ�ʏʉ�x " 3+

Ⱥɲ�ɴɶɳɺʉʐʅɸ�ʃʉɿʆʊ�ʋɲʌɳɶʉʆʏɲ�ʏɻʆ�ɸʃɽɸʏɿʃɼ�ʅɸ�ʏɻ�ʅɸɶɲʄʑʏɸʌɻ�
ɴɳʍɻ͘�ȶʏʍɿ�ɽɲ�ɹʖʉʐʅɸ� lim 0

x
xa =

" 3+
͕�ɲʔʉʑ�0 1< <a .

ͻ� Ȱʆ�ʏʉ�x " 3-
ɽɲ�ɴɶɳɺʉʐʅɸ�ʃʉɿʆʊ�ʋɲʌɳɶʉʆʏɲ�ʏɻʆ�ɸʃɽɸʏɿʃɼ�ʅɸ� ʏɻ�ʅɿʃʌʊʏɸʌɻ�
ɴɳʍɻ͘�ȶʏʍɿ�ɽɲ�ɹʖʉʐʅɸ� lim 0

x
xa =

" 3-
͕�ɲʔʉʑ�ɽɲ�ɸʀʆɲɿ� 1>a .

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim e
e
2 3

5 2
x x x

x x$
+
+

" 3+
.

ȶʖʉʐʅɸ͗

lim lime
e

e e

e e
2 3

5 2
2 3

1 5 2

x x x

x x

x x
x

x
x

$
+
+ =

+

+
=

" "3 3+ + ``
``
j j
j j

� lim
e

e
2 3

1 5 2

3
1

x x

x

+

+
=

" 3+ `
`
j
j

.

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim e
e
2 3

4 2
x x x

x x

1
$

+
+

" 3- + .
ȶʖʉʐʅɸ͗

lim lim lime
e

e
e

e

e

2 3
4 2

2 2 3
4 2

2 2 3 2

2 2 4
x x x

x x

x x x

x x

x x x

x x

1
$

$
$

+
+ = +

+ =
+

+
=

" " "3 3 3- + - - ``
``

j j
j j

lim e

e

2 3 2

2 4
2
4 2

x x

x

+

+
= =

" 3- `
`

j
j

.

ŝǀ͘ � ɇʏɲ�ʊʌɿɲ�ʅɸ�ʄʉɶɲʌɿɽʅʃɹʎ�ɸʔɲʌʅʊɺʉʐʅɸ�ʏɻʆ�ʀɷɿɲ�ʅɸɽʉɷʉʄʉɶʀɲ�ʅɸ�
ʏɿʎ�ɸʃɽɸʏɿʃɹʎ͘

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim ln
ln
x
x
1x +" 3+
.

ȶʖʉʐʅɸ͗

lim ln
ln lim

ln ln

ln lim
ln

x
x

x x

x

x
1 1 1 1 1

1
1 0
1 1

x x x+ =
+

=
+

= + =
" " "3 3 3+ + +` j .

ǀ͘ � Ʉʏɲʆ�ɹʖʉʐʅɸ�ʊʌɿʉ�ʅɸ�ʏʌɿɶʘʆʉʅɸʏʌɿʃɹʎ�ɽɲ�ʖʌɻʍɿʅʉʋʉɿʉʑʅɸ�ʏɿʎ�ɴɲ-
ʍɿʃɹʎ� ʏʌɿɶʘʆʉʅɸʏʌɿʃɹʎ� ʍʖɹʍɸɿʎ� x 1Ghn ͕� x 1Gvyo � ʃɲɿ� ɹʋɸɿʏɲ�
ɽɲ�ɸʔɲʌʅʊɺʉʐʅɸ�ʃʌɿʏɼʌɿʉ�ʋɲʌɸʅɴʉʄɼʎ͘

Ʌʌʉʍʉʖɼ͊� Ⱥɲ�ʅʋʉʌʉʑʍɲʅɸ͕�ɶɿɲ�ʆɲ�ʐʋʉʄʉɶʀʍʉʐʅɸ�ʏɹʏʉɿɲ�ʊʌɿɲ͕�ʆɲ�ʖʌɻ-
ʍɿʅʉʋʉɿɼʍʉʐʅɸ�ʏʉ�ɽɸʙʌɻʅɲ�ʏɻʎ�ʅɻɷɸʆɿʃɼʎ�ɸʋʀ�ʔʌɲɶʅɹʆɻʎ͘

ʋ͘ʖ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ� lim x
x

x

hn
" 3+

.
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ȶʖʉʐʅɸ� x
x

x x x
x

x
1 1 1+G G G

hn hn- .

lim x
1 0

x
- =

" 3+
c m ͕� lim x

1 0
x

=
" 3+

͘�

Ȱʋʊ�ʏʉ�ʃʌɿʏɼʌɿʉ�ʋɲʌɸʅɴʉʄɼʎ�ʋʌʉʃʑʋʏɸɿ�ʊʏɿ� lim x
x 0

x

hn =
" 3+

.
Ⱥɲ�ʅʋʉʌʉʑʍɲʅɸ�ʆɲ�ʋʉʑʅɸ͕�ɸʐʃʉʄʊʏɸʌɲ͕��ʊʏɿ�ʏʉ� ǆhn �ɸʀʆɲɿ�ʔʌɲɶ-

ʅɹʆɻ�ʍʐʆɳʌʏɻʍɻ͘�Ɉʉ� lim x
1 0

x
=

" 3+
͘�ȵʋʉʅɹʆʘʎ�ʏʉ� lim x

x 0
x

hn =
" 3+

�ʘʎ�ʅɻ-
ɷɸʆɿʃɼ�ɸʋʀ�ʔʌɲɶʅɹʆɻ͘

3.6 ɇʐʆɹʖɸɿɲ�ɇʐʆɳʌʏɻʍɻʎ
Ƀʌɿʍʅʊʎ

ȶʍʏʘ�ʅɿɲ�ʍʐʆɳʌʏɻʍɻ� f x] g�ʃɲɿ�x0 �ɹʆɲ�ʍɻʅɸʀʉ�ʏʉʐ�ʋɸɷʀʉʐ�ʉʌɿʍʅʉʑ�
ʏɻʎ͘�Ⱥɲ�ʄɹʅɸ�ʊʏɿ�ɻ�f x] g�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�x0 �ʊʏɲʆ� lim f x f x

x x 0
0

=
"
] ]g g.

Ƀʌɿʍʅʊʎ
ɀɿɲ�ʍʐʆɳʌʏɻʍɻ� f x] g�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�ʋɸɷʀʉ�ʉʌɿʍʅʉʑ�ʏɻʎ͕�ʊʏɲʆ�

ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍɸ�ʃɳɽɸ�ʍɻʅɸʀʉ�ʏʉʐ�ʋɸɷʀʉʐ�ʉʌɿʍʅʉʑ�ʏɻʎ͘
ɇʐʆɸʖɸʀʎ͕�ɸʃɸʀ�ʋʉʐ�ʉʌʀɺʉʆʏɲɿ͕�ɸʀʆɲɿ�ʉɿ�ʋɲʌɲʃɳʏʘ�ʍʐʆɲʌʏɼʍɸɿʎ͗

ͻ� Ⱦɳɽɸ�ʋʉʄʐʘʆʐʅɿʃɼ�ʍʐʆɳʌʏɻʍɻ�P x] g.
ͻ� Ⱦɳɽɸ�ʌɻʏɼ�ʍʐʆɳʌʏɻʍɻ� Q x

P x]] gg
ͻ� Ƀɿ�ʏʌɿɶʘʆʉʅɸʏʌɿʃɹʎ�ʍʐʆɲʌʏɼʍɸɿʎ� ǆhn ͕� ǆvyo ͕� ǆf{ �ʃɲɿ� ǆv{ .
ͻ� ȸ�ɸʃɽɸʏɿʃɼ� ǆa �ʃɲɿ�ɻ�ʄʉɶɲʌɿɽʅɿʃɼ�log xa ͕�ʅɸ�0 1< !a .

Ⱥɸʙʌɻʅɲ
Ȱʆ�ʉɿ�ʍʐʆɲʌʏɼʍɸɿʎ�Ĩ�ʃɲɿ�Ő�ɸʀʆɲɿ�ʍʐʆɸʖɸʀʎ�ʍʏʉ�x0 ͕�ʏʊʏɸ�ɸʀʆɲɿ�ʍʐʆɸʖɸʀʎ�

ʍʏʉ�x0 �ʃɲɿ�ʉɿ�ʍʐʆɲʌʏɼʍɸɿʎ͗

f g+ ͕�c f$ ͕�f g$ ͕� g
f ͕� Ĩ �ʃɲɿ� fv

ʅɸ�ʏɻʆ�ʋʌʉʒʋʊɽɸʍɻ�ʊʏɿ�ʉʌʀɺʉʆʏɲɿ�ʍɸ�ɷɿɳʍʏɻʅɲ�ʋʉʐ�ʋɸʌɿɹʖɸɿ�ʏʉ�x0 .
Ⱥɸʙʌɻʅɲ

Ȱʆ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ� x0 �ʃɲɿ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ő�ɸʀʆɲɿ�
ʍʐʆɸʖɼʎ�ʍʏʉ�f x0] g͕�ʏʊʏɸ�ɻ�ʍʑʆɽɸʍɼ�ʏʉʐʎ�g f% �ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�x0 .
ɀɸɽʉɷʉʄʉɶʀɸʎ

ŝ͘� Ʉʏɲʆ�ɽɹʄʉʐʅɸ�ʆɲ�ɷɸʀʇʉʐʅɸ�ʊʏɿ�ʅɿɲ�ʃʄɲɷɿʃɼ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ͕�ɽɲ�ɸʄɹɶ-
ʖʉʐʅɸ�ʏɻʆ�ʍʐʆɹʖɸɿɲ�ʅɸ�ʏʉʆ�ʉʌɿʍʅʊ�ʏɻʎ�ʍʐʆɹʖɸɿɲʎ�ʍʏʉ�ʍɻʅɸʀʉ�ɲʄʄɲ-
ɶɼʎ�ʏʑʋʉʐ�ʏɻʎ�ʍʐʆɳʌʏɻʍɻʎ͘

ŝŝ͘� Ʉʏɲʆ�ɽɹʄʉʐʅɸ�ʆɲ�ɲʋʉɷɸʀʇʉʐʅɸ�ʊʏɿ�ʅɿɲ�ʍʐʆɳʌʏɻʍɻ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�
ʍɸ�ʊʄʉ�ʏʉ�ʋɸɷʀʉ�ʉʌɿʍʅʉʑ�ʏɻʎ�ɼ�ʍʚɹʆɲ�ɷɿɳʍʏɻʅɲ�ȴ͕�ɲʌʃɸʀ�ʆɲ�ɲʋʉɷɸʀ-
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ʇʉʐʅɸ�ʊʏɿ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʚɹʆɲ�ʏʐʖɲʀʉ�x0 �ʏʉʐ�ʋɸɷʀʉʐ�ʉʌɿʍʅʉʑ�ʏɻʎ�
ɼ�ʏʉʐ�ɷɿɲʍʏɼʅɲʏʉʎ�ȴ͘

ŝŝŝ͘�Ȱʆ�ʍɸ�ʅɿɲ�ɳʍʃɻʍɻ�ʅɲʎ�ɺɻʏɳʆ�ʆɲ�ɲʋʉɷɸʀʇʉʐʅɸ�ʊʏɿ�ɻ�ʍʐʆɳʌʏɻʍɻ�ɸʀ-
ʆɲɿ�ʍʐʆɸʖɼʎ�ʍɸ�ɹʆɲ�ɷɿɳʍʏɻʅɲ�ȴ�ʃɲɿ�ʅɲʎ�ɷʀʆʉʐʆ�ʅɿɲ�ʍʐʆɲʌʏɻʍɿɲʃɼ�
ʍʖɹʍɻ�ɶɿɲ�ʏɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʃɲɿ�ʊʏɿ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʚɹʆɲ�ʍɻʅɸʀʉ�x1 ,
ͻ� ɽɲ�ɶʌɳʔʉʐʅɸ�ʏʉʆ�ʉʌɿʍʅʊ�ɶɿɲ�ʏɻʆ�ʍʐʆɹʖɸɿɲ�ʍʚɹʆɲ�ʏʐʖɲʀʉ�x0 .
ͻ� ɽɲ�ʃɳʆʉʐʅɸ�ʃɲʏɳʄʄɻʄɻ�ɲʄʄɲɶɼ�ʅɸʏɲɴʄɻʏɼʎ�ʍʏʉ�ʊʌɿʉ�;ɲʆɳʄʉ-

ɶɲ�ʅɸ�ʏɻ�ʍʐʆɲʌʏɻʍɿɲʃɼ�ʍʖɹʍɻͿ�ɹʏʍɿ�ʙʍʏɸ�ʆɲ�ʋʌʉʃʑʗɸɿ�ʏʉ�ʊʌɿʉ�
lim f x
x x1"
] g�ʏʉ�ʉʋʉʀʉ�ʅʋʉʌʉʑʅɸ�ʆɲ�ʏʉ�ʐʋʉʄʉɶʀʍʉʐʅɸ�ɸʋɸɿɷɼ�ɶʆʘ-

ʌʀɺʉʐʅɸ�ʊʏɿ�ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�x1 .

3.7 Ⱥɸʘʌɼʅɲʏɲ�ɇʐʆɹʖɸɿɲʎ
Ⱥɸʙʌɻʅɲ

ɀɿɲ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɽɲ�ʄɹʅɸ�ʊʏɿ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍɸ�ɹʆɲ�ɲʆʉɿʖʏʊ�ɷɿɳʍʏɻ-
ʅɲ� ,a b^ h͕�ʊʏɲʆ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍɸ�ʃɳɽɸ�ʍɻʅɸʀʉ�ʏʉʐ� ,a b^ h.
Ⱥɸʙʌɻʅɲ

ɀɿɲ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɽɲ�ʄɹʅɸ�ʊʏɿ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍɸ�ɹʆɲ�ʃʄɸɿʍʏʊ�ɷɿɳ-
ʍʏɻʅɲ� ,a b6 @͕�ʊʏɲʆ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍɸ�ʃɳɽɸ�ʍɻʅɸʀʉ�ʏʉʐ� ,a b^ h�ʃɲɿ�ɸʋɿʋʄɹʉʆ�
lim f x f
x

a=
"a+
] ]g g�ʃɲɿ� lim f x f

x
b=

"b-
] ^g h.

Ⱥɸʙʌɻʅɲ��ŽůǌĂŶŽ
Ȱʆ� ʅɿɲ� ʍʐʆɳʌʏɻʍɻ� Ĩ� ɸʀʆɲɿ� ʍʐʆɸʖɼʎ� ʍʏʉ� ɷɿɳʍʏɻʅɲ� ,a b6 @� ʃɲɿ�

f f 0<$a b] ^g h � ʏʊʏɸ� ʐʋɳʌʖɸɿ� ʏʉʐʄɳʖɿʍʏʉʆ� ɹʆɲ� ,x0 ! a b^ h� ʏɹʏʉɿʉ� ʙʍʏɸ�
f x 00 =] g .
Ʌɲʌɲʏɻʌɼʍɸɿʎ

ͻ� Ɉʉ� ɽɸʙʌɻʅɲ��ŽůǌĂŶŽ� ɸʇɲʍʔɲʄʀɺɸɿ� ʏɻʆ� ʑʋɲʌʇɻ�ʅɿɲʎ� ʏʉʐʄɳʖɿʍʏʉʆ�
ʄʑʍɻʎ�ʏɻʎ�ɸʇʀʍʘʍɻʎ� f x 0=] g ͘�Ȱʐʏʊ�ʍɻʅɲʀʆɸɿ�ʊʏɿ�ʅʋʉʌɸʀ�ʆɲ�ʐʋɳʌ-
ʖʉʐʆ�ʃɲɿ�ʋɸʌɿʍʍʊʏɸʌɸʎ͘

ͻ� Ɉʉ�ɽɸʙʌɻʅɲ��ŽůǌĂŶŽ�ɷɸʆ�ɴʌʀʍʃɸɿ�ʏɻʆ�ʌʀɺɲ�ʏɻʎ�ɸʇʀʍʘʍɻʎ� f x 0=] g ͕�
ɲʋʄɳ�ɸʇɲʍʔɲʄʀɺɸɿ�ʏɻʆ�ʑʋɲʌʇɻ�ʅɿɲʎ�ʏʉʐʄɳʖɿʍʏʉʆ�ʌʀɺɲʎ͘

ͻ� Ʉʏɲʆ�ɷɸʆ�ɿʃɲʆʉʋʉɿʉʑʆʏɲɿ�ʃɲɿ�ʉɿ�ɷʑʉ�ʋʌʉʒʋʉɽɹʍɸɿʎ�ʏʉʐ�ɽɸʘʌɼʅɲ-
ʏʉʎ��ŽůǌĂŶŽ�ɷɸʆ�ɸʀʆɲɿ�ɲʋɲʌɲʀʏɻʏʉ�ʆɲ�ʐʋɳʌʖɸɿ�ʌʀɺɲ�ʏɻʎ�ɸʇʀʍʘʍɻʎ�
f x 0=] g .

ͻ� Ȱʆ�ʅɿɲ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍɸ�ɹʆɲ�ɷɿɳʍʏɻʅɲ�ȴ�ʃɲɿ�ɷɸ�ʅɻ-
ɷɸʆʀɺɸʏɲɿ�ʍʚɲʐʏʊ͕�ʏʊʏɸ�ɲʐʏɼ�ɼ�ɸʀʆɲɿ�ɽɸʏɿʃɼ�ɶɿɲ�ʃɳɽɸ�ǆ ! D�ɼ�ɸʀʆɲɿ�
ɲʌʆɻʏɿʃɼ�ɶɿɲ�ʃɳɽɸ�ǆ ! D͕�ɷɻʄɲɷɼ�ɷɿɲʏɻʌɸʀ�ʍʏɲɽɸʌʊ�ʋʌʊʍɻʅʉ�ʍʏʉ�
ɷɿɳʍʏɻʅɲ�ȴ͘

ͻ� ɀɿɲ�ʍʐʆɸʖɼʎ� ʍʐʆɳʌʏɻʍɻ� Ĩ� ɷɿɲʏɻʌɸʀ� ʍʏɲɽɸʌʊ�ʋʌʊʍɻʅʉ�ʍʏʉ� ɷɿɳ-
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ʍʏɻʅɲ�ʋʉʐ�ʉʌʀɺɸʏɲɿ�ɲʋʊ�ɷʑʉ�ɷɿɲɷʉʖɿʃɹʎ�ʌʀɺɸʎ�ʏɻʎ͘�ȵʋʉʅɹʆʘʎ�ɶɿɲ�
ʆɲ�ɴʌʉʑʅɸ�ʏʉ�ʋʌʊʍɻʅʉ�ʏɻʎ�ʍʐʆɳʌʏɻʍɻʎ�Ĩ�ʍʚɹʆɲ�ɷɿɳʍʏɻʅɲ�ɽɲ�ɴʌʀ-
ʍʃʉʐʅɸ�ʏʉ�ʋʌʊʍɻʅʉ�ʏɻʎ�ʍʐʆɳʌʏɻʍɻʎ�ʍɸ�ɹʆɲʆ�ɲʌɿɽʅʊ�ʏʉʐ�ɷɿɲʍʏɼ-
ʅɲʏʉʎ�ɲʐʏʉʑ͘�Ɉʉ�ʋʌʊʍɻʅʉ�ɲʐʏʊ�ɸʀʆɲɿ�ʃɲɿ�ʏʉ�ʋʌʊʍɻʅʉ�ʏɻʎ�ʍʐʆɳʌ-
ʏɻʍɻʎ�Ĩ�ʍʏʉ�ɷɿɳʍʏɻʅɲ�ɲʐʏʊ͘

Ʌʌʊʏɲʍɻ
ȶʍʏʘ� ʅɿɲ� ʍʐʆɳʌʏɻʍɻ� Ĩ� ʍʐʆɸʖɼʎ� ʍʏʉ� ,a b^ h� ʙʍʏɸ�

lim limf x f x 0<
x x

$
" "a b+ -
] ]g g ͘� Ɉʊʏɸ� ʐʋɳʌʖɸɿ� ʏʉʐʄɳʖɿʍʏʉʆ� ɹʆɲ� ,x0 ! a b^ h� ʏɹʏʉɿʉ�

ʙʍʏɸ�f x 00 =] g .
ȸ�ʋɲʌɲʋɳʆʘ�ʋʌʊʏɲʍɻ�ʅɲʎ�ɷʀʆɸɿ�ʏɻʆ�ɷʐʆɲʏʊʏɻʏɲ�ʆɲ�ɸʔɲʌʅʊʍʉʐʅɸ�

ʏʉ�ɽɸʙʌɻʅɲ�ʏʉʐ��ŽůǌĂŶŽ�ʍɸ�ɲʆʉɿʖʏʊ�ɷɿɳʍʏɻʅɲ�ɼ�ɻʅʀʃʄɸɿʍʏʉ�ɷɿɳʍʏɻʅɲ͘
Ʌʌʊʏɲʍɻ

Ⱦɳɽɸ�ʋʉʄʐʙʆʐʅʉ�ʋɸʌɿʏʏʉʑ�ɴɲɽʅʉʑ�ɹʖɸɿ�ʏʉʐʄɳʖɿʍʏʉʆ�ʅɿɲ�ʋʌɲɶʅɲ-
ʏɿʃɼ�ʌʀɺɲ͘
Ⱥɸʙʌɻʅɲ�ȵʆɷɿɳʅɸʍʘʆ�Ɉɿʅʙʆ

ȶʍʏʘ�ʅɿɲ�ʍʐʆɳʌʏɻʍɻ�Ĩ͕ �ɻ�ʉʋʉʀɲ�ɸʀʆɲɿ�ʉʌɿʍʅɹʆɻ�ʍɸ�ɹʆɲ�ʃʄɸɿʍʏʊ�ɷɿ-
ɳʍʏɻʅɲ� ,a b6 @͘�Ȱʆ͗

ͻ� ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ� ,a b6 @
ͻ� Ĩ Ĩ!a b] ^g h

ʏʊʏɸ͕�ɶɿɲ�ʃɳɽɸ�ɲʌɿɽʅʊ�ʃ�ʅɸʏɲʇʑ�ʏʘʆ� Ĩ a] g�ʃɲɿ� Ĩ b^ h�ʐʋɳʌʖɸɿ�ɹʆɲʎ͕�
ʏʉʐʄɳʖɿʍʏʉʆ� ,x0 ! a b^ h�ʏɹʏʉɿʉʎ͕�ʙʍʏɸ�f x0 l=] g .
Ʌɲʌɲʏɼʌɻʍɻ

ȸ�ɸɿʃʊʆɲ�Ĩ D] g�ɸʆʊʎ�ɷɿɲʍʏɼʅɲʏʉʎ�ȴ�ʅɹʍʘ�ʅɿɲʎ�ʍʐʆɸʖʉʑʎ�ʃɲɿ�ʅɻ�ʍʏɲ-
ɽɸʌɼʎ�ʍʐʆɳʌʏɻʍɻʎ�ɸʀʆɲɿ�ɷɿɳʍʏɻʅɲ͘�ɇʏɻ�ʋɸʌʀʋʏʘʍɻ�ʋʉʐ�ɻ�Ĩ�ɸʀʆɲɿ�ʍʏɲɽɸʌɼ�
ʏʉ�Ĩ D] g�ɸʀʆɲɿ�ʅʉʆʉʍʑʆʉʄʉ͘
Ⱥɸʙʌɻʅɲ�ɀɹɶɿʍʏɻʎ�Ͳ�ȵʄɳʖɿʍʏɻʎ�Ɉɿʅɼʎ

Ȱʆ� ʅɿɲ� ʍʐʆɳʌʏɻʍɻ� Ĩ� ɸʀʆɲɿ� ʍʐʆɸʖɼʎ� ʍʏʉ� ʃʄɸɿʍʏʊ� ɷɿɳʍʏɻʅɲ� ,a b6 @�
ʏʊʏɸ�ʐʋɳʌʖʉʐʆ�ɷʑʉ�ʏʉʐʄɳʖɿʍʏʉʆ�ʍɻʅɸʀɲ�ǆf �ʃɲɿ�ǆn �ʏʉʐ� ,a b6 @�ʏɹʏʉɿɲ�ʙʍʏɸ�
ʆɲ�ɿʍʖʑɸɿ�f x f x f xG Gf n] ] ^g g h͕�ɶɿɲ�ʃɳɽɸ� ,x ! a b6 @͘�ȴɻʄɲɷɼ�ɻ�Ĩ�ʋɲʀʌʆɸɿ�ʍʏʉ�
,a b6 @�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�f xf] g�ʃɲɿ�ʅɹɶɿʍʏɻ�ʏɿʅɼ�f xn^ h.

Ʌɲʌɲʏɻʌɼʍɸɿʎ
ͻ� Ȱʆ�ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ� ,a b6 @�ʏʊʏɸ�ʏʉ�ʍʑʆʉʄʉ�ʏɿʅʙʆ�ʏɻʎ�Ĩ�ɸʀʆɲɿ�

, ,f ma b L=^ h6 6@ @͕�ʊʋʉʐ�ŵ�ɻ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʃɲɿ�ɀ�ɻ�ʅɹɶɿʍʏɻ�ʏɿʅɼ�
ʏɻʎ͘

ͻ� Ȱʆ�ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʃɲɿ�ɶʆɻʍʀʘʎ�ɲʑʇʉʐʍɲ�ʍʏʉ� ,a b6 @�ʏʊʏɸ�ʏʉ�ʍʑʆʉ-
ʄʉ�ʏɿʅʙʆ�ʏɻʎ�Ĩ�ɸʀʆɲɿ� , ,f f fa b a b=^ ] ^h g h6 6@ @.
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ͻ� Ȱʆ�ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʃɲɿ�ɶʆɻʍʀʘʎ�ʔɽʀʆʉʐʍɲ�ʍʏʉ� ,a b6 @�ʏʊʏɸ�ʏʉ�ʍʑ-
ʆʉʄʉ�ʏɿʅʙʆ�ʏɻʎ�Ĩ�ɸʀʆɲɿ� , ,f f fa b b a=^ ^ ]h h g6 6@ @.

ͻ� Ȱʆ�ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʃɲɿ�ɶʆɻʍʀʘʎ�ɲʑʇʉʐʍɲ�ʍʏʉ� ,a b^ h�ʏʊʏɸ�ʏʉ�ʍʑʆʉ-
ʄʉ�ʏɿʅʙʆ�ʏɻʎ�Ĩ�ɸʀʆɲɿ� , ,lim limf f x f x

x x
a b =

" "a b+ -^^ ] ]`hh g gj.
ͻ� Ȱʆ�ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʃɲɿ�ɶʆɻʍʀʘʎ�ʔɽʀʆʉʐʍɲ�ʍʏʉ� ,a b^ h�ʏʊʏɸ�ʏʉ�ʍʑ-

ʆʉʄʉ�ʏɿʅʙʆ�ʏɻʎ�Ĩ�ɸʀʆɲɿ� , ,lim limf f x f x
x x

a b =
" "b a- +^^ ] ]`hh g gj.

ͻ� Ʉʏɲʆ�ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ� ,a b6 @�ɹʖɸɿ�ʅɹɶɿʍʏʉ�ʃɲɿ�ɸʄɳʖɿʍʏʉ͘�ȶʍʏʘ�
f xf] g�ʏʉ�ɸʄɳʖɿʍʏʉ�ʃɲɿ�f xn^ h�ʏʉ�ʅɹɶɿʍʏʉ�ʊʋʉʐ� , ,x x ! a bf n 6 @͘�Ȱʆ�ʐʋʉ-
ɽɹʍʉʐʅɸ�ʊʏɿ�ɸʀʆɲɿ�x x<f n ͕�ʏʊʏɸ�ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ� ,x xf n6 @͘�ɇʑʅ-
ʔʘʆɲ�ʅɸ�ʏʉ�ɽɸʙʌɻʅɲ�ɸʆɷɿɳʅɸʍɻʎ�ʏɿʅɼʎ�ɶɿɲ�ʃɳɽɸ�ʃ�ʅɸʏɲʇʑ�ʏɻʎ�f xf] g�
ʃɲɿ�f xn^ h�ʐʋɳʌʖɸɿ�ɹʆɲ�ʏʉʐʄɳʖɿʍʏʉʆ� , ,x x! 3i a bf n^ ^h h�ʏɹʏʉɿʉ�ʙʍʏɸ�
f i l=] g ͘�
ȵʋʉʅɹʆʘʎ�ʊʏɲʆ�ɹʖʉʐʅɸ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʍʐʆɸʖɼ�ʍʏʉ� ,a b6 @͕�ɶɿɲ�ʃɳɽɸ�ʃ�
ʋʉʐ�ɴʌʀʍʃɸʏɲɿ�ʅɸʏɲʇʑ�ʏɻʎ�ʅɹɶɿʍʏɻʎ�ʃɲɿ�ʏɻʎ�ɸʄɳʖɿʍʏɻʎ�ʏɿʅɼʎ�ʏɻʎ�Ĩ�
ʃɲɿ�ʊʖɿ�ʅɸʏɲʇʑ�ʏʘʆ�Ĩ a] g�ʃɲɿ�Ĩ b^ h�ʐʋɳʌʖɸɿ�ɹʆɲ�ʏʉʐʄɳʖɿʍʏʉʆ�ɽ�ʙʍʏɸ�
f i l=] g .

ɀɸɽʉɷʉʄʉɶʀɸʎ
ŝ͘� Ʉʏɲʆ�ʍɸ�ʅɿɲ�ɳʍʃɻʍɻ�ʅɲʎ�ɷʀʆʉʐʆ�ʅɿɲ�ɸʇʀʍʘʍɻ͕�ʏɻʎ�ʉʋʉʀɲʎ�ɲʋɲɿʏɸʀ-

ʏɲɿ�ɻ�ʑʋɲʌʇɻ�ʅɿɲʎ�ʏʉʐʄɳʖɿʍʏʉʆ�ʌʀɺɲʎ͕�ɽɲ�ʅɸʏɲʔɹʌʉʐʅɸ�ʏʉʐʎ�ʊʌʉʐʎ�
ʍʏʉ�ɹʆɲ�ʅɹʄʉʎ͕�ɽɲ�ɽɹʏʉʐʅɸ�ʍʐʆɳʌʏɻʍɻ�h x] g�ʃɲɿ�ɽɲ�ɸʔɲʌʅʊɺʉʐʅɸ�
ʏʉ�Ⱥɸʙʌɻʅɲ��ŽůǌĂŶŽ͘

ŝŝ͘� Ȱʆ�ɷɸ�ʅʋʉʌʉʑʅɸ�ʆɲ�ʖʌɻʍɿʅʉʋʉɿɼʍʉʐʅɸ�ɲʋɸʐɽɸʀɲʎ�ʏɻʆ�ʋʌʉɻɶʉʑ-
ʅɸʆɻ�ʅɸɽʉɷʉʄʉɶʀɲ͕�ʋ͘ʖ͘�ɶɿɲʏʀ�ɻ�h x^ h�ɷɸʆ�ʉʌʀɺɸʏɲɿ�ɶɿɲ�ʃɳʋʉɿɲ�ʏɿʅɼ�
ʏʉʐ�ǆ͕�ʏʊʏɸ�ɽɲ�ʃɳʆʉʐʅɸ�ʋʌʙʏɲ�ɲʋɲʄʉɿʔɼ�ʋɲʌʉʆʉʅɲʍʏʙʆ�ɼ�ɽɲ�ɷɿ-
ɲɿʌʉʑʅɸ�ʅɸ�ʃɳʋʉɿʉʆ�ʋɲʌɳɶʉʆʏɲ�ʃɲɿ�ʅɸʏɳ�ɽɲ�ʅɸʏɲʔɹʌʉʐʅɸ�ʏʉʐʎ�
ʊʌʉʐʎ�ʍʏʉ�ɹʆɲ�ʅɹʄʉʎ�ʃɲɿ�ɽɲ�ɽɹʏʉʐʅɸ�ʍʐʆɳʌʏɻʍɻ�h x^ h.

ŝŝŝ͘�ɀɸʌɿʃɹʎ�ʔʉʌɹʎ�ʅʋʉʌɸʀ�ʆɲ�ʖʌɸɿɲʍʏɸʀ�ʆɲ�ɸʋɿʄɹʇʉʐʅɸ�ɹʆɲ�ʅɿʃʌʊʏɸʌʉ�
ɷɿɳʍʏɻʅɲ� ϭD ͕� ʐʋʉʍʑʆʉʄʉ� ʏʉʐ�ɲʌʖɿʃʉʑ�ɷɿɲʍʏɼʅɲʏʉʎ�ȴ͕� ʋʉʐ�ʅɲʎ�
ɴʉʄɸʑɸɿ�ʃɲɿ�ʆɲ�ɸʔɲʌʅʊʍʉʐʅɸ�ʏʉ�ɽɸʙʌɻʅɲ��ŽůǌĂŶŽ�ʍɸ�ɲʐʏʊ͘�ȸ�ʌʀɺɲ�
ʋʉʐ�ɽɲ�ɲʋʉɷɸʀʇʉʐʅɸ�ʊʏɿ� ʐʋɳʌʖɸɿ� ɽɲ�ɲʆɼʃɸɿ� ʍʏʉ� ϭD ͘�Ⱥɲ�ɲʆɼʃɸɿ�
ʊʅʘʎ�ʃɲɿ�ʍʏʉ�ȴ�ɲʔʉʑ�ʏʉ� ϭ 3D D.

ŝǀ͘ �Ȱʆ�ʃɲʏɳ�ʏɻʆ�ɸʔɲʌʅʉɶɼ�ʏʉʐ�ɽɸʘʌɼʅɲʏʉʎ��ŽůǌĂŶŽ�ɶɿɲ�ʏɻ�ʍʐʆɸʖɼ�ʍʐ-
ʆɳʌʏɻʍɻ�Ĩ�ʍʏʉ� ,a b6 @�ʋʌʉʃʑʗɸɿ�ʊʏɿ�f f 0Ga b^ ^h h �ʏʊʏɸ�ɽɲ�ʋɳʌʉʐʅɸ�
ɷʑʉ�ʋɸʌɿʋʏʙʍɸɿʎ͗
ͻ� ɲʆ�f f 0<a b^ ^h h �ʏʊʏɸ�ʐʋɲʌʖɸɿ�ɹʆɲ�ʏʉʐʄɳʖɿʍʏʉʆ� ,!p a b^ h�ʏɹʏʉɿʉ�

ʙʍʏɸ�f 0p =^ h .
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ͻ� ɲʆ� f f 0a b =^ ^h h �ʏʊʏɸ� f 0a =^ h �ɼ� f 0b =^ h ͘�ȴɻʄɲɷɼ�ʏɲ� ,a b�ɲʋʉ-
ʏɸʄʉʑʆ�ʌʀɺɸʎ�ʏɻʎ�Ĩ�;ɲʆ�ʃɳʋʉɿʉ�ɲʋʊ�ʏɲ�ɷʑʉ�ɷɸʆ�ʅʋʉʌɸʀ�ʆɲ�ɿʍʖʑɸɿ�
ʏʊʏɸ�ɽɲ�ɲʋʉʌʀʗʉʐʅɸ�ʏɻʆ�ɲʆʏʀʍʏʉɿʖɻ�ʏɿʅɼͿ͘�ȵʋʉʅɹʆʘʎ�p a= �ɼ�
p b= .

ȱʌɲ�ʐʋɳʌʖɸɿ�ɹʆɲ�ʏʉʐʄɳʖɿʍʏʉʆ� ,!p a b6 @�ʏɹʏʉɿʉ�ʙʍʏɸ�f 0p =^ h .
ǀ͘ � ȳɿɲ�ʆɲ�ɲʋʉɷɸʀʇʉʐʅɸ�ʊʏɿ�ʅɿɲ�ɸʇʀʍʘʍɻ�ʏɻʎ�ʅʉʌʔɼʎ�f x a=^ h �ɹʖɸɿ�ʅʀɲ�

ʏʉʐʄɳʖɿʍʏʉʆ�ʌʀɺɲ͕�ɸʃʏʊʎ�ɲʋʊ�ʏʉ�ɽɸʙʌɻʅɲ��ŽůǌĂŶŽ͕�ʅʋʉʌʉʑʅɸ�ʆɲ�
ɴʌʉʑʅɸ�ʏʉ�ʍʑʆʉʄʉ�ʏɿʅʙʆ�ʏɻʎ�Ĩ�ʃɲɿ�ʆɲ�ɲʋʉɷɸʀʇʉʐʅɸ�ʊʏɿ�ʋɸʌɿɹʖɸɿ�ʏʉ�
ɲ͘

ǀŝ͘�ȳɿɲ�ʆɲ�ɴʌʉʑʅɸ�ʏʉ�ʍʑʆʉʄʉ�ʏɿʅʙʆ�ʅɿɲʎ�ʍʐʆɳʌʏɻʍɻʎ� Ĩ͕ �ɽɲ�ʃɳʆʉʐʅɸ�
ʅɸʄɹʏɻ�ʅʉʆʉʏʉʆʀɲʎ͘�ȳɿɲ�ʃɳɽɸ�ɷɿɳʍʏɻʅɲ�ʍʏʉ�ʉʋʉʀʉ�ɻ�Ĩ�ɸʀʆɲɿ�ɶʆɻʍʀʘʎ�
ʅʉʆʊʏʉʆɻ�ɽɲ�ɴʌʀʍʃʉʐʅɸ�ʏʉ�ʍʑʆʉʄʉ�ʏɿʅʙʆ�ʏɻʎ�ɶɿɲ�ɲʐʏʊ�ʏʉ�ɷɿɳʍʏɻ-
ʅɲ͘�Ɉʉ�ʍʑʆʉʄʉ�ʏɿʅʙʆ�ʏɻʎ�Ĩ�ɽɲ�ɸʀʆɲɿ�ɻ�ɹʆʘʍɻ�ʊʄʘʆ�ʏʘʆ�ʍʐʆʊʄʘʆ�
ʏɿʅʙʆ�ʋʉʐ�ɴʌʀʃɲʅɸ�ʋʌʉɻɶʉʐʅɹʆʘʎ͘

3.8 ȵʌʘʏɼʍɸɿʎ�Ⱥɸʘʌʀɲʎ
ϭ͘� Ɂɲ�ɷɿɲʏʐʋʙʍɸʏɸ�ʏʉ�ʃʌɿʏɼʌɿʉ�ʋɲʌɸʅɴʉʄɼʎ͘
Ϯ͘� Ɂɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ɶɿɲ� ɹʆɲ� ʋʉʄʐʙʆʐʅʉ� P x^ h� ɴɲɽʅʉʑ� ʆ� ɿʍʖʑɸɿ�

limP x P x
x x 0

0
=

"
^ ^h h.

ϯ͘� Ɂɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ɶɿɲ� ʏɻ� ʌɻʏɼ� ʍʐʆɳʌʏɻʍɻ� f x Q x
P x

=^ ^̂h hh ͕� ʊʋʉʐ�
,P x Q x^ ^h h͕� ʋʉʄʐʙʆʐʅɲ� ʏʉʐ� ǆ� ʃɲɿ� x R0 ! � ʅɸ� Q x 00 !^ h ͕� ɿʍʖʑɸɿ�

lim f x Q x
P x

x x 0

0

0
=

"
^ ^̂h hh .

ϰ͘� Ʌʊʏɸ�ʅɿɲ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʄɹɶɸʏɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�ʍɻʅɸʀʉ�x0 �ʏʉʐ�ʋɸɷʀʉʐ�
ʉʌɿʍʅʉʑ�ʏɻʎ͖

ϱ͘� Ʌʊʏɸ�ʅɿɲ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʄɹɶɸʏɲɿ�ʍʐʆɸʖɼʎ�ʍʚɹʆɲ�ɷɿɳʍʏɻʅɲ͖
ϲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɲʆ�ʅɿɲ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ʉʌɿʍʅɹʆɻ�ʃɲɿ�ʍʐʆɸ-

ʖɼʎ�ʍʏʉ� ,a b6 @�ʅɸ� Ĩ Ĩ!a b] ^g h͕�ʏʊʏɸ�ɶɿɲ�ʃɳɽɸ�ɲʌɿɽʅʊ�ʃ�ʅɸʏɲʇʑ�ʏʘʆ�
Ĩ a] g� ʃɲɿ� Ĩ b^ h� ʐʋɳʌʖɸɿ� ʏʉʐʄɳʖɿʍʏʉʆ� ɹʆɲ� ,x0 ! a b^ h� ʏɹʏʉɿʉ� ʙʍʏɸ�
f x0 l=] g .

3.9 ȵʌʘʏɼʍɸɿʎ�ʏʑʋʉʐ�ɇʘʍʏʊ�Ͳ�ȿɳɽʉʎ
ϭ͘� ȳɿɲ�ʃɳɽɸ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʋʉʐ�ʉʌʀɺɸʏɲɿ�ʍʏʉ�R ͕�ɸʀʆɲɿ� lim f 0

x 0
=

"
^ h.

Ϯ͘� Ȱʆ�ɶɿɲ�ʏɿʎ�ʍʐʆɲʌʏɼʍɸɿʎ�Ĩ͕ �Ő�ʃɲɿ�Ś�ɿʍʖʑʉʐʆ͗
ͻ� h x f x g xG G] ] ]g g g�ʃʉʆʏɳ�ʍʏʉ�x0 ,
ͻ� limh x l

x x 1
0

=
"
] g �ʃɲɿ� limg x l

x x 2
0

=
"
] g �ʊʋʉʐ� ,l l R1 2 ! ,

ʏʊʏɸ� liml f x l
x x1 2

0
G G

"
] g .
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ϯ͘� Ȱʆ�f x 0>] g �ɶɿɲ�ʃɳɽɸ�ǆ R! �ʃɲɿ�ʐʋɳʌʖɸɿ�ʏʉ� lim f x
x 0" +
] g͕�ʏʊʏɸ�ʃɲʏʚɲʆɳ-

ɶʃɻ�ɿʍʖʑɸɿ� lim f x 0>
x 0" +
] g .

ϰ͘� Ȱʆ�ɿʍʖʑɸɿ�lim f x 0
x 0

=
" +
] g ͕�ʏʊʏɸ�ɷɸʆ�ɿʍʖʑɸɿ�ʃɲʏʚɲʆɳɶʃɻ�ʊʏɿ�lim f x

1
x 0

3=+
" + ] g .

ϱ͘� Ȱʆ� lim f x 0
x x0

=
" +
] g ͕�ʏʊʏɸ� lim f x

1
x x0

3=+
" + ] g .

ϲ͘� Ȱʆ�ɿʍʖʑɸɿ� lim f x
x 0

2 3=+
"
^ h ͕�ʏʊʏɸ� lim f x

x 0
3=+

"
^ h �ɼ� lim f x

x 0
3=-

"
^ h .

ϳ͘� Ȱʆ�ʐʋɳʌʖɸɿ�ʏʉ� lim f x g x
x 0

$
"
^ ^^ h hh͕�ʏʊʏɸ�ɸʀʆɲɿ�ʀʍʉ�ʅɸ�f g0 0$^ ^h h.

ϴ͘� Ȱʆ� f x 0<^ h �ɶɿɲ�ʃɳɽɸ� ǆ R! �ʃɲɿ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɹʖɸɿ�ʊʌɿʉ�ʍʏʉ�ʍɻ-
ʅɸʀʉ�Ϭ�ɽɲ�ɸʀʆɲɿ� lim f x 0<

x 0"
^ h .

ϵ͘� Ȱʆ� lim f x 0
x 2

=
"
^ h �ʃɲɿ� limg x

x 2
3=+

"
^ h �ʏʊʏɸ� lim g x

f x
0

x 2
=

" ^̂ hh .

ϭϬ͘� ȸ�ɸɿʃʊʆɲ�Ĩ D] g�ɸʆʊʎ�ɷɿɲʍʏɼʅɲʏʉʎ�ȴ�ʅɹʍʘ�ʅɿɲʎ�ʍʐʆɸʖʉʑʎ�ʍʐʆɳʌʏɻ-
ʍɻʎ�Ĩ�ɸʀʆɲɿ�ɷɿɳʍʏɻʅɲ͘

ϭϭ͘� Ⱦɳɽɸ�ʋʉʄʐʘʆʐʅɿʃɼ�ʍʐʆɳʌʏɻʍɻ͕�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�R .
ϭϮ͘� Ȱʆ�ʅɿɲ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ɲʍʐʆɸʖɼʎ�ʍɸ�ʃɳʋʉɿʉ�ʍɻʅɸʀʉ�ʏʉʐ�ʋɸɷʀʉʐ�

ʉʌɿʍʅʉʑ�ʏɻʎ͕�ʏʊʏɸ�ʍʚɲʐʏʊ�ʏʉ�ʍɻʅɸʀʉ�ɷɸʆ�ɽɲ�ʐʋɳʌʖɸɿ�ʏʉ�ʊʌɿʊ�ʏɻʎ͘
ϭϯ͘� Ⱦɳɽɸ�ʍʐʆɳʌʏɻʍɻ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�ʋɸɷʀʉ�ʉʌɿʍʅʉʑ�ʏɻʎ͘
ϭϰ͘� Ȱʆ�ɶɿɲ�ʏɿʎ�ʍʐʆɲʌʏɼʍɸɿʎ�Ĩ�ʃɲɿ�Ő�ʋʉʐ�ʉʌʀɺʉʆʏɲɿ�ʍʏʉ�R ͕�ɻ�Ő�ɸʀʆɲɿ�ʍʐ-

ʆɸʖɼʎ�ʍʏʉ�R �ʃɲɿ�ɿʍʖʑɸɿ�f x g x2 2=] ]g g�ɶɿɲ�ʃɳɽɸ�ǆ R! ͕�ʏʊʏɸ�ɻ�Ĩ�ɸʀʆɲɿ�
ʍʐʆɸʖɼʎ�ʍʏʉ�R .

ϭϱ͘� Ȱʆ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʚɹʆɲ�ɷɿɳʍʏɻʅɲ�ȴ͕�ʏʊʏɸ�ʉʌʀɺɸʏɲɿ�
ʃɲɿ�ɻ�ʍʑʆɽɸʍɻ�Ĩ Ĩ% �ʍʏʉ�ȴ�ʃɲɿ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍɸ�ɲʐʏʊ͘

ϭϲ͘� Ȱʆ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�R ͕�ʏʊʏɸ�ɻ�ɸʇʀʍʘʍɻ� f x 0=^ h �
ɹʖɸɿ�ʅɿɲ�ʏʉʐʄɳʖɿʍʏʉʆ�ʌʀɺɲ͘

ϭϳ͘� ȸ�ɸɿʃʊʆɲ�Ĩ D] g�ɸʆʊʎ�ɲʆʉɿʃʏʉʑ�ɷɿɲʍʏɼʅɲʏʉʎ�ȴ�ʅɹʍʘ�ʅɿɲʎ�ʍʐʆɸʖʉʑʎ�
ʃɲɿ�ʅɻ�ʍʏɲɽɸʌɼʎ�ʍʐʆɳʌʏɻʍɻʎ�Ĩ�ɸʀʆɲɿ�ɲʆʉɿʃʏʊ�ɼ�ʃʄɸɿʍʏʊ�ɷɿɳʍʏɻʅɲ͘

ϭϴ͘� Ȱʆ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�R ͕�ʙʍʏɸ�f f f 0<a b c] ^ ^g h h �ʅɸ�
, , R!a b c ,�ʏʊʏɸ�ʐʋɳʌʖɸɿ�x R0 ! ͕�ʙʍʏɸ�f x 00 =] g .

ϭϵ͘� Ȱʆ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ� ,a b6 @͕�ʙʍʏɸ� f xG Ga b] g �ɶɿɲ�

ʃɳɽɸ� ,x ! a b6 @͕�ʏʊʏɸ�ʐʋɳʌʖɸɿ� ,x0 ! a b6 @͕�ʙʍʏɸ�f x 20
a b= +] g .

ϮϬ͘� ȶʍʏʘ� ɻ� ʍʐʆɸʖɼʎ� ʍʐʆɳʌʏɻʍɻ� :f R R" ͕� ɶɿɲ� ʏɻʆ� ʉʋʉʀɲ� ɿʍʖʑɸɿ�

x f x x x3 H hn-] g �ɶɿɲ�ʃɳɽɸ�ǆ R! ͘�Ɉʉ�f 0] g�ɸʀʆɲɿ� 61 .
Ϯϭ͘� Ȱʆ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ� ,0 16 @�ʃɲɿ�ɻ�ɸʇʀʍʘʍɻ� f x 0=^ h �

ɹʖɸɿ�ʅʀɲ�ʌʀɺɲ�x0 �ʍʏʉ�ɷɿɳʍʏɻʅɲ� ,0 1^ h�ʏʊʏɸ�ɽɲ�ɿʍʖʑɸɿ�f f0 1 0<^ ^h h .
ϮϮ͘� Ȱʆ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ� ,a b6 @�ʏʊʏɸ�ɻ�Ĩ�ɹʖɸɿ�ɹʆɲ�ʅʉʆɲ-

ɷɿʃʊ�ʅɹɶɿʍʏʉ�ʃɲɿ�ɹʆɲ�ʅʉʆɲɷɿʃʊ�ɸʄɳʖɿʍʏʉ�ʍʏʉ� ,a b6 @.
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Ϯϯ͘� Ȱʆ� Ĩ� ʍʐʆɸʖɼʎ� ʃɲɿ� ɶʆɻʍʀʘʎ� ʅʉʆʊʏʉʆɻ� ʍʐʆɳʌʏɻʍɻ� ʍʏʉ� ,a b6 @� ʅɸ�
f x 00 =^ h ͕� ,x0 ! a b^ h͕�ʏʊʏɸ�f f 0<a b^ ^h h .

Ϯϰ͘� Ȱʆ�ʅɿɲ�ʍʐʆɳʌʏɻʍɻ� : ,f R"a b6 @ �ɸʀʆɲɿ�ʍʐʆɸʖɼʎ͕�ʏʊʏɸ�ʏʉ�ʍʑʆʉʄʉ�ʏɿ-
ʅʙʆ�ʏɻʎ�ɸʀʆɲɿ�ʃʄɸɿʍʏʊ�ɷɿɳʍʏɻʅɲ͘

Ϯϱ͘� Ȱʆ� ɻ� ʍʐʆɳʌʏɻʍɻ� Ĩ� ɸʀʆɲɿ� ʍʐʆɸʖɼʎ� ʍʏʉ� ɷɿɳʍʏɻʅɲ� ,a b6 @͕� ʅɸ�
Ĩ Ĩ!a b^ ^h h,�ʏʊʏɸ�ɻ�Ĩ�ʋɲʀʌʆɸɿ�ʏɿʅɹʎ�ʅʊʆʉ�ʅɸʏɲʇʑ�ʏʘʆ�Ĩ a^ h�ʃɲɿ�Ĩ b^ h.

3.10 Ȱʍʃɼʍɸɿʎ�ɶɿɲ�ʄʑʍɻ
ϭ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim
x

x e
2 5
1π

x

x

2 5

2004 3hn

+
- +

"-

+^^ h h
͘� � ɴ͘� lim

x x x
x x e
6 9 1
6 8

x

x

3 2

2 3

- + + +
- + +

"

-

.

ɶ͘� lim x x x2 1
x 2

3 2- + -
"-
^ h͘� ɷ͘� lim x x x2 3 1 13 4

x 2

25 23- + + -
"
^ h7 A.

ɸ͘� lim x x
x x

5 6
7 11

x 1 2

2

- +
+ -

"
͘� � ʍʏ͘� lim x

x x
1

3 30
x 2 2

5

-
+ -

"
.

Ϯ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x
x
2

4
x 2

2

+
-

"-
͘�� � � � � ɴ͘� lim

x

x
2 1
4 1

x 2
1

2

-

-
"

.

ɶ͘� lim x x
x

2
2 8

x 0 2

3

-
+ -

"

^ h
͘� � � � ɷ͘� lim x x

x x x
3 10

4 5 2
x 2 2

3 2

+ -
- + -

"
.

ɸ͘� lim x x
x

x3 2
1

4
4

x 2 2 2- +
- - -"

a k͘� � ʍʏ͘� lim x x x
x

1
1

x 1 3 2

3

+ + +
+

"-
.

ϯ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x
x x

1
3 4

x 1 2

2

-
+ -

"
͘� � � � ɴ͘� lim x x x

x x
3 6 2
2 1

x 1 3 2

4 2

+ - +
- +

"
.

ɶ͘� lim x x
x x

4 3
3 2

x 1 4

3

- +
- +

"
͘� � � � ɷ͘� lim x x

x
5 4
16

x 4 2

2

- +
-

"
.

ɸ͘� lim x
x x

1
2 3 1

x 1

2

-
- +

"
͘� � � � ʍʏ͘� lim x x

x x
3
3

x 0 2

2

+
-

"
.

ϰ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim
x
x

2
4

x 4 -
-

"
͘� ɴ͘� lim

x x
x x

3 3 1
3 4

x 1 2

2

- + -
+ -

"
͘� � ɶ͘� lim

x
x

5 3
3 2 2

x 2 2 + -
- -

"
.

ɷ͘� lim x
x1 1

x 0

+ -
"

͘�� ɸ͘� lim x
x x1 1

x 0

- - +
"

͘� ʍʏ͘� lim x
x
49

2 3
x 7 2 -

- -
"

.

ϱ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim
x

x
1 2

1
x 1 3 3

2

- -
-

"-
͘� � � � ɴ͘� lim

x
x

2
8

x 8 3 -
-

"
.

ɶ͘� lim
x

x x
1

3 3 1
x 1 3 -

+ - +
"

͘� � � ɷ͘� lim x
x x

1
13 8

x 1 -
+ - + +

"
.
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ɸ͘� lim x x
x
3 2

4
x 2 3 - +

-
"

͘� � � � ʍʏ͘� lim
x

x x
1
1 1

x 1 2 -
+ - -

"
.

ϲ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x x
x x x

2 1 1
2 3 1 2

x 0 2

2

- + - -
- - - + -

"
͘�� ɴ͘� lim x

x x x
4

8 16 4
x 4

2

-
- + - -

"
.

ɶ͘� lim x
x x x

1
2 3 1

x 1 2

2

-
- + - +

"
͘�� � ɷ͘� lim x x

x x
3 2

2 3 12
x 2 2

2

- +
+ + -

"
.

ɸ͘� lim x x
x x

7 6
2 2

x 1 2 - +
- + -

"
͘� � � � ʍʏ͘� lim x

x x x
9

1 14
x 3 2

2

-
- + + -

"
.

ϳ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x
x x x

1
1 3

x 1 2

2

-
- + +

"-
͘� � � ɴ͘� lim x

x x
1

1 1
x 1

2

-
- + -

"
.

ɶ͘� lim x
x x x

2
4 5 6

x 2

2 2

-
- + - +

"
͘� � ɷ͘� lim x

x x
1

2 1
x 1

2

-
- +

"
.

ɸ͘� lim x
x x x

1
1 3 2

x 1 2

2

-
- + - +

"
͘�� � ʍʏ͘� lim x x

x x
5 6

2 4
x 2 2

2

- +
- + -

"
.

ϴ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x x
x x

9 8
2 2 4 7

x 1 2 + +
+ + - -

"-
͘� ɴ͘� lim x x

x x x
2 7 4

6 4 1 4 2
x 4 2 + -

+ + + + +
"-

.

ɶ͘� lim x x
x x

2
2 1 1

x 2 2 +
+ +- +

"-
͘�� ɷ͘� lim x x

x x
3

3 3
x 3 2 -

- + -
"

.

ɸ͘� lim x
x x
x x3

x 0 2

3

+
+ -

"
͘� � � ʍʏ͘� lim x

x x x
1

10 9 1
x 1

2

-
- + - -

"
.

ϵ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x
x x x2

x 0

2 + -
"

͘� � � � ɴ͘� lim x x
x x
5 4

4 2 8
x 4 2 - +

- + -
"

.

ɶ͘� lim x
x x x

9
3 3

x 3 2

2

-
- + -

"
͘� � � ɷ͘� lim x x

x x
1 2 3x 1 2

3

+ -
-

"
.

ɸ͘� lim x
x x x x

2
2 5 6

x 2

2 2

-
- - - +

"
͘� � ʍʏ͘� lim x x

x x x
7 6

2 1 2 2
x 2 2

3

- +
- + + -

"
.

ϭϬ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x
x

2
3

x 0

hn
"

͘�� ɴ͘� lim x
x

4
2

x 0 f{
f{

"
͘� � ɶ͘� lim x

x
2x 2
r

vyo
-" r

.

ɷ͘� lim x x
x x

x 0 hn
hn

+
-

"
͘� ɸ͘� lim x

x x1 3 1 2
x 0

hn hn+ - -
"

.

ʍʏ͘� lim
x
x

3 9x 0

hn
- +"

.

ϭϭ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x
x

x 0

f{
"

͘� � � ɴ͘� lim x
x x

x 0

2

hn
-

"
͘� � ɶ͘� lim x

x x3
x 0

2

f{
+

"
.
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ɷ͘� lim x x
x x

4
2

x 0 2
f{ hn

+
-

"
͘� ɸ͘� lim x

x
x 0

hn
"

͘� � ʍʏ͘� lim x
x

x 0

hn
"

.

ϭϮ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x
x1 1

x 0

hn- +
"

͘� � � � � ɴ͘� lim
x

x
1 2x 0 vyo-"

.

ɶ͘� lim x x
x x x

x 0 2

4 2 hn
+

+ -
"

͘�� � � � ɷ͘� lim x x
x x

5 7
3 4

x 0 hn
hn

+
-

"
.

ɸ͘� lim
x x

x
3 3

1 2
x 0

vyo
+ -

-
" ^ h ͘� � � � ʍʏ͘� lim x

x1
x 0 2

vyo-
"

.

ϭϯ͘� Ɂɲ�ɴʌɸɽʉʑʆ�ɲʆ�ʐʋɳʌʖʉʐʆ�ʏɲ�ʊʌɿɲ�ʏʘʆ͗

ɲ͘�
,
,

f x
x x x

x x
3 5 4

2 4π
>2

Gvyo
=

- -
-

^ ^h h) �ʍʏʉ�x 40 = .

ɴ͘�
,

,
f x x x

x x x

x
x x x x

3 2
6 8 2

2
4 4 2 2

>

<

2

2

2

hn

= - +
- +

-
- + + -

^
^

h
hZ

[

\

]]

]]
�ʍʏʉ�x 20 = .

ɶ͘�
,

,
f x x

x x x

x x
3
1 3

5 3

<2

4

2 H
= +

- +

-
^ h * �ʍʏʉ�x 30 = �ʃɲɿ�ʍʏʉ�x 30 =- .
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.

Ϯϲ͘� Ȱʆ� lim f x x x2 4 2 5
x 3

2+ - - =
"
^^ h h ͕�ʆɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ� lim f x

x 3"
^ h.

Ϯϳ͘� Ȱʆ�ɿʍʖʑɸɿ�x f x f xa+ = -^ ^h h�ɶɿɲ�ʃɳɽɸ�ǆ R! �ʅɸ�lim f x x2 1
x

a+ - =
"a
^^ h h ͕�

ʆɲ�ɴʌɸɽɸʀ�ʏʉ� lim f x
x 0"
^ h.

Ϯϴ͘� Ȱʆ� lim x
f x 1

x 0
=

"

^ h
�ʆɲ�ɴʌɸʀʏɸ�ʏʉ� lim

x
f x
1
1

x 1 -
-

"

^ h
.

Ϯϵ͘� Ȱʆ�lim lnf x x x1 3 3
x 1

2- + - + =
"
^^ h h �ʆɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�lim f x

f x
1x 0 2

hn r
-" ^ ^^ h hh .

ϯϬ͘� Ȱʆ� lim x
f x x 1 2

x 0

hn+ -
=

"

^ h
͕�ʆɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ� lim

f x x
f x 1

x 0 vyo-
-

" ^
^
h
h

.

 



24

ϯϭ͘� Ȱʆ� f x f x x x x1 2 4 22- + = - +^ ^^h h h � ɶɿɲ� ʃɳɽɸ� ǆ R! � ʃɲɿ�

lim x
f x f

1
1

x 1
l-

- =
"

^ ^h h
͕�ʏʊʏɸ�ʆɲ�ɴʌɸɽɸʀ�ʉ� 0>l .

ϯϮ͘� Ȱʆ�lim x
f x

4 3
1

x 2 2 - =
"

^ h
�ʃɲɿ�lim g x x 8 3

2
x 2

3 - =-
"
^ ^^ h hh ͕�ʆɲ�ɴʌɸɽɸʀ�ʏʉ�limh x

x 2"
^ h͕�

ʊʋʉʐ�h x f x g x=^ ^ ^h h h.
ϯϯ͘� Ȱʆ�lim x f x1 1 4

x 0
+ - =

"
^ ^_ h hi ͕�lim g x x 1 2

x 0
vyo - =

"
^ ^^ h hh ͕�ʆɲ�ɴʌɸʀʏɸ�ʏʉ�

lim g x
f x

x 0" ^̂ hh .
ϯϰ͘� Ȱʆ� lim f x g x3 19

x 3
+ =

"
^ ^^ h hh � ʃɲɿ� lim f x g x2 3

x 3
- =-

"
^ ^^ h hh � ʆɲ�ɴʌɸʀʏɸ� ʏɲ�

lim f x
x 3"
^ h�ʃɲɿ� limg x

x 3"
^ h.

ϯϱ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x
x x

4
8 16

x 4 4

2

-
- +

" ^ h ͘� � � � ɴ͘� lim
x x
x
8 16
3

x 4 2 - +
-

"
͘�

ɶ͘� lim x x
x
2 1

2 3
x 1 2 - +

+
"

͘� � � � ɷ͘� lim
x x x

x
3 3 1

1
x 1 3 2

2

+ + +
-

"-
.

ɸ͘� lim
x

x x
x 0 54

$hn vyo
"

͘� � � � ʍʏ͘� lim
x
x

x 0 43

hn
"

.

ϯϲ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x x x
x

3 3 1
5 6

x 1 3 2- + -
-

"
͘� � � ɴ͘� lim x x x

x
4

2
2x 2 2 2- - -"

a k.
ɶ͘� lim x

x
x x1 2

2
x 1 2 2- - + -"
a k͘�� � ɷ͘� lim x

x
x
x

1
2 1

1x 1 -
- - -"

c m.
ɸ͘� lim x x

1 1
x 0

-
"
c m͘� � � � � ʍʏ͘� lim x x

x x3 5
x 0

2 + -
"

.

ϯϳ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim
x x x

x
1

1
x 1 3 2- - +

-
"

͘�� � ɴ͘� lim
x x
x

2
5

x 4 - -
-

"
.

ɶ͘� lim
x x x x2

3
2x 4 - +

-
-"

͘� � � ɷ͘� lim x x2
1

2
1

x 2 - - -"
c m.

ɸ͘� lim
x
x

1
3 5

x 1 -
-

"
͘� � � � � ʍʏ͘� lim x

x1
x 0 2

vyo-
"

.

ϯϴ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x
x

1
2

x 2
hn -

-
" r

͘� � � � � ɴ͘� lim x
x 1

x 0 hn
-

"
.

ɶ͘� lim x
x

1
3

x vyo +
-

"r
͘� � � � � ɷ͘� lim x

x
1

1
x 0 vyo -

-
"

.

 



25

ɸ͘� lim x
x

2 1
1

x 3
vyo -

-
" r

͘�� � � � ʍʏ͘� lim x
x

2 1
3

x 6
7 hn +

-
" r

.

ϯϵ͘� ȳɿɲ�ʏɿʎ�ɷɿɳʔʉʌɸʎ�ʏɿʅɹʎ�ʏʉʐ� R!a �ʆɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ͕�ɲʆ�ʐʋɳʌʖʉʐʆ͕�
ʏɲ�ʊʌɿɲ͗

ɲ͘� lim x x x x
x x
4 6 4 1

2
x 1 4 3 2

2 2a a
- + - +

- +
"

͘� � ɴ͘� lim x
x x

2
2

x 2

2 a a
-

- +
"

.

ɶ͘� lim x x x
x x
3 3 1

5
x 1 3 2

2 a
- + -
+ -

"
͘�

ϰϬ͘� ȳɿɲ�ʏɿʎ�ɷɿɳʔʉʌɸʎ�ʏɿʅɹʎ�ʏʘʆ� , R!a b �ʆɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ͕�ɲʆ�ʐʋɳʌ-
ʖʉʐʆ͕�ʏɲ�ʊʌɿɲ͗

ɲ͘� lim x x
x x2

x 0

2

hn
a b+ +

"
͘� � � � ɴ͘� lim x x

x x
4 4

2 4
x 2 2

2 b a
- +
+ +

"
.

ɶ͘� lim x
x x 1

x 0 2
a b+ - +

"
͘�

ϰϭ͘� Ɂɲ�ɴʌɸɽɸʀ͗

ɲ͘� ʏʉ� lim f x
x 1"
^ h�ʊʏɲʆ� lim x

x f x
1

1
x 1 3 3-

- =+
"

^ ^h h
.

ɴ͘� ʏʉ� lim f x
x 0"
^ h�ʊʏɲʆ� lim f x

x
x

2
3x 0

3
hn
f{

=+
" ^ h .

ɶ͘� ʏʉ�lim f x
x 4"
^ h�ɲʆ�ɶɿɲ�ʃɳɽɸ�x 4! �ɿʍʖʑɸɿ�f x x x x

x x
12 48 64

5 4
3 2

2

H - + -
- +^ h .

ɷ͘� ʏʉ� lim f x
x 1"
^ h�ɲʆ�ɶɿɲ�ʃɳɽɸ�x 1! �ɿʍʖʑɸɿ�f x x x x

x x
3 3 1
5 4

3 2

2

G - + -
- +^ h .

ɸ͘� ʏʉ� lim f x
x 3"
^ h�ɲʆ�ɶɿɲ�ʃɳɽɸ�x 3! �ɿʍʖʑɸɿ�f x x

x
3

1 2
H -

+ -^ h .

ϰϮ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗
ɲ͘� lim x x x3 2 5

x
3 2- + -

" 3+
^ h͘� � � ɴ͘� lim x x x3 5 2 5

x
3 4- + -

" 3+
^ h.

ɶ͘� lim x x x3 2 7
x

4 3- + -
" 3-
^ h͘� � � ɷ͘� lim x x2 4 5

x
3 2- +

" 3-
^ h.

ɸ͘� lim x x x2 5 6
x

3 2+ - -
" 3-

͘� � � ʍʏ͘� lim x x x2 3 7
x

5 2- + +
" 3-
^ h

ϰϯ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x x
x x
2 1

5 2
x 3

4 2

+ -
- +

" 3-
͘� � � � ɴ͘� lim x

x x
1

4 4 6
x 2

3 2

-
- +

" 3+
.

ɶ͘� lim x x
x x

6 3 11
2 5 6

x 6

6 2

+ -
+ -

" 3-
͘� � � � ɷ͘� lim x x

x x x
2 1

4 2
x 5 3

5 3

- +
- + -

" 3-
.

ɸ͘� lim x x
x x

3 1
9 16 7

x 5 2

3

- -
+ -

" 3-
͘� � � � ʍʏ͘� lim x

x x
2 7

4 5 2
x 100

99

+
+ +

" 3-
.

ϰϰ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x x
x x x x x

4 5 8
2 5 1 7

x 2

3 2 3

- +
+ - + + -

" 3-
͘� ɴ͘� lim x

x
x

x x1
1

2 3
x

2 2- - +
- -

" 3+
c m.

 



26

ɶ͘� lim x x2 1
x

23 + -
" 3+

͘� � � � ɷ͘� lim x x7 5 3
x

2 + -
" 3-

.

ɸ͘� lim x x x x2 4 2 1
x

2 5 25+ - + - + +
" 3-
^ h.

ʍʏ͘� lim x x x1
x

2 - + -
" 3-
^ h.

ϰϱ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x x x2
x

2 + +
" 3-
^ h͘� � � � ɴ͘� lim x

x x
2 5

4 4
x

2

-
+ +

" 3-
.

ɶ͘� lim x x x8 1
x

33 + - -
" 3+
^ h͘� � � ɷ͘� lim x x x5 3

x
4 + - +

" 3-
^ h.

ɸ͘� lim x x x4 1 2
x

2 + - -
" 3+
^ h͘� � � ʍʏ͘� lim x x x1

x
2 + + -

" 3+
^ h.

ϰϲ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗
ɲ͘� lim x x x1

x
2 + + +

" 3-
^ h͘� � � ɴ͘� lim x x x9 2 3

x
2 + + +

" 3-
^ h.

ɶ͘� lim x x x1
x

2 2+ +
" 3-
^ h͘� � � ɷ͘� lim x x x x1 4

x
2 2+ + - -

" 3-
^ h.

ɸ͘� lim x x x x4 1 1 3
x

2 2+ + + + -
" 3+
^ h.

ʍʏ͘� lim x x x x9 2 1 1 2
x

2 33+ + - + -
" 3+
^ h.

ϰϳ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim
x x x
x x x

1 1
1 1

x 2 2

4 4

+ - + +
+ + - +

" 3-
͘� � ɴ͘� lim x x 1

x
3 3- -

" 3-
^ h.

ɶ͘� lim
x
x

x
x1
1x

2 +
- +

-
" 3+

͘� � � � ɷ͘� lim x x x x
x

+ - -
" 3+
_ i.

ɸ͘� lim x x x x
x

+ + -
" 3+
_ i.

ʍʏ͘� lim x x x x x4 1 3
x

2 2+ + + + -
" 3+
^ h.

ϰϴ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim e
e e
3 2

1
x x

x x2

+
+ -

" 3+

+

͘� � � � ɴ͘� lim 1 2 6
6 3 6 3

x x

x x

2

1

$
$

-
- +

" 3+ +

+

.

ɶ͘� lim 2 5
2 1

x x

x 1

+
-

" 3+

+

͘� � � � � ɷ͘� lim 2 2 1
2 2 3

x x x

x x

3

1 2

+ -
+ -

" 3- +

- +

.

ɸ͘� lim e e
e e

1
2

x x x

x x

1 1

2

+ -
+ -

" 3+ - +

+

͘� � � � ʍʏ͘� lim
e
e

3
1

x x

x

0
1

1

+
+

" +
.

ϰϵ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim e
e

3
3

x x x

x x

1

1

+
-

" 3+ +

+

͘� � � � � ɴ͘� lim e
e

2
2

x x x

x x

2

1 2

+
+

" 3+ +

+ +

.

ɶ͘� lim ln
ln
x
x
1x +" 3+
͘� � � � � ɷ͘� lim ln

ln
x
x
1x +" 3-
.

ɸ͘� lim e
e

3 2
2 3

x x x x

x x x

1 1 2

2 1

+ -
- +

" 3+ + - -

+ -

͘� � � ʍʏ͘� lim e
e

3 2
2 3

x x x x

x x x

1 1 2

2 1

+ -
- +

" 3- + - -

+ -

.
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ϱϬ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗
ɲ͘� lim x x 5

x
x6 + -

" 3-
^ h͘� � � � ɴ͘� lim x2 3

x
x x 6- -

" 3+
-^ h.

ɶ͘� lim x x
e

1
2

x

x

2+ +
+

" 3-
͘�� � � � ɷ͘� limln x x1

x
+ -

" 3+
^ h.

ɸ͘� limln x x
ex

x 0 2
hn
+"

a k͘�� � � � ʍʏ͘� lim
1 2
1

x x0
1

+" +
.

ϱϭ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʋɲʌɲʃɳʏʘ�ʊʌɿɲ͗

ɲ͘� lim x
x

x

hn
" 3+

͘� � � � � � ɴ͘� lim x
x

x

vyo
" 3-

.

ɶ͘� limx x
1

x
hn

" 3+
͘� � � � � ɷ͘� limx x

1
x 0
hn

"
.

ɸ͘� lim x x
x x x
3 2

2 3
x

2

vyo
hn

+
-

" 3-
͘� � � � ʍʏ͘� lim x

x
x
1

x 0

2

hn hn"
.

ϱϮ͘� ȳɿɲ�ʏɿʎ�ɷɿɳʔʉʌɸʎ�ʏɿʅɹʎ�ʏʘʆ� R!a �ʆɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʊʌɿɲ͗

ɲ͘� lim x x
x x

2
1

3 7
2 3

x 2

3

a
a
-
-

+ -
- +

" 3+ ^̂ hh ͘� � � ɴ͘� lim x x x
x x x4
5 2

8x

4 2

3 2a
a
-

- + -
+ - +" 3- ^ h .

ɶ͘� lim x x x3 2 1
x

2 a+ + - +
" 3-
^ h͘� � ɷ͘� lim x x x3

x
2 a+ + +

" 3-
^ h.

ϱϯ͘� ȳɿɲ�ʏɿʎ�ɷɿɳʔʉʌɸʎ�ʏɿʅɹʎ�ʏʘʆ� 0>a �ʆɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʊʌɿɲ͗

ɲ͘� lim 3 1
3 1

x x x

x x

1

1

a
a

+ -
+ +

" 3+ -

+

͘� � � � ɴ͘� lim 2
2 4

x x x

x x

1

1

a
a
+

-
" 3+ -

+

.

ϱϰ͘� ȳɿɲ�ʏɿʎ�ɷɿɳʔʉʌɸʎ�ʏɿʅɹʎ�ʏʘʆ� , R!a b �ʆɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʏɲ�ʊʌɿɲ͗

ɲ͘� lim x x
x x

1
1

x 3

2

a b
a a b

- +
- - +

" 3+

^ h
͘� � � ɴ͘� lim x x

x x
3

1 2 1
x 2

2

b
a

+ -
- + -

" 3+

^ h
.

ϱϱ͘� ȴʀʆɸʏɲɿ�ɻ�ʍʐʆɳʌʏɻʍɻ� : ,f 1 R"3+^ h �ɶɿɲ�ʏɻʆ�ʉʋʉʀɲ�ɿʍʖʑɸɿ

x
x x f x x

x
2

9 3 1 3 42

G G+
- + +^ h �ɶɿɲ�ʃɳɽɸ� ,x 1 3! +^ h.

Ɂɲ�ɴʌɸɽɸʀ�ʏʉ� lim f x
x" 3+
^ h.

ϱϲ͘� ȶʍʏʘ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʉʌɿʍʅɹʆɻ�ʍʏʉ�R �ɶɿɲ�ʏɻʆ�ʉʋʉʀɲ�ɿʍʖʑɸɿ

x
x f x x

x
1
1

1
3

2

2

1 1+
+

+
+^ h �ɶɿɲ�ʃɳɽɸ�x 0> .

Ɂɲ�ɴʌɸɽɸʀ�ʏʉ� lim f x
x" 3-
^ h.

ϱϳ͘� Ȱʆ� lim x
P x

2 2
x + =
" 3+

^ h
�ʃɲɿ� lim x

xP
2x 0 hn l=

"

^ h
͕�ʆɲ�ɴʌɸɽɸʀ�ʉ�ʏʑʋʉʎ�ʏʉʐ�ʋʉʄʐʘ-

ʆʑʅʉʐ�ʃɲɽʙʎ�ʃɲɿ�ʉ� R!l .
ϱϴ͘� Ȱʆ� ɻ� ʍʐʆɳʌʏɻʍɻ� :f R R" � ɸʀʆɲɿ� ʋɸʌɿʏʏɼ� ʃɲɿ� ɿʍʖʑɸɿ�

lim f x x x x2 1 3
x

2+ - + + =
" 3+

^_ h i ,�ʆɲ�ɴʌɸɽɸʀ�ʏʉ� lim f x
x" 3-
^ h.

ϱϵ͘� Ȱʆ� ɿʍʖʑɸɿ� x f x g x f x g x22 2 H+ -^ ^^ ^ ^^h hh h hh� ɶɿɲ� ʃɳɽɸ� ǆ R! ͕� ʆɲ�
ɴʌɸɽʉʑʆ�ʏɲ�ʊʌɿɲ� lim f x

x" 3-
^ h�ʃɲɿ� limg x

x" 3-
^ h.
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ϲϬ͘� Ȱʆ�ɿʍʖʑɸɿ� x
f x

x x
1 1

2Ghn-
^ h

�ɶɿɲ�ʃɳɽɸ�ǆ R! ͕�ʆɲ�ɴʌɸɽɸʀ�ʏʉ� lim f x
x" 3+
^ h.

ϲϭ͘� ȶʍʏʘ� ʍʐʆɳʌʏɻʍɻ� Ĩ� ʉʌɿʍʅɹʆɻ� ʍʏʉ� R � ɶɿɲ� ʏɻʆ� ʉʋʉʀɲ� ɿʍʖʑɸɿ�
x f x x x1 3 2 G+ -^ ^h h �ɶɿɲ�ʃɳɽɸ�x 0> ͘�Ɂɲ�ɴʌɸɽɸʀ�ʏʉ� lim f x

x" 3+
^ h.

ϲϮ͘� Ȱʆ� ɿʍʖʑɸɿ� f x e2 1x xH+^ ^h h � ɶɿɲ� ʃɳɽɸ� ǆ R! ͕� ʆɲ� ʐʋʉʄʉɶɿʍʏɸʀ� ʏʉ�

lim f x
x" 3+
^ h͘�Ⱦɲʏʊʋɿʆ�ʆɲ�ɴʌɸɽɸʀ�ʏʉ� lim f x

f x
f x

f x
2 3 5

2 1
x 3

3 2

+ -
- +

" 3+ ^ ^^ ^h hh h
.

ϲϯ͘� Ȱʆ� ɿʍʖʑɸɿ� f x x x 14 G vyo -^ h � ɶɿɲ� ʃɳɽɸ� ǆ R! ͕� ʆɲ� ʐʋʉʄʉɶɿʍʏɸʀ� ʏʉ�

ʊʌɿʉ� lim f x f x f x2 3
x 0

2 - + +
"

^ ^ ^_ h h hi.
ϲϰ͘� Ȱʆ�ɿʍʖʑɸɿ� f x x x exHhn^ h �ɶɿɲ�ʃɳɽɸ� ǆ R! ͕�ʆɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʊʌɿʉ�

lim f x f x f x1
x 0

2 + + -
"

^ ^ ^_ h h hi.
ϲϱ͘� Ȱʆ� lim f x

f x
x x0

3
b
a
=+-

-
" ^̂ hh ͕�ʊʋʉʐ� , R!a b ͕�ʆɲ�ɴʌɸɽɸʀ�ʏʉ� lim f x

x x0"
^ h.

ϲϲ͘� Ȱʆ�ɿʍʖʑɸɿ� lim x
f x x1

x 20
3

vyo-
=-

"

^ ^h h
͕�ʆɲ�ɴʌɸɽɸʀ�ʏʉ� lim f x

x 0"
^ h.

ϲϳ͘� Ȱʆ�ɿʍʖʑɸɿ� lim x
f x x 1

x 1
3

hn r
=-

-
" ^^ ^ hh h

͕�ʆɲ�ɴʌɸɽɸʀ�ʏʉ� lim f x
x 1"
^ h.

ϲϴ͘� Ȱʆ� lim x
f x e2

5
x

x x1 2

hn =+
" 3+

+ -^ h
�ʆɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ� lim f x

x" 3+
^ h.

ϲϵ͘� Ȱʆ� ɿʍʖʑɸɿ� f x f x2= -^ ^h h� ɶɿɲ� ʃɳɽɸ� ǆ R! � ʃɲɿ�
lim f x x x1 2
x

3 3- + + =
" 3+
^_ h i ,�ʆɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ� lim f x

x" 3-
^ h.

ϳϬ͘� Ȱʆ�ɿʍʖʑɸɿ� f x xf x x
x2 1

1
1- = -

+^ `h j �ɶɿɲ�ʃɳɽɸ�x 1R! - " ,͕�ʆɲ�ɴʌɸɽʉʑʆ͕�
ɲʆ�ʐʋɳʌʖʉʐʆ�ʏɲ�ʊʌɿɲ� lim f x

x" 3+
^ h�ʃɲɿ� lim f x

x 1"
^ h.

ϳϭ͘� Ȱʆ� lim f x
x X0

3=+
"
^ h ͕�ʆɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ� lim ln x f x2 3

x x
f x 2

0
+ + -

"
^ ^^ h hh6 @.

ϳϮ͘� ȶʍʏʘ�ʊʏɿ� lim x
x

f x
2 02

x 2 hn r
+ =-

" ^ ^h h �ʅɸ�f x 0<^ h �ɶɿɲ�ʃɳɽɸ�ǆ R! ͘�Ɂɲ�ʐʋʉ-

ʄʉɶɿʍʏɸʀ�ʏʉ� lim f x
f x

f x
f x

6 2
3 2

5 2 4
7 2 1

x 0 2

2

+
+

- + +
+ + -

" ^ ^^ ^h hh h
.

ϳϯ͘� ȶʍʏʘ�ʊʏɿ� lim
x x

x x
f x1 1

0
x 2 2 hn

hn

+
+

=
" ` ^j h ͕� ʅɸ� f x 0>^ h � ɶɿɲ� ʃɳɽɸ� ǆ R! ͘�

Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ� lim f x
f x f x

2 1
3 2

x 0

2

-
+ -

" ^^ ^hh h
.
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ϳϰ͘� Ɂɲ�ɸʇɸʏɲʍɽʉʑʆ�ʘʎ�ʋʌʉʎ�ʏɻ�ʍʐʆɹʖɸɿɲ�ʉɿ�ʋɲʌɲʃɳʏʘ�ʍʐʆɲʌʏɼʍɸɿʎ͗

ɲ͘�

,

,

,

f x
x x
x x x

x

x
x x x

0

1 0

0

>

<
2 hn

=
+
-

=
+

^ h
Z

[

\

]
]

]
]

�͘ � ɴ͘�
,
,

,
f x

x x
x x

x x

1 1
3 1 2
2 2

< <

2 G

H

=
+ -
- -^ h

Z

[

\

]]

]
.

ɶ͘�
,
,f x

x x
x x
1 1

1 1>

2

2

G
=

-
-^ h ( ͘� � ɷ͘� ,

,
f x x x

x x
x

0
1 0

2

!vyo= +
=

^ h * .

ɸ͘� ,

,
f x e

e x

x
1

3 1 0

3 0
x

x
1

1

!= +
-

=
^ h * ͘�� ʍʏ͘� ,

,
ln

ln
f x x

x
x

x

1
1 0

0 0
>!=

+

=
^ ^h h* .

ϳϱ͘� Ɂɲ�ɸʇɸʏɲʍɽʉʑʆ�ʘʎ�ʋʌʉʎ�ʏɻ�ʍʐʆɹʖɸɿɲ�ʉɿ�ʋɲʌɲʃɳʏʘ�ʍʐʆɲʌʏɼʍɸɿʎ͗

ɲ͘� ,
,

f x e x
x x
1 0

0
<x

1

Hvyo
= +^ h ) .

ɴ͘� ,
,

lnf x x x x
x

1 1 0 1
0 1

< !vyo= -
=

^ ^h h* .

ɶ͘� ,
,

f x x
x x x

x x
1

5 6 2 1
1

>3

2

Gvyo r
= -

- + -^ ^h h* .

ɷ͘�

,

,

,

xf
x
x x

x

x
x x

1
1 1

2
1 1

1
3 2 1

>

<
2

=
-
-

=

-
+ -

^ h
Z

[

\

]
]]

]
]

.

ϳϲ͘� ȶʍʏʘ� ɻ� ʍʐʆɳʌʏɻʍɻ�
,

,
,

f x
x x x

x x
x x x

1 3
4 2 3 4

3 4

<

>

2

2

G G
a
b a
a b

=
- +
+ +

- + + -
^ ^

^
h h

h* ͘� Ɂɲ� ɴʌɸ-

ɽʉʑʆ�ʏɲ� , R!a b �ʙʍʏɸ�ɻ�Ĩ�ʆɲ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ͘
ϳϳ͘� Ɂɲ�ɴʌɸɽʉʑʆ�ʉɿ�ʏɿʅɹʎ�ʏʉʐ� R!a ͕�ʙʍʏɸ�ʆɲ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ɻ�ʍʐʆɳʌ-

ʏɻʍɻ� ,
,

f x x
x x

x
x

0
2 1 0

3

2

!
hn hn a

a
=

- =
^ ^^h hh* .

ϳϴ͘� Ɂɲ�ɴʌɸɽʉʑʆ�ʉɿ�ʏɿʅɹʎ�ʏʘʆ� , R!a b ͕�ʙʍʏɸ�ʆɲ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ɻ�ʍʐ-

ʆɳʌʏɻʍɻ� ,
,

f x x x
x x

x
e x

4 2
2
2

>
x

2

2

G
a= + -

- + -

b a-
^ h * .
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ϳϵ͘� Ɂɲ�ɴʌɸɽʉʑʆ�ʉɿ�ʏɿʅɹʎ�ʏʘʆ� , R!a b ͕�ʙʍʏɸ�ʆɲ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ɻ�ʍʐ-

ʆɳʌʏɻʍɻ�

,

,

,

f x
x

x
x

x

x
x x

2 0

2
1 0

0

>

<

hn ahn b

b a

= =
+ -

^
^^

h
hhZ

[

\

]
]]

]
]

.

ϴϬ͘� ȶʍʏʘ� ɻ� ʍʐʆɳʌʏɻʍɻ�
, ,

, ,f x
x x x
x x x

1 0 1
1 1 3

!
!

a b
a b

=
+ +
+ +^ ^h h h66 @) ͘� Ɂɲ� ɴʌɸ-

ɽʉʑʆ�ʏɲ� , R!a b �ʙʍʏɸ�ɻ�Ĩ�ʆɲ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�ʋɸɷʀʉ�ʉʌɿʍʅʉʑ�ʏɻʎ�
ʃɲɿ� lim limf x f x4 12 1

x x4
9

4
1

= +
" "

^ ^h h .

ϴϭ͘� ȴʀʆɸʏɲɿ� ɻ� ʍʐʆɳʌʏɻʍɻ� ,

,
f x x

x x x

x
2 2

2

3

!
a b

c
= -

+ +

=
^ h * ͘� Ɂɲ� ɴʌɸɽʉʑʆ� ʏɲ�

, , R!a b c �ʙʍʏɸ�ɻ�Ĩ�ʆɲ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ͘

ϴϮ͘� ȴʀʆɸʏɲɿ�ɻ�ʍʐʆɳʌʏɻʍɻ�
,

,
,

f x
x x
x x

x x x

2 3 1
1 1 1

3 5 1
< <2

2

G

H

a b

b a
=

+ -
+ -
+ -

^ h * ͘�Ɂɲ�ɴʌɸɽʉʑʆ�

ʏɲ� , R!a b �ʙʍʏɸ�ɻ�Ĩ�ʆɲ�ɸʀʆɲɿ͗
ɲ͘� ʍʐʆɸʖɼʎ͘
ɴ͘� ʍʐʆɸʖɼʎ�ʍʏʉ�x 10 = �ʃɲɿ�ɲʍʐʆɸʖɼʎ�ʍʏʉʎ�x 10 =-

ϴϯ͘� Ȱʆ� x x f x x x2 1 13 vyo- = - -^ ^ ^ ^h h h h� ɶɿɲ�ʃɳɽɸ� x 0H ͕� ʆɲ�ɴʌɸɽɸʀ�ʉ�
ʏʑʋʉʎ�ʏɻʎ�ʍʐʆɸʖʉʑʎ�ʍʐʆɳʌʏɻʍɻʎ�Ĩ�ʍʏʉ� ,0 3+ h6 .

ϴϰ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ʏʑʋʉʎ�ʏɻʎ�ʍʐʆɸʖʉʑʎ�ʍʐʆɳʌʏɻʍɻʎ�Ĩ�ɶɿɲ�ʏɻʆ�ʉʋʉʀɲ�ɿʍʖʑ-
ɸɿ�xf x x x x3 2hn= + -^ h �ɶɿɲ�ʃɳɽɸ�ʋʌɲɶʅɲʏɿʃʊ�ɲʌɿɽʅʊ�ǆ͘

ϴϱ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ʏʑʋʉʎ�ʏɻʎ�ʍʐʆɸʖʉʑʎ�ʍʐʆɳʌʏɻʍɻʎ�Ĩ�ɶɿɲ�ʏɻʆ�ʉʋʉʀɲ�ɿʍʖʑ-
ɸɿ�xf x x x x5 2 2hn= + -^ h �ɶɿɲ�ʃɳɽɸ�ʋʌɲɶʅɲʏɿʃʊ�ɲʌɿɽʅʊ�ǆ͘

ϴϲ͘� Ȱʆ� x x xf x
1 1 1G Ghn ` j � ɶɿɲ�ʃɳɽɸ� x 0! ͕� ʆɲ�ɸʇɸʏɲʍʏɸʀ�ʘʎ�ʋʌʉʎ� ʏɻ�

ʍʐʆɹʖɸɿɲ�ʍʏʉ�x 00 = �ɻ�ʍʐʆɳʌʏɻʍɻ� ,
,

g x x
f x

x
x

0
1 1

!=
=

^ ^h h* .

ϴϳ͘� Ȱʆ�f x xf x22 G^ ^h h�ɶɿɲ�ʃɳɽɸ�ǆ R! �ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ͗
ɲ͘� ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�Ϭ͘

ɴ͘� lim x
f x 0

x 2 =
" 3-

^ h
.

ϴϴ͘� Ȱʆ� ɶɿɲ� ʏɻ� ʍʐʆɳʌʏɻʍɻ� Ĩ͕ � ʉʌɿʍʅɹʆɻ� ʍʏʉ� R ͕� ɶɿɲ� ʃɳɽɸ� ,x 0! d6 @�
ɿʍʖʑɸɿ� x x f x x4

8 1 1G G
hn

a
+ + + + +^ h ͕� ʆɲ� ɴʌɸɽɸʀ� ɻ�
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ʏɿʅɼ� ʏʉʐ� R!a ͕� ʙʍʏɸ� ʆɲ� ɸʀʆɲɿ� ʍʐʆɸʖɼʎ� ʍʏʉ� Ϭ� ɻ� ʍʐʆɳʌʏɻʍɻ�

,
,

g x x
f x f

x
x f x

0
0

4 0 0
>

2 Ga
=

-

+ -
^ ^ ^

^h h h
h* .

ϴϵ͘� Ȱʆ� f x f y x yG- -^ ^h h �ɶɿɲ�ʃɳɽɸ� ,x y R! ͕�ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�Ĩ�ɸʀʆɲɿ�
ʍʐʆɸʖɼʎ�ʍʏʉ�R .

ϵϬ͘� Ȱʆ� lim x
x f x x

1
1

2
x 1

hn r
-

- -
=

"

^ ^ ^h h h
�ʃɲɿ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ͕�

ʆɲ�ɴʌɸɽɸʀ�ʏʉ�f 1^ h.
ϵϭ͘� Ȱʆ� f x x2Hvyo r-^ h �ɶɿɲ�ʃɳɽɸ� ,x 0! r6 @͕�ʊʋʉʐ�Ĩ�ʍʐʆɳʌʏɻʍɻ�ʍʐʆɸ-

ʖɼʎ�ʍʏʉ�R ͕�ʆɲ�ɴʌɸɽɸʀ�ʏʉ�f 2
r` j.

ϵϮ͘� Ȱʆ� f 0 4=^ h � ʃɲɿ� f x x x f x1 22 2hn+ = +^ ^h h� ɶɿɲ� ʃɳɽɸ� x R*! ͕� ʆɲ�
ɷɸɿʖɽɸʀ�ʊʏɿ�ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�Ϭ͘

ϵϯ͘� Ȱʆ�ɶɿɲ�ʏɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɿʍʖʑɸɿ� f x x f x3 2 hn= +^ ^h h�ɶɿɲ�ʃɳɽɸ�ǆ R! ͕�
ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ͗
ɲ͘� f x xG^ h �ɶɿɲ�ʃɳɽɸ�ǆ R! .
ɴ͘� ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�x 00 = .

ϵϰ͘� Ȱʆ�ɶɿɲ�ʏɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɿʍʖʑɸɿ� xf x x f x x x1 2 12Ghn- - - + +^ ^ ^h h h �
ɶɿɲ�ʃɳɽɸ�ǆ R! �ʃɲɿ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ͕�ʆɲ�ɸʇɸʏɳʍɸʏɸ�ɲʆ�ɻ�ɶʌɲʔɿʃɼ�ʋɲ-
ʌɳʍʏɲʍɻ�ʏɻʎ�Ĩ�ʋɸʌʆɳ�ɲʋʊ�ʏʉ�ʍɻʅɸʀʉ� ,A 1 1^ h.

ϵϱ͘� Ȱʆ� ɻ� ʍʐʆɳʌʏɻʍɻ� Ĩ� ɸʀʆɲɿ� ʍʐʆɸʖɼʎ� ʍʏʉ� x 00 = � ʃɲɿ� ɿʍʖʑɸɿ�
xf x x1 5< vyo+^ h �ɶɿɲ�ʃɳɽɸ�x R*! ͕�ʆɲ�ɴʌɸɽɸʀ�ʏʉ�f 0^ h.

ϵϲ͘� Ȱʆ�ɶɿɲ�ʏɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɿʍʖʑɸɿ�f x f x2 - =^ ^h h͕�ɶɿɲ�ʃɳɽɸ�ǆ R! �ʃɲɿ�ɻ�Ĩ�
ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�ϯ͕�ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�Ͳϭ͘

ϵϳ͘� Ȱʆ� ɻ� ʍʐʆɳʌʏɻʍɻ� Ĩ� ɸʀʆɲɿ� ʍʐʆɸʖɼʎ� ʍʏʉ� Ϭ� ʃɲɿ� ɿʍʖʑɸɿ�
f x f x x x1 12+ + = + +^ ^h h �ɶɿɲ�ʃɳɽɸ� ǆ R! ͕�ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�Ĩ�ɸʀʆɲɿ�
ʍʐʆɸʖɼʎ�ʍʏʉ�ϭ͘

ϵϴ͘� ȶʍʏʘ�ʊʏɿ�f x y f x f y+ =^ ^ ^h h h�ɶɿɲ�ʃɳɽɸ� ,x y R! ͘�Ȱʆ�ɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�
ʍʏʉ�Ϭ͕�ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�R .

ϵϵ͘� ȶʍʏʘ�ʊʏɿ�f x y e f y e f x xyx y+ = + +^ ^ ^h h h �ɶɿɲ�ʃɳɽɸ� ,x y R! ͘�Ȱʆ�ɻ�Ĩ�ɸʀ-
ʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�Ϭ͕�ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ�R .

ϭϬϬ͘� Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉɿ�ʋɲʌɲʃɳʏʘ�ɸʇɿʍʙʍɸɿʎ�ɹʖʐʆ�ʏʉʐʄɳʖɿʍʏʉʆ�ʅʀɲ�ʌʀɺɲ�
ʍʏʉ�ɲʆʏʀʍʏʉɿʖʉ�ɷɿɳʍʏɻʅɲ͗
ɲ͘� x x2 3 0hn vyo+ = �ʍʏʉ� ,0 r^ h.
ɴ͘� x x 13 = + �ʍʏʉ� ,1 2^ h.
ɶ͘� x x 4vyo+ = �ʍʏʉ� ,2r r^ h.
ɷ͘� x

x
x
x1 1 0

2 6

a b-
+ + -

+ = �ʍʏʉ� ,a b^ h.
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ɸ͘� x
x

x
x

1
1

2
3 0

10 8

-
+ + -

+ = �ʍʏʉ� ,1 2^ h.
ʍʏ͘� x

x
x
x

4 3 0r
f{

r
v{

- + - = �ʍʏʉ� ,4 3
r r` j.

ϭϬϭ͘� ȶʍʏʘ� ʍʐʆɲʌʏɼʍɸɿʎ� Ĩ͕ � Ő� ʍʐʆɸʖɸʀʎ� ʍʏʉ� ,a b6 @� ʃɲɿ�
f gb a=^ ^h h͕� f g g!a b a=^ ^ ^h h h.�Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ʐʋɳʌʖɸɿ�ʏʉʐʄɳʖɿ-
ʍʏʉʆ�ɹʆɲ� ,!t a b^ h͗�f gt t=^ ^h h.

ϭϬϮ͘� ȶʍʏʘ�Ĩ͕ �Ő�ʍʐʆɸʖɸʀʎ�ʍʏʉ�R �ʃɲɿ� f x g x0G G^ ^h h�ɶɿɲ�ʃɳɽɸ�ǆ R! �ʃɲɿ�
ʐʋɳʌʖʉʐʆ� , R!a b � ʙʍʏɸ� f a a=^ h � ʃɲɿ� g b b=^ h ͘� Ɂɲ� ɷɸʀʇɸʏɸ� ʊʏɿ�
R!c �ʏɹʏʉɿʉ�ʙʍʏɸ�f gc c c+ =^ ^h h .

ϭϬϯ͘� Ȱʆ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ� ,0 16 @�ʃɲɿ�f 0 a=^ h �ʃɲɿ�f 1 b=^ h �
ʅɸ� , ,0 1!a b ^ h͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ɻ�ɸʇʀʍʘʍɻ� f x x=^ h � ɹʖɸɿ� ʏʉʐʄɳʖɿ-
ʍʏʉʆ�ʅɿɲ�ʌʀɺɲ�ʍʏʉ� ,0 1^ h.

ϭϬϰ͘� Ȱʆ�ɻ�ʍʐʆɳʌʏɻʍɻ� : , ,f "a a a a- -6 6@ @͕� 0>a �ɸʀʆɲɿ�ɶʆɻʍʀʘʎ�ɲʑʇʉʐʍɲ�
ʃɲɿ�ʍʐʆɸʖɼʎ͕�ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�Cf �ɹʖɸɿ�ɹʆɲ�ʅʊʆʉ�ʃʉɿʆʊ�ʍɻʅɸʀʉ�ʅɸ�ʏɻʆ�
y x=- .

ϭϬϱ͘� ȶʍʏʘ� ʍʐʆɳʌʏɻʍɻ� : ,f R"a b6 @ � ʍʐʆɸʖɼʎ� ʅɸ� f 2a b=_ i � ʃɲɿ�
f 2b a=^ h .�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ� ʐʋɳʌʖɸɿ� ,!i a b^ h�ʙʍʏɸ� f 2i i=^ h ͕�
ʊʋʉʐ� , R!a b �ʅɸ� <a b.

ϭϬϲ͘� ȶʍʏʘ� ʍʐʆɳʌʏɻʍɻ� : , ,f 0 1 0 1"7 7A A� ʍʐʆɸʖɼʎ͘� Ɂɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ�
ʐʋɳʌʖɸɿ� ,e1!i 7 A�ʙʍʏɸ� ln lnf i i=^ h .

ϭϬϳ͘� ȶʍʏʘ� , : , ,f g "a b a b6 6@ @� ʍʐʆɸʖɸʀʎ� ʍʐʆɲʌʏɼʍɸɿʎ͘� Ȱʆ� f a a=_ i � ʃɲɿ�
g b b=^ h ,� ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ� ʐʋɳʌʖɸɿ� ʏʉʐʄɳʖɿʍʏʉʆ� ɹʆɲ� ,!i a b6 @�
ʙʍʏɸ� f g$ $ $l i m i l m i+ = +^ ^ ^h h h ͕� ʊʋʉʐ� , R!l m � ʉʅʊʍɻʅʉɿ� ʃɲɿ�
, R!a b �ʅɸ�ɲ�ф�ɴ͘

ϭϬϴ͘� Ȱʆ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɸʀʆɲɿ�ʍʐʆɸʖɼʎ�ʍʏʉ� ,0 16 @�ʃɲɿ� f x1 0< <- ^ h �ʆɲ�ɷɸɿ-
ʖɽɸʀ�ʊʏɿ�ɻ�ɸʇʀʍʘʍɻ� f x f x x2 + =-^ ^h h �ɹʖɸɿ�ʅʀɲ�ʏʉʐʄɳʖɿʍʏʉʆ�ʌʀɺɲ�ʍʏʉ�
,0 1^ h.

ϭϬϵ͘� Ȱʆ� : ,f 0 2 R"a6 @ �ʍʐʆɸʖɼʎ�ʅʎ� f f0 2a=^ ^h h�ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʐʋɳʌʖɸɿ�
,0!p a^ h�ʙʍʏɸ�f fp p a= +^ ^h h.

ϭϭϬ͘� ȶʍʏʘ�ʍʐʆɳʌʏɻʍɻ� : ,f R"a b6 @ �ʊʋʉʐ� , R!a b �ʅɸ�ɲ�ф�ɴ͘�Ɂɲ�ɲʋʉɷɸʀ-
ʇɸʏɸ�ʊʏɿ͗

ɲ͘� Ȱʆ�ɲ�ф�ʅ�ф�ʆ�ф�ɴ�ʏʊʏɸ�ʐʋɳʌʖɸɿ� ,x0 ! a b^ h�ʙʍʏɸ� f f
f x2 0

n o+
=

` _ _j i i.
ɴ͘� Ȱʆ�ɲ�ф�ʅ�ф�ʆ�ф�ɴ�ʃɲɿ� ,1 2i i �ɽɸʏɿʃʉʀ�ɲʌɿɽʅʉʀ�ɲʃɹʌɲɿʉɿ͕�ʏʊʏɸ�ʐʋɳʌ-

ʖɸɿ� ,x0 ! a b^ h�ʙʍʏɸ�f x
f f

0
1 2

1 2

i i
i n i o

= +
+_ ` _i j i

.
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ϭϭϭ͘� ȶʍʏʘ� ʍʐʆɳʌʏɻʍɻ� : ,f R"a b6 @ � ʍʐʆɸʖɼʎ͘� ȴʀʆɸʏɲɿ� ʊʏɿ�

f f 3
2

a
a b= +_ ci m͘� Ɂɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ʐʋɳʌʖɸɿ� ,!i a bh6 � ʙʍʏɸ�

f f 3i i
b a= + -^ ch m,�ʊʋʉʐ� , R!a b �ʅɸ�ɲ�ф�ɴ͘

ϭϭϮ͘� ȶʍʏʘ� ʍʐʆɳʌʏɻʍɻ� Ĩ� ɶʆɻʍʀʘʎ� ɲʑʇʉʐʍɲ� ʃɲɿ� ʍʐʆɸʖɼʎ� ʍʏʉ� ,a b6 @�
ʃɲɿ� ʍʐʆɳʌʏɻʍɻ� Ő� ɶʆɻʍʀʘʎ�ʔɽʀʆʉʐʍɲ� ʃɲɿ� ʍʐʆɸʖɼʎ� ʍʏʉ� ,a b6 @͘� Ȱʆ�

, ,f g+ 4!a b a b^ ^h h6 6@ @ ,� ʆɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ʐʋɳʌʖɸɿ� ʅʉʆɲɷɿʃʊ�
,!i a b6 @�ʙʍʏɸ�f gi i=^ ^h h.

ϭϭϯ͘� ȴʀʆɸʏɲɿ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʅɸ
f x x x x3 2a b ab ab= - + - +_ ^i h ,

ʊʋʉʐ� , R!a b ͘� Ɂɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ʐʋɳʌʖɸɿ� ,0 1!i 7 A� ʙʍʏɸ�
f 2

1 1
i

a b= - -^ ^ ^h h h
.

ϭϭϰ͘� Ɂɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ɻ� ɸʇʀʍʘʍɻ� x x16 116 - = � ɹʖɸɿ� ʏʉʐʄɳʖɿʍʏʉ� ʅɿɲ�
ʌʀɺɲ�ʍʏʉ�R .

ϭϭϱ͘� Ȱʆ�ɲ͕�ɴ�х�Ϭ͕�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɸʇʀʍʘʍɻ� x x2 2avyo b+ = �ɹʖɸɿ�ʅɿɲ�
ʏʉʐʄɳʖɿʍʏʉʆ�ɽɸʏɿʃɼ�ʋʌɲɶʅɲʏɿʃɼ�ʄʑʍɻ�ʋʉʐ�ɷɸʆ�ɸʀʆɲɿ�ʅɸɶɲʄʑʏɸʌɻ�
ʏʉʐ�ɲ�н�ɴ͘

ϭϭϲ͘� �ȶʍʏʘ� ʍʐʆɳʌʏɻʍɻ� :f RR " � ʍʐʆɸʖɼʎ� ʅɸ� f x x x3 2a b= + +_ i ͕� ʊʋʉʐ�
0>b � ʃɲɿ�ɲ�н�ɴ�ф� Ͳϭ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɸʇʀʍʘʍɻ� f x 0=_ i � ɹʖɸɿ�

ʏʌɸɿʎ�ʌʀɺɸʎ�ʋʌɲɶʅɲʏɿʃɹʎ͘
ϭϭϳ͘� �ȶʍʏʘ� , :f g RR " �ɷʑʉ�ʍʐʆɸʖɸʀʎ�ʍʐʆɲʌʏɼʍɸɿʎ͕�ʙʍʏɸ�f x g x xl- =_ _i i ͕�

ɶɿɲ�ʃɳɽɸ�ǆ R! ͕�ʊʋʉʐ�ʃ�ʍʏɲɽɸʌʊʎ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ͘�Ȱʆ�ɻ�ɶʌɲ-
ʔɿʃɼ�ʋɲʌɳʍʏɲʍɻ�ʏɻʎ�Ő�ʏɹʅʆɸɿ�ʏʉʆ�ɳʇʉʆɲ� 'x x �ʍɸ�ɷʑʉ�ʍɻʅɸʀɲ�ʅɸ�ɸʏɸ-
ʌʊʍɻʅɸʎ�ʏɸʏʅɻʅɹʆɸʎ͕�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɸʇʀʍʘʍɻ� f x 0=_ i � ɹʖɸɿ�
ʅɿɲ�ʏʉʐʄɳʖɿʍʏʉʆ�ʌʀɺɲ�ʍʏʉ�R .

ϭϭϴ͘� �ȶʍʏʘ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʍʐʆɸʖɼʎ�ʍʏʉ�R �ʃɲɿ�ɷɿɳʍʏɻʅɲ� , R3a b6 @ ͘�Ȱʆ�ɻ�Ĩ�
ɿʃɲʆʉʋʉɿɸʀ�ʏɿʎ�ʋʌʉʒʋʉɽɹʍɸɿʎ�ʏʉʐ�ɽɸʘʌɼʅɲʏʉʎ��ŽůǌĂŶŽ�ʍʏʉ� ,a b6 @�
ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɸʇʀʍʘʍɻ� f f x f x f 02a l b+ + =_ _ _ ^i i i h ͕�ʊʋʉʐ�ʃ�
ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ͕�ɹʖɸɿ�ɷʑʉ�ʄʑʍɸɿʎ�ʍʏʉ�R .

ϭϭϵ͘� �ȶʍʏʘ� ʉɿ� ʍʐʆɸʖɸʀʎ� ʍʐʆɲʌʏɼʍɸɿʎ� , : ,f g R"a b6 @ ͕� ʊʋʉʐ� , R!a b �
ʅɸ� ɲ� ф� ɴ͘� ȶʍʏʘ� ɸʋʀʍɻʎ� ʊʏɿ� , ,f f ga b b a b b= = =_ ^ ^i h h � ʃɲɿ�
g a a=_ i .�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʐʋɳʌʖɸɿ�ʏʉʐʄɳʖɿʍʏʉʆ�ɹʆɲ� ,!i a b^ h�
ʙʍʏɸ� f g g f 2% %i i i+ =_ ^ _ ^i h i h .
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ϭϮϬ͘� �ȶʍʏʘ� ʍʐʆɲʌʏɼʍɸɿʎ� Ĩ͕ � Ő� ʍʐʆɸʖɸʀʎ� ʍʏʉ� ɷɿɳʍʏɻʅɲ� ,a a-8 B� ʊʋʉʐ��
R*!a ͕�ʙʍʏɸ� ɻ� Ĩ� ʆɲ� ɸʀʆɲɿ� ʋɸʌɿʏʏɼ͕� ɻ� Ő�ʔɽʀʆʉʐʍɲ� ʃɲɿ� ʆɲ� ɿʍʖʑɸɿ�

g a a=-_ i �ʃɲɿ�g a a- =_ i .�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʐʋɳʌʖɸɿ�ʏʉʐʄɳʖɿʍʏʉʆ�

ɹʆɲ� ,x0 ! a a-_ i�ʙʍʏɸ�ʆɲ�ɿʍʖʑɸɿ�f g x f x g x 00 0 0+ + =__ _ _ii i i .
ϭϮϭ͘� �ȶʍʏʘ� ʍʐʆɲʌʏɼʍɸɿʎ� , : ,f g R"a b6 @ � ʍʐʆɸʖɸʀʎ� ʙʍʏɸ�

, , ,f ga b a b a b= =^ ^h h6 6 6@ @ @.�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʐʋɳʌʖɸɿ� ,!i a b6 @�
ʙʍʏɸ�ʆɲ�ɿʍʖʑɸɿ�f g g f 2i i i+ =^^ ^^hh hh .

ϭϮϮ͘� �ȴʀʆʉʆʏɲɿ� ʉɿ� ʍʐʆɸʖɸʀʎ� ʍʐʆɲʌʏɼʍɸɿʎ�
, , : , ,f g h "a b a b6 6@ @͕� ʊʋʉʐ� , R!a b � ʅɸ� ɲ� ф� ɴ͕� ʙʍʏɸ� ɻ� Ĩ� ʆɲ�
ɸʀʆɲɿ� ɶʆɻʍʀʘʎ� ɲʑʇʉʐʍɲ� ɸʆʙ� ɻ� Ő� ɶʆɻʍʀʘʎ� ʔɽʀʆʉʐʍɲ� ʃɲɿ��

, , ,f ga b a b a b= =^ ^h h6 6 6@ @ @.� ȶʍʏʘ� ɸʋʀʍɻʎ� ʊʏɿ� h a b=_ i � ʃɲɿ�
h b a=^ h .� Ɂɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ʐʋɳʌʖɸɿ� ,!i a b^ h� ʙʍʏɸ� ʆɲ� ɿʍʖʑɸɿ�
f g h g fi i=^^^ ^^hhh hh.

ϭϮϯ͘� �ȶʍʏʘ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʍʐʆɸʖɼʎ͕�ʙʍʏɸ
x x xf x x x2 8 4 6

3 2 6G G hn+ - + +_ i �;ϭͿ͕

ɶɿɲ�ʃɳɽɸ� ,x 4 3! - + i7 .

ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�f 0 6
1=^ h .

ɴ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ʐʋɳʌʖɸɿ� ʏʉʐʄɳʖɿʍʏʉʆ� ɹʆɲ� ,0 1!l _ A� ʙʍʏɸ��
f 6

6l hn l l= +_ i .
ϭϮϰ͘� ȶʍʏʘ� ʍʐʆɳʌʏɻʍɻ� Ĩ� ʍʐʆɸʖɼʎ� ʍʏʉ� R � ʙʍʏɸ� ʆɲ� ɿʃɲʆʉʋʉɿɸʀ� ʏɿʎ� ʍʐʆ-

ɽɼʃɸʎ� lim x
f x

1 4
x 1 - =
"

_ i
� ʃɲɿ� x x f x x4 2 2 42G Ghn - - -^ ^ _h h i ͕� ɶɿɲ� ʃɳɽɸ�

ǆ R! .�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɶʌɲʔɿʃɼ�ʋɲʌɳʍʏɲʍɻ�cf �ʏɻʎ�ʍʐʆɳʌʏɻ-
ʍɻʎ�Ĩ�ʏɹʅʆɸɿ�ʏɻʆ�ɶʌɲʔɿʃɼ�ʋɲʌɳʍʏɲʍɻ�ʏɻʎ�ʋɲʌɲɴʉʄɼʎ�y x x 12= - + �
ʍɸ�ʍɻʅɸʀʉ�ʅɸ�ʏɸʏʅɻʅɹʆɻ�ʍʏʉ�ɷɿɳʍʏɻʅɲ� ,1 2_ i.

ϭϮϱ͘� ȶʍʏʘ� ʍʐʆɳʌʏɻʍɻ� Ĩ� ʍʐʆɸʖɼʎ� ʍʏʉ� ,0 16 @� ʃɲɿ� ɶʆɻʍʀʘʎ� ɲʑ-
ʇʉʐʍɲ� ʅɸ� f 0 2=^ h � ʃɲɿ� f 1 4=^ h ͘� Ɂɲ� ɷɸɿʖɽɸʀ� ʊʏɿ� ɻ� ɸʇʀʍʘʍɻ�

xf
f f f f

4
5
1

5
2

5
3

5
4

=
+ + +^ ` ` ` `h j j j j

�ɹʖɸɿ�ʅʀɲ�ʏʉʐʄɳʖɿʍʏʉʆ�ʄʑʍɻ�ʍʏʉ�
,0 1^ h.

ϭϮϲ͘� �ȶʍʏʘ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʍʐʆɸʖɼʎ�ʍʏʉ�ɷɿɳʍʏɻʅɲ� ,a b6 @͕�ʊʋʉʐ� , R!a b �ʅɸ��
<a b͕� ʃɲɿ� , , , , ,x x x x x1 2 3 4 5 ! a b6 @.� Ɂɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ʐʋɳʌʖɸɿ�

,!l a b^ h�ʙʍʏɸ� f f x f x f x f x f x15 2 3 4 51 2 3 4 5l = + + + +_ _ _ _ _ _i i i i i i.



  35

ϭϮϳ͘� �Ȱʆ� ɻ� ʍʐʆɳʌʏɻʍɻ� Ĩ� ɸʀʆɲɿ� ʍʐʆɸʖɼʎ� ʍʏʉ� ɷɿɳʍʏɻʅɲ� ,a b6 @͕� ʊʋʉʐ�
, R!a b � ʅɸ� ɲ� ф� ɴ͕� ʆɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ʐʋɳʌʖɸɿ� ,!i a b6 @� ʙʍʏɸ�

f f f f9
1 2 3 2 4i a

a b
b= + + +^ _ c ^h i m h< F.

ϭϮϴ͘� ȶʍʏʘ�ʍʐʆɲʌʏɼʍɸɿʎ�Ĩ͕ �Ő�ʍʐʆɸʖɸʀʎ�ʍʏʉ�ɷɿɳʍʏɻʅɲ� ,a b6 @�ʙʍʏɸ�ʆɲ�ɿʍʖʑɸɿ��
g x 0!_ i ͕�ɶɿɲ�ʃɳɽɸ� ,x ! a b6 @͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʐʋɳʌʖɸɿ� ,!p a b^ h�
ʏɹʏʉɿʉ�ʙʍʏɸ� g

f 1 1
p
p

p a p b= - + -^̂ hh .

ϭϮϵ͘� �ȶʍʏʘ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʍʐʆɸʖɼʎ�ʍʏʉ�ɷɿɳʍʏɻʅɲ� ,a b6 @�ʃɲɿ� , ,1 2 !t t a b^ h�
ɷʑʉ�ɷɿɲɷʉʖɿʃɹʎ�ʄʑʍɸɿʎ�ʏɻʎ�ɸʇʀʍʘʍɻʎ� f x 0=_ i ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�
ʍʏʉ�ɷɿɳʍʏɻʅɲ� ,1 2t t` j�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ɷɿɲʏɻʌɸʀ�ʍʏɲɽɸʌʊ�ʋʌʊʍɻʅʉ͘

ϭϯϬ͘� Ȱʆ�ɶɿɲ�ʃɳɽɸ� ,x 1 0! -6 @�ɿʍʖʑɸɿ�ʊʏɿ�x xf x2 83 2+ =^ h �ʃɲɿ�ɻ�Ĩ�ʍʐʆɸʖɼʎ�
ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ɻ�Ĩ�ɷɿɲʏɻʌɸʀ�ʍʏɲɽɸʌʊ�ʋʌʊʍɻʅʉ͘

ϭϯϭ͘� Ȱʆ�ɶɿɲ�ʃɳɽɸ� ,x ! a b6 @�ɿʍʖʑɸɿ�ʊʏɿ� f x 0!^ h �ʃɲɿ�ɻ�Ĩ�ʍʐʆɸʖɼʎ�ʆɲ�ɷɸɿ-
ʖɽɸʀ�ʊʏɿ�ɻ�Ĩ�ɷɿɲʏɻʌɸʀ�ʍʏɲɽɸʌʊ�ʋʌʊʍɻʅʉ͘

ϭϯϮ͘� �ȶʍʏʘ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʍʐʆɸʖɼʎ�ʍʏʉ�R �ʃɲɿ�ɲ�х�Ϭ͘�Ⱥɸʘʌʉʑʅɸ�ʏʉʆ�ʅɿɶɲɷɿʃʊ�

ɲʌɿɽʅʊ�z x if x= + _ i͕�ʊʋʉʐ�ǆ R! ͘�Ȱʆ�ɸʀʆɲɿ� ,f f2 2 2
3

2
a a a a= =-c cm m �

ʃɲɿ� ɶɿɲ� ʃɳʋʉɿʉ� ,x 0 20 ! a_ i� ɿʍʖʑɸɿ� ,z z2< Ha a a a- - � ʃɲɿ�
z2 3 Ha a- ,�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�f 0a =_ i .

ϭϯϯ͘� Ɂɲ�ɴʌɸɽɸʀ�ʏʉ�ʍʑʆʉʄʉ�ʏɿʅʙʆ�ʏʘʆ�ʋɲʌɲʃɳʏʘ�ʍʐʆɲʌʏɼʍɸʘʆ͗
ɲ͘� f x x x 4vyo= - -^ h ͕� ,x 2! r r^ h.
ɴ͘� xf e 1x= -^ h ͕� ,x 0 3! + h6 .
ɶ͘� lnf x e x1 1x= - + +^ ^h h͕� ,x 0 3! + h6 .
ɷ͘� lnf x x x=^ h ͕� ,x 0 3! +^ h.

ϭϯϰ͘� ȶʍʏʘ� ʍʐʆɳʌʏɻʍɻ� :f R R" � ʍʐʆɸʖɼʎ� ʅɸ� f 0 0=^ h � ʃɲɿ�
lim f x
x

3=+
" 3-
^ h ͘� Ɂɲ� ɷɸʀʇɸʏɸ� ʊʏɿ� ʐʋɳʌʖɸɿ� ʏʉʐʄɳʖɿʍʏʉʆ� ɹʆɲ� x 0<0 �

ʙʍʏɸ�f x e x x
1x

0 0
0

0 hn= +^ h .

ϭϯϱ͘� ȴʀʆɸʏɲɿ�ɻ�ʍʐʆɳʌʏɻʍɻ� : ,f 0 R"3+^ h �ʅɸ�f x x x1 1= - +^ h .
ɲ͘� Ɂɲ�ɴʌɸɽɸʀ�ʏʉ�ʍʑʆʉʄʉ�ʏɿʅʙʆ�ʏɻʎ�Ĩ .
ɴ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�Ĩ�ɸʀʆɲɿ�ɲʆʏɿʍʏʌɹʗɿʅɻ�ʃɲɿ�ʊʏɿ�ɻ�f 1- �ɸʀʆɲɿ�ɶʆɻʍʀʘʎ�

ʔɽʀʆʉʐʍɲ͘
ɶ͘� Ȱʆ� ɽɸʘʌɼʍʉʐʅɸ� ʊʏɿ� ɻ� f 1- � ɸʀʆɲɿ� ʍʐʆɸʖɼʎ� ʆɲ� ɴʌɸɽɸʀ� ʏʉ�

lim x f x
f x x

x 1

1

+
-

" 3+ -

-

^^ hh .
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