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IIpoAoyog

To PB1BAlo auto ameuBuvetat otoug uroyn@ioug tng Oetikng Kat
texXvodoyikng kateubuvong g I'' tang tou Eviaiou Aukeiou . IepiExet
ta B¢pata g Avaduong nou tednkav otg [TavedAnvieg ESetdoeig amno to
1983 ¢wg rat to 2005 otnv A’ 8¢opn, otv A’ d€oun, otnv Oetikn Kat
otnv Texvoloyikn kateubBuvon ta oroia ouvodevovial Aartd AVAAUTIKEG
Avoelg. Xe opwopeva amnd autd, £ywvav ol avaykaie§g TAnv Opwg
avernnaioOnteg aAdayeg oTig EKPOVIOE1S ®Oote Ta Ogpata va eival oup pata
He 1 erukpatovoa onpepa egetaoctea UAn. Ma mapadsiypa €va optlo
axroAoubiag, divetalt ®g 0p10 oUVAPTNONG OTO ATIELPO.

[TlepiExovtal eriong kat rpotelvopeva Oepata, katdAAnda yua ug
tedeutaieg emavaArpelg otnv Avdluor, ta oroia ouvodsuovtal arod
ouviopeg Auoelg. To €idog Kair to U@OG TV Bepdrwv sival T€rola Iou
avarttiooouV TNV KPITIKL OKEYD TeV unoyneinv, divoviag mapdAAnia
peoa amo v 1opeia ermiduong toug kat peBodoloyieg — TEXVIKEG
151a1TEPWG XPT)OTHEG OTIG ECETAOETG.

Ta mvsvpa@mimka Sikawuma g £pyaoiag auvtng £va KaroxXup® Usva
KA QItayopsvsTa 1 XPnowuomoinoy 1InNg yia EUTOPIKOUG OKOTIOUG.

Avéotng Toopidng - MaOnpatirog

Zentéppprog 2003 (*)

(*) ERt0G¢ TV Oepatev tov etdv 2004 kat 2005 ta onoia
vypag@nkav tov IovAro wou 2004 xat 2005 avriotowxa.
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OEMATA ETOYX 1983

x+1
1) Na Bpebei 10 6p1o g ovvdptnong f oto + oo pe f(x)= x * (AxP+1-x).
AYXH

H f opileton oto (0, + ) emopévmg €xel vonua n avalnnon tov opiov Tng 610+ .

x+1 x+11
- —Iinx
. +1 . +1 .
Mo x>0, égovpe x © =e ¥ xa lim (——Inx)= lim ——- lim Inx
X >+ X X =+ X X =+
x+1 x+l1
— —Inx
l-(+0)=+w.Apa lim x Y =lim e ¥ =+,
+1-x7 1
Axon lim (V% +1-x) = lim \72_—’6: lim =
X — 400 X =+ X =+
¥orltx x-(\/1+i2 +1)
X
N 1 , , . ,
lim —- lim —ZO-EZO. Etol 00nyovpaocte og ampo cd1dpiotn Hopen
X—>+0 X  X—>+0
1+L2 +1
X
x_+1 1+l —_

(+00)-0 . Epyaldpaote Aowmdv ¢ &g : X T=x T=xx" , x>0 xon €yovpe

1 1
lim f(x)= lim [xx* (Vx> +10]= lim x* - lim [x( Vx> +1-%)]=

X —>+0

1 1
L= x2+1-x L= X
lim e * - lim (x )= lim e * - lim =

X —> 400 X —> 400 ’x2+1 +x X =+ X — +00 x(\/l_l_i—}_l)_
2
X

1 1 1 Tz Inx) 1
e —=— , 0oy lim Xz lim (nx? =lim —=0.
2 X+ X X — 400 (X) P




2) H ovvdptnon f, opiopévn kot cuveyne oto kAewotd ddotnua [o, B], etvon
napaywyioywn oto avorytod ddotnua (o, B) xat fa)=f(B)=0 .Na amodstytel :

J(x)

X—C

o) Yo T cvvaptnon F(x)= , 0mov c¢[a, B] ,0tLvmdpyetL ¢, €(a, B) tétolo

wote F'(¢,)=0 .
B)av cela, B], 6ttvndpyelc, €(a, B) T€T010 OCTE 1 EPANTOPEVT OTO OMUELD
(co , f(c,)) G ypoppng pe e&lomon y=1£(x) 01pyetan amd to onpeio (¢, 0) .
AYXH
o) Enedn ¢ ¢[a, B] n F opileton oto[a, B] .H F givar cuveyng oto [a, B] o¢ mnAiko
GLVEXMV GUVOPTNCEMV KoL Topaywyiotun oto (o, B) o¢ mAiko mopaywyicywv
S )x-—o)—f()(x-c) _ fx)x—c)—f(x)
(x—c)’ (x—c) .

Axoun F(a)= M =0, F(B)= %=O . 2Oppova pe to Bedpnua tov Rolle yra
a—c —c

ocvvaptnoewv pe F'(x)=

v F vadpyet c,e(a, B) tétoto dote F'( ¢,)=0 .
B) H e€icwon tng epantopévng g ypappng ke e&icmon y=f(x) oto onueio (¢, , f(c,))
etvar y- f(c,)= f '(co)(%- ¢,) , 6mOV ¢, etvar antd ToL () epwTnpatos .Etvon F'( ¢,)=0
S e,)e, —9) —fle,)
(c, ~¢)’
«H epantopévn g ypapung pe eElomon y=f(x) diépyetar amd 1o onpeio (¢, 0)» <
0- f(co)= £ "(co)(c- co) < (co)( co-c)= f(c,) , ahnbng Adyw g (1) .

, OmOTE =0 17(c,)( co-c)= f(c,) (1)

3) o) Na amodey el 6t yio kdBe x>0 1oyvetn oyéon : Inx <x-1 .
B) 'Eotw n ovvéptnon f opiouévn oto dtdotnua [0, + o) pe

Tln al O<x =1

— X

f(x)= 0.x=0 . No amodery et 611 :
-Lx=1

1) n f efvan cuveyng oto medio opiopov g,
i1) eivan OBivovoa oto dotnua (0, 1) kon
ii) £ '(1)= - 1 .
2

AYXH



o) Oewpovpe ™ ovvaptnon g(x)=Inx-x+1, x>0 .
1

1-—
Eivar g “(0)=(Inx) ~(x) +(1) == -1=—= | x>0 . g'(x)=0= x=1 ka1
X X

g’ (x>0 < 0<x<1, g '(x)<0 < x>1. Ztn 0éon x,=1 n g mapovordlel orkd
péyoto 1o g(1)=Inl-1+1=0. Etor yo kd0e x>0 Ba eivon g(x) < g(1) < Inx-x+1 <0
omote Inx <x-1 .

B) HH f eivar cuveyng oto (0, 1)U (1, +00) ®g TNAiKO CUVEY DV CLVOPTNCEDY .

B 1
In Inx *+* Inx)y > 2
Eivon fim 0= lim 2% = fim —2 7 i 09D X gy
x—>0" x—>0" —X x—0" 1 x—=0 1 x>0t —1 x>0* —-X
—-1 - 7=
X X X

= lim (-x)=0=£(0) , dpan f eivon cvveyng oto 0 .
x—>0%

2 I-Inx+x !
o - . 1
Axopn lim fx)= Tim 0% % gy G T T X i D)
x—1 x>1 1 —x x—1 (]—x) x—1 -1 x—1

=-Inl-1=-1=1(1) , dpan f elvor cuveyng oto 1 .
TeAwan fetvon cuveyng oto [0, +0) .
i) Mo kédBe x (0, 1) Exovue
_ (xInx)(I-x)—xInx(1—x) :(1nx+1)(1—x)+x1nx:1nx—x+1
(1-x)* (1-x)* (1-x°

')

2oppmva pe to (o) epatnua Yo kdfe x>0 : Inx <x-1 < Inx-x+1 <0 pe 10 =
va oybvel povo yo x=1 . Apa yo kdbe x (0, 1) : Inx-x+1<0 , emopévag f '(x)<0,
oniadn N f etvar yvnoing ebivovoa ,dpa kot pBivovsa oto (0, 1) .

111) G0 Y PNOLHOTOU]GOVLE TOV OPICHO TNG Topaydyov. ‘Exovpe :

xlnx 1)

-/ —x 1 1- 1 1-x)’

lim f(x) f()ZIiml X _ fi X0 %+ 2x . (xInx+ 2x)
x—>1 x—1 x—>1 x—1 x—>1 _(x_l) x—>1 (—(X—l) )’

” olo

olo

(nx) . -1 1

Inx+1-1 . In x
im =lim ———— — lim ————=lim —=-— .
x>l =2(x=D)(x=1) x=>1 =2(x—=1)  x>1 (=2(x-1)) x>12x 2

1
Apaf’(1)= "3



4) No e£eTAoETE (O TTPOG TN GLVEYELN TIG CLUVAPTNGELS HE TOTTOVG :

4 —9x+2

. ,xeR—12 ,
1) f(x)= x—2 & , otn Béon x,=2
T,x=2
x,x=>0
1) g(x)=11 , 01N Béom x,=0 .
—,x<0
X

AYXH

4x* —9x+2 —2)(4x -1
1) lim2 f(x)= lim ﬁzhm (x—=2)(4x—1)

X2 x—-2 X2 x—-2

= lim2 (4x-1)=7=1(2) , poan
elvon ovveyng ot Béon x,=2 .

o .1
i) lim g(x)= lim —=-0¢ R, Gpan gdev etvar cuveyng ot BEom x,=0 .
x—0"

x—=>0" X

5) Atveton n cuvéptnon pe tomo f(x)= X- |x| -2 . Na yiver peAétn kot Tpoyepn

Ypoapikn wap dotaon g f.
AYZH

H ocvvéptnon f éyel medio opiopov 1o R kot eivor cuveyng oe awtd wg dOpoiopa

cuvex®V cuvoapToemV . O TOmog ™G fxmpic TV amdAvTn TN YpapeTon :

x*=x-2,x>0 ) ) ., ,
fx)=1 , T x>0 éyovpe f(x)=2x-1 ko £ (x)=2 evdd Yo x<0
x"+x-2,x<0

f'(x)=2x+1 kou f'(x)=2 . H cuvaptnon f dev eivan mapaywyicyn oto 0 :

J— 2_ J— J— J— J—
im LSOy 2 mxm27 Dy XD b ey
x—>0" X — x—0" X x—0" X x—0"
- 24 x—2-(=2 1
im LSO txm27CD) e XEED e k=1 onore
x—>0" x—O x—>0" X x—>0" X x—>0"
LSOO =/
x—>0" x—0 x—0" x—0
2x-1=0, pe x>0
1 1
‘Exovpe f'(x)=0 SxX==Nx=-—
2x+1=0, pg x<0 2 2

To mpdonuo g f ko tg ' eaiveron otov TapoKAT® TivoKa :



x -0 —l 0 l + o0
2 2
(%) - 0 T 0
() n n
f(x) T+ oo 1 T oo
k T.E. Lj T. 1. k T.E. Aj
2 5 2
4 4

2OUQmVa L TOV Tivoka oo :

1
H f eivar yvnoing pbivovoa ota dractruata (- oo,-E] , (0, 5] Kot yvnoing avéovoa

1 1
ota dwotnuota (- 5 ,0], (5 ,too). Xt 0éom - 5 TOPOLSLALEL TOTTIKO EAAY1GTO TO

1 9 1
f(_E )= - ik otn 0éon 0 mopovcidlel tomikd péyiorto to f(0)= -2 kon ot B€om 3

. Cnx 1 9 ¢ n , o
Tapovotilel TOT KO eAdytoto to f{ 5 )= - 1 .Ta tomucd ehdyyiota eivor kot OMK A EVO

, , I , . . 2
dev ovpPaivet To 1010 pe o Tomkd péyoto , apov  lim f(x)= Iim (X-x-2)=
X —> 40 X —>+00

. 2
lim X" =+ o ko

X =400

H f otpépet ta koiha mpog ta dvo ota dSwactipata (- ©,0], (0, +00) kot dev €yet

onueio Ko pumng .

Enmeidon n f etvan ovveyng oto R, n C; dev et kataxdpupeg acvpntmtes .Eniong

lim f(x)= lm (X+x-2)=

X ——0

lim x’=+ o0.

n Cr 0ev &yt oprlovTieg N TAAYIEG ACOUTTMTES OPOD :

im £ = fim
X—>-0 X X —>—©
lim L%~ jim
X =+ X X —>+00

H C; tépvertov x'x ota onueia (2, 0) ko (-2, 0) apov :

x*+x-2
X

xP—x=-2
X

= lim

2
X
X—>-0 X

2

.X )
=lim —=1lm x=+0gR .

X — +00 x

=]lim x=-0 ¢ R Ko

X —>—0

X —>+0

f(x)=0 < X- |x| 20 |x| 2 |x| 2=0< |x|= -1 (amoppinteTon) |x| =2 x=2nx=-2

H C; tépvertovy’y oto (0, -2) apov f(0)=-2 .

2Oopeova pe to tapamdve oyedtalovpe v Cy .
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OEMATA ETOYX 1984

/Ix +2x+1
1) Na Bpeite 10 6p1o g ovvaptnong f(x)= W , Y10 TG SLAPOPES TIEG
tovAe(0,+xo).
AYXH

A0KpivOvE TIC TEPMTAOGELS :

A A
* avAe(0,2) tote 0<— > <l ko lm (= ) =0, ondte hm f(x)=

X —> 400

AL
(32 942 4
:11m = = e -
x> 450 (i)x_i 0.3 3
2 2 2
2% 42! 1+2
* av A=2 1oTe ()= —— =~ 6 om6te lim £()=6.
2.2%-3.2° 2_3 X >+
2
2
5 5 1+2-(z)x
* v A>2 161E O<E<1 Kot lim ( ) =0, ondte hm f(x= Lm T o
223"
_1+2.0 1
2-2.0 2
2
2x—10

2) 'Eotm n wpay poatikn cvvdptnon ftng paypuatikng petafAntig x pe f(x)= .
5-5x
Na Bpeite T0 lim5 f(x) .

AYXH

[Tpémer x =0 xon 5- J5x £0 , omote x>0 kou x# 5 . Apa to medio opropov g
etvar to A=[0, 5)U (5, + o) kot €11 el vonuo n avaltnon Tov opiov g f otoSs.

, . _ (2x —10)(5 +/5x) (2x—10)(5++/5x) _
Eyovpe )lglglsf(x) >1;1—>5 (5- \/_)(5_’_\/5) >1;—I¥15 25—-5x

11



. 2(x = 5)(5+4/5x) . 2(5+/5x) _2:10 _
X5 —S(x—S) X5 -5 -5

4.

4
3) 'Ecto 1 Tpory Lotk cuvapTNon W NG TPOY LOTIKNG METAPANTAG X HE Y(X)=x+—.
X

a) No Bpeite 10 medio opiopod g v .
B) Na e€etdioete TV Y ®G TPOG TN HovoTovia .
v) Na Bpeite 10 cOvoro TWOV TGV .
AYXH
a) [Mpénert x # 0 , omdTE TO MESTO OPLoPOY TNG Y eivar 10 A=R — {0}

4 _x2—4

T 2
b b

4
B) T kaOe x = 0 xovpe v (X)=(x) +( —) =1-
x

v’ (x)=0 <= X- 4=0 < x=2 N x= -2 .To mpodonuo g v~ eaivetat otov

TOPOKATO VoK ©

X -0 -2 0 2 + o0
v'(x) + 0 - - 0 +
V(x) —.
S / \ \ S /_

H vy gtvan yvnoiog avéovoa ota daotrpata (- 00,-2], [2 , + ) Ko yvnoimg
eBivovca ota (-2, 0), (0, 2).
v) H vy elvon ovveyng oto A kot AOY® TG HOVOTOVIoG TG , TO ETHEPOVS GLVOLN

TIHOV givar

W((o0 20)=( lim w0, w(2) [=(-o0.4]
w((2,0)=( lim y(9. lim y(9)=(-o0.4).

w((0,2)=( lim y(9, lim y(9)=(4,+),

(2, +0))=[y(2), lim y(x))=[4,+o0). Apat0 cOVORO Ty TG Y sivan

10 (-0,-4]U(-0,-4) U (4,+0)U[4,+0)=(-0,-4]U[4,+x0).

12



OEMATA ETOYX 1985

1
1) Na Bpebei to 6p1o g cuvaptnong f(x)=(x2-2 xt+3) ¥ , ot0 + 0.
AYXH
Enedn mpéner x = 0 ko 1oy det X-2x+3= X-2X +1+2:(X—1)2+2>0 ,T0 Tedio oplopov

¢ f etvor to A=R — {0} "Exel vomua Aourdév n avalninmon tov opiov g f oto + 0.

. Ine?-2x+3)
‘Exovpe f(x)=(x2-2 x+3) Y =¢ o ,x# 0 .00 Bpodue apykd To 6p1o NG
In(x* —2x +3)

ot0 + o0 Eivar lim In(x*-2x+3)=

X =400

cuvaptmong g(x)=

. 7 2 ’ ’ 3
= lim Iny=+o (Bécape y= x"-2x+3 , ondte O0TOV X—>+ 00 gtvan ko y—>+ ) Ko

y—>+©

lim x=+ oo .Epappoélovpe tov kavova tov de L™ Hospital ot £yovpe

X =40

2 — (x* —2x+3) B
lim BOCZ2XH3) o x%-2xw3 —fim 2%
X =+ X X —> +00 (X) x40 x* _Dx 43
In(x2-2x+3)
= lim _f: lim —=0.Apaégovpe lim f(x)= lim e o ='=1 .
X0y X+ X X —> +00 X — 400

2) Atveton m cuvaptnon f ue f(x)zxz(x-3)+4 , Xe REoto X, , X, eivon To ompeia ota
omoia N f wapov c1dlel TOmTK & akpOTOTH KO X3 TO ONHEI0 6TO 0010 TAPOLGALEL
kopmn . Na amodey Ot 6t1 ta onpeia Tov enumédov (X , (X)), (%, (%)),

(X3, f(x3)) elvon cvvevHeloKa .

AYXH

Eivor f(x)=x-3x+4 ka1 f (x)=3x-6x , T "(x)=6x-6 , x € R. Eyovpe f '(x)=0 <
3X-6x =0 < 3x(x-2)=0 < x=0 1 x=2 X115 0¢0e15 0, 2 1 ' (x) aAAGCel Tpdonpo
apov givar Tpiwvopo B’ Pabpod pe 2 dwpopetikég pilec .Apa otig Béoeig x,=0 kot
%=2 1 f tapovoudlet tomkd axpotata Akoun f 7'(x)=0 < 6x-6=0 < x=1 .Xm
0éon x3=1 n f mapovcidlel kapmn apov N f'(x) achraletl exel mpoonpo . ‘Exovpe
f(0)=4 , f(2)==0, f(1)=2 .H &&iomon g gvbeiog mov di¥pyeton omd To onpeio

13



(Xl 5 f(Xl)) s (X2 ) f(XZ)) s 67]7‘0‘67'] Ta (074) 5 (290) givan Y'4=

y=-2x+4 . (1)

H (1) emoAnBeveton amd T1c cuvTeTayuéveg Tov onpeiov (X3 , f(x3)) ,0nAaon Tov
(1,2) apo?¥ 2= -2'114 < 2=2, oAn0ég .

0-4

2-0

x-0) &

Apa ta onueia (x; , f(x1)), (%, (%)), (X3, f(x3)) elvor cuvevBeloxd .

3) Atveton m cuvaptnon f pe f(x)=x3-6x2+9x+1 , X€ R .Na Bpebovv ta douotipota
povotoviog g f kou o €id00¢ povotoviog o kabéva and ovtd , kabmg Kot ta
Tomikd péytota kat eErdyiota .Eniong va pebodv ta diuotnuata ota onoia

N ypaewn topdotaon g £ otpéeet : (o) Ta kotha dve , (B) Ta kolda kdTo .

Axoua va Bpefodv Ta evogydpeva onueio KaUmng .

AYEH

‘Exovpe f (x)=3 X2—12X+9:3(X2—4X+3) , XeR kaf'(x)=0 <= X-4x+3=0 <

x=11 x=3 . To npdonpo g f "(X) paiveror otov mivaka :

X -0 1 3 + o0
f'(x) + I() - ? +
f(x) 7/v | ,\ | /’
T.1 T.E.

‘Etoin f etvan yvnoiog avéovoa ota daotipata (- ©,1) , (3 ,+ ) kon yvnoing
eBivovca oto [1, 3], evd mapovoidletl Tomikd péytoto ot Béon 1 1o f(1)=5 ko

Tomikd eAdyioto otn B€om 3 1o f(3)=1.

Axoun f7'(x)= 6x-12=6(x-2) , xe R ko f "'(x)=0 < x=2 . To mpdéonpo g f "'(x)

(QOIVETAL GTOV TTiVOKO

X -0 2 + o0
) : 0 ¥
|
f(x) |
o C.K. ~—

‘Etoin f otpépet Ta Koiha kKdtm 610 (-0,2) kot v oto [2, + ), evd n Cr §et

onueio kapunng 1o (2, f(2)) onradn to (2, 3) .

14




4) Aivetarn cvvaptnon f pe f(x)=

> a T x € R .Na Bpebet T0 chHvoro Tipnmv ¢ f.
X7+

AYXH

3x)Y(x* +1)=3x(x*+1) 3(x>+1)=3x-2x -3x*+3
oo /g B D73 32 4D -3x2x_ 230 +3
(x"+1) (x"+1) (x"+1)

xe R

kor f'(x)=0 < 3x+3=0 < x= -1 N x=1.To npdonuo ¢ f '(X) eaiveton ctov
nivaka :

X -0 -1 1 + o0
f'(x) - 0 + 0 -
f(%)

\A T|.8 _,/ |r.u. \A

3
¥ 0éon —1 n f Ttapov oraletl tomkd erdyioto to f(-1)= "3 LEVOD o011 0éon 1

3
lim —=0 ko

X—>+0 )

3 .
napovotdlel Ton Ko péyioto to f(1)= 3 Eneion lim f(x)=

lim f(x)= lim —=0 ,towapandve akpdTata vl Kot OAKE , OTOTE TO
X —>—00 X

X —>—0

3 3
ocVvvoro Tumv g f etvar To [_E , =]

2

15



OEMATA ETOYX 1986

1) Na npocdiopicete ta o, B € R ®ote 1 cuvaptnon f ue

3ae™ +x,x< -1
f(X)=<2x* —ax+3B,~1<x< 0 , va eivor cuveync oto R.

Pnux +aovvx +1,0 < x

AYXH
H f eivan cuveync ota dwotiparto (- ©,-1), (-1, 0), (0, + ) o¢ adpoicua
cuvey®v cuvaptnoemv .Ia va etvar cuveyng kon ota onpeia -1 ko 0 Tpémet

lim fx)= lim fx)=f-1)xon lim f(x)= lim fx)=f0) . Exovpe :
x—-1" x—0" x—0"

x—>-1"

lim f(x= lim o™ '+x)=30e"+(-1)=30a-1 ,

x—>-1" x—>-1"
lim f(x)= lim (2x-ax+3B)=2(-1)-a(-1)+3p=2+0+3p ,
x—>-1" x—>-1"

f(-1)= 3aeo+(-1)=3a-l Apa mpénet 3o0-1=2+0+3p < 20-3f=3. (1)
Axopn lim f(x)= lim (2x-ax+3p)=3B,
x—>0" x—>0"

lim f(x)= lim (Bnuxtacovxtl)= B -0+a-1+1=0+1, f(0)=0+1 . Apa npénet
x—>0" x—0"
at+1=3p < a-3p=-1. (2) Avvovtag 10 cvotnua tov (1), (2) Bpickovpe

5
o=4 xou f=—= .
P 3
, . 2.3 1. .
2) 'Ecto n cuvéptnon f pe f(x)=(o- 3 )X -((x+§ )X-10x+7 , x e R. Na Bpeite to ae R

3
®ote N f va mopovotdlel Kapum oto x= 5 Metd yo TNV Ty 0T TOL o, VoL

oynuotioete Tov wivoaka petafoAimv g f.
AYXH

2 1
IMa kébe x € R Eyovpe : £ '(x)=3(0- 3) X-2 (at+ 5 )x-10 =(30-2) xz—(2(x+1)x—10 Ko
. . . 3 3
f"(x)=2(30-2)x-(20:+1) . 'ta. va mapovordl e 1 f ko pny| oto x= R npénerf'( 5 )=0

3
< 2(30-2) 5 -2o+1)=0< o=1. T v T ovt) tov a, £ 7'( X)=2%x-3 , omoTE

16



3 3
f(x>0 x> 3 kot 77 (x)<0 < x< 5 Apon Inrovpevn Ty tov a etvanto 1.
21 ovvéyew yo o=1 €yovpe :
1 53
f(x)= §x3- 5 X-10x+7 , f (x)= X-3x-10, f (x)=2x-3.

£/ (X=0 & X-3%10=0 < x= -2 1| x=5 .

To npdonuo ¢ f'(x) kou g £ 7' ( X)paiveror otov mivaka mTov akoAlovdel :

X -0 2 % 5 + o0
f'(x) + 0 - | - 0 -
f7(x) - +

a

-0 +
f(x) /‘V 3 \G.Ik.kx.s. J+w

XOpemva pe tov mivaka ovtd M f etvon yvnoing avéovoa ota daotrpata (- 00,-2) ,

(5 ,+ ) ko yvnoing edivovsa oto [-2 , 5], Ve TaPOLGLALEL TOTIKO HEYIGTO OTN

55 233
0éon -2 10 f(—2)=? Kot Tomkd eAdyioto otn B€on 5 to f(5)= - - Axoun
. o 3 . 3 , .
n f otpéoet ta kofha KaTw oto (- 00,5) Kot v 6To [5 ,+0),evion Cr €xet

3 3 3 41
oNUEl0 Kapmg TO (5 , f(E )) ONAad™| to (5 , - T) Eniong lim f(x)=+ ok

lim f(x)=-o .

X —>—©

3) Atveton m cuvaptnon f pe f(x)=2x3+3 X-36x+90 , x e R Na Bpeite ta axpoTOTO
™G cvvaptnong f .
AYXH
Byovpe £ (X)=6X+6x-36=6(X+x-6) , xe R kot (x)=0< X+x-6=0 <
x=2 1M x=-3 . Ereon f (x>0 < 6(x2+x-6)>0 & x<-31 x2 ko f(x)<0 <
xe(-3,2),nf mapovcidlel ot B¢on —3 Tomkd péyioro 1o f(-3)=171 evod ot
0¢om 2 mapovsialet Tomkd eldyioto 1o f(2)=46 .Ta akpodToTa avtd dev givon

oMKG apo¥  lim f(X)=+o kar lim f(x)=-o0 .

X =+

17



1 55
4) 'Ecto n cuvéptnon f pe f(x)= 3 X- ) X+7x1, xe R. Av C ivar M YPOPIKN

napdotaon g f, va Bpeite v e&iom on g epamtopévng g C oto onpueio
23
(1, ?) . 21 cuvéyewn va Bpeite o€ mo10 onUEIo 1) @ ATTOUEVT VT TEUVEL

oV GEova X X .

AYXH

23
Etvow: f '(x)=x2-5x+7, x € R.Axéun f '(1)212-5-1+7=3 ko f(1)= r3 ,omdte
. . , 23
n &&iowom g epantopévng g C oto onueio (1, Z) etva :
, 23 5
y- f(1)=f"(1)(x-1) @y—?=3(x—l) <:>y=3x+g . (D
. 5 5 ) o

H (1) yio y=0 diver 0=3X+E S xX=- Th Apa 10 onpeio 6to omoio TEUveEL N

. . . o 5
epamTopévn avt Tov dEova X' x gtvon To (- s’ 0).

18



OEMATA ETOYX 1987

1) Na Bpebei to 6p1o g cuvdptnong f 6to + cope

fx)=(\7x* +6x+5 —7x* +3x+3)63x2 = 5x +20 .

AYXH

Enedn yo kdbe x € Retvon 63x°-5x+20>0 (A<0 , 63>0)xon yio kaBe x>0 etvon
7X'+6x+5>0 , 7x*+3x+3>0 ¢ afpoiopata Oetikdv apBumv 1 f opileton oto

(0, +00) emopévaog : lim f(x)=

lim [(V7x* +6x+5—7x* +3x+3)-63x2 = 5x+20 |=

X —> 400

[(7x* +6x+5)— (7Tx* +3x+3)]-/63x2 — 5x + 20 _

lim
X JIx* 46x+5 +07x* +3x 43
2 5 20
2.(3+5)- [63-2+2
 (Bx+2)-63x* —5x120 G+ %
lim = lim =

X —> +00 4 4 X =+
V73 +6x+5 +47x* +3x+3 xz_(\/7+%+i4+\/7+%+i4)
X X X X

(3+2)' 63—§+£
- X x 22 _ (3+0)463-0+40 3749 9
wo J7 6 5 J 3. 3 740404474040 247

0|

t—t+—Ft. T+t
X x

X x
2) Atvetonm ovvaptnon f pe f(x)=x4-14x2+24x Eoto C n ypapikr| mopdotacn g
ovvaptnong f.Na aroderytel 6t vdpyovy tpiaonuein A , B, I" € C, térown
wote o1 epantopeves g C ota A , B, I' va etvon mopdAinieg mpog tov aéova X X .
Noa amodetytetl 6t1 T0 BopvkevTpo Tov Tptydvov ABIT Bpioketor mbvew otov d&ova
Yy .
AYXH
Mo va dei&ovpe 0T VIAPYOVY Tpiaonuein A , B, ' € C, tétola dote ot

epantopeveg g C ota A, B, I' va etvon mopdhinieg mpog tov aéova X X , apkel va

deitovpe 011N e&loman f ' (x)=0 &yl Tpeig AMoeig oto R . 'Eyovpe :
Horner

f/(X)=4X-28x124=4(X-Tx+6) — 4(x-1)(X+x-6), xe R xaf (x)=0 <

4(x-1)(X+x-6)=0 < (x-1=0 1 X+x-6=0) < x=1 nNx=2n x=-3.

19



[Ma va etvon o Bapdxevtpo G tov tprydvov ABI nwévm otov dEovay '’y , apkel
va, 6etovpe OTL 1 TETUN UEVT TOL XG eivan tom pe 0 . Xwpig PAEPTN Tng yevikdTnTOog
éoto 0TLA(1, (1)), B(2, f(2)),I'(-3, f(-3)) .Av M &tvar 0 péoco tov BI' to1¢

—32+ij(—3)2+f(2))ﬁM(_%’%ﬂr(2))m AG =2GM (%) .

M(

1
AT TV (*) TpoKkOTTEL OTL XG-Xa=2(XM-XG) <& XG-1=2(- 3 -Xg) < x5=0.

3) Eoto C n ypap k| moapdotacn te cuvaptnong f e f(x)=ax3+[3x2+9x-12 . Na
npocdlopicete Ta o, B € R €161 dote 10 onueio A(2, -10) va aviket ot C ko 1
epantopévn g C oto A va €get ouvtereotn devBuvvong tov apfud -3 .

AYXH

Byovpe : A e Co f(2)= -10 < a2*+B2°+9-2-12= -10 < 20+p= -4 . (1)
Axoun f '(x)=3ax2+2[_’>x+9 , X € R .Ene1dn o cuvtedeotg d1ehBuvong sivon —3
00 éyovpe f/(2)= -3 < 3027+2B-2+9= -3 < 3o+p=-3 . (2)

A6 10 sbotpa tov (1), (2) Bpiokov pue o=1 ko f= -6 .
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OEMATA ETOYX 1988

1
1) Atvetou ) cuvaptnon f pe f(x)=x+1+ 1
X+

o) Na Bpeite to 0100T LOTO. LOVOTOVIOG KO TO aKPOTOTO TG GLVAPTNONG .

B) No vroroyicete 10 pPaddv Tov ¥ ®Piov TOL TEPIKAEIETAL GO TT) VP OPIKY|
napdotaon C g cuvaptnong f, tov aova Ox ko T1¢ gvbeieg pe eE10m oelg
x=2,x=5.

AYXH

a)To medio opiopov g f etvar ToA=R — {— 1} (apov mpémer x+1 #0) ko efvon

1 2 )
2 == f , Y k@Oe x € A . Axdun f'(x)=0 < X )2620
(x+D)°  (x+1) (x+1)

£ (x)=1+0-

X+2x=0 < x=0 N x=-2 . To mpdonpo g f '(X) paiveTon otov mivaka :

X -0 -2 -1 0 + o0

(%) T 0 -

i N

T.\.

‘Etoun f etvan yvnoimg avéovoa ota daotiporta (- ©,-2) , (0,4 00) kot yvnoing
eBivovoa ota [-2, -1), (-1, 0] eved mapovcidlel Tonkd péyioto ot 0€on -2 10
f(-2)= -2 ko tomkd ehdyioro otn 0€on 0 o f(0)=2. Ta axpdtaTa avtd OV givon
oMKG apo¥  lim f(X)=+o kot lim f(x)=-o0 .

B) Emedn yia kabe x €[2 , 5] etvon f(x)>0 wg dBpoiopa Betikdv apBudv konn fetvon

ovveYNg oto [2, 5] o¢ dBpotopa cuvey®V GuvoptTHoe®Y , T0 {Ntoduevo euPadod

2

5 5
1 27
givaw E =£f(x)dx =!(x+l +m)dx=[% +x+In(x + 1)]5227+1n2 .1
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3x* =5x+6,x<1

2) Na g€etdoete av n cuvéptnon f pe f(x)= glvan
240x* +3,x>1

Topay®Yioyn oto onueio x,=1 .

AYXH
B 1 2 -4 2 _ ) Horner
Eivar: lim S/ _ lim 3x" -5x+6 — lim 3x* =5x+ "
x=>T x—1 x> 1" x—1 x— 1" x—1

-1 -2
lim M: lim (3x-2)=1 «xo

x—>1" X — x—>1"

fim OISO W34 L 20 3D 3 4D)

x—1 x—1 x— 1 x—1 x> 1 (x_l)(JXZ +3 +2)

2 f— f—
lim 2" +3-4 lim 2 -D(x+D) lim 2(x+1)

ST (x=D)Wx2+3+2) =0 (x=DEx2+3+2) =T ¥ 4342

Apa lim

x—=>1" X — x> 1" X —

oto onueio x,=1 pe £ '(1)=1.

2 .3 2
—5x°+1
jr=e

3) No voAoyicete T0 OLOKANPOUA.

/ X

AYXH

) xP=5x7+1 | , .
H ocvvaptnon f(x)=—— eivar ouveyng oto [1, 2] ondte €rovpe
X
2 3 2 2 3 2
-5x°+1 1 31
J.LabCZJ‘(x2 —5x +—)dx=[x——5x— +Inx]}=-—+In2 .
1 X 3 2 6

| X

22

=1.

| -fd
J(x)—f( ): lim L{()zl , emopévac N f eivon mapaywyioym



4) 'Ecto ovvdaptnon f pe f(x)=3 x3-ax2+[3x-3 ,o0mov o, B €R.Eaqv n féyel tomka
5
akpotoTo ota X =1 Ko Xp= - 5 toTe va Bpebovv ot apBpoia, B .

AYXH

H f &g molvaovopuxn sivon topayoyiciun oto R ko etvan £ '(x)=9 x2-2ax+[3 .

5
Eme1om n f €1 tomkd axpdtata oto x;=1 Ko x= - 5 ,OLUPMOVO LE TO Bedpnpo

5
tov Fermat Oa etvar £ '(1)=0 kou f '(-5)20 Exovpe :

£ (1)=0 <= 9-1°2a: 1+B=0 < -20+B= -9 . (1)

2
£ '(-§)=0@ 9-8—? -2a(-§)+[3=0<:> 10a:+9p= -25 . (2)

AvYvovtog to shomua tov (1) ko (2) Bpiokovpe 0=2 kot f= -5 .
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OEMATA ETOYX 1989

1) Eoto f, govvaptioelg pe medio opiopod Eva dtdotnpa A , yio T1¢ 0moieg
vroBétTovpe OTL :
1) elvon 000 Qopéc mapaymyioyeg oto A ,
i) f'=g"" xa
ii1) 0 € A ko f(0)=g(0) .Na deryOei 611 :
a) Mo kédBe x €A, f(x)-g(x)=cx 6mov c € R.
B) Av n f(x)=0 &xe1 V0 etepdonueg pileg py , P2 , TOTE M g(X)=0 £x €1 TOLVAGYIGTOV
pio piCo oo [py, p2] -
AYXH
o) Mo kéBe x €A €yovpe : f'(xX)=g (x) < ' X)=g(x)+c,ceR &
f'X)=(gx)+tcx) < f(x)= gx)+extc,, c; e R.
Mo x=0 &yovpe : f(0)= g(0)+c-0+c; & ¢,=0, Aoyw g (iii) .
ApayukdBe x e A, f(x)= g(x)+tcx < f(x)-g(x)=cx 6mov c € R.
B) Adym tov (a) etvan g(x)=f(x)-cx .H geivon cuveyng oto A dpa xon oto[p; , po] A
a@ov etvar Ttapaywyiotun oto A Etvar axoun f(p,)= f(p,)=0 , omote :
&(p1)- gp2)=( f(p1)-c p)(fp2)-¢ p2)= (¢ pr)( -¢ p2)=c’ -p1p2 <0 , apod ot piles
p1, P2 Elvon eTepOOTLIES .
Av g(p1)-g(p2)<0 161 SOPPOVA P TO Bedprpa Tov Bolzano 1 g(x)=0 £xet
TOVAGYoTOV pia pila oto (py , Po) -
AV gp)-&p2)=0 < gp)=01 gp2)=0, ondte n gX)=0 €xer piCo v py N TV po.

Teluwca Lomdv 1 g(x)=0 €yel tovAdyiotov pia piCa oto [py, p2] -

&~

2)Aiveton  ovvaptnon f pe f(x)=nu2 x+ %) Kot Tedio opiopov To drdoTnua [- %, ].
o) Na Bpebei n e&lowon tng e@amTOpEVNG TNG YPOPIKNG TTap Aotaong tng f oto
, T
OTHEW Xo= Il
B) Na vroroyiotel To g adOV TOL Y OPIOV TOV TEPIKAEIETAL OO TNV TOPATAY M
EPATTOUEVT] , TN YPOPIKN Topdotact) tng f kon ammd Tovg BeTikong nuagoveg

Ox, Oy .
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AYXH

o) Mo kébe x €[- % ,%]sivou f(X)= nu2x+ %)Z nu(%-(-Zx) )=cvv(-2X)= cuv(2X)

2
xar ()= -u(2%)-(2%) = -2nu(2%) . "Exovps f(%)Z@V%Z% Ka

f ( )— -2n %— - £ =-\2.H {nrodpuevn e€iowon g epantopévng etvar

2 2
y- )= (5 )(x——>®y-£=-J‘(x_—)@y—-J‘ +%+§

B) 'Eotm A , B ta onpeio toung g Crxon I', A o onpeio Toung tng €Qantopévng e
tovg Betikovg nudéoveg Ox, Oy . Eivan £ 7' (x)= -4ouv(2x)<0 y1o kaBe x €(0 ,E),
, , , . T , .
omote N f otpépet Ta koida kdtw oto [0, Z] KOl GUVETAG 1) EPOTTOUEVT

Bpiloketon mavw amd v Cr (ne e€aipeom 1o onpeio emaenq) .

y
A
B
O A r X

To {nrovpevo gpPadd E eivar ico pe 10 epPadd tov tprydvov OT'A peiov to
epPadd Tov ympiov mov mepukdeieTon amd v Cr Ko ToVg OeTikoVg Nubcoveg
, , T , 1 4
Ox, Oy . H f etvan ovveyng oto [0 ,Z] omote E= 5 (OF)(OA)-IGUV (2x)dx =
o
72 2 S2om 1,01

T_¥2 m 1,1
5(§ 5)(—+—)[ nu(2 X)] o > (8+2) 5 Th



2
3) Atveton m cuvaptnon f pe f(x)=x2+ —a+B , (0, B €R)n onoia undevileton oto
X

x;=1 ko1 Tapovctdlel TOMKO 0KPOTUTO OTO X, =2 .
a) Na Bpebodv taa, .
B) Na Bpebet 10 £100¢ TOL OKPOTATOL KOL 1) TN TOV .
AYXH

o) To medio opiopov g f eivor to A=R — {0}, etvon mopayoyiotpn oe avtd

2
pe f'(x)=2x- x—O; . Ene1on n f €xet tomkd axpdtato 610 X,=2 ,60UPOVA UE TO

2
Beopnua tov Fermat Oa eivon £ '(2)=0 < 4- Ta =0< 0=8.

Enredn nf undeviCeton oto x;=1 Ba eivon f(1)=0 < 1+20+P =0 < 1+16+p=0
< p=-17.

16 16 2(x° -8
B) ' 0=8 o = -17 éyovpe : f(x)= x+—-17 f'(x)=2x- # OTOTE
x’ X
2(x* -8
f' (x>0 < ¥>O<:>x3—8>0<:>x>2 , T'(x<0<=x<2.Apanf

X

Topovctdlel TOTIKO eAdy1oTO 0TN Béom x,=2 , 10 f(2)=4+8-17=-5 .

3
Z10<x<2

4) Atvetou n ouvépnon f pe f(x)= f 1 Na npocdiopiotei to o € R
f— x_

, x> 2
x’ -4

wote M fva gtvar cuveyng oto x,=2 .

AYXH

Eivou : hm f(x)= hm (—+1) —+1 hm f(x= lim 1—2\/x—1 _
x—2" x -

- Jx-DA+x-1) i —(x-2) _
o2 (y —4)(1+Jx—1) x—2" (x—2)(x+2)(1+Jx—1)

-1
li Cf(2)= = +1.
b (x+2)1+x— 1) 8 2 T
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Mo va gtvan n f ouveyng oto x,=2 npéner lim f(x)= lim f(x)={(2) <
x—2" x—2*

3?06+1=%1 & 3at8=-1<0=-3.

5) No amoderyOei 611 :

a) H cvvapmnon f pe f(x)= Jx sivan yvnoing advéovoa .

K+l K

B) 'k > 1 wyvovv : Vi < J‘\/;dx Ko '[\/;dx <k .
K k-1

AYXH

a) H f éyxermedio opropov to A=[0, +00) kon glvon cvveyng o€ awtd . AkOun yo

kG0e x (0, +o0) givau f'(x)=

>0, omote N f elvon yvnoimg avovoa oto A .

1
2x
K+l
B) o kébe x e[k, k+1] eivar kK <x= Vi <dx = Jx -k 20= _[(\/;—\/E)dx >0

K+l K+l

K+l K+l K+l
= J‘\/;dx- _[«/;dx >0= I\/;dx >k Ildx:> I\/;dx Z'\/;(K'i‘l-K) =
K+l
J-\/;dx > .
Mo kdbe x e[k-1, k] eivon x <k= Jx <k = Ve -Ax 20> I(«/E—«E)dx >0
K-l

=N T\/de- j«/;dx >0=> Jk jldx- T\/;dx >0=> Vi [k-(k-1)] > j«/;dx =

JK-\/;dx <Ak .
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OEMATA ETOYX 1990

3
1) Oewpovpe ™ cvvdaptnon f pe f(X):a% +(§+5)X2+(’Y—6)X+5 ,omova,B,y,0

etvon mpaypatcot apid pot ko 1oyveL 0Tt 3 +§ +y=0 . No arodeifete 0TL vIdpy el

Ee(0, 1) této10 dOTE M EQOTTOUEVT TNG YPOP KNG TTopdotacng TG f oto onpeio
(&, f(&)) va etvon mapdAANAn Tpog Tov aEova X X .

AYXH

H ovvapmnon f eivon cuveyng oto [0, 1] kou map aywyicyun oto (0, 1) og

B B

nolvovopky Akoun f(0)=06 ko f(1)= %-1-5 +6+ y-6+5= (% + 5 +y)+6=0,

apov %+§+y=0 Enopévmg f(0)= (1) .Zoppwva pe 1o Bedpnua tov Rolle

vrdpyert (0, 1) té€towo wote f(E)=0 , ONAadT 1 EQATTOUEVT] TNG YPOP KNG
napdotaong g f oto onueio( &, f(§)) va etvor map dAANAN Tpog Tov GEova X X .

1
2) Atvetonn cuvaptnon f pe f(x)=3 x+ PR
X

a) No Bpeite Tig aoOUTTMOTES TNG YPOPIKNG TOPAGTACTG TNG cuvdaptnong f.

B) Na vroroyioete to gpfadod E(a) tov ywpiov mov mepikheieton peta&d tng
YPaIKng Tapdotoong tng f, g evbeiog pe e&lowon y=3x kot TV guhedv
ue e€lomoelg x=1 kow x=a pe o>1 .

v) Na vtoloyicete to 6p1o Tov epfadov E(a) Tov avotépov ympiov dtav 10 o
tetvel 6To +o0.

AYXH
a) H f éyermedio opiopon 10 A=R — {0} Ko glvon ovveyng oe awtd wg dfpoiopa

GLVEY MV GUVOPTNCEDV .
. ) ) 1

Emeon hrr%J f(x)= hrr%J (3x)+ hmo F= + o0 1 Cy éy€l KATAKOPLPN ACVUTTOTN
X —> X —> X—> X

v gvbeia x=0 (dCovac yy) .

Avalnrodpe tdpa opllovTieg N TAAYIEG OCOUTTMTES , OPY KA GTO + .
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Eivon A= lim J(x )

X —>+0 x X —)+w

(3+2—) 3+0=3 ko

1 1
hm (f(x)-Ax)= hm (Bxt—-3x)= lim —=0.
2X X =+ 2X

Apan evbeio y=3x+0 <> y=3x etvon mAdya acOprntot g Cr 610 + 0.

Opowa Bpiokov pe 60T1 M y=3x givor mAdyla acHurtwtn g Cr Kot 610 - .

1
B) Erewon n f etvon cuveyng oto [1, a] ko f(X)—3)F?>O v ke x €[1, a] o

Entovpevo epPadd tvor E(a)= I(f(x) 3x)dx = I—dx =[- 5 ] = -2—+5=
x a

11
=5 0-—).

1 1 1 1
v) Eivar lim E(o)= lim [=(1-—)]==(1-0)= —.
a—>+00 a—>+o D a 2 2

3) Atveton m ovvdptnon g, 1 omoia eivar optopévn 6to R L6000 POPES TAPOYOYIG N
og anTd Ko 1oyvel 0t g-1)=7.Av fetvar o cuvaptnon pe f(x)=3(x-2)2 22x-5),
va amodeiEete ot f etvan 0V0 Popég mapaywyioiun 6to R Ko Vo VTOAOYIcETE
mv 7(2).

AYXH

H g(2x-5) eivon mopayoyioyn oto R o¢ cuvOeon nopaywylclov GuvapTice®y ,
emopévog M f(x) eivan map ayoyiciun oto R ®g YvOUEVO TOPAYOYIC DV
suvapticenv pe T (x)=] 3(x2)"] - g2x-5)+ 3(x2)[g2x-5)] =

6(x-2)(x-2)’ g(2x-5)+ 3(x-2)* g (2x-5)(2x-5) =6(x-2) g2x-5)+6(x-2)* g (2x-5) .

H g'(2x-5) etvon mapaywyioywn oto R og chvBeon mapaywyicuov GuVvapToE®Y ,
dpan f(x) etvon Tap ayoyioiun 6to R ®G AOPOICHO YIVOLEV OV TOPAYOYIoLH®V
ovvaptioewv pe £ (X)=[ 6(x-2) g2x-5)]"+[ 6(x—2)2 g2x-5)]=

= 6g(2x-5)+6(x-2)g'(2x-5)(2x-5)"+12(x-2) g’ (2x-5)+ 6()(—2)2 g7'(2x-5)(2x-5)"=

= 6g(2x-5)+12(x-2)g'(2x-5) +12(X—2)g'(2x—5)+12(x—2)2g"(2x—5) . Apa

£77(2)= 6g(-1)+12(2-2)g'(-1) +12(2-2) g (-1)+12(2-2)* g '(-1)= 6, g(-1)+0+0+0= 42.
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4) 'Ecto o mpaypotikdc apBpog kot f 1 cuvaptnon e

xt 2ax?

=+

5
+(0t2-2a+5 )x2+(a3+7)x-5 o’ . Na amodeilete OTL M YPAPIKT

napdotaon g foev €yetl onueia Kopmng .

AYXH

H f &g molvaovopun givor 2 popéc mopaymyictun 61o R Kot ETOPEVMS Yo v
amodeifovpe 6TL M PN Tapaotaon TG f oev €xel onueia Koapumng , apkel va
octéovpe 6tin 77 (x)=0 dev £xel pileg otoR . 'Exovpe :

3
5
f'(x)=4 x? +2(1X2+2(a2-2a+ ) )x+(a3+7) , f "(X)=4x2+4 (xx+(2a2-4a+5) .
Apxket va dgi&ovpe 0TL M dakpivovoo A=( 4(1)2-4-4-(2(12-4 at+5) elvor apvnrikn .
Eivar A=1607-16-(207-40+5)= -16(a*-4a+5)= -16(0*-4o+4+1)= -16[(0-2)*+1]<0 .

5) No vroioyicete 10 epPaddv Tov ywpiov mov mepwieicton LeTalL TG VP APIKNG
napdotaong g f pe f(x)=xzeX , TOV GEova X X KoL TV gVBEIDV pe 5160 GELg
x=1 ko x=3 .

AYXH
H felvon ouveyng oto [1,3] o¢ yvdpevo cvveymv cuvaptioemv kot f(x)>0 yia

3 3 3
xé0e x €[1,3] .To {nrodpevo epPodo sivor E= jf(x)dx = Ixzexdx = sz (e*)dx=
1

1 1

x e];- I(x )e'dx = [xzex] ;- Ier dx= [x e];- I2x(ex)'dx=

= [xXe"] ) -[2xe"] 3+ j 2e* de=[xe"] } -[2xe"] P +[2e"]} =(9¢’-e)-(6¢’-2e)+(2¢7-2¢)=

=5¢>-e T. L.
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OEMATA ETOYX 1991

T

4
1) Av IVZI &’ xdx ,v eN*, ToTE
0

1
o) va amodeifete Oty kdBe v>2 | 1oyvet IV=—1 -1,

B) va voAoyioete 0 I .

AYXH

3 3
1
(x)’ExovpsL,:Iaﬁv‘zx-ar/bzxdeIaﬁv‘zx-( — —1)dx=
0 0 ovv “x

V1

% 1 % 4 wvflx i

=[x ———dx- [ @ Pxdx = [ - (aprydx - Lo =10 - Lo

0 ovvy X 0 0 v-1
1 1 ,

=——-0-1,,= -1, , Yo kéBe v>2 .

v—1 v—1

B) Toppmvo pe to (a)etvor I fa]ﬁs d. 1 I ! I ! ( ! I5.,) ! 1+I
T — xx:__ _:__ o — _ T e — =

Heo ne 5 ) 51 5-2 4 3 1 3.1 3-2 i) 1

IS T
SR i i Pl |

(ovvx)’

1 r
dx = -—-[In(cvvx)] 5 =
ovvx 4

|
2) Aiveton 1 cuvaptnon f ue tomo f(x)= Jx il , x>0 .
2/x

a) Na Bpeite ta dStootnpota povotoviog g f.
B) Na vroroyicete To gpPaddv Tov Ywpiov 10 omoio mepkAeieTon amd TN YP OPIKN

napdotaon g £, tov d&ova Ox kat T1g evbeieg pe e€lodoelg x=1 kot x=4 .

AYXH

31



1
-2 Inx-2——
x Jx—Inz- 2\/_ 2x— 2+lnx

1
Wx 2Vx) 4xx

a) o k@B x>0 €yovpe f'(x)=

1
‘Eoto g(x)=2x-2+Inx, x>0 . [Tapatnpov pe 61t g(1)=0 .Axdpn g'(x)=2+—->0,
X

v k60e x>0 , dpa 1 g etvan yvnoimg ad Eovoa Kot cuvenmg 1 e&lowon g(x)=0 £xet
povadwm pila v x=1 .'Eto1 f (x)=0 & gx)=0< x=1.H geivar cvveyng

emopévmg £yt otalepd mpdonuo ota dStactrpota (0, 1) kot (1, +00) 'Exyovue

1 1
22)=2+In2>0 ko g 5 )= -1+1n5 = -1-In2<0 .Emopévog :

f' x>0 gx>0<=xe(l,+o)kmf ' (x)<0 < gx)<0<=xe(0,1) , dpa
n f etvan yvnoimg adéovoa oto [1 , +o0) kKo yvneing edivovca oto (0, 1) .

B) H f etvon cuveymg ko yvnci(og avéovoa oto [1, 4], onote Y kébe x €[1 , 4]
f(x) 2f(1) & f(x) > J1- _J_ < f(x) 21, dpa f(x)>0 . To {nrovpevo epPadd
1

l+1

lnxdx:[ x? ] jilnxdx:[Zxé]4 jtlnxdx
24 x 17 12 37 7 ol

2

SlV(llE_If(x)dx IJ_dx I

Ofétovpe Jx =y , omote Yo x=1 maipvoope y=1 ko yuo x=4 moipvoope y=2 .

4 2 2 2
In In
AxOpmA/ x =y=> )Fy2:> dx=2ydy Etot _[ al deI—yZydyZIZIn ydy =
| 24x L2y .

2
=[(2y) In ydy = [2ylny]? - jzyydy [2ylny ]} -[2y]} =4In2-2In1-(4-2)= 4In2-2.

1

3

20
ApaE—[ x2]¢-(4In2-2)= = -4n2 Ty

3) 'Ecto n ocuvéptnon f, n onoia eivon opropévn oe éva ddotnua A kot

xf (Xy) = X,/ (x)
X

_xo

nopaywyiletal oto X, €A . Na amodeiete 6Tt lim

X—)XO

=1(%)- Xof "(X0).

AYXH
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BEyovue lim X (%) — X%, /(%) ~ lim X (X)) + X (x) = xf (x) —x,, f(x) _
XOVUE X x X —x, ey - x,
= fim L@ X) 7O 7S D) _ iy .5 LS o)y
X% X — X, X=X, X — X,
S(x)—f(x)

= lim f(x)- lim x- lim
X=X, X=X, XX X — X,

= f(%,)- Xof (%) , 0900 1 f g moparym yicym
oTO X, Oa eivan kon cvveyng oto X, OnAadn lim f(x)= f(x,) .

4) Atvovtor ot cuvaptioels f kot g, o1 omoieg £xovv Tig £E1G 1O10TNTES :
(1) eivon cvveyeig oto [a, B] kou Tap aywyioyes oto (o, B) ,
(1) Yo kaBe x o, B] etvon g(x) # 0 Ko
(iit) f(B) g(o)-f( ) g(B)=0 .
Noa anodeilete 011 :

a) v tnv cvvaptnon F pe F(x)= / Ex)
g\X

epappoletor to Bewpnua tov Rolle oto [a, B]

S (x) _ f(x)

B) vrapyer X, €(a , B) T€T010 OOTE ~— .
g'(xy)  g(xy)

AYXH

a) H F etvon opropévn oto [a, B] apov yo kéBe x €[a, B] etvon g(x) # 0, cuveyng oto
[a, B] ¢ TAiKO cuvey®V GLVAPTICE®Y Kol TApoy®Yicun oto (o, B) og TnAiko
nopaywyicov cuvaptioenv. Akoun f(B)g(a)-f(a)g(P)=0 < f(P)ga)= f(a)g(B)

o IO _f@
gB) gla)

KOl GUVETMOS TO gpappoletar oto [a, B .

< F(B)=F(a) .Ioybovv o1 tpoiimobécelg Tov Bempnpatog Rolle

B) Zoppova pe to Bedpnua tov Rolle yia tnv cuvéptnon F oto [a, B] Oa vdpyet

S0 =S Wg'C)
(g(x))

F(%)=0 & £7(%) 2(%0)-f(%:) g'(%)=0 = (%) &(%0)= f(%0) g'(%) &

IACANVLES
g'(x)) g(x)

X, €(a, B) této10 dote F'(x,)=0 .Opwg F'(x)=
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5) o) Atveton | mopayoyioipn covdptnon £ pe f(x)>0, x e R. Na Bpeite v
napdymyo g cvvaptnong F pe F(x)= [f(x)]*, xe R.

’ 2
B) Eotw >0 Na Bpeite tv mopdymyo Tng ouvdpnong g pe g(x)=0 +! ,XeENR.
AYZH

o) Etvar F=[f9T= €™ xe R Apa (9= €™/

(xInf(x)) =
= e/ -(l-lnf(x)+x%)=[f(x)]x-( lnf(x)+x§ ((;C))),XEER.

B) Eiva g (x)= a7 dnos(x? +1)= a7 -]na-#\/z_ﬂ(xz-l-l)’:
= am-lna-\/%,xem.

6) No Bpeite Ta d100TNHLOTO LOVOTOVIOG KoL TO AKPATATA TG CUVAPTIONG
£:10, %] SR pe ()= x V2 nuxt2 2 .

AYXH
o kabe x [0, %] éxovpe f'(X)=2nuxovv x- V2 cvvx= ocuvx(2nux- NE) ) Ko

f’'(x)=0 < ( ovvx=0 1 2nux- J2=0 )& x= % nx= %.Enat&ﬁ nf’ etvor cuveyng

Oa £xel otabepd Tpoonuo ota daotpota [0, %) , (% , %) .Ymoloyilov pe Tig
3.1 3
Tt /()= ove (2nu%-ﬁ>=§(25-«/5)=§(1-45)<0,

7

1 3 I
f'(%)= Guv% (2nu%-«/5)=5(27-«/5)=5(«/§-«/5)>0 To mpdompo g f

QOivVETOL GTOV TiVaKa TOV 0KOAOVOET :

< T, z z

4 2

X - N 0
fx) N |

0.1 \‘ 0.8 / T.JL.




"Etot Aowmdv 1 f eivon yvnoimg pbBivovsa oto [0, %) Kot yvnoing avéovca

T ,
oTO [Z , E] Ko Topov GléCet :

Z il )(£) J“/_+2J_—--+2J_

OAKO eAdyioto ot Béom 2
TomKd pEyLoto otn Béom % TO f(%)ZIZ—\E 1422 =1+42 ,

OMKS péyioTto ot Béon 0 to f(0)=0- 72 -0+2+/2 =22 >1+2 = f(%) :

e —e,x<1
7) Aivetarn covaptnon f pe tomo f(X)=1 \fin

X

,X 2

Noa amodeitete 0t 1 f eivan cuveyNg Ko va vroloyicete to e Paddv Tov ympiov , To
omoio mepuwdeieton amd TN Ypapikn wapdotacn s f, Tov dfova X X kot Tig evbeieg
ue e€lomoelg x=0 Ko x=¢ .

AYXH

H fetvar ovveyng ota (-0,1) , (1, +0) ©¢ d10popd GLVEX DV CLVOPTHOEWV KO

TAiKo cuvedV cuvaptTioewV avtiotoryo .Eivor axoun :

wllnx:\/hll \llnlzo
X 1 1 ’

=0, f(1)=

lim f(x) = lim (e"-e)=e-e=0, lim f(x) = lim
x—>1" x> 1" x—>1" X

>1F
dpa lim f(x) = lim f(x) = f(1) . Zvvenmg n f etvar cuveyng oto R .
x—1" x> 1"
T kéBe x [0, 1) eivan e'<e' = e*-e<0 = f(x)<0 ka1 y1o kdOe x [1 , €]

1

£ >0 .To {nrovpevo epPado sivar E=_[—f(x)dx +jf(x)dx =
1

etvon f(x)=
0
3
—j(e e )dx+j L = [ex- ¢! +j(1nx) (In x)dx =[ex- €] | +[ (Inx) 2
= (e-e)-(0-1)+ %-1—%-02 % T.J.
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OEMATA ETOYX 1992

1) o) Atvetou  ouvdptnon f opiopévn Kot SV PoPEC TaPAY®YIGILT 6TO dtdoTnua A
pe Tipég oto (0, + ) .Na ogybel 6t cuvaptnon g pe g(x)=Inf(x) , xeA , €&t
v Wwmto « g'(x) 20, yio kéBe x € A » av kot pdvo o 1oy vEL T oY o :
ff (%) 2[f' ()], 10 ke x €A .
B) Na Bpebet 10 péyioto diotnpa , 6To 0moio 1 GLVAPTNCT g LE g(x)=ln(x2+2)

Exer v WW0OMTA g '(x) >0 .

AYXZH
o) ‘Exovpe : g'(x)=% Kot g7 (x)= f'(x)][fj(:;)x)—]gf (01" , Y100 KGOE X €A .
Apaykéfe xeA : g (x) 20 S/ _Ef(x)]z >0
[f ()]

ff (%) [ ®].

B) Eivan g(x)=Inf(x) 6mov f(x)= X+2>0, y1o KaBe X € R .Zoppova e 1o (o) EpOTNHL
0 &rovpe : g (x) 20 < fXf (%) 2[f ' X <
(X2+2)'2 2(2)()2 ©2XH4-4X 20 X <2< |x| <2 o2 <x<42 . Apa 10

{nrovpevo dotnua eivor to [- NG , \E] .

2) o) No pedetndel o mpog tn povotovia ko o koila 1 cuvéptnon f pe fix)=a"-x ,
x € R ko 0<o<1 .
B) Na Bpebovv ot Tpaypatikés TYES Tov A, Yol T1G 0Toieg 1oy HEL N 1GOTNTA

2
_ A—
a’ "t a’ = 024)-0:-2) , bmov 0<a<1 .

AYXH
o) T kéBe x € R &yovpe f/(x)= o’na-1 ko f 7 (x)= o*(Ina)* .Enedny 0<a<1 a
etvon Ino<0 , onote 7(x)<0 xou £ (x>0 , ya k40e x € R (a™>0) . Apan f

etvar yvnoing bivovoa oto R kot oTpépel ta koiha dveo oto ‘R .

- A-2
B) H doB¢ica icotnTa yp bpeton O ! -(k2-4) =0 -A\2)< f(k2-4)=f(k-2) (1)
Eme1om n f elvon yvnoimg Bivovsa 6to R Ba givar kon 1-1 oto R dpa (1) <

Vd= A2 M-A2=0 A= -1 4 A=2.
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3) Aivetoun cuvéptnon f ue f(x)=(x+4)e™ , x € R Na vroroyotel To epufadov
ToV Y ®piov Tov opiletor omd T onueio (x,y) pe—1<x<1,0<y<f(x).
AYXH

H f eivan cuveyng oto [-1, 1] og yivopevo cuvey®mv GuvapTHCE®MY Kot Yo, KAOE

1
xe[-1, 1T woyvel f(x)>0 . Apa to {nroduevo epPado sivar E= jf(x)dxz

-1

= [(x+de7dx= [(x+a)(—e™ydr=[€"xt4)]", - [(x+4) (~e™)dx=

-1 -1

‘ . Lo 202 =3
L), - [ el 1), = 22D oy

4) o) Na amoodeyBet 6t pia cuvéptnon f opiouévn oto R €xet v WO TO

f'=1 av ko poévo av f(x)=ce" , 6ToL ¢ Tp aypoTiKn oTadepd. .
B) Na Bpebein cuvdptnon gopiopévn oto ddotnpa (- % , %) , 1 omoial
wovonotet Tig oyéoelg : g (x)ovv x+g(x)nux=g(x)cvvx kot g0)=1992 .
AYXH
o) To kée x € R &yovpe : £/ (X)=f(x) < f'(x)-f(x) =0 ¢ (f'(x) - f(x)=€"0 <
S f(x) =0 < ¢ f(x)=c < f(x)=ce" , 6mov ¢ mpaypoTik otadepd .
B) H d600¢ica oyxéom yia kébe x (- % ,%) ypdoeton : g'(X)ovvx-g(X)(oLVvX) '=g(X)ovvX
ovw>0 (a)

&' g Wovvx—glown) g 200 g0 & g0 _
ovV X ovVvXx ovVvXxX ovvx ovvx

< g(x)= ce"ovvx . o x=0 &yovpe g(0)=ceocuv0 < 1992=c-1-1 << c=1992 .

Apa g(x)= 1992¢"ovvx, xe(-%,%) .

5) No anodeifete 0t y10 KaBe X 610 avorkto dwdotnpa (0, 1) toxvern oyxéon :
l+x<e" < 1+ex.

AYXH

X

e’ —1

TMokéBe xe(0, 1) §govpe 1+x< €' < I+ex <> x<e-l<exe 1< <es

X

e’ —¢°
=Sl

< e . @ewpodpe T cvvaptnon fit)=e', t [0, x] émov x (0, 1) .
x —

H f etvon ouveyng oto [0, X] kon wap ayoyioyn oto (0, X) ondte GV HP®V A E TO
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Bempnuo péong tiung vapyet Eva tovAdyotov e (0, X) Té€to10 M otE

_ 0 x _ 0
f '(ﬁ):Lg() & e‘g:% . Apket Lowmov va deiEovpe 611 1 < c<e.
— x —

Eivan&e(0,x)=>0<E<x =0<E< (a(poi)x<1).Apaeo< e<e'=>1<c°<e.

1
6) Atvetonm cuvdaptnon f ue x3-nu— ,oavx#0
X

f(x)=
0 , ov x=0
a) No anodeifete 0t f etvon mapaywyiciun oto R .
B) Na Bpeite v mapdymyo g f yia kébe x e R .
AYXH

1
o) o kédBe x =0 nu— givon Ttopayoyictun og chvheon tapayoyicmv
X

1
OLVOPTNCE®V Kol GLVETMG N f(X)= x3-m,t — sivar Tapayoyiciun g yvouevo
X

Topay®yicov cuvaptioemy . ['a 1o x,=0 0o epyactovue pe TOV 0PIouo :

1
xnqu—-0
X

lim LSO

x—0 x—0 x>0 X

1
=1lim ( XZ-T'”,l— )=0, 0107t :
x—0 X
1 1
Al<qpu—=<1= - X < xz-nu— <% xot lim (- x2)= lim x'=0.
X X x>0 x—0
Apan f etvon mapaymyiorpn oto x,=0 pe £ °(0)=0 .
1 1 1 1 1
B) ' kéBe x =0 gtvon £ '(x)=(x3)'-np— +x- Mmp— )'=3x2-nu—+ X GUV — (=)=
X X X X X
1 1 1 1
=3x2-nu— + X ooV — -— )=3x2-nu— -x-ouv— . Apa:
X X x X X
) 1
3IX'mu—-xoov — , av x#0
X X

f'(x) =

0 , av x=0
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7) Atvetar n cuvéptnon f pe f(x)= % (2Inx-1)-2x(Inx-1) , x>0 .

a) Na Bpeite v mapdywyo f " g f yia kabe x>0 .

B) Na peretnoete 1n cvuvdptnon f ®g mpog tn povotovia Kot To TOTKd okpOTaTO. .
AYXH

X x? 1 1 X X

o) ‘Eyovpe f'(x)= 3 (2Inx-1)+ ” 2 = -2(Inx-1)- ZX; = xlnx- 3 +5 2Inx+2-2 =
= xInx-2Inx =(x-2)Inx, yio k40e x>0 .

B) f ' (x=0 <= (x-2)Inx=0 & (x-2=0MInx=0) < x=21 x=1.Ta x2, Inx givon
etepdonua povo oty mepintwon x (1, 2) .To mpéonuo g f paiveTon otov

TV aKo Tov aKoAoVOEL :

X 0 1 2 + o0
f'(x) + ? - ? +
f(x)
’/ J.u. \ Js/

‘Etoun f etvan yvnoiog avéovoa ota daotipota (0,1), (2, + o) Ko yvneiong
7
eBivovoa oto [1, 2], evd mapovoldlel Tomkd péyioto otn Béon 1 10 f(1)=z

Kol TOTKO eAdy1oto ot Béom 2 to f(2)=3-2In2 .

t
8) o) Na vroAoyiotei To ohokAnpopa : E(t)= I (x—2)In xdx , yio kG0 t>1 .
1

_E(1)
Na Bpeite To 6po lim ——— .
B) BP et p t>+o t.Int
AYXH
¢ x? x* . x? 1
o) Exovpe : E(t)= [ (5 —2x) Inxdx = [(5-2x)Inx]} - [(5-2x)—dx=
2 2 2 %

1

2

- (& 20, -j(§—2>dx= (2] -1 2] -

2 2 2 2

t t t t 7
=(—-20)lnt-0—(—-2t-—+2)= (—-2t)Int -— + 2t -— , yuo k@Be t>1 .
(5 =20I1-0— (=2 -242) = (=201 4207 .y
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t
B) I'a kabe t >1 elvon E'(t)Z(I (x—2) In xdx )'=(t-2)Int .Emopévog :
1

E ~2)In 2 2
lim 20 iy U 72 (-2 )= 1-0=1
t>+0 t.nt o+ t-Int t>+0  f t—>+00 t

9) Na Bpeite moAvovuky cuvdptnon f pe f(x)=ax3+[3x+y , XeRkara, P,y
TPAYUATIKOVG ap1000¢ , 1 omoio tKavomotet Tig akdAovheg cuvOnKeg :
(1) H ovvdaptnon f eivan meprrty .
(i) H ovvdaptnon f tapovctdlel tonikd péyioto oto onueio x,=1.

(iif) [/ (x)dx=2.

AYXH

A@o? 1 f etvan meprrn , Yo k6Oe x € R Ba givan f(-x)= -f(x) =

= a(-X) +HB(-X)+y = -(axX +Pxty) = -ax-Pxty = -0x -Px-y = 2y=0=>y=0 .

H f o¢ molvovopn stvon mopayoyiciun oto R Ko enedr| Tapovctdlel TomKo
HEYIOTO oTO o eio x,=1, oV pewva pe To Bedpnua tov Fermat Oa etvon £ °(1)=0 .
Opoc f/(x)=3ax’+p , apa £ '(1)=0 = 3a1*+p=0= 30+p=0 = p=-3a (1)

2 y=0,p==3a , o 2
Axdun jf(x)dx =2 — I(ax3 —3ax)dx =2 = [ aT—3a7]§=2 =
0 0

= 40-60=2= a=-1 .Ano v (1) moipvovpe =3 .Apa f(x)= -X+3x, xe R.

10) H cuvéptnon g éxet cuvexn mapdymyo oto krerotd Sidotnpo [0, ] kot g(m)=e .
Av jf[ g(x) +g’(x)]e*dx =2 ,va Bpeite v Ty TG cuvaptnong g oto onueio x=0.
AYXH
‘Exovpe : _T[g(x) +g'(x)]e'dx=2 = ]E[g(x)(ex)' +g'(x) ldx=2 =

= [gx)e'] 7 =2 = gm)e™- g0)e’ =2 = ¢ e™ g0) =2 = 1- g0) =2=> g0)=-1.
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OEMATA ETOYX 1993

1) Atvetou ) cuvaptnon f(x)= +4 nex>0.

1
N1+ x*

a) Na e&etdoete T povotovia tng cuvaptnong f.

x+l

B) Nawvrohoyicete o lim [ f(£)dr .

AYXH

A1+ x* —1W1+xhY voo 2

1+x*)? W1+ x* )y

Apan f eivon yvnoiog ¢divovoa oto (0, + ) .

a) Etvon £ '(x)= <0, v kéBe x>0 .

1 1
B) Ta kabe t e[x, x+1] pe x>0 égovpe : 0 < < =
Jivet A
1 1 1
= 0+4< T4 < +4 =4 <f(t) <= +4.
1+t t !
x+l x+l x+l

Amd Ty 4 <) = f(1)-4>0= [(f()-Hdr>0=> [ f()dt- [4dt>0=>

x+l x+1

= [ f(0dt-a(x+1-9>0= [ f(0)dt>4 (1)

1 1 x+ 1
Ao Ty f(t) <5 +4 = S +4-f()>0=> [ (5+4- f(0)dr>0 =
1 t t

X

x+l x+ x+l x+

= Itizdt + j4dt- If(t)dt>0 =[- ;1]);+1 + 4(x+1-x) - jf(t)dt>0 =

x+l

NGRS [rwar. )
x+1 x

X

x+l

1 1
Amo i (1), (2) mpokdmter 4 < If(t)dt <-——+—+4. Eneion
d x+1 x

x+1

1 1
lim 4 =4 xon lim (-—l+— +4) = -0+0+4=4 0a elvon ko lim If(t)dt =4,
X+ X —>+0 X+ X X400
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2) Atveton n opOn yovia xOy kot to v0Vypappo Tna AB punkovg 10 m tov onoiov
Ta dxpa A ko B oAio aivovy méve otic mievpéc Oy ko OxX avtiotoiywg . To
onueio B kwveitan pe otabepn taydtnta v=2 m/sec ka1 n 6€om 1oV TAVEO GTOV
d&ova Ox diveton amd T ovvaptnon s(t)=vt ,te[0, 5] 6Tov t 0 ¥podvog (o€ sec).

o) Na Bpebet to epPaddv E(t) Tov tprydvov AOB wg cuvaptnon tov xpovou .

B) ITotog eivar o puBuodg petafoing tov gpPfadod E(t) ) oty un Kotd v omoio

TO UNKOG Tov Tupatog OA givon 6m

AYZH
a) Mate[0, 5] é&ovpe OB= s(t)= vt=2t VA
OAZ+OB>=AB>= OA=+AB> - OB> = A

1
— OA=+100—4¢2 , ondte E(t)= OA-OB

1
25 V100 — 4% 2t=t4/100 - 41> = 0 B

— E(t)=2tJ25-¢%,te[0, 5].
B) ®a Bpovpe TpdTO O X POVIKY| OTLY U TO UKOG TOL TUHaTog OA givon 6m :

OA=6 < 100 — 412 =6 <> 100-4t>=36<> t’=16<>t =4 sec .

T kéBe t (0, 5) éxovpe E'(t)= (2t) V2512 + 2t(N25—12 )=

1 2(25-2¢%)
=225t +2t——=(-2t) = ———== . Apa 0 {nroduevoc puOuodc
272512 N25—-12

2(25-2-4° 14
petafoing etvar E'(4)= ; =- 3 *sec..

V2542

3) Na Bpebei n cuveyng cuvaptnon f: R — N yo v onoia woyvet :
[ f(odi= - ™0 pex, o e,
AYXH

Amd t dobeico 16oTtnTe Taipvoupe : € je" f(dt=1-"" - {(x) <

S fx)=1-%- je f@dt . (1)
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H cvvéptnon ¢ Ie” f(t)dt eivar Tapayoyiciun og yvOUEVO TOPOY® YioLU®V

OLVOPTNOE®V , ETOUEVAOS AOY® TG (1) , 1 f(X) lvon map aywyioipn wg dOpoio po
TOPOYOYICI®OV GUVOPTHCEMV . ATO TNV d00gica 16odTNTO , TOpay® YilovTag

Ko oL 300 AN g Tpog X , aipvovpe € f(x)=-¢ + e f(x) -e f (x) &

S e f'X=-€" o f'X=-1< (%= (-x) < f(X)=-x+c ,0mov ¢ TP AyLLOTIKN
otafepd . Opwe and v (1) : f(a)= 1-e™-e*0=0. Axoun f(a)= -ot+c < 0=-at+c <

< c=a . H {ntodpevn cvuvéptnon eivon n f(x)= -xta, xe R.

2 37
4) Atveton n ovvdptnon f(x)= 3 X - ) X+3x+ i, xe R, 6mov K eivon mpoypotikdg

apOuoc . Na amodeilete 0t1 M e&lomon f(X)=0 dev umopet va £xel V0 S10POPETIKES
pileg oto avokto ddotnua (1, 2) .

AYXH

1
Eivon f'(x)=2X-7x+3 , xe R kar f (x)=0 < 2X°-7x+3=0 < x== {1 x =3 .
1
Enedn 2> 0 0a sivan 2X°-7x+3<0 Yo kéOe X € (E ,3), emopévaoc n f etvan

1 1
yvnoimng edivovca 6to ( ok 3), dpakaroto (1,2)c (5, 3) .H f(x)=0 &xer

oVVENAMG TO TOAV pia pila oto (1, 2) dpa dev pmopet va £xel 5HO d1POPETIKES

pilec oto avowktd ddotnua (1, 2) .

5) Av n ovvdptnon g €xel cuveyxn Tapdymyo oto KAEoTo otdotnua [0, 1] ko
1 1
KOVOTO1EL TN o) €om ‘[ xg (x)dx=1993- j g(x)dx , va Bpeite v Ty g
0 0

cuvéptnong g ywo x=1.
AYXH

1
H do0¢ioa 1o6tnTa yp dpeton I(xg (%) + g(x)dx =1993 < [xg(x)] ;=1993 <
0

< 1g(1)-0g(0)=1993 <> g(1)=1993 .
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6) Mo Bopnyavio mopdyel X TocOTNTO 0O VoL TPOIOV LE KOGTOG TTOL diveTon amd

™ ovvaptnon : K(x)= & X, OTOL TO X datpéyel o avoiktd ddotnua (0, + )

29
KO 1) TOPAUETPOS O TAUPVEL TIHEG OTO KAEIGTO O1doTNa [ 5 ’5] . Ta écoda and

TV TOANON X TO GOTNTOG TOV TPOiIOVTOG divovton and T cuvapTnon E(X):X2 ,
x (0, + ) kot to képdog divetan amd tn cvvdpmon  f(x)= E(x)- K(x) ,
xe(0,+x).

a) No Bpeite TV mocoOTNTA X, Y10 TNV 07010 £XOVLE TO PEYLOTO KEPDOC , TO OO0
ovpPoArilovpe pe M(a) .

29
B) Na Bpeite v Tiun tov o € [5 5 ] yw v omoia to M (o) yiveTon péyoro ,

KaO®G Kot TO PHEYLGTO OVTO KEPOOG .
AYXH

o) Eivan f(x)= E(x)- K(x) = x-%f xe(0, +0) ko f'(x)= 2x—37ax2 xe(0, +0).

3a 3a 3
F(X)=0  2x 2% =0 % 2- 22 x =0 ©2-2L x=0 > 3= - |
4 4 4 3

3 3 o0 3
AKOL F7(X)<0 < 2% 22 xP<0 > x( 2- 22 x)<0 &> 2-22x <0 x> — |
4 4 4 3a

8
f' (x>0 < 0<X<3— . Apan froapovcidlet oMkd péyioto ot 0éon X, = Y T0
a a

a8 4 64 29
f(—) (_)'Z(Q)_ > oo M(e)= ==, acl 5.1 -

128 29
B) 'Exovpe M "(a)= - 7’ <0,y ké0e o € [5 ,5] , Gpan M (o) etvon yvnoimg
a

29
eBivovca oto [ —,— ] Kou emedN ivon Kot GuVEYNS 6 ATO TOPOVSLALEL PEYLOTO

2 2
otn 0¢on a=§ T0 M(; )=48 .
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7) Atveton  cuvdptnon f(x)=xe ", x € R,0mov v un uNdeviKdc PUIKAOS optdpog .
A) Na peletnoete ) povotovia tng f kon va Bpeite Ta akpoTaTa Kot To onueia
KOUTTNG g -

2 2

—VX
B) Na omodeifete ot1: 2 <e™v- ] *¢ dx <o

< | ——

AYXH

A) TNo kéle x € Retvon : £/(x)= (x) e+ x(e7) = e “(1-vx) kon f "(x)=[ e (1-vx)] =

=€) Qv+ e (1-vx)=-ve (1-vx) -ve = =ve  (vx-2). Eyovpe :
Vx | O Vx 2

f' X0 e (l-vx)0ox=— ,f "xX=0= ve  (vx2)=0x=— .
% v

To mpdonua tov f'(x) kot f ' (X) paivovton otov wivoaka Tov aKoAovoet :

X 1
- - - +o0
v 1%
(%) ¥ 0 - -
X . : 0 T

f(X) / 0.L x G.K.A\\—b

1 1
H f givor yvnoing avéovoa 610 (- 0, —) , yvnoing edivovco oto [— , + ) evd
1% v

1 11 = 1
napovotdlel oh ko péyioto ot Béon — 10 f(—)=— e "=— . H C; €y onpeio
1% v v ev

, 2 .2 2 2
kopmhg To (— , f(—=) ) dnradn o (— , ——).
14 14 1% ev

1 2
B) An6 to (A) yvopilovpe 6T f eivan yvnoiog gbivovca oto [ — , — ], dpa
vV v
1 2 1 2 1 2 1 2
Y kdbe xe[— , —] eivor: — <x< == (=) 2f(x) 2f(—)= — 21(x) >2—.
vV v 1% v v 1% ev

2
1 1 Ll
Amd Ty — 2f(x) = — - f(x) 20=> [ (— — f(x))dx 20 =
ev ev L ev

v
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:j—dx jf(x)dx >0:>—(—-—)> 1 ff(x)dx

v v
2

2 2 X 2
Amd Ty f(x) 2 —— = f(0)- —— 20= [(f(x)———)dx 20=>
ev ev ev

2 2 2
v %4 2
= [ f(odx- [
1
14 V V V
2 2
2 = -
2 ¥ 1 2 1 [ o
, —VX 22..‘ VX
Apa — J.f — ije dx<—2:>2£ev xedx <o
v’ / Cev’ ev 1 ev 1
v v Y
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OEMATA ETOYX 199%4

1) Atvetou n ovvaptnon f(x)=2 X, xeR.

A) Av g gtvou n gpantopévn g Ypaeikng mapdotaons C g cuvdptnong f oto
onueio M (2a., 8a2) , >0, va Bpeite 10 euPfaddv Tov ywpiov Tov TEPIKAEiETOL
and ) C, v gvbeia € kot Tov GEovay 'y .

B) Eoto 0 n o&ela yovia mov oynuatiCein € pe tnv evbeia MO , 6mov O eivon n opyn
TV aEOVOV . Na ekQpaceTe TV €00 ¢ GUVAPTNOT TOL o Kot va Ppeite tnv
péyotn Ty g €00 6tav to a petof aiieton (a>0) .

AYXH

A) H f etvon mapayoyiciyun oto R pe f '(x)=4x, apa f (2a)=8a , omdte N e&icmwon g
epantopévng € g C oto M givany- f(2a)= f '(La)(x-20) < y-8a2=8a(x-2a) =
& y=8ocx—8a2 Eivan f(x)-( 8ax—8a2)= 2x2-8(xx+8a2=2(x-2 oz)2 >0, yio kabe
x € R, pe 10 = va oy el povo yo x=2a Ko €ne1d1] ot cuvaptioelg f(X) kot

2 ’ r ’ ’
8ax-8a” etvar cuveyeic oto [0 ,20] o gpfaddv Tov xwpiov Tov TEPIKAEiETON

20
a6 ™ C, v evbeia € ko tov aEova y'y givan : E= jZ(x— 20) dx =
0

2 2 16
[5 (x-20)"] 2 = O_E (-20)’ = ?(13 T

M

B) A6 to tpiyoovo OHM éyovpe p=wt+0= 0=0-0= pb=cp(p-0) =

_ A -2 8a - 4
W g = gp0=——"" = gp0= a-na

—
1+ app - spo 1+ A, - Aoy 1+8a-4a

= &pb=
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8a? —0
apoV A= f "(2a)=8a kot Aoy= a =

. 4q. .
1+32a° 2a -0

= b=

4
Oewpovpe ™ cvvaptnon gla)= —062 , >0 ko £yovpe :
1+32a

_ (4a)y 1+32a*)—4a(l+32a*) _ 4(1+32a*) —4a -64a _ 4(1-32a?)

g(o)

(1+32a?)’ (1+32a%)’ (1+32a%)*
4(1- 320> 2
g (0)=0 < (—0262)=O<:> 1-3207=0 < 0= — . Axoun gtvon :
(1+32a7) 8
4(1- 320> 2 2
g (0)>0 = (—02‘2)>0 = 1-320>0 = ae(0, £) K g (0)<0 < 0>£ .
(1+32a”) 8 8

V2 2 2

Emopévog n g mapovoudlet ohkd péyioto otn B€om ry 10 & ry ):T ,

2
ONnAadn N péytotn Tiun g €90 eivan % .

2) Av n ovvdptnon f eivon mopayo yiciun oto dwotnpa [1, e] pe 0<f(x)<I xon
f’(x) 20 yio xd0e x €[1, €] , va amoderyBei OTL VIAPYEL LOVO Evag aplOpog
X, €(1, e) térolog wote f(x,)+ x,Inx, = X, .
AYXH
Bewpovpe T cvvdapnon gX)=f(x)+xlnx-x, x€[1, e] xon opkel va dei&ov pe
ot e&lomwon gx)=0 &xer pia axpPong piCa oto (1, €) .
H f etvar cuveyng oto [1, €] apov givor Ttopayoyiciun ce avtod , dpon g
etvan cuveyng oto [1 , e] og dBpotopa cuvey®v cvvaptioewv Akoun g(1)gle)=
=(f(1)-1)(f(e)+e-e)=f(e)(f(1)-1) <0 ,apo¥ 0<f(x)<I ywo kdbe x €[1 , e] .ZOppwva
pe to Bedpnua Bolzano ) e&lowon g(x)=0 €yet pioe tovAdyiotov piCa oto (1, e) .

1
‘Exovpe g'(x)=f '(x)+Inx+x- —-1=f '(x)+Inx>0 , yio ké0e x (1, €) , apov yia T1g
X

TéG owtég Tov x etvanr (%) 20 ko Inx>In1=0 .H g etvor yvnoing av Eovoa 610
(1, e) emopévmg n e&iowon g x)=0 £xet To TOAV pia pila oto (1, e) . TeAkd vrapyet
povo évag appog x, € (1, e) térolog mote g(X,)=0 & f(X,)+ X,Inx, - x,=0 <

< X))t XInx, = X, .
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3) 'Eoto p mpaypotikdc apOudc , A(x) , B(X) moAv@voua pe mpoypotikong
ovvteleotés , dote B(p) # 0 kot to A(X) £xet Babud peyodvtepo 1 ico tov 2 .

o) Na amodeifete 6T VTAPYEL TOALV®OVVLO f(X) , TéTO10 DoTE A(X)B(X):(X-p)zf(x) ,
av Kot povo av A(p)=A’(p)=0.

B) 'Eotw v axépatog peyorlvtepog 1 icog tov 1 .Na Bpeite Tig TIHES TV K, A Y10 TIG
0moieg TO TOAVAOVLO Q(X):XV(VX3+KX2+7\.X+8) &y el mapdyova 10 (X—2)2 .
AYXH

o) 'Eoto 611 vrdpy et moAvadvopo f(x) , 1éto10 dote A(X)B(X):(X-p)zf(x) (1).
[Topaywyilovtag ta 6vo péAN g (1) maipvoope :

x=p
A’ B+ AMB’(0) =22(x-p)(x)+ (x-p)’f (x) = A'(p)B(p)+ A(p)B'(p)=0 (2)

B(p)=0
Ano v (1) yio x=p maipvoope A(p)B(p)=0 = A(p)=0.Etoin (2) yphopeton

B(p)=0
A'(p)B(p=0 = A'(p)=0.

ANTIZTPO®A :

‘Ecto 611 A(p)=A"(p)=0 6mov A(X) moAvdvupo Babpod v =2 . Exedn A(p)=0,
vdpy el ToAvdVLRO TI(X) fabpod v-1 tétoo mote A(X)= (x-p)n(x) (3) .
MopaywyiCovtag Ta dvo péAn g (3) maipvovue : A'(x)= n(x)+ (x-p)n’(X) , ondte

A'(p)=0
yio x=p eivar A'(p=n(p) = w(p)=0.Apa vrdapyel TOAVOVLHO G(X) Badpo

v-2 1é1010 ®ote T(X)= (X-p)p(x) (4).
Amb 116 (3) , (4) maipvoupe AX)= (x-p)’9(x) = AXB(X=(x-p)’p(x)B(x) =
= A(X)B(X):(X—p)zf(x) , omov f(x)= e(X)B(x) .

B) Eivar Q(x)= A(X)B(x) , 6mov A(X)= vxX +KxX+Ax+8 kot B(x)= X', pe 10 A(x) v
gtvon Badpov 3 >2 kar B(2)= 2" # 0 .Zoppmva pe to (o) epdTnpo apkel va Ppod ue
o K , A ®ote va wyvouy 1 A(2)=0 kot A’(2)=0 Exyovue A'(x)= 3vx’+2kx+) [Etot
{A(Z): 0 - {8\/ +4K+24+8=0 {KZ v +2

A'(2)=0 12v+4x+1 =0 A=4v -8
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4) Atveton o OeTikdg TPayHoTIKOG aPOpOG O KoL 1) GLUVAPTNON f(x)=ax2-2xlnx
pexe(0,+wo).

a) Na Bpeite ta dtootipota ota oroia 1 f etvar kupt) 1 KoiAn .

B) Na Bpeite v e€iowomn ™G eQamTopEVNS TS YPAPIKS Top AoTAGNG TNG
ovvaptnong f oto onpueio A(1, f(1)) kot va Tpocdiopicete 10 o, D OTE M

EQOMTOUEVT] VTN VO dEPYETAL OO TNV APy TOV 0EOVAV .

AYXH
2 2ax-1
a) o kédBe x>0 &yovpe : f (x)=2ax-2Inx-2 , f "' (x)= 20- _:(a;) .
X X
2(ax -1 1
f"(x=0 < m =0 ux-1=0 & x=—,
X o
2(ax —1 1 1
f (x>0 < 2ex) >0 ax-1>0 @ x>— ko f (%<0 < 0<x<—.
X a a

1 1
Apan fetvon kopti oto [ — ,+ ) Ko koidn oto (0, —) .
a o

B) H {ntovpevn e€lomon etvon : y- f(1)=1 "(1)(x-1) (1).
Etvan f(1)=a xou £ '(1)=20-2 kot cuvenmg 1 (1) ypaoeton : y-0=(20-2)(x-1) <
&y =2(a-1)x+2-a .
H epantopévn avt diépyeton omd v opyn Tov aEOvav av kot pdvo ov

0=2(a-1)0+2-0< a=2 .
5) 'Eoto po cuvéptnon f opicpévn oto R, n onoia £xet cuveyn f”” oto R,
TOPOLGLALEL TOTIKO AKPOTOTO GTO ONUETLD X,=2 KOL 1] YPOPIKT] TNG TTOp ACTOLON
2
8
dépyetor amd to onueio A(0, 1) .Av oyvet .[[x-f'(x) +3- f(x)]dx= "3 va
0

vroloyicete 1o f(2) .

AYXH

Ene1om n £ mapov oudlel tomikd axpdtato 610 X,=2 Kot eivor mapayoyioyn oto R

Ba etvon £ '(2)=0 .Axopun n C; diépyetan omd T0 onpeio A(0, 1) dpa (0)=1.

"By oupe : j[x-f’(x)+3.f(x)]dx= -§:> Jx.f”(x)dx+3jf(x)dx:-§:>

50



=[x (9] 3- [ () - £ ()dx+3(f2)-H(0)= g =

:>2f12%0—jf7Xﬁﬁ*3(ﬂ2}ﬂ0D=-2:32f12}(ﬂ2}ﬂ0»+3(ﬂ2yﬂo»=_§

S(O)=1,1(2)=0 . |
= 2Q)-1)= -5 =)= 5 .

6) 'Eoto 6111 evbeio y=2x+5 givol aoOUnTOT TG YPAPLKNG TOPEoTOONS HOG

ocuvdaptnong f 6to + .

a) Na Bpeite ta Opla: lim J(x) kon lim [ f(x)-2x] .

x40 X X—>+00

. +4
B) Na Bpeite Tov mpaypotikd aptOpuod p, av  lim pJ(x) 5 -1
o x . f(x)—2x" +3x

AYXH
o) Emedn n evbeio y=2x+5 eivan acountwtn g Cr oto + o0, £xovue
tim £ 25 won tim [ f(9-2x]=5 .
X—>+o0 X X—>+00
VAC))
—+4
. 4 H +
B) Exovpe : lim a f(x)+2 o> lim — ==
x>ty f(x)—2x" +3x v f(x)—2x+3
SAC))
u- lim ——=+4 D44
x>+ X _ 2 =1 },l:2 .

= — ==
lim (f(x) - 2x) +3 543

7) No anodeifete OtL:

) €-x+1>0 , yio k40e x e R.

B) H e&icmon 2e"+2x = X+2 &xel akpPmg P Avon , v x=0 .
AYXH

o) Ocmpovpe T cvvaptnon e(x)=e-x+1 , xe R. H ¢ eivan mapoyoyicun octo R
ne ¢’ (x)=e-1 k¢ (x)=0 < €-1=0< ' =" & x=0, ¢'(x)>0 < -1>0 <
o > ox0, 9(x<0< x<0.
Apan ¢ Tapovolalel oMk ehdyioto otn B€on 0 to ¢(0)=2 , cuvendg Yo KGO

xe R eivor ¢(x) >9(0) = e'-x+1>2= ¢'-x+1>0.
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B) H e&lomon 2 +2x = X+2 emoAn0edeTan yro x=0 . AKOun EQovpe :
2e"2x = X2 < 2e"2x- x-2=0 (1). Apkei va Seifo 6tin (1) &yt to moAD pia
pilo .@cmpodpe T cvvaptnon f(x)= 2" +2x- X2 Kk v k60e x € Retvon :
f'(x)=2e"+2-2x =2(e"-x+1)>0 , Loyw tov () , omdte N f efvon yvnoing ovéovoa
oto R kot cvvendg N (1) &gt to oA pio pila . Tehkd 1 e&lowon 2¢™+2x = X+2

&xel akpmg o Avon , v x=0 .
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OEMATA ETOYX 1995

1) Atvovton ot Tporypatikoi apBpoi K , A pe k<A kot 1 cvvaptnon f(x)= (x—l()s(x-k)3
pe x € R. Na anodeilete OtL:

fo_ s,
f(x) x-x x-4

o)

, Yl KOOE X #K KoL X # A .

B) H cvvaptnon g(x)=In |f(x)| oTPEPEL TO KOTAO TTPOG TOL KAT® GTO ddotnpo (K, A) .
AYXH
o) ['o kdBe x € Retvou £ '(x)=5(X—K)4(x—?»)3+3(x—1<)5( x—k)2 , Gpa yio Kaoe

S ) _5(x—K) (x=A) +3(x—,<)5(x—/1)2
f(x) (- (x-1Y (@x-x)Y@x-1)

xeR- {K, /l}éxovps

jf(x): 5 N 3 .
f(x) x-x x-4

-x>0
B) I'a kabe x €(k , A) 1oYOEL K<X<A=> {x z 0 = f(x)<0 = gx)=In(-f{(x)),
<

o S _f_ 5 3
eMOUEVOS g (X)= ~70) ) xe K+x—/l Ko
-5 -3

+

(x=x)  (x=2)°

<0 .Apan gotpépel Ta Kol o Tpog To KAT® 61O (K , A).

g'(®=

2) H ouvéptnon f: M - N, sivan mopayoyictun kon woyvet 6t f'(x)>0 ,y10 K 4Be

B
x € R No anodei&ete 011 M cuvaptnon F(x)= _[f(x —t)dt,xeRpea,

TPAYLOTIKOVG 0op Bp0VS , etvon Tapaywylion Kot 0Tt ov VIapyeL X, € R e
F'(x%,)=0, tote F(x)=0 y10. k0 x € K.
AYXH

Oétovpe x-t =u=t = x-u= dt = -du ko Yo t=0 maipvovpe u=x-o v yra t=

B x—
naipvovpe u=x-p . "Exor &govpe F(x)=[ f(x - 1)dt = f — fu)du =

xa

F(= [~ f(u)du+ ]ﬁ— f(u)du=> F(x)= f(u)du Jﬁ f)du (1).
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H f givar ouveyng oto®R (apod etvon mapaywyicn oto R ) étot Adyw g (1) n F
etvon mopaywyiotpn oto R wg dwpopd mapaywyictuwv cuvapticewv pe F'(x)=
fx-a)(x-0) - f(x-B)(x-B)” = F' ()= f(x-0)- f(x-p) (2).

Av omapyel X, € R pe F'(%)=0, 1 (2) vy x=X, ypapetat 0 = f(X,-a)- f(x,-B)
= f(x,-0) = f(X%-f) = x-0=X-p=>0a =, apov n f eivan yvnoing adéovca

oto R (' (x>0 ,y10 kébe x € R) dpa Oa eivar kan 1-1 og owt6 . H (1) Aowmdv

ypbdoeton F(x) = yJ‘f(u)du —yJ‘f(u)du = F(x)=0, yta ké0e x e R.
2 2

3) Oewpolpe TOLG TPAYHOTIKOVS aptBpovg o, B pe 0<oa<P , Tn cvveyn cvvdaptnon
B x
1
f:(0,+o)—>R ywo v onoia jf(t)dt =0 kou T cvvaptnon g x)=2+ —If(t)dt ,
X

x€(0,+ o). Na armodeifete 0T VAPYEL VO TOVAGYIOTOV X, € (0, B) TETOWO DOTE
Vo 1YoV :

o) H epomtopévn g ypopikic ap GoTaong Tng GUVAPTNONG g GTO GNUEID (X, , (X))
va givor TapdAAnAn 6ToV dEova X X .

B) g(%0) =2+f(%o) -
AYXH

1 X
a) Otrocvvoptioeg 2, — , _[f(t)dt etvon mopayoyiotpeg oto (0, +00) dpa kot
X

1 X
ovvdaptnon g(x)=2+— ‘[ f(t)dt eivar mapayoyioun (Emopévmg Kot GUVEXNS) OTO
X
(0, +00) 'Exovpe :
14 14
o(0)= 2+ — j F(0)dt=2+0=2 , g(B)= 2+F j F(£)dt=2+0=2 , Snhodn go)=g(B) .
a

Eneion n getvon cvveyngoto [ o, Bl< (0, + o), mapaywyioywn oto (a, B) Kot
ga)=g(B) ooppwva pe 1o Bedpnua Rolle vdpyetl Eva tovrdyiotov X, € (o, B)
T£1010 OOTE g'(X,) =0 , dnhadn n epomtopévn g C, o710 (X, &(X,)) etvan

TOPAAANAT 6TOV dEova X X .

1 X X X 1
B) Eivan g'(x)= 0+ (;)'J‘f(t)dﬂr%('[f(t)dt)': - xiz J.f(l)dt-i‘; f(x), xe(0,+xo).
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1 1
Amd 10 (o) epdTnua eivon g'(x,) =0=- — J-f(t)dt +—1(x,)=0 (1).
xo a xo

Axoun gx)=2+ — [ £t = [ 0= x,8x)2% @)

, , 1 1
H (1) Myw g (2) ypaoetar : - —5 ( X&(X)-2 %)+ — 1(%,)=0 =

XO xo

- (02 - x)0= - ((x0)-2- f(x)=0 = g(x)=2+ f(x,)

Xo Xo X9

4) Na Bpeite ) cvvaptnon f : (- %,%) — R pe ovveyn devTEPN TOPAYOYO Y00 TNV

omoiat wxbovy : f(0)=1995 . £ '(0)=1, 1+ [ " (ovvidt =oov’+ [ f (O udt
0 0

AYXH

[MopaywyiCovtag Ta dVo pEAN g d00eicng 160TNTOG LE TO OAOKANPDOUOTO

Eyovpe 0+f “"(X)ovvx = ((mvzx)'+ f’'(xmux= f""(x)ovvxt f (x)(cuvx)'= (cmvzx)'
= (f’'(x)ouvx)'= (cmvzx)’ = f'(x)ovvx= ouV X+ (1) ,6movc; eNR.

Ano ™y (1) yuo x=0 maipvoope f '(0)ouv0 = owv’0 +¢; = 1-1=1%+ ¢;= ¢,=0.
H (1) ypdopeton f '(x)ovvx = oov’x= f ‘(X)= ouvx (70 KdaOe X e(—%, %) etvon

ovvx>0). Apa f’'(x)= (Mux)" = f(X)=nuxt+ c, (2) ,6movc, €N.
Amo v (2) yuo x=0 maipvoope f(0)=nuo0+ ¢, = 1995=0+ ¢, = ¢,=1995 .

Apo yo kdbe x € (- % , %) etvon f(x)= nux+1995 .

5) Atvetoun cuvaptnon f(X):X4—2X2+0L ,ueR.

a) Av A(x;, f(x))) , B(%, f(%)), ['(x3, f(x3)) eivon Tomik & axpdtato tng yp opitkng
mopactaong ™G ot x;<x<x3 , va aodegiete 0T M evbeian AB eivon kdBetn oty
gvBeia BI'.

B) Av 0<o<1 ,va amodciEete 6T M e€lomon f(x)=0 £y el axpiPmg pio Abon oto
dwotnua (-1, 0) .

AYXH
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o) 'Eyovpe f'(x)= 4X-4x= 4x(x-1)(x+1) xon f (x)= 0 < 4x(x-1)(x+1) =0 <
S x=01Mx=11 x=-1.Zng 0éoeic avtég N f7(X) aArdlel mpdon o , apov OAES
ot pileg g moAvvupukng e&iowong f'(x)= 0 eivor amAég Ko EmOpEVmG OTIG
0éoeic avtég N f mapovordlel tomkd axpotata . Eivon x;= -1, =0, x3=1 xon
f(-1)=o-1, f(0)=a, f(1)= a-1 .Zvvenang : A(-1,0a-1), B0, a), (1, 0-1). Eivor :

a—(a —1).05—1—
0-(-1) 1-0

P - @ —1.(-1)=-1, 6po. AB L BT .

B) I'akéBe x (-1, 0) etvan x<0 , x-1<0 , x+1>0 gpa f "(x)= 4x(x-1)(x+1) >0.
H f Aowdv eivan yvneing avéovca oto (-1, 0) , emo pévmg n e&low on f(x)=0
éxel to moAL pia pila oto (-1, 0) .
H fetvon ovveyng oto [-1, 0] wg moAvavopuk kot f(-1)- f(0)=(a-1)a<0 , apov
0<a<l, dpan e&lowon f(x)=0 &xet tovAdyiotov pia piCa oto (-1, 0) .

Ao to mopomdve tpokdmtel 6tin f(x)=0 &xet akpmg pio Avon oto (-1, 0) .

6) Atvetaun cuvapnon f, 0Vo Popéc mopaywyioiun oto R, yo TV omoia 1oy VEL
f’(x) # 0 yo ké0e x € R kar m cuvdptnon gtérola dote gx)f (x)=21(x) , yia
kéOe x € R . Na amodeiEete otL, av 1 ypaeikn wopactacn g f Exel onueio kopmng
10 A(X, , f(X,)) TOTE M €@ OANTOUEVT TNG YPAPIKTG TAPAGT OONG TG & 6TO onpeio
B(x, , g(X,)) etvou moapdAinin oy gubeia y-2x+5=0 .
AYXH
Epocov 1 fetvar 300 popég mapaywyicun oto R kot 10 A(X, , f(X,)) onueio
kapmg g Cr Ba gtvon £ 77 (x,)=0 . Emedn £ '(x) # 0 yw kéOe x € R €xovpe

_2/() o 207 ()) =21 () (%)
g(x) o) Ko g'(X) T =
: 207 (x))” =2 () £ (xo) : 2(f (%))’ :
= = =2.
g'(%) ) = g(%) o) = g(x%)

O ocvvteleotg devBuvaong g evbeing y-2x+5=0<> y= 2x-5 glvon 2 kon efvon
{c0g pe Tov cvuvtereot) devduvong g'(X,) Tne epomtopévng g C, oto B . Apa
n gpantouévn g C, oto B givor map GAAnAn otny gvbeia y-2x+5=0 .
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7) H a&io g pnyovng mov ektuondvet Biiio peudveton pe to ypovo t , chupmva
1+28

74 | 14
LE TN cLVApTNON f(t)ZT e ,t>0, 6mov A évag Betikdg apOpog . O puBuog

petafoing tov k€poovg K(t) , and tnv mdinon tov Bipriov mov ektumdveln
t

OVLYKEKPLEVN pmyovn , dtveton amd tn cvvdaptnon K'(t)= % e’ , t>0 ko
vroBétovpe 611 K(0)=0 . Na Bpebei n xpovikn oty Katd tnv onoio Tpénet va
TOVANOEL 1| Ly ovn , £T61 MOTE TO0 GLVOAKO KEPOOG P(t) amd Ta Piiia mov
TOVANONKaV Guv TV a&lo TG Ny avNG Vo YiveTol PHEyLoTo .

AYXH

Mo kébe t >0 eivan P(t) = K(t) + fit) = P'(t) =K'(t) + f '(t) =

t t+28 t t+28
A 77 74 s t+28 A 77 A Ta
piy=2e 7+ e 14 Yy P)=ae .46 14 o
4 2 14 4 4
_t 428
, _ 7 14
= P{t)=—(€ "-¢€ ) . 'Exovpe
t t+28 t t+28
7 T S TTa { 1+28
P=0e -e ¥ gse’=e ¥ o = o t=28.
7 14
t t+28 t t+28
ERPNETS S TTa { 1+28
PH>0e '-e ¥ sose Tse M G- o> — = S8,

P’(t) <0 < t>28 .Apa 1 cvvaptnon P(t) mapovacidlel péyioto ot Béon t=28 ,
EMOUEVMG 1 X POVIKT OTLYUN KOTA TNV Omoia TPEMEL vo ToLANOEl 1 pyaviy , €161
(MOTE TO GLVOAIKO KEPSOG amd ta PiPAia Tov TOLVANONKAV cvv TV a&lo Tng

pmyovng va yiveton péytoto , eivon n t=28 .
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u

X 3t
8) Av G(x)z'[ f(t)dt, 6mov f(t)ZJ- C du xar x>0 , t >0 va Bpeite :
1 1 \/;
a) v G'(1)
B) to lim G ) 3
=0 Nfx41-1
AYXH
el \/§e3t
o) H f eivon mopayoyicipn (dpa kon coveyng) pe f'(t)=——= (3t)'= ——,t>0.
V3 Ji
Eneion n f etvon ouveyng , n G eivon mapaywyiowun pe G'(x)=f(x) , x>0 . Axoun
3 3x 3 3
G (x)=f ()= 3 x>0 , enopévac G (1)= E
Jx Ji
3x 0
Fow s TS g g
X X)— e — —
B) Exovpe : lim =lim a3 = lim =

¥0" \/x+1—1 x—0" Jx+1_] x—0" .[x+1_1 Hospital

3¢’ —Af3Y 33e™
= lim leim f3e —lim (643" Jxr1)=63e"1=643.
x—0" (.,,x+ _1)' x—0" 1 x—0"

24 x +1
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OEMATA ETOYX 1996

1) Atvovtor ot Tparypatikés cuvoptnoels £, g mov €yovv medio opiouov To cuVoro ‘R .
Av ol fkar g €govv cuveyelg TpMTE TOPAYMDYOLS KOl GLVOEOVTOL UETOED TOVG LE
115 oyéoelg f =g, g'=-f 161€ va amodeitete OTL :

o) VTapyovv ot cvvapthoelg 7 ko g ko eivon cuveyelg

B) woyvovv ot oyéoeig £ +f= g "+g=0 ka1 611 1 cuvapTnon h=f" +g2 etvar otofBepn

Y) av X; Kol X €fvon 800 pileg g f ko f(x) # 0 yio ke x e ( X1, Xp) , TOTEN ZEXEL
pio povo piCa oto ddotnpa (X, Xp) .
AYXH

o) Etvan £ '(x)=g(x) kon g(x) mop ayoyiciun oto R dpan f mopayoyicyun oto R pe

£ (0= g (0=-f0 (1).

Axopn g'(x)= -f(x) kat f(x) mapaywyioywn oto R dpan g napaywyicyn oto R pe
g x=-f'(x=-gx) (2).
Enewdnov -f,-g etvar ovveyeig oto R (og mapaywyictpeg oto R ) ,amod 115 (1) ,(2)
npokvmter 0tLotf " ko g elvon cuveyelg oto R .

B) Adyo tov (1), (2) : f7"(X)+ f(x) =-f(x) + f(x)=0, g’ (x)+ gx)=- gx)+ g(x)=0.
T kGBe x € R &yovpe : h'(X)=(F(x)+ (X)) =2(x)f (x)+2g(x) g (x) =
= 2f(x) g(x)-2 g(x)f(x)=0 , dpan h etvon oTabepr| oto R .

v) H f eivon cuveyng oto [X;, X] , mapayoyioym oto ( X, Xp) kot f(x;)= f(%)=0 .
XOoppova pe o Bempnua Rolle n e&lowon f'(x)=0 < g(x)=0, &xet pio
TovAdyotov pila & oto (X, Xo) .

‘Eoto 6tim g(x)=0 &yet ko GAAN pila & oto ( X;, Xp) . TOte emedn n g etvon
cuvexNG 610 [§, &] , mapaywyioym oto (&, &) kot &)= g&)=0, coupwva pe
to Bedpnua Rolle n eiocwon g'(x)=0 < -f(x)=0 < {(x)=0, &yel pio TOLAGYGTOV
pilaoto (&, &) < (X1, %), mov givar dromo apov f(x) # 0y kdbe x e ( x;, %) .

Apa 1 géyetl pia povo pila oto ddotnpa ( X, Xo) .
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2) Na amodeilete TIC aviGOTNTEG :

o) Nux < 2x, x>0.

x3
B) nux> x- R x>0 .
AYXH
o) ®empovue TN cuvaptnon e(X)= nux-2x, x >0 'Exovue ¢’ (X)=cuvx-2<0 , y1a
kd0e x >0 (etvar -1 <ovvx <1) ,ouvenme N @ eivar yvnoing eOivovsa oto [0 ,+ ).
Apa v kéBe x>0 gtvon @(x)<e(0)= nux-2x <Nu0-2-0 = nux < 2x.
3
B) O@ewpovpe ™ cuvaptnon g(x)= nux- x+% , X 20 Eyovpe g'(x)=cn)vx-1+x2 ,
g (x)= nuxt2x >0, yio kaBe x>0 (Adyw Tov () ) , dpa 1 cuvaptnon g eivon
yvnoeing avéovca oto [0 ,+ «).Emouévag yio ke x>0 etvon g'(x)> g'(0) =

= g(x> owv0-1+0°= g (x>0 . Apan geivar yvnoing avéovoa oto [0 ,+ )
3 3

Kol oVVETAOC Yo kdOe x>0 eivon g(x)> g0) = nux- x+x? >nuo- 0 + 3 =

x3
= NuUx> X-? .

3) Na Bpebei n cuveyng cuvdaptnon f ywo v omoia 1oyveL | oxéon :

e f(x)dx=f(x)+e" , yia kébe xe R .

o S———

AYXH

1
To je“ f(x)dx etvan mpoypotikry otadepd éoto ¢, dpo c= f(x)+e" =
0

= f(x)= - e'+c, Yy kdde xe R . H do0sioa oyéon ypheetot :

1 1
Iel’x (—e* +c)dx=-¢e+ct e = j(—e‘ +ce ™ )dx=c = [-ex-ce' ]| =c=
0 0

= (-e-c)-(0-ce)=¢c =>c= LZ' Apa f(x)=-¢e'+ LZ’ 10 kGOe x € R .
e—
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4) H ovvéptnon f eivan cuveyng oto dwdotnpua [a, B] Kot wyvel 6t

f(x)+H(at+p-x) = ¢, yio kabe x €[a, B] , 6mov ¢ Tpoy poTikdc aptd pog . No

B
amodeicete 6ttt [ f(x)dx = (B-0)f( = ; By_b ;“ (f(c)+1(B)) .

AYXH

]
‘Eoto I=J.f(a + B —x)dx . Oétovpe o+B-x=t = x= at+P-t = dx=-dt .Axdun
Yoo X=0, Toipvoovpe t=f , evd yo x=p maipvoope t=a .Apa [= If(t)(—l) dt=
B
B B
= [ f()dt=] f(x)dx Ao v oyéon f(x)+(a+B-x) = ¢ mpokvmTet :

B B B B
[reodx+] fla+ B -x)de=[cdx = Iti=c(B-0) = [ f(x)dx =L2_“) (1).

a

Ano v oyéon f(X)+H(o+p-Xx) = ¢ yia x=a naipvoope f(a)+f(B)=c (2), evo

ylax=a+ na{pvovpaf(a;ﬂ)Jrf(a;'B):C:>C:2f(a;ﬁ) (3)-
p-a

B
H (1) Myo g (2) yphaoeton J. f(x)dx= (fla)+(B)) , eved Loym ¢ (3)

2

a+p
2

B
yphpeTon j f(x)dx =(B-o)f( ) /Etot amodeiyOnke to {nrodpuevo .

5) Oewpoipe T1¢ Topaywyiceg cuvaptioels ', g mov £xovv medio opicUo TO
dotnua [0 ,+ o) ya T1g omoieg toyveln oxéon : £ (x)=g'(x)+m pzx+ex, x€[0,+00).
Noa arodeitete 6Tt f(0)+g(x)<g(0)+H{(x), x €(0,+ ).

AYXH

Oewpovue ™ ovvaptnon h(x)=f(x)-g(x) , x €[0,+ o ).Eivar h'(x)=f "(x)-g'(x) =

= g/ (X)+Hn’xte’- g'(x) = nu’x+e* >0, dpan h sivon yvnoime avEovsa oto [0,+ ).
Yvvenag yw ke x>0 &xovpe h(x)>h(0)= f(x)-g(x) > f(0)-g(0) =

= f(0)+g(x)<g0)+(x) .
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6) Eotw 1 cuvéptnon f(x)=e™ , 6mov a € R .Na amodeilete 611 vIdPYOVY V0 TIEG
NG TOPOUUETPOL O £TCL OOTE Vo Ikavormoteitan 1 oxéon £ 7' (x)+2f "(x)=31(x) , 1o
K6Oe x e N.

AYXH
Eivor £ /(%)= 0e™, £ "(x)= o’e™ T kdBe x € Réyovpe : £/ (x)+2f " (X)=3f(x) <

2 ox

o de®20e™ = 3e™ < ™ (0™ +20-3)=0 < o*+20-3=0<> 0=1 o= -3 .

7)'Ecto A, 1, Bi, B2 € Rue By # P, .Ocwpodue  cvvdptnon g(x)=Ae P +pe pr

ne x € R.’Eoto 6tLvmdpyet X, € R 1é1010¢ Mote g(X,)= g'(X,)=0 .Na amodery el
Ot A=p=0 .
AYXH

Etvar g'(x)= A, e frx +up,e Por ,XENR. Apa g(x,)=0 < Ae P +ue Faxy

Brxo

=0 (1),

g(x,)=0 < ABie P +up,e =0 (2).01(1),(2) amotehAoHV opoyeVEG GHOTI L

eﬁl X0 eﬁzxo

He ayvotoug A, p kot opiCovoa D = =
ﬂleﬁlxo ﬂzeﬂz)fo

xo  Pix Bixo Bxg  Bxy  Bxg
(& - [ c =C c

B ,
= Pae B (B2~ B1) #0 0000 B1#p; .
To cvotnua £xet Lourdv pdvo 1 pndevikn Avon oniodn A=p=0 .
8) Atvetaun cuvaptnom govveyng oto R kon f(X)= j(x— t)g(t)dt No amodeilete
0

ot f eivon SV0 Qopéc mapaymyion kot va peketnoete ™V f ©¢ Tpog ta koiha
otav g(x) # 0 yo kBe x € R.
AYXH

‘Exovpe : f(x)= ng (t)dt - j tg(t)dt=x I g(t)dt - I tg(t)dt . Eme1dm o1 cuvoptioelg
0 0 0 0
gt), tg(t) eivan ovveyeig oto R, n f elvon mapaywyicipn oto R e

&= (0" [g)de+x( [g(t)de ) ([ 1g(0)de )= [ g(t)de +xg(x)- xe(x)= [ ().

Eneon ( .[ g(t)dt )’ =g(x) n f eivon dV0 popéc mapaymyioipn oto R pe f 7(x)=g(x).
0
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Otav g(x) # 0 yio kéOe x € Rkow emedn n geivar ovveyng oto R, Ba Eyel otobepd
pdonuo , ONradt g x)>0 yra kédbe x € R 1N g x)<0 yra ke x € R .Adyw g
f(X)=gx) Ba etvon £ "' (x) >0 yia kaBe x € R N 7' (x) <0 yra kGBe x € R, ondte

N Cr otpéopel Ta Kotha v 1 kdto oto R avtictorya .

9) No voAoyicete 10 UPadd TOV Y ®PIOV TOL TEPIKAEIETOL OO TIC YP APIKEG

TOPACTACEIS TV GUVOPTNCEDV g(X)= Jx ko f(x)=2x-1 kot v gubeio x=0 .
AYXH
Mo x>0 éyovpe f(x)= g(x) & 2x-1= Jx ©2x-x-1=0 .@éTOD]JE'\/;: u=>0xkom

1
eClowaon ypapeTat 2u*-u-1=0 < u=1 nu= "3 (amoppinteTon) Apa Jri=lox=l.

To kéde x €0, 1] eivon g(x)-f(x) = Vx 2x+1=x 2x 2+ 1=x - fx 2-fx 2+ 1=
= \/;(1-\/;)+(1-\/;)(1+\/;) =(1-\/;)(2\/;+1)20 .Epooov ot cuvaptioeig f, g

etvar ovveyeig oto [0, 1] To {nrovpevo gpPadd etvon :

3

E- {(g(x)— F())dx ={(J§ x4 Ddx=| %xE-x2+x] - %-1+1=§ -

10) Ocwpobpe ) cuvaptnon f(x)= 1+ x> +ix, A e R.

o) No vtoloyicete TV Ty Tov A av givor yvootd 0tt lim AC) =1.

X —>+0 x

B) I'o v Ty Tov A Tov PprKoTe TOP OTAVEO Vo VToAoyicete To = '[f ") dx .
X
AYXH
x-( L +1+2)
2 , 1
o) I'a x>0 eivon /(%) = 2 =.,|—=+1+A, dpa lim & ==
X X x X—>+0 X

= lim ( —+1+k) 1= JO+1+A=1=21=0.
X

X400

1+x ) dx—

1 1

1
B) T A=0 &yovpe f(x)= v1+ x> ,dpaI=I dx= —I
3 1+ x° 23 1+x°

[In(1+)] | =—(1n2 Inl)= llnz

l\)l»—‘
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11) 'Eocto 6t (t) elvon 1 mocotnTa £vOg avTifrotikod mov Eyetl amoppoendet amod to

avOpoOTIVo oo Katd T X poviKn oTtyun t omov t>0 ko f: [0 ,+ ©0) —> R elvon

Ji
TpayHaTiKn oovaptnon pe Jt y=1-2 4% Na Bpebein ypovich otiypn t

KOt TNV omoio 0 puOUOG amoppdPNGNG TOL AV TIPLOTIKOV ad TO avOpOTIVO
1
ocopa etvar icog pe Te 0L PLOUOV aTOoPPOPNONG KT TN X POVIKY| oTIyur| to=0 .

AYXH

X
499

O¢tovpe Ji= X, onote f(x) = 1-2 , x>0 T kabe x>0 etvon :

X

frx=12 Y2 —)y=—2 Kz ,£7(0)=—= 2°=—= . H tnrodpevn

1
YPOVIKY otiypn t; Oa Bpebel amd v e€icwon (L) ZE. f'(0)<

1 2 1 In2 499
n 2 499__ ms D) 499=2.4<:>

= =-4 < t;=1996.
499 16 499 499
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OEMATA ETOYX 1997

1) Atvovton o1 mpaypoatikég cuvaptnoelg £, g e medio opiopov to R, mov £rovv
TPMOTN Ko 6e0TEPT Tapdywyo kot g(x) # 0 yio kabe x € R 'Eotw o mpay potikdg

f(a) KmB:f”(a)—Ag’(a)
g(a) g(a)

apfuog .Oétovpe A= AV @ glvon TpoypoTik

ovvdptnon optopévn oto R — {a}, TETOL MOTE

/O A B 4

> > yio k60e x € R — {ar} , va omoderyBei 61t
(x-a)g(x) (x-a) x-a g)

vrapyeLto lim @(x) .

AYZH
Sfla)
S (a)- g’ (a)
Eivar A= /(@) gmopévaog B= g(a ) _g@)f (@)= fla)g’ (a)
g@) g(@) (2(@))’

J(x)

Oewpovpe 1 cvvaptnon h(x)= ——= > , N omoia eivon Tapaymyicun oto R wg
g\X

mAiKo Tapaym yiciuov cuvaptioewyv . Etvon h(a)=A kot h’'(a)=B . I'ta kabe
A B
S A B 4w
(x—a)'g(x) (x-a) x-a gx)

he) _ @) 1@ ¢ ¢ _h(x)-ha) - (x-a)h' (@)
(x—a)’ (x—-a)) x—a gx)  gx) x-a)’

xe R - {a}éovps

Eneionn h sivar mop ayoyioiun oto R, Ba eivon kon cuveyng oto R, dpa

0
, 0
lim h(x)=h(c) . Exovpez : lim GOy Gl 1CY _(X;O‘)h @ =
g(X) X—a (X _ OC) Hospital
=lim h()—h (@) - -1 im P -hi@) =lh"(a) (nh etvar 2 popég
e 2x—a)x—a) 2 xoa xX—a 2
napaywyioywn oto R apod h'(x)= g()f () - fgx)g () Koty kée x € R
(g(x))
nh" elvon mopayom yicyun og mmiiko Toapaywyictpov cmvaprﬁcsmv) .Etvou Lowmov :
lim p(x)= lim ( ¢(x )g( X)) = ¢( x) hmg( )= - h (w)g(a) eR
X e g(x) " g v

(n g og Tap aymyicun etvor kot GUVEXNG ) .
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2) YroB£étovpe 6t vmapy el mpay patikny cvvaptnon f, opiopévn oto R, 600 Popéc
mopaywyioyn , térolo wote (x-2)f "'(x)+(om ux—sz)f (x) = -1 o kdfe x e R,
omov a, B Tpaypotikol apiOpol 'Eotw 6t vdpy el mpaypoatikog aploudg p =2 ,
oote £ '(p)=0 . Na e€etdoete av wyvern oxéon ' (p)>0 .

AYXH

A@ob N wotnta (x-2)f "(x)+((mpx-[3x2)f (x) = &2 -1 oyveL Yo kdbe x € R, o

wybet ko yie x=p : (p-2)f (p)+Homup-Bp ) ‘(p) = € -1 = (p-Df “(p)+0 =" -1
-2

o e’ —1
= " (p)=

(etvou p#2 ) .Awoxpivoupe TIg TEPIMTAOCEL :

e’ -1
p—2
-2

e’ -1

p—2

o Av p>2 1618 p-2>0= " >e" = 150 = >() .

o Av p<2 1éte p-2<0=> &"’<e’ = &"-1<0 = >0 .

Apa wyvern oxéon £ (p)>0.

3) Atveton TpayHoTIK cuVAPTNON g, OV0 POPES TapAY®YicLn oTo R, T€Tolo OOTE

2(x)>0 o g''(X)g(x)—[g'(x)]2 >0 vy kdBe x € R. Na amodeilete Ot :

o) M GLVAPTNOT & v yvnoing av&ovca kot

B)g(%‘-i—%)g,/g(xl)g(xz) Y0 KGOE X, X €N .
AYXH

a) Eoto f(x)= £ O cewm "Eyovps £ '(x)= g (x)g(x) - Eg'(x))z
*) (g))

>0 y1o k6 x € R

( TAiko Betikdv apBuadv ) . Apan f= g v yvnoimng avéovoa oto R .
g

g'(x)
g(x

B) ®@ewpovpe ™ cuvaptnon h(x)=In(g(x)) , x € R .Eivan h'(x)=

koam h” etvon

yvnoiog avéovoa oto R, 6mwg £xel amodery el oto (o) .

AV X, = %, 161€ : & x—21+%)=g(x—21+%>=g(xl> ko [g(x)g(x,) =/2(x)g(x))

= gl = ex) . dpo g F-+21) = Jelx)g(x,)

2
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AV X # X, , x0pig PAEPN TG YevikOTTOg VToBEToVE OTL X| < X, . H cuvaptnon

x +x2] [x1+x2
>

h(x) eflvon cuveyng ota dwotnuata [X; , 5 5

, Xo | Ko wop arymyiciun

XI+X2) (Xl +x2
2

a 5
ota (X > >

, X)) , 0oV gtvar Tap ayoyicwun oto R .Eeapuolovpe

+x2] [.x1+x2
5

T0 Bedpnua péong Tyns ywo v h ota dwwotnuata [X , > >

’XZ]

, . . . X TXx . ,
Kot wopvove : vdpyetl Eva tovidyotov & e (X , 2) 141010 (OTE

X, + X, X, + X,

W—=——=)—h(x,) W )= h(x;)

h'( &)= e = h'(&)= — KOL VITAPYEL &Vl
X+x Xox

2

X, +x
h(x,)—h(=———= > =)

, Xp) Tét010 wote h'( &)= m =

YT

2

X, +x
TOVAGYI5TOV & (—

Xy —

hx) ~ (=)

2

= h'(&)= T —x 2 . Erewdn n h’ efvan yvnoilog avdéovoa kar &< &, Oa
2 1

2

x1+x2 x1+x2

W) h(x)  h(e) —h(EE2) n>0
Erovpe h'(E)<h'(&) = < =

Xy =X Xy xl

2 2

—op it . X2 \eh(x ) +h(xg) = 2In(g 22 x2

) < In(elx)In(e()) =
= In(e( 22 ) < Infe(x) 8)) = (2 T2 < elx)e(x) =
= & xl;—xz)< JeGe(,) -

Apan oyéon g(x—21+x72)ﬁ Jg(xl )g(x,) oxvely kébe X; , X, €R .
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4) YroB£tovpe OTL VILAPYEL TPAY LOTIKY GUVAPTNON g, Tapaywyiotun oto R,
tétol0 dote g(xty) = & g(x)+e gy )+xy+o yiokdde x,y € R, 6mov o

TPayUoTIKOG ap1Ouog . Na amodsiEete Ot :

a) g0)=-a
B) g'(x) = g(x)+g(0)e"+x yakéde xe R .
AYXH

o) Ofétovpe ot dobeioa todtnTa x=y=0 Kxon £xovpe g(0+0) = ¢’ g(0)+e0 2(0)+0-0+a
= g0)=g0)+g0)ta = g0)=-a.

B) Mopaymyiovpe kot ta 600 pEAN TG 600€lc g 1GOTNTOS MG TPOS Y KOl EYOVLE :
g(xty)(xty) = () gx)te" g (y)Hxy) Ho) = g (xty) = ' gx)+ e g (y)+x.
®¢tovpe oty televtaia IootnTa y=0 ko Taipvovpe g'(x+0) = eog( X+ e g (0)+x,

dnhodn g(x) = g(x)+g'(0)e +x yiokdde xe R .

5) Otovvaptioelg f, g etvon 0o Popég mapaywyioipes 6to R Kol IKOVOTOOVV
T1c oyéoelg f'(xX)-g ' (x)=4 yio kabe xe R, f '(1)=g'(1) ko f(2)=g(2) .

a) Na Bpeite tn cuvdpon t(x) = f(x)-g(x), xe R.

B) Na Bpeite 10 gpPadd tov ywpiov mov mepikieietan omd TG YPUPLKESG TOPUOT ACELS
TV cvvoptioeny f ko g.
AYXH

o) Mo kdbe xe Retvan £ 7' (x)-g ' (x)=4 < (f ' (¥)-2(x)'=4x) <1 '(x)-g(x)=4xtc,
omov ¢; € R. And v tedevtaia wootnta , encdn f '(1)=g'(1), yia x=1 waipvovpe
f'(1)-g'(1)=4-1+c; < c¢;=-4.Apayukdbe xe Retvon £ '(x)-g'(x) =4x-4 &
< (f(x)-g(x)'= (2X2 -4x) < f(x)-gx) = 2% - 4xtc,, 6mov ¢, € R. Ao mv
tedevtaio wotnta , enedn f(2)=g(2) , yio x=2 maipvoope f(2)-g(2) =8 - 8+¢, &
< ¢ =0. Apayw kéOe x € Retvon f(x)-g(x) = 2% - 4xNt(x) = 2% - 4x.

B) Eivau f(x)=g(x) < {(x)-g(x)=0 < 2% - 4x=0 < 2x(x-2)=0 < x=0 1 x=2 . Enedn
otovvaptioel; f, getvar ocvveyeic oto [0 ,2] ko f(x)-g(Xx) = 2X - 4x<0 v, kGBe

2
x €[0,2] (mpdonpo Tpuwvvpov) To {nrovpevo epPadd stvar E = j— (f(x)—g(x))dx

0

: x3 16 8
= [(4x - 2x))dx = 242 = 12= 8-—)-(0-0) = = .
) 3 3 3
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6) Eoto f mpaypoatikni cuvéptnon optopévn oto R, mov eivon SO0 popég
mopaywyiown kot woyvel f 7' (x)>0 yio ke x e R. ' Eotw a, B € Rk o<P .
No anodey0el 011 :

a) f(x)-f(a) <f’'(B)(x-a), yia xéOe x [a, P] .
B
P) 2ff (x)dx < £(B)(B-)° + 2f()(B-0r) .

AYZH

o) ®ewpovue 1 cuvaptnon g x)= f(x)-f(a)- £ (B)(x-a) n onoia eivor Tapaymyicun
oto [a, B] (d0poiopa Tap aywyiciumv cuvapmoemv) pe g'(x)=f (x)- £ '(P) .
Eneion £ 7'(x)>0 ya k@Be x e R, n " givan yvnoiog av&ovca dpa yia kdOe
xe(a, B) éovpe x<p= f ' X)<f'(P) = ' x-f'(B)<0= g'(x)<0 .H getvan
Kol GuVEYNG oto [a, B] dpa eivar yvnoiog eBivovca oto [a, B] . Emopévac yio kabe
xela, B] égovpe x>a = g(x) <gla) = {(x)-f(o)- f'(B)(x-a) < f(a)-f(a)- f'(B)-0
= fx)-fla) <f'(B)(x-a) .

s
B) Ao o (a) Exovpe f(B)(x-0)-f(x)+H(o) 20 = j(f B)x—a) = f(x)+ f(a))dx 20

A A ]
= [ 7B (x-aydx-[ f)dx+[ fl@)ax 20 =

(x— )

I f(x)dx <f” (B)j(x o) dx+ flo)(B-o) = j S()dx < £ (B =1/ +f(@)(B-a)

(ﬁ)

= If (X)dx < £°(B) ————+ f(0)(B-a) :>2If (x)dx < £ (B)(B-a)° + 2f(a)(B-0t) .

7) 'Eoto f npaypotikny cvvaptnon cuvexng oto R ,1étown dote f(x) =2 yo ke x € R.
2
x“=5x

Oempovpe T cuvaptnon gx) = X-5x+1- J.f(t)dt,xeiR.
0

o) No anodei&ete 011 g(-3)g(0) <0 .
B) Na amodeiEete 6T M e&lomon g(x)=0 &xet pia povo pila oto dbdotnpoa (-3, 0) .

AYXH
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0 24
a) Eyovpe g0)= 02- 50 + 1 - j f(@)dt = 150 xon g(-3)= (-3)*~ 5(-3) + 1 - J S (@)dt
0 0

24

= g(-3)=25- ff(t)dt (1) . Opog 110 ke x € R: f(x) 22 = (x)-2>0=>
0

= [(f-2dx 20 = [ f()dx- [2dx>0 = [ f(x)dx22024-0) =

24 24 24 (1)
= If(x)dx248:> _[f(x)dx >25 =25- If(X)dx <0 = g-3)<0.
0 0 0

Apa g(-3)g0)<0.

B) H getvon cuveyng oto [-3 , 0] wg dOpoiopa cuvex®V GuVapPTNCEMV Kot 1Y VEL
2(-3)g(0) < 0. Apa o ppwva pe 1o Bedpnuo Bolzano n 1 e&iomon g(x)=0 £xet
pio tovAdyiotov pila oto (-3, 0) .Akoun 1 g(x) etvar Tapaymyicn oto R pe
(%) = 2x-5-f(x*-5%)( X'-5%)'= 2x-5-f(X’-5%)-(2x-5) =(2x-5)(1- f(xX’-5x)) .T'10. kGBe
xe(-3,0) etvon 2x-5<0 kot f(x2—5 X) 22> 1=1- f(X2—5 x)<0, dpa g'(x)>0 , omdte
n g etvar yvnoing avéovoa oto (-3, 0) kot cuvendg N e&lomon g(x)=0 &xet to
o0 pia pila oto (-3, 0) .Tehwkd Aourdv N e&iowon g(x)=0 £xet pia pdvo piCa oto

dwotnua (-3, 0) .
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OEMATA ETOYX 1998

1) H cuvaptnon f: R — R wavomoel ) oyéon : f(f(x))+f3(x) =2x+3, xeR.
o) Noa amodeilete 0T f elvon « Eva mpog éva » .
B) Na Avcete v eélowon : f(2x3+x) =f(4-x), xeR.

AYXH

a) Eoto x;, x, € R pe f(x)=1(xy) . Tote {(f(x;)) = f(f(x0)) xou £ 3(X1):f 3(X2), oOTOTE
f(f(x)+ £3(x) = f{(f(x))+ £3 (%) = 2%,+3=2%+3 = x, = % .Apa 1  eivor 1-1 .
B) Emewon n fetvon 1-1 €govpe f(2X3+X) =14-x) < 2X+X=4-X < 2K +H2x - 4=0 <

Horner

o Xtx2=0 < (x—l)(x2+x+2)=0 . Epdoov 1o tpuovopo X+x+2 €XEL APVNTIKY|

dlakpivovoa B oydet (x- 1)(X2+ x+2)=0< x-1=0 < x=1.

2) 'Evog yempydg mpocBétel X povadeg MITAGILOTOG GE L OyPOTIKT KOAALEPYELXL KO
cLALEyeL g(X) HoVASES TOV TaPAyOUEVOL TPOidVTOog .Av g(X)=M+M (1-¢**) , x>0,
o6mov M , M kon p etvon Beticéc otabepés , va ekppacete To puOud petaoing Tov
TOPUyYOUEVOL TPOIOVTOC G cuvaptnom g &(X) . [Tota efvon np onpoacio g
otabepds My ;

AYXH

Mo ké0e x>0 stvan g(x)=M+M(1-¢™) (1) kg (x)=Mpue*™ (2).

Amd v (1) égovpe Me™ =My+M —g(x) (3) . And tig (2) ko (3) moipvoope :
g(xX=u(MotM —gx) ), x20.

IMo x=0 a6 v (1) maipvoope g(0)=M, JrM(l-e0 ) = g0)=M,.ApatoM,
gtvar o1 HOVAdEG TOL TAPAYOUEVOL TPOIOVTOC TOV TPOKVLITOVY Y WPIG TN X PNON

AMmaopoTog .
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3) Atveton | mopayoyiciun cuvéptnon f: (0, + ) — R yo v omoia yra kabe x>0
woyvovy f(x) >0, ' (x)+2xf(x) =0 KoM ypaEKn TG TOPACT 0om SEPYETAL OO
to onueio A(1,1).

a) Na deilete 6T mapdywyog g f etvar cvveyng oto avoiktd ddotnua (0, + o0)

ko1 va Bpeite T cvvaptnon f.

X
dt < —

B) Na deifete 6Tt a _21 f(x) < Jf(tz) 2_ , x> 1.
1

2x 2t

( 1
v) Na Bpeite ™ cuvaptnon F(x) = J.(l + 2—2)f(t)dt , x> 1.
t
1

X

_12
0) Na anodeifete 611 2e- je dt < , Y10 KABE X PeyoADTEPO TOL £val .
1

AYXH

o) ['o kéBe x>0 etvon £ '(x)+2xf(x) = 0<= f'(x) = - 2xf(x) .H ovvdptnon — 2x sivan
ovveyxng oto (0, +o) koun f(x) elvon Toapaywyiotpn dpa kor cuveyng oto (0, +00),
ovvendc N £~ etvar cuveyng oto (0, +00) Og YIVOUEVO GUVEX DV GLUVAPTNCE®YV .

2 2 2
Ao 1o k60e x>0 eivon £ () H2xf(x) =0 € f'(x)+e 2xf(x) =€ 0
2 2
=1 e’ f(x)=0< € * f(x) = ¢, 6mov ¢ mpaypotky otabepd . Enedon n ypapum
mopaotaon g I dpyeton amd to onueio A(1, 1) Ba eivan f(1)=1, dpa

2 2

1
€ f(l)=c @el=ce c=e. Xvvenng ywo ke x>0 etvon e’ fx)=e<

x2

ef= e

B) Eoto gt)=L2. t >0 Eivar g (t)= L2 : — /(O D D202 24‘f ()4 _
2 ) 4

— - f(t)-

t*+1 -2 12 +1
—=-¢€ " — <0,y kébe t >0 . Apon g eivar yvnoing
t t

@Bivovoa 610 (0, + ) . T kdBe t [1, x] €yovpe : 1 <t<x=g(1) 2g(t) > g(x) =
= g(1)- g(t)=0 ko gt)- g(x) 20 .Eniongav 1 <t <x = g(1)> gt) > g(x) =
= g(1)- g(t) > 0 ko gt)- g(x) > 0. Ene1dn Aowwdv ot g(1)- g(t) , g(t)- g(x) dev

etvon movtod pnoév , elvon ovveyelg kon un opvntikég oto [1, x| Ba Eyovpe :

[(e=gendr>0 (1) xon [(g(t)-g(x)dr>0 (2) .
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X X X 1 X X 1
Amd Ty (1) mporctmrer[ g(1)dt > [ g(1)drt = jEdt>Ij;(§) dt = jf(? di <= (1),
t
1 1 1 1

And v (2) npom)mm

p 1 910) x—1
t>— -1). E —f < dt < — ,x>1.
I (1) . Enopévos ——f(x) jtz X

1

v) o, ké0e x>1 éxovpe F(x) = T(l + Lz) f(t)dt= I(f(t) + Lz f(t))dt
Y 1 2

( 1-£ 1 1-£ [ 1 e 1 1-£2 7x
:_‘;(e +—e)dr _ '!'(—Ee ydt — [—Ze IF -
= _Lel—xz leo = _Lel—xz l

2x 2 2 2

—tzd 1—[2d
8) H oxéon 2e- | € @l <1 yphgerar 1ooddvapa 2- | € I<le
1 1

X X 1
e2[fWdt <1 < [ f@ydt < 5 ).
1 1
2 2 X
Eivar € >0= €' -1>-1 = (9 -f()>-1 = [ £ (O)dr>-1 =
1

= ]j—2g7‘(t)dt>-l :jg”(r)dt% 4.

£(t)>0
Toukdbet>1 = tfit) > f(t) = tf(t) - f(t) >0.
Eredn n tf(t) - f(t) etvon cuvegng [1, X] (ue x>1) , dev etvor movtod pnoév oto

[1,x]katywkdBete[l, x] etvon tf(t) - f(t) 20 Ba 1oy et i(tf(t) - f()dt>0 =

= jiy’ (t)dt > jf f(H)dt (5). Amo tig (4) kou (5) maipvoope j- f(Hdt <% , ONA0oON

mv (3) , omdte 10 {nTovpEVO £YEl amodery Oel .
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4) Atveton m cuvaptnon o(t) =2t + p, te R, 6mov N mapdpeTpog W etvor Evog
TPOYHOTIKOS ap1Opog . Mia ey eipnon €xetl €coda E(t) mov divovton oe
exaToppdpLa dpoay ués , pe tov tomo E(t) = (t-1)e(t) ,t=>0, émov t cvpPolrilel To
xpovo oe &t . To kootog Asrtovpylag K(t) g emyeipnong diveton , emiong oe
exaToppdpLa dpoy LES , cupP®va pe Tov Tomo K(t) = ot+4) ,t>0 .

a) Na Bpeite 1t cuvdptnon képdovg P(t) , yi t=0 , 6tav yvopilovpe 6T KOTA TO
TPATO £T0G AetToLPYiOg 1 EMyElpnom Tapov Giace (NG dDOEKN EKATOUHDPLN
Spory HES -

B) Mo xpovikn oty Oa apyicel n enyeipnon va Tapovctilel kPO ;

v) ITowog Ba etvar o pOUGS petafoAng g cuvapTnong KEPOOVG GTO TELOS TOV

dEVTEPOL £TOVG ;
111 ¢
d) Na vroloyiocete tnv T 1oL OAoKANpouatog I = - IP(t)dt .
0

AYXH
o) ['o kéBe t >0 ggovpe : P(t) =E(t)- K(t) =(t-1)o(t)-ot+4) = (t-1)(2t+w)-2(t+4)+p) =
= 2t2+pt-2t-u-2t-8-u =2t +(u-4)t-2p-8 .Eme1dm xatd 1o mpdTo £T0G Asttovpyiog
n enyeipnon tapovoioce {nud 12 exaroppwpia dpoypég Oa sivan P(1)=-12 <
& 212 H(pd)1-2u-8 = -12 < p=2 . Apo P(t) = 267 +(2-4)t-2-2-8 , Snhadn
P(t) = 2t*-2t-12, t>0 .

t>0

B) H emyeipnon mapovcidlel k€pon dtav P(t) > 0« 2022t-12> 0 & t2-t-6>0 <
<t >3 . Apan enyeipnon 0a apyicel va Tapovctdlel kEpdN LETE TO TEAOG
ToL Tpitov £TOVG .

v) Zntovpevo givar o P'(2) . Elvou P'(t) = 4t-2 ,t>0 . Apa P'(2) =4-2-2= 6
exaToppdpLa dpoy pég / €Tog .

111 ¢ 111 ¢ 111 ¢ 5
NI=— |P(Odt= — | (2t* =2t —12)dt=—[2— -t"-12t 1 = 1998 .
1= [ Pwai= == [« )t =—[2—-t-12t ;
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, . 12, ,~4x 70X , ,
5) Aivetoun covaptnon h(x)=2°(€  -€ ), x20, 6mov o TpayraTIKog
apOuog peyarbtepog tov 4 .
o) No oeifete 6Tt lim h(x) =h(0)=0.

B) Na pedetnoete og mpog to akpdtata T cvvdaptnon h(x) .
v) Av x; glvon pio ™G Tp®OTNG TapaydyoL Kot X, etvon pila tng devtépag mapaydyou

™G h(x) , va Bpeite 1N o) éon mov cuvdéelta X, X .

, , 334 In2 ’
) Na vroAoyicete To olokApopo. M = ET jh(X)dX ,0tay o=8 .
0

AYXH

0o 0 Ly
X
o) Eyovpe h(0)=2"%(€" -€ " )=0 .Encidq lim € = lime' =0,

X —>+0 y—>—0

—ax=
ax Y ax

lim € = lim ¢ =0 0a eivor lim h(x) =212( lim e . lim € )=

X —>+00 y—o—o X —>+00 X400

=2'%(0-0)=0. Apa lim h(x)=h(0)=0.

_4 —_
B) ' kéBe x>0 eivon h'(x) = 212( 4 M +ge ™ ) .’Exovpe h’(x) =0 <

4e ™ 4rge 20 ae P ose M o e % o (a-4)x = m%
lng
S Xx= (etvara>4 dpa a-4>0).
o—4
-4 - — —4 —4
A h’ () <0<s-4€ " Hge T <oo g T <se™ o e )">%
a =
<:>(0L-4)x>lnz ox> —2 (etvano>4 dpa a-4>0) ,
nZ mZ
h'(x)>0< 0<x< 4 Apan h tapovordlet ol ko péyioto ot BEon —44, T0
p— a_
In< n<
mn& 44 a4 4 @

4 o= 4 o=
h(—Ey=2%e **-e )= (2)** (2) 4] conxabic sivar
o—-4 o o
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In— In=
44 ] ko yvneing eBivovoa 610 ( 4

yvnoing avéovca oto [0, , +o0)

mopovotdlel oAk erdyioto otn 0om 0, To h(0) =0 (etvan lim h(x) =h(0)=0).

4
v) o kéBe x>0 etvon h™'(x) = 212( 16e -0%-€ o ) ko £xovpe h™'(x) = 0 <

—4 —-ax —4 —ox —4 o’
o6e ™ igt.e P opasi6e Mot e P o e )ng@

& (dx=I(Z) o @hHx=2h< o x=2—L (a-4>0).
4 4 o—4

lng lng

Eivon Aoutov x; =

Gpo TPOKVTTEL 1] GYEOT Xp = 2X .
o—4 o—

4 -8
d) Otav 0=8 &ovue h(x) = 212(8 et ), x>0 . Enopévoc :

i 334 12 N -4 8 334 e o™
2 x_e ¥ d_x = _212 - In2
J f( ) 2

0 0

=2004 .
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OEMATA ETOYX 1999

1) Atvetoun ovvaptnon £: R — R, 600 popéc mapaywyiocyn , n omoio e onpeio
X, € Rroapovcidlel tonkd akpodtaro To 0 kot wavomotet T oyéon :
£ (x) > 4(f "(0-(x)) , yta k6be x e R .

o) No anodei&ete 011 cuvaptnon g(x) = f(x)efzx etvo kupt oto R.

B) Na amodeiEete 6t etvan f(x) 20 , yio k60 x € R .
AYXH

a) ['o kdBe x € R érovpe :
g(x) =1 (x)e > 2f(x)e 2, g (x) =T "(x)e - 2f (x)e = -2f "(x)e *+ 4f(x)e ¥ =
= efzx( f 7' (x) - 4f "(x) +41(x) ) . A6 Vv vdOeon vy kdBe x € R etvan
f7'(x) > 4(f ' (x)-f(x)) < f7'(x) - 4f "(x) +4f(x) > 0 Kow emedn e >0 0u sivar
g’(x) > 0 yla k@be x € R, cuvenmg N g etvon kKupt oto R .

B) Ioyvovuv f'(x,) = 0 ( Bedpnua Fermat ) kon f(x,) = 0 .Eme10m g(x) = f(x) e ™ xa
e >0 apkei va deigovpe 0TL g(x) >0, Y kdbe x e R .
H getvar xvpt oto R dpan g eivon yvnoiog advovoa oto R .'Etot £xovpe :
eTwx> % 2g()> gx) = g0 > (x) e ™ 2f(x) e™ = g(x)>0.
cTwx<x = €< gx) = £ <f'(x)e™ 2f(x) e™ = g(x<0.
o g(x)=f"(x)e™ 2f(x) e " =0.
Apon g Tapovstilet olkd gLy ioTo ot BEon X, , T0 &%) =f(X,) e =0,

oLVENMG Yo kiBe x € Retvan g(x) > g(x,) = gx) =0.

2t+3

4
= t
t+2,te[1,4]1<oug(x) _!‘f()

t
e dt x-0.

x+2
2) Atvovton ot cvvaptioelg f(t)= 1

X

4
o) No vrohoyicete To odokApopa 1= Jf (n)dr .
|

1 t 4

2 2
B) Na amodei&ete OtL: e’ <et <e* ,yiwkafe te[1, 4] ko x>0.

v) No vroloyicete o lim g(x) .

X —>+0

AYXH
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2t+3
a) H f(t)= > etvar ovuveyng oto [1 , 4] wg mAiko cuveydv GUVOPTHGEDY GpaL
+

1= j S0~ j

2 ¢ -
t+3dZ:I2(t+2) ldt
+2 4 t+2

1
[(2———ydr =y .
! (2=—)dt = 2t - e+,
— (8-In6)-(2-In3) = 6-(In6-In3) = 6- In2 .

4 ==
2

1 t
B) Makabe te[1, 4] kou x>0 &govpe 1 <t<4 = x_2 < x—z < N

2t+3 x+2
v) Twxdbe te[1, 4] xon x>0 givon f(t)= >0,
t+2 x+1
1 t 4
P x+2 3 = ¥
e’ <e' <Le' maipvouue f(t)—— e* < =
x+1

1 4 t

t
= 102 7 i 2 e 20 (1) ke ()2 67 - f(1) 02 ¥ 20 (2).
x+1 x+1 x+1 x+1

x+2 LZ x+2

Ak

1
Adyo g (1) mpoxvmtet I(f(t) e *)dt 20 =

t
= x+2
ex dt >
x+

4 ) % 4 ) % 4 ) L
Jl.f(t) ’;1 ¥ dt ZJ;f(t) ’;1 e dt = .[f(t) ’;1 J.f(t)dt

1
2

+ 2
= g(x)>2 - e (6-12) (3). Ay g (2) mpoximTen
X+

t
e dt

4 42 =t x+2
e” — f(t) evdr > [ f(0)
1 x+1 d x+1

' 4
= 2

ed 20 = [ £
d x+1

x+2

i . 4
= jf(r)dt >jf(z)— di = — e* (6-2)>g(x) (4).

1
+2 = +2

Ao 115 (3) kou (4) maipvovpe 172 o (6-1n2) < g(x) < a
x+1 x+1

4
e* (6-n2).

1

1
2 = 2 =
lim (222 e** (6-1n2) ) = lim 2. lim e* -(6- In2) =1-¢"(6- In2) = 6- In2 ,
x40 x4 xo>t+0 x4 ] x>t
2 = 2 =
lim (222 e (6-1n2) ) = lim 22 lim e* -(6- In2) = 1-¢"(6- In2) = 6- In2 ,
x40 x4 xo>t+0 x4 ] xotw

Gpa lim g(x) = 6-1n2 .

X —>+00
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3)Ecto h:[1,+ ) — R cvuveyng cuvdptnon mov Kavomolel T oy Eon
h(x) = 1999(x-1) + j dt v ké0e x> 1 . No anodeibete OTL :

a) h(x) = 1999xInx, x>1 .
B) H h etvon yvnoiog adéovoa oto [1, + ) .
AYXH
o) ['o kédBe x> 1 1 h elvon mopayoyiotpn og d0poiopa Tapaywyicluov GuvapTHcE®Y

( ) o ( )~ 1999 ¢ h()-l@—11999

X X

kot gtvon h'(x) =1999 + ——=

h'(x)- —
1, 1, 1 1 , ,
< —h'(x)+(=)hx = —1999 < (—h(x)) =(1999x) <
X X X X
1
< —h(x) =1999Inx+ ¢ (1), émov ¢ mpaypatikn otabepd . [Tapatnpov pe o1t
X
¢ h(?)
h(1) =1999(1-1) + det =0+0 =0, omote amd v (1) Yo x=1 maipvoovpe
1

1 1
Th(l) =1999Inl +¢ < 0=0+c<c=0.H (1) ypdoeronr : —h(x) = 1999Inx <
X

< h(x) =1999xInx , x>1.
B) I'a kaBe x>1 etvor h'(x) = (1999%) Inx +1999x(Inx)'= 1999Inx +1999 > 0 (apov

vy x>1 eivon Inx >0 ) . Apan h givon yvneiog av&ovoa oto [1 ,+ o).

2
1
4) o) Na amodeilete 6t : In(x+1)> x - x?_ 3 , Yl k@Be x [0, + ).

B) 'Eot® cuvaptnon f tapaywyiciun oto [0, + o) yio tnv omoio 1oy vet :
5 3 4 x> x° ,
[(f(X) ] +2[f(x)] +3f(x) = (x+1)In(x+1) - 3 X - 5 +? +182, o ke x €[0 ,+0).
Noa arodeiEete 6Tin f givon yvnoing avéovsa oto [0, + ©) .

AYXH

2
1
o) ®ewpovpe ) cuvaptnon h(x) = In(x+1) - x+ %Jrg , x>0 . Etvon :
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2

1
h'(x) = —-1+x= >0 v x> 0 ko eme1dn N h eivan cuveyng oto [0, + o)

x+1 x+1

nwpokvrTel 0TI M h givan yvnoimg av Eovoa oto [0, +0) . 'Etot yio kdBe x >0 givon :

2 1 2
h(x) > h(0) = In(x+1) - x+ %+§ 2In1-0+0+2 = In(x+) - x+ ’“7+g > -

W

2 2 1

1
= In(xt1)- x+ o 4=> 0= In(x+1)>x- - = .
2 5 2 5

B) Moapaymyilovpe Ta 000 PEAN TG 000gicOS 1GATNTAS KOt TOLIPVOLLE :
2

5[] (x)+6[f(x)]°f (%)+3f (x) = In(x+1) +1 -é- x+ % =

2

1
£ O(SIROT6L01+3) = In(xet 1) - x+ -2 (%) x20 .
H napdotacn S[f( x)]4+6[f(x)]2+3 &xel Betikd mpdon o yra kabe x >0 wg dfpooua
800 tm apvnTiIK®OV Ko £vog OetikoD apduov . To 2° péhog éxer Oeticd mpdonuo
vt kéOe x >0 Adym tov () kon cuvendg amd v (*) mpokdmretl £ '(x) > 0 Yo KGOe

x>0, omote n f elvar yvnoiog avéovoa oto [0, + ) .

5) Atvetorm cuvdaptnon f(x) = nuz(ax) , xe Rkara € R. Na Bpeite v Ty tov o
wote va woyver f7(x) + 4(12f(x) =2 yio kébe x € R.
AYXH
INo kébe x € R Eyovpe f'(x) = 2nuax)(Mu(ax))” = 2nuax)cov(ax)(ax) =
= 2onuax)ovv(ox) , f(x) = [2oanwax)] cov(ox) + 20-nw(ax)[ cvv(ox)]” =
= 2(1261)\/(0!)() ovv(0x) - 2(xz~nu( ax)nuox) = 2a200v2(ax) - 2(1211 uz((xx) .
‘Etolyio kG0e x € R :
f7(x)+ 4a2f(x) =2 & 2a2cn)v2(ax) - 2a2nu2(ax) + 4a2nu2(ax) =2
= 2(1261)V2((1X) + 2a2nu2(ax) =2 & 2(12(GDV2((XX) +nu2(ax) )=2 < 2001=2 &

= oc2=1<:>oc=1ﬁa=-1.

6) Atvetaum cuvaptnon f(x) = X - 6X+9x+1, xe R.

o) No peletioete og mpog tn povotovia tn cuvdptnon f kot va amodeilete Ot
f(x) > 0 yia xéBe xe[1, 3] .

B) Na Bpeite 10 epPfaddv Tov ympiov mov TepKAEiETOL Od TN YPAPIKT| TAPACTOON

g ovvaptnong f, tov dEova x x kat T1g evbeieg x=1 kot x=3 .
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AYZH
o) T kéBe x € Retvor £/(x) =3x8 -12x+9 = 3(X - 4x+3) , T (x) = 0 < X - 4x+3=0

< x=11Mx=3.Tonpdédonuo g f '(x) paivetar otov Tapakdte mivaka, :

X -0 1 + o0

f'(x) +

f(x) /

3
- 0 +
‘

\/

0
i

Apan f etvar yvnoiog ad&ovoa ota dactipota (- o, 1), (3, +00) kot yvnoing
eBtvovca oto 1, 3] .Adym g povotoviog g f oto [1, 3] égovpe : 1<x<3 =
= f(1) = f(x) 2f(3) = f(x) = 3’-6:3"+9:3+1 = f(x) =1 . Zvvendg o sivar Ko
f(x) > 0 yla k4Be x €1, 3].

B) Mo kabe x €1, 3] n f etvan cuvey g wg ToAvwvuukt| Kot ioyvel f(x) >0 .
3 3
Apa o {ntodpevo euPado stvar E = jf(x)dx ZJ'(x3 —6x> +9x + )dx =
1 1
4 2

[%-2x3+9%+x]13 — 6L

7) Ocwpovue mapaywyicyn covaptnon f pe tedio opiopov to R tétola dote

2 1
%) = f+) . Na amodeilete 6t e&iomon xf '(x) — f(x) = 0 €xet pio TtovAdyioTOV
pila oto dtbotnua (1, 2).
AYXH
. . _ S(x) o ,
Oewpovpe T cvvaptnon h(x) = ——= , xe[1, 2] n onoia etvor cGuveyng oTO
X

[1, 2] &g mAiko cvveymv cuvaptioemy (1 f og Ttapayoyicun eivorl kot cuveyng )
Kot Topayoyioyn oto (1, 2) g TAiKo Topay®yicI®my CUVAPTINCEDV LE

_ S x—f)) _fx)x—f(x) Axopm h(1)= @:@:h(z)
2 X2 ‘ 1 2 '

h'()

Xopeova pe to Bedpnua Rolle €yet pio tovAdyiotov piCa oto (1, 2) n e&iomon

W) =0 < f(x)'xz_f(x)=0@ X ()~ f(x) =0

X
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OEMATA ETOYX 2000

1) H cuvaptnon f etvan mapaywyiown oto kieotd ddotnua [0, 1] kon woydet
f' (x>0 yto ke xe(0, 1) . Av f(0) =2 kan f(1) = 4, va d¢eilete Ot :
a) n evbela y = 3 téuverl ) ypoaen| mtapdotaon g £ 6 éva axpifog onueio pe
tetpmpévn X, €(0, 1) .
1 2 3 4
D+ =)+ =)+ f(=
f(s) f(s) f(s) f(s)
4

B) vrapyerx; €(0, 1), té€towo wote f(x;) =

Y) vdpyeL x, €(0, 1), ®OTE N EPATTOUEVT TG YPAP KNG TTapd.oTaong g f oto
onueio M (%, f(x)) va givon mop GAANAN otnv gubeiay = 2x+2000 .
AYXH

o) Ot teTpunpéves TV Kovav onueiov g evubelag y = 3 kon tng Cr Ppiokovton
av Avoovpe v e&lomon f(x) = 3 < {(x)-3 = 0. Oewpodpue ™ cvvdptnon
h(x) = f(x)-3, xe€[0, 1] . Apkei va deiovpe 6T M e€iomwon h(x) = 0 &xet axkpiPmg
uio. Avom oto (0, 1) . H f eivon mopaymyicyun oto [0, 1] dpa Ba eivon kot cuveyxng
oe owto .Enedn n h eivar cuveyng oto [0, 1] ( ¢ dwopopd mapaywyictumy
ovvaptioewv ) kot h(0)h(1) = (f(0)-3)( f(1) -3) =(2-3)(4-3) =-1 <0, ocOupwva pe
t0 Bedpnua Bolzano 0o vrdpyetl Eva tovddyiotov x,€(0, 1) té€t010 dote h(x,) = 0.
Axopn éovpe h'(x) = (x)-(3)'=f (x) > 0,xe(0, 1) . Apan h eivor yvnoimg
avéovoa oto (0, 1) cuvendg n elomon h(x) = 0 &yet to moAv pia pila oto (0, 1).
Emopévmg to x, €(0, 1) tétoto dote h(x,) = 0 eivon povodko .

B) Epocov 1 f etvan cuveyrg oto [0, 1] kou £ (x)>0 yuo kaBe x (0, 1) ,n fetvan
yvnoing avéovcsa oto [0, 1] . Apa éyovpe :

1 1 1
0< §< 1= f(0)<f(§)<f(1):> 2<f(§)<4,
2 2 2
0< c<1= RO <f()<f(l) = 2<f() <4,
3 3 3
0<<<1= O <f5)<f() = 2<f(5)<4,
4 4 4 , .
0< §< 1= f(0)<f(§)<f(1) = 2<f(§)<4 . Apa O £yovpe :

NI IS IHE ) <4+ 44442
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:>8<ﬂ§)+ﬂ§)+ﬂ§)+ﬂ§)<l6(n.

FO 4 fE+ )+ f()
S S y S > xefo,1].

Oewpovpe ™ ovvaptnon g(x) = f(x) -
H geivar ouveyng oto [0, 1] o¢ dapopd cuveydv cuvapticewv .Akoun tvar :

1 2 3 4 1 2 3 4
f(§)+f(g)+f(§)+f(§)=8—[f(§)+ JQ+IQ+ QN

0)=2- <0,
£0) 2 2

1 2 3 4 1 2 3 4
f(§)+f(§)+f(§)+f(§):16—[f(§)+f(§)+f(§)+f(§)] )

1)=4- >0,
gl) 2 1

onradn g(0)g(1)<0 . Zopeova pe 1o Bedpnua Bolzano vrapyer x; €(0, 1), tét010

1 2 3 4
f(§)+f(§)+f(§)+f(§)
4

wote g(x) =0 < f(x) - =0

1 2 3 4
f(§)+ f(§)+f(§)+ f(g) |
4

< f(x) =

v) H f etvon suveyng oto [0, 1] kou tapaywyiotpn oto (0, 1) . 2O ppwva pe to

Bedpnua péong Tung vdpy el Eva TovAdyotov X, €(0, 1) Této10 dote

SO/
1-0

f'(%) =4-2 =2 H epantopévn g Cr 610 M §ret tov 010 cuvtereot

dtevbuvong pe v evbeioy = 2x+2000 ( tov apBud 2) dpa eivor mopdAAnies .

2) T xpovicn oty t = 0 yopnyeiton 6° vav acbevn Eva eappaxo. H cuykévipwon

. , o . . al
TOV PopudKov oto aipe Tov a.cBevong divetor and ™ cvvaptnon f(t) = >
1+ (=)
p
t >0, 6mov a ko B etvon otabepoi Betkol mp aypotucol aptd poi kon o ypdvog t
petpaton oe mpeg . H péyiotn tipn g ocvykévipmong etvon iom pe 15 povadeg kon
EMTVYYXAVETAL 6 OPES UETA T L OPTYNOT TOL PUPLLAKOV .
a) No Bpeite T1g TYéG TV oT0BEpOV 0L KoL B .
B) Mg dedopévo 0T 1 0paion TOV POPUAKOL VOl OTOTEAEC LOTIKT , OTOV 1) TN TNG
oVyKEVTPOONG eivan TovAdyotov ion pe 12 povddeg , va Bpeite 10 xpovikod

S1ACTNUA TTOV TO PAPUAKO OPO ATOTEAECUOTIKA, .
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AYZH
a) Emedn n f mapovcidlet axpodtato otn BEom 6 to 15 kau eivar Tapaywyicun cto

[0,+)0aéyoope f(6)=0 xou f(6)=15.Twwkdbe t >0 &govpe :
! 2, OB +1)-t(B*+1°) _

2
ftZﬁm ko f7(t) = o =
(0= o £O = Fo (o) =P G
24t =247 2 -2 ) . i
= Bza~ﬂ(ﬂsz)2= 2a.(ﬂﬁz+—t2)2 . Emopéveog (o ko B Beticol apBpol ) :
-6° 36a -6
f’(6)=0<:>%=0<:>[3=6, f(6)= 150 =222 —15a=5.
(B +67) 36 +36
2
1
B) Etvor (yio =5k f=6) f(t) = ,Bzatz = 8012 ,t >0 . H dpdom tov papudakov
L +t" 36+t

180«
etvar amoteleopot ik , o0tav f(t)>12 < YIE >12 < t-15t+36<0 < te [3,12]
+1

3) X-8x+16 ,0<x<5
Aivetarn oovéaptnon f ue : f(x) =
5.
(o +B)In(x-5+¢)+2(o+1)e : , X235

o) Na Bpebovv ta lim f(x) , lim f(x) .

x5 x—5"
B) Na Bpebovv ta o, B € R, dote n ouvdptnon fva eivon ovveyng oto x,=5 .
Y) o tig Tpéc tov o, f tov gpotiuatog (B) va Bpeite to lim f(x) .

AYZH
o) lim f(x) = lim (X’-8x+16 )=25-40+16=1,
x5 x5

lim f(x) = lim [((12+[32)1n(x—5+e)+2(a+1)es I
x> x—5"

S5—x=t

2,02\ 1 1 X
= (@+p) lim In(x-5+e) +2(ot1) lim e = 7

= (o +B’) lim

Inu + 2(o+1) lim €' =(a’+p%)Ine + 2(a+1)e” = o*+p* +20.+2 .
t—0"

B) H f efvon cuveyng oto x,=5 av ko povo av  lim f(x) = lirgl+ f(x) =1(5) <
x—5 x—>
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1 = o™ +p* +20+2 = *+B> +20+2 < o P 20 +1 =0 < (ot1) + BF=0 (¥)
Amo v (*) , enedn ot apBpol (oc+1)2 , [32 glvon un apvnrikoi , TPOKLATEL
1000VVou0 OTL (()Hrl)2 =0 kot B2 =0,omiadn otta=-1 ko f=0.
v) o kdbe x>5 kanyww a = -1, B =0 givon f(x) = In(x-5+¢) . Apa €govpe :
x=S+e=w

lim f(x) = lim In(x-5+e) = lim Inw =+o0.

X—>+0 w—>+0

4) Oappoxo yopnyeiton oe acevn yo tpdT @opd . ' Eotw f(t) n cuvdptnon mov
TEPLYPAPEL TN GLYKEVTPWOGT] TOL PAPILAKOL GTOV OPYAVICHO TOV 0.60eVOVE HETA

amo xpovot amd T yoprynon tov , 6mov t >0 . Av o pvOuog petapoing g f(t)
8
etvor — -2 :

a) Na Bpeite T cuvaptnon f(t) .

B) e mota xpoviKn oTyun t , HET TN Y OPTYNON TOL POP LAKOL , 1| CLYKEVTPWOOCY| TOV
OTOV OPYOVIGUO YiveTonl HEYLOTN ;

v) Na deiéete 0T Katd T Y poviK oty t = 8 VAP EL aKOUO EMIOPA.GT) TOV
(QOPUAKOV GTOV OPYOVIGUO , EVM TPV TN X POVIKY oty t = 10 n emidpaor| Tov
otov opyavicpd &xetl pndeviotel . (Atveton 6tiInll =2.4)

AYXH

8
o) T kdBet >0 eivon £ (t) = m—2 < f')=(8In(t+1)-2t) <

& f(t) = 8In(t +1) — 2t + ¢, 6mov ¢ wpayuatikny otabepd . Enedn ) ypovum
otyun t = 0 dev VAP EL CLYKEVTPMOON TOL PAPUAKOV GTOV 0pYovIG Lo Ba givar
f(0)=0 < 8In(0+1)-20+c=0<«< ¢c=0.Apaf(t)=8In(t+1) -2t ,t >0.

8 -2(t-3
B) Twkabet >0 8{vouf'(t)=——2=¥ , I t)=0t=3,
t+1 t+1

f't)>0<te[0,3)kaf ' (t) <0< t>3. Apan f tapovoialel oMkd pEYIGTO
otn 0¢éon 3 10 {(3) , eMOPEVMG M GLYKEVTPWOOT TOV PAPUAKOV GTOV OPYUVIGUO
yiveton pEyletn ) ypovikn otryunt =3 .

y) f(8) =8In(8 +1) —2-8 = §(In9 - 2) = 8(In3°-2)=16(In3 - 1)> 0 ,816113 > ¢ =
In3>1Ine = In3> 1. Apa kotd TN gpovikKny oty t = 8 vdpyel axoua EXidpaom
TOL POPUAKOV GTOV OPYOVIGHO .

f(10) = 8In(10 +1) — 2:10 = 8In11 — 20=8-2,4 — 20 = -0,8 < 0.
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H fetvon ouveyng oto [8 , 10] xou f(8)f(10) < 0, dpa coupmva pe To Oedpnua
Bolzano vrdpyet xpovicy oty t, (8 ,10) tétowa dorte f(t,) = 0, dnhadn

YPOVIKN oTypn t, 1 EXOPOON TOV POP LAKOV GTOV OPYOUVIGUO £YEL UNOEVIOTEL .

5)'Eocto f: R — R ocvvaptnon cuveyng oto R . 'Eotw [ : R — R n cuvdptnon pe

1
I(x) = J.[(f(t))2 =2xt* f(t)+ x*t*]dt , yio. x € R . No anodeifete dt1m cuvéptnon

0
1
I mopovcidlel eldyioto oto onueio x, =5 Itz f(Hde .
0
AYXH

1 1 1
T k60e x € Reivar [(9) = [ () de-2x [ 2 f(Oyde+% [ de xon
0 0 0
1 1 1 1 1
U@ =([(f@O)Ydty-2[2f@)de-+ [#de-(F) =02 [£f(0)de+2 [ dex=
0 0 0 0 0
1 5 1
2 o 2 2
=-2[ 2 f()ar 2= 1yx= 21 f(@0ydt-+ x . Exove
0 0
1 1
I®=0ex=5[ff0d, T(®)>0 <x>5 [£/(t)dt xa
0 0
1
I'x)<0 <&x<5 jtz f(t)dt. Apan oovaptnon I mopovcidlel eAdy1oto 6TO
0

1
onueio x,= 5 [ f(t)dr .
0
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6) Eotw 1 cuvépmon £: (1, +0) >R, pe f{x) = 2000 + |In(x —1)|. Eote ¢

TPOYHOTIKOC peyolvtepog Tov 2000 . 'Eotm otim gubeia pe e€icmwon y = ¢ ko n
YpaeKN Tap dotacn g f Tépuvovtol 6€ 000 J1POPETIKA CNUELD TOV EMTESOV , TA
A xon B . No anodei&ete 0Tt 01 €QomtO HEVES TNG YPAPIKNG Tapdotaong s f, ota
A xou B, eivan kd0ete petaly toug .
AYXH
Enedn In(x-1)> 0 < x-1> 1< x> 2, 0 10m0¢ 1¢ f Y 0pig amdOIvTn TIUN YpAQETOL
2000 + In(x-1) , x>2
f(x) =
2000 - In(x-1), 1 <x<2.
Ot tetpnpéveg Tov kovov onueiov tng evbeiag y = ¢ kon g Cr Bpickovtar omd

¢>2000
Abon g e&lowong f(x) = ¢ <2000 + [In(x —1)|= ¢ < |In(x —1)|= ¢ 2000 <>

& In(x-1)=c-2000 1 In(x-1) = -(c ~2000)

c—2000 ;oo e—(c—2000)

ex=e A x ¢=2000 o~ (€2000)

+1 .'Eocto x;, =€ +1,% = +1.
Xopig BAEPN g yevikottog £otm 0TL A(X , (X)) kou B(x, , f(x)) . T va
deiéovpe 011 o1 epamtopeveg g Cr ota A kou B etvan kaBeteg petadd toug ,

apket va detovpe otL f (x)f (%) =-1.

1 1
Mo x> 2 &ovpe f'(x)= 1 Koty 1< x<2 éyovpe f'(x) = - -
X — X —
Enedn ¢ > 2000 eivou ¢ — 2000 > 0 = e 2005 | yop @720 , OTOTE
X >2km 1<x,<2.
1 1 -1
Apaf ' (x)f (%) = oe 2000 ] _ 1 (— o (72000 1 )= o¢—2000 ) o (¢72000) =
-1
= = -1.
e
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7)’Eoto f, g: R - R, elvor cuvaptioels cuveyeis 6to R 1€1016G , DOTE VL IO VEL
f(x) - gx) = x-4, yia xe R.'Eotw 6111 gvbeia pe e&lomon y = 3x-7 etvon
QGOUTTMTN TNG VPP KNG Topdotacng TS T, kabdg x — +oo.

g(x)+3x+nu2x

o) Na Bpeite ta 6pa  lim & Kot lim >
x>+ ) X —>+00 xf(x) —3x  +1

B) Na amodeiEete 60T1 M gubeia pe e&icmon y = 2x-3 givol aoOUTTOTN TNG YPOPIKNG
napdoTaons g g, Kafdg X —> 400 .
AYXH

o) And v f(x) - g(x) = x- 4 maipvoope g(x) = f(x) —x+ 4, yuo x € R. Ene1dm n evbeia
ue e&lomon y = 3x-7 glvol 0oOumTOT TNG YP OPIKNG Tapdotoong g £, Kabog

X —+0, Qo &govpe lim S

X —>+0 X

=3 xou lim (f(x) —3x) =-7 .'Ercteivon :

lim &%) = ji L7 SO
X

x40 X X —>+00

4
I1+—=)=3-1+0=2.Ax0un:
X

X —>+0 X

2
g(X)+3+77u X

3 2 24340 5 1
im S 3 Hmu2x L X _ZF0F0_ 2 Si6m lim —=0

X+ Xf(X) —3X2 +1 X—>+0 (f(x) _3x) +l -74+0 7 x—>+o )
X
2 1 2 1 1 1
kot lim i ) (ykdfex>0: -—< aeex <— kot lim (-—)=1lm —=0
X —>+00 x x x x X —>+00 x X —>+00 x

. 2
dpa Oa gtvor kon  lim TH=Y _ ).

X —>+00 X

B) T va deiéovpe 6T M evbeia pe e€icwon y = 2x-3 gival ao) IIT®Tn TG YPOPIKNG

nopdoTaons g g, Kabdg x — +oo , apkel va dgiEovpe 01t lim &x) =2 ko
X —>+0 X
. _ . og(x)_ ., ; , _
lim (g(x) —2x)=-3 . Hwomta lim =——=2 &yet amoderyBei oto () . 'Exovpue :
X—>+00 X400 X

lim (g(x) - 2%) = lim (f(x) —x+4-2x)= lim (fx)—3%) +4=-7+4=-3 xm

OLVETADG TO (NTOLHEVO €YEL amodELyDet
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8) Ocwpovue tapayowyicn covaptnon f: R — R 1éto10 dote :

2xf(x) + (X+ D (x) = e* yia ke xe R, pe {0)=1.

o) No arnodeifete 6t f(x) = ,XeR.

x*+1

B) Na peretnoete og mpog 1 povotovia 1 cuvdptnon f.
AYXH

o) Mo k60e x € Retvon 2xf(x) + (CHDE (%) = & < (C+1) f(x) + (L+DE (%) = (&)
= [(x2+1)f(x)]’ =(") o (x2+1)f(x) =¢" +c (1), 6mov ¢ mpoypatiky otodepd .
Opoc f(0) =1 xoun (1) yio x=0 ypdoperon (02+1)f(0) =+col=1+cec=0.

X

‘Etot and v (1) mpokimrtel 0TL (x2+1)f( X)=¢ < f(x) = > ,XeR.
X
B) o kabe x € Retvon f'(x) = @)+ el 1) = el D -er2x =
(x> +1)° (x> +1)°
e'(x—1)° o , . ,
= W >0, pe to = va wyvel povo yo x = 1 .Zovendgn f etvan yvnoing
X"+

avéovoa oto R.

9) ®cwpovue cuvaptnon f cuveyn oto R.

3 7
1
o) Not amodeitete ot | S+ Dde= [ reoax .
0 1

3 7
B) Eotm 611 4 j f(2x+1)dx= _[ f(x)dx +2004 . Na amodeitete 6TL vIAPYEL EVAL
0 1

TovAdyotov & (1, 7) tétoto , dote f(§) = 334 .

AYXH

3
a) "o 1o oAoxAnpopa I f(2x +1)dx, Bétovpe 2x+1 =u Ko Eyovpe :
0
1 1 , , ,
X= 5 (u-)=dx= 5 du .o x= 0 waipvovpe u =1 evo ywoo x= 3 maipvoope u="7.

[ reax.

| —

[ radu=

3 7

11

"Etot &y0vpe jf(zx+1)arx=jf(u)5aru=E
0 1

89



1 7 7
B) H dobeica 1c6TNTa AOY® TOL (1) Yp bipeTOn 4 5 j f(x)dx= I f(x)dx +2004 &
1 1
;
& [f(x)dx =2004.
1

Oempovpe T cuvaptnon gx) = If(u)du -334x, xe[1,7] . H geivon cuveyng
1

oto [1, 7] og dwpopd cuvex®V GLUVAPTHGEMY Kot Ttopaywyictun oto (1, 7) og

Jpopa TOPUy®YictpH®V cuvaptioewv pe g'(x) = f(x) - 334 . Axdun eivon :
gl)= jf(u)du -334-1=-334,g7)= jf(u)du -334.7=12004 -2338 = - 334,
1 1
onradn g(l) = g7) . Loupwva pe to Bedpnua Rolle vwdpyet éva tovAdyictov
& e(l,7)téton,dote g () =0 < f(§)—334=0 < f(§)=334.
10) Oewpodpe cvveyn cuvaptnon f: R — R wov Kavomoiel v 10oTNTA
T(H ) f(Hdt =X + j6x(t2 +1)dt,xeR.
0 0

2x+5
a) Noa amodeiEete o6t f(X) = )26 .
x“+1

B) Na Bpeite v e€iowon g epantopévne g YpaPkng map dotaong g f oto

onueio tng A(0, f(0) ) .
AYZH

X 1
o) H dobsico 1cotnro ypheeton I(l +12) f(0)dt =X + xj (6t* +61)dt <
0 0
[a+)f@de =% + %26+ 36, < [+ f(0)dt =X +x(5-0) &
0 0

= I(1+ ) f(dt = X +5x (1), xeR. [apaywyilovue Ta dvo péAN g (1) Kot
0

2x+5
govpe (1+Df(0) =2x+5 < f(x) = f*l
X +

2 +1D)—(2x+52x  —2x* —10x+2
(x*+1)° (x*+1)

,XeR.

B) T'o kdbe x € Reivon f'(x) =

evo f(0) =5 . H {nrodpevn e&iowon etvar : y - f(0) = f "(0)(x-0) <y =2x+5.
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11) Ocwpolpe T cvvdptnon f pe f(x) = X-4x+3, xeR.

a) Noa amodeiEete 6tim e&iomon f(x) +f(y) =0 pex,y €R , mopiotdvel KOKAO
Ko va Bpeite To KEVTPO KOL TNV OKTIVO TOVL .

B) Noa vroloyicete To eUPadOV TOV YWPIOL TOL TEPIKAEIETOU QT TN VP APIKN
nopdotoon g f kot tov aéova X X .
AYXH

a) H e&lowon f(x)+ f(y) = 0 ypdoeton : X - 4x+3 + y2— 4y +3=0&
X-4x+y' -4y =- 6 X-4x+4+y —dy+4=-6+4+4 <
< (X—2)2 +(y —2)2 =2, n onoia eivar e€lomon kokAov pe kévtpo K(2 , 2) ko
oKTiva p = J2 .

B f{x)=0 < X-4x+3=0<x=1 N x=3 . Exedn n f eivon cvveyng oto [1, 3]

kot f(x) < 0yuwwxabe xe[1, 3] to {nrovuevo euPadd givou :

3 3 3
E= j—f(x)dx - j(—x2+4x—3)dx = [—%+2x2—3x]$ =§ ToL
1

1
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OEMATA ETOYX 2001

1) Eoto f o poy potikry cvovaptnon pe tomo : f(x) =

a) Av n fetvan ovoveyng , va omodeilete 0TL O = - g
B) Na Bpeite v e€lowon g epantopévng s YPapikng map dotaong Cr g

ovvaptnong f oto onueio A4, f(4)) .
v) Noa vroloyicete to euf addv 1oV Y ®Piov oL TEPIKAEIETO OO TN YPOPIKT

napdotaon g cuvaptnong £, Tov aéova X' x kot Tig evbeieg x=1 ko1 x=2.

AYXH
a) Av n f etvon cuveyng Ba etvon cuveyng kot oto 3 ,apa lim f(x) = lim f(x) = f(3) .
x—>3" x—>3

x—3

|| o1

1_ x-=3\"
im gz lim (- ex'3) =1,
x—>3" (x — 3) x—3"

Etvor lim f(x) = lim
x—3" x—=3 X —

1
5

lim f(x) = lim (ax’)=9a, f{3)=9a.Apu9a=-1 < a
x—3" x—3

B) Mo x> 3 givon :
) (1-eY(x=-3)-(1-e")(x-3) —-e(x-3)-(1-e"?) )
f - =
(x) o 3)2 e 3)2 , EMOPEVG

4-3

1—
¢ —1i-¢.H e&iomon g

—e-1-(1-
rm=JL%—2=4Ammmmmp
epamtopévng g Cr oto onueio A4, f(4)) sivan : y —f(4) = '(4)(x-4) <
Sy—(l-e)=-1x-4) ©@y==x+t5-¢ .

2
v) H f etvon cuveyng oto [1 , 2] dpa to {nrodpevo epPadod sivar E = “f(x)|dx=
1

: : x? 7
= “a|x2dx = |a|_[x2dx =|oz|[?]12 =3 o] -
1 1
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2) ' o suvaptnon f, mov ivon ToPay® Yic1un 6To GUVOAO TWV TPOYLOTIKMV
apBudv R, 100t 611 : £7(x) + BFA(X) + yi(x) = X — 2% + 6x—1 Y10 kGO x € R,
omov B, y mpaypatioi ap1Opol pe [32 <3y.

a) No deilete 6T1 1 ovvaptnon f dev Eyet axpdtata .

B) Na deiéete 6T1 M cvvaptnon f etvan yvnoiong av ovoa .

v) Na deiéete 0t vmapyet povadikn piCa g e&icwong f(x) = 0 oto avoktd
owotua (0, 1).

AYXH

o) [Tapaymyilov pe Ta d00 péEAN TG dobeicag 1o0TNTAG Kot Yo KAOe X € R Eyovpe :
32 (%) + 2BAXE (%) +yf (X)) =3K —4x+ 6 <
f/(X)(3F3(x) + 2Bf(x) +y) =35 —4x+6 (1) .

"Eoto 6t f mopovcidlet axpdtato otn Béon & € R. Tote eneon n f eivan

mopaywyioywn oto R, copewva pe to Bedpnuo Fermat 6a etvon £ () =0 .
H (1) yux= & diver 0= 3&2 —4&+ 6 , mov gtval 4TOmo APOL TO TPUDVVUO
3X —4x+6 dev éxelpiCec oto M (A = (- 4)2— 4.3-6=-56<0).

B) I'a kéOe x € R etvon 3¢ —4x+6>0, a@ov A =-56 <0 xon 3 > 0. Axdun
v Kafe x € Retvon 3£%(x) + 2Bf(x) +vy> 0, 0po0 A" = (2[3)2 -43y=
= 4([32 -3y) <0k 3>0 (givon B2 <3y) .’Etot and v (1) mpokdmtel 0Tt Yo
Kd0e x € Retvon f (x) > 0, ondte ) f etvan yvnoing avéovca oto R .

v) H f eivan cuveyng oto [ 0, 1] agpod eivon mopaywyicipn oe avtd .

H 600¢ica 106tnta yio x = 0 kon x = 1 divel avtiotorya :

£3(0) + BF2(0) + y£(0) = —1 < fO)( £3(0) + BH0) +y)=—-1 (2) xa

£3(1) + B2 +yf(1) =4 < KO)(FAD)+PR) +7)= 4 (3).

Bewpovue 10 TpLOVLO P(X) = X + Bx+vy.Eredn A" = Bz —4y< Bz =3y < 0 xon
1>00aetvar P(x) > 0y ke x € R (etvon 0 SBZ<37 =3y>0=y>0).Apa
0a eivar £7(0) + BEO) +y > 0 ko £3(1) + B(1) +y > 0 . Zvvende and Ti¢ (2) ko (3)
npokvntel f(0) < 0 xon f(1) > 0 épa f(0)f(1) <0, emopévmg cOpP®Va pe TO
Bewpnua Bolzano n e&icmon f(x) = 0 €yt pio tovAdyotov piaoto (0, 1) .

H e&iomon f(x) = 0 &yt o moAd pia piCaoto (0, 1) apod N f eivon yvnoimg

avéovoa ce avto . Apan e&icmon f(x) = 0 £get povadikn piaoto (0, 1) .
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3) 'Eoto o mpaypotiky cuvdptnon £, ocvveyng 6to GHVOAO TV TPAyLOTIKOV
apBuov R, yo v omoio 1oy HOVV 01 GYECELS :

1) f(x) #0, yio xéBe x e R

1
) f(x)=1- 2% Ig‘z(xt)dt , Y ka@be x € R . 'Eotw akdun gn cvuvaptnon
0

2 .
-X , vt Kabe xe R.

1
nov opiletot amd Tov TOmo g(Xx) =
f(x)
o) Na deilete 0tL 1oy ve f7(x) = -2xf 2(x)

B) Na deifete 611 M cuvaptnon getvar otabepn .

v) Na dei&ete 6t1 0 TOMOG TG cvvaptnong f etvan : f(x) = o
+ x

d) Na Bpeite to 6po lim ( xf(xnu2x) .

AYXH

1 1
o) ['a kade x & Réyovpe () =1-2x [1f* (xtyde=1-2 [ (xt) /> (xt)xdt
0

0
1
Eoto [ = _[(xt)fz(xt)xdt . ®¢étovpe xt =u = du=xdt .o t = 0 maipvovpe u =0
0

X

gved ywat = 1 maipvoope u = x /Etor I = quz(u)dukal f(x)=1- Zquz(u)du (1),
0

0

xeR. And v (1) éxovpe 6t f etvon mapaywyioymn oto R pe f'(x) = - 2xfz(x) .

_ 2
[No k4B x € R éyov ‘(x) = —&-ZXZ—M-2XZ2X—2><=O.
AOVUE Z 2 2
f(x) /7 (x)
Apo n ovvaptnon geivon otobepn] .
1
v) Eoto g(x) = c, é6mov ¢ otabepd . Tote ) X =c (2),xeR.Andé v (1)
X

0
&yovpe £(0) = 1- 2juf2(u)du =1xkun )y x=08ivetl -0=c <c=1.Apa
0

> -

1 P
2) ypapeTon : X =1 o f{(x)=
n (2) ypéo ) () P

XMU2X

: - X <x77,u2xS X

=0, 0po0 Y x>0 : >

8) lim (xf(xmu2x)="lim

oo |4 x 1+x°  1+x° 1+ x
i —X ) 1 ) o1
kot lim ~=1lim (- =)=0, lim == lim —=0.
X —>+00 1+X X —>+00 X X —>+00 1+X X400 X
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4) 'Eotm 1 ocuvaptnon f(x) = XInx, x>0.

o) No anodeifete 0T vIapy el Eva povo onpeio g ypapikng mapdotaong g f, 6to
omoio M epamTopévn ivon Top GAANAT otov dEova X X .

B) No vroroyicete 10 pPaddv Tov ¥ ®Piov TOL TEPIKAEIETAL GO TT) VP OPIKY|
nmopactaon g f, tov aEova X" X kon tnv gvbeia X = X, , OOV X, €ivar n B€omn Tov
TomuoV axpotdrov g f.

AYXH
o) Mo kédBe x> 0 etvon (X)) = (Xz)'lnx+ xz(lnx)' = 2xInx+ x= x(2Inx +1) ko

1
x>0 1 -
f'xX=0 < xQRInx+1)=0 < 2lInx+1=0 < Inx=- 5 Sx=e? .

Enedn n e&lowon f '(x) = 0 €get pia pévo Avor, coumep aivovpe 0Tt vLdpy el Eva
povo onueio g yp apikng mapdotaong g f, 6to onoio n @ antopévn eivon
TapdAANAN otov d&ova X X .
1
- x>0
pf' x=0=x=¢e¢? ,f' x>0 x2Inx+1)>0 <2Inx+1>0 <

1 1

1
Inx > - 5 S x>e? [f'X<0< 0<x< e ?.HTf howmdv napovoidlel otn

1 1
- —— x>0
Béon e ? tomko EAGY10TO , CUVETHG X, = € 2. 'Exyovpe : f(x) =0 < Inx=0<
L L
< x=1.H feivar coveyrc oto [e 2, 1] kayia ke xe[e 2, 1] eivor X'Inx <0,

1 1 1 3
dpo o {nrovpevo epPado sivan E = j—f(x)dx = - Ixz In xdx = — j(%)'ln xdx
3

3 1 3 3 L 2 3
X x° 1 X X X X

= —[=Inx]. + = —dx = —[=Inx]. + [=dx = -[=Inx]. +[=]' =
[T, XI3 —dv = —[Inx], XI3 x =~ Il H

1 11 1 = 11 1
=-(0-§x§lnxo)+ 5-5)(3: gxghlez +§-§x03=-gx0+—-—x0=
5 -
— e
18

oW

T. 1L

O | -
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5) 'Ecto 1 cvvdptnon f: [a, B] = R, n onoia etvon suveyng oto [a, B],
nopaywyiown oto (a, B) ko fla) = 2B, f(B) = 2a..

o) Na amodeilete 6T1 M e&iomon f(X) = 2x et pia tovAdyotov pila oto (a, B) .

B) Na arodei&ete 0tLvmapyovy & , & €(a, P) tétown wote £ (E)f (&) =4 .
AYXH

o) Oewpovpe ™ ovvaptnon g(x) = f(x) - 2x, n omoia eivar cuveyng oto [a, B] g
dapopd cuveydv cvvaptnoewv . Akoum ivan gla) = f(a) — 20 =2(P — a)) > 0 Kot
gB)=f(P)—2p=-2(B-—) <0, 0000 p>0o.Apa ga)gp) <0, emoptveg
oOpeova pe to Bewdpnua Bolzano 1 e€lowon g(x) =0 < f(x) = 2x, €yt pia
TovAdyotov piCa ye(a, P) .

B) Etvon f(y) = 2y . H ovvéptnon f eivan ovveyng oto [a, v] kot mwapaywyicyn 6to
(o, y) ondte cOpE®Va pe To Bedpr o pEomng TWNS Ba vTapyEL £va TOLAGY IoTOV

-/ _,v=P
Yy —a y—a

& €(a,y)c(a, P) tétowo vote f (&) =

Ene1om n f elvon cuveyng oto [y, B] kau mapayoyicym oto (v, B) , O pomva pe to
Bedpnua péong g Ba vtapy el Eva tovAdyotov & (v, B) (o, B) Té€towo dote

FB) -y _,a-y _,r-a

(&)= 5y 5y eyl Apavrdpyouvv & , & €(a, B) tétown
bote £ (&) () =2 L L2 =% _y
y—a y=p

6) Eoto n ocuvdaptnon f(x) = X —3x ouv20 + 2xo0v20 + nu22(x , XeRkuaeR.
No amodeiEete 6Tt Y100 OTTO LONTOTE TILT TOV O 1 VPP IKY| TTop dotaon g f €xet
HOVO éva onelo Kopmg , T0 0moio Y1a TS O1POPES TIHEG TOV O AVIKEL GE
TopafBorn .

AYXH

Mo kébe x e Retvon : f'(x) = 3% — 6x00v20 + 200v20 Kou f "(x) = 6x - 66VV20..
‘Exovpe f '(x) =0 < 6x-60vv20 =0 < x=0ovv2a,f (x)>0< x> ouv2a ,
f'(x) <0< x<ovv2a.Apa yo omowdnmote Ty Tov an Cr €xet éva povo
onueio kaunng , to A(ovv2a ,f(cuv2a)) . Opwg :

f(ouv2a) = ouv>2a - 3ovv 20 + 2 cuv 20 + nu22(x = np22(x ,onote A(ouv2a, nu22a).
‘Eoto A(x,y) . Tote x=ocvv2akuy = nu22oc =1-oww20=1x.

Ot ovvtetaypéveg Tov A emadndedovv Ty elowon y =1-x’, mov &ivon eElomwon

napaPoAns , apa 1o A avikel o€ Tapafoin (Yo TS S1POPES TIEG TOV QL) .
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7) 'Eoto cuvaptnon £ mopayoyicyn oto R pe £ '(0) = 1 xon tétoto dote VoL 1oy VeL

J. F@)dt 2xe, o kébe x € R. No Ppeite T £Eic0ON TNG EQUITO HEVIG TNG
0

Ypaeikng tapdotacng g £ oto onpeio A0, £(0)) .
AYXH

Oewpovpe T cvvaptnon g(x) = If(t)dt -xe ", xe R Tapornpodpe 6t g0) =0,
0

omote Yo K60z x € Réyovpe [ f(dt 2xe”™ = [ f(D)de-xe™ 2 0= gx) = g0).
0 0

Emopévmg to g(0) = 0 etvor olikd eLdy1oto TG g KoL TN 1 geivan
Tapoyoyioyn oto R (S10popd TOPUY® YICL UMY GLUVAPTICE®Y), COUPMVO UE
70 Oedpnpa Fermat Ba eivan g'(0) =0 (1) . "Eyovpe g(X)=f(x)- ¢ + xe ", xe R,

(1)
Gpo g(0)=1f(0)-1+0 = 0=1(0)-1 = f(0)=1.H e&icwon tg epomTopévng

™G ypaeing tapdotacng g f oto onueio A(0, £(0)) eivon :
y—1{0)=f'(0)(x-0) ©oy-1=1(x-0) <oy=x+1.

8) No anodeifete OtL:

o) H cuvaptnon f(x) = X +2x—1— nu2x, x e R, eivar yvnoing avéovoa .

B) H e&iocmon X +2x—1= nu2x €xet pia pdvo pila oto dotnua (0, 1) .

AYXH

o) ['o kéBe x e Retvou 7 (x) = 3% +2 — 200v2x = 3% +2(1-ovv2x) >0, apod
ouv2x <1 kX >0.To= wyveL povo Otav glvor cuyypoveg : X =0 kot
1- ovv2x =0, T0 onoio cv pPaivel povo yia x=0 . Emopéveogn f eivon
yvnoing avéovcsa oto R .

B) H e&iocmon X +2x—1= nu2x givor toodHvapn pe v f(x) = 0 . Apket va deiovpe
ot N f(x) = 0 &xet pia povo piCaoto (0, 1) . H feivan cuveyng oto [0, 1] g
adOpotopa cuveymdv cvvaptioewv kot f(0)f(1) = (- 1)(2 —mu2) <0 apod nu2 < 2.
Xopeova pe to Bempnua Bolzano 1 f(x) = 0 £yl pio tovAdyiotov pila oto (0, 1) .
Eneion n f etvon yvnoiog avéovosa oto (0, 1) <R, n f(x) = 0 Ba €1 To mOAD piot
pilaoto (0, 1) . Apa teducd n f(x) = 0 Exel pia povo piaoto (0, 1) .
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9

B)

H ocuvéptnon f: R — N €xet cuveyn mopdywyo Kot ikavomolel Ty 16oTnTa

B
jf(x)ef(")dx =0,06mov a, P € Ruea<pP.Naonodeifete 61t :

f(o) = £(B) .
H e&lowon f '(x) = 0 éyet pio tovAdyotov pila oto dtdotna (o, P) .
AYZH

B
"By oupe j F@e@dx=0= [e™M]f =0= P -P=0= P ="

= f(a) =1(P).
H f etvar ovveyng oto [a, B] (o¢ mapaywyioym og avtd) , Tapaywyicyn oto
(a, B) ko f(a) = f(B) . Zoppwva pe to Bedpnpa Rolle ) e&iocwon f '(x) = 0 €yer

pio tovAdyiotov piCa oto ddotnua (o, B) .

4
10) 'Eoto n cuvaptnon f(x) =2x+ — ,x>0.
X

o)

B)

B)

Noa arodeitete 0TL 10 gpPaddv E(L) Tov ywpiov mov mepikdeieton omd ™ yp apiky

mopaotoon TG cuvaptnong f, Tov dova X' x Kat TG evbeleg x=A , x=A+1,
1
omov A >0, eivar E(A) = 2A+1+ 41n(1+;) .

Noa npocdiopicete TV Ty ToV A Yo v omoia to ep addv E(R) yiveton ehdyioro.
AYXH

H f eivar ovveyng oto [A , A+1] ¢ GOpoica cuveydV GUVOPTHGEDV KoL Yio KAOE

A+l A+l

xe[L, M) eivar f(x) > 0. Apa E() = [ f(x)dx = | (2x+i)dx =
A A X

= [X +4lnx] 1 = (A+1)° + 4ln(A+1) — (A + 4Ind) =

=37+ 20 +1 - 17 + 4(In(k+1) — Inh) = 20+1+ 41“% = 201+ 41n(1+%).
. . , | 1 1
INo kaBe A >0 éxoope E'(A) =2 + 4 (I+=)=2+4——(- =)=
1 A 1 22
1+— 1+—
A A
1 2(A? -2
cpg L 2 AATD b By =0 e a2 =0
A+ A A +A

< A=11A="-2 (amoppinteTon apov A > 0) .
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A>0
Axopm E'(A) > 0 MV+r2 >0 A>1,EM) <0 0<r<l .Apan E
mopovotdlel oAk eEldyioto otn 0éon 1, 1o E(1) . Apa n {ntovpevn Ty tov

A gtvon o apBuog 1 .

11) Atveton ) cuvaptnon g(x) = jxouvtdt ,XER.

0
o) No amodeiéete 6Tt g (X) = 200vX — XNuUX, X € R.

B) Noa Bpeite v e€iocwon g epantopévng TG YPOPIKNG o AGTACTG TNG
. , T 7
GLVAPTNONG g 6TO oMNpeio A( X g 3)) -

AYXH

a) Eyxovpe: g'(x) = (x: jouvtdt ) =)’ jovvtdt + x( jouvtdt )’ =Iouvtdt +XoUVX,
0 0 0 0

g’(x)= (Iouvtdt )" + (X)'ovvx + X(GVVX)" = CLVX + CLVX — XNUX = 26VVX — XX
0

,XeER.

(]

T Tt T A T T
Eivow g( =) =— |ovvedt = —[nut]2 = — — -nui) = — ko
B) o) 2{ Sl = = (e - nuo) = 2

g(=)= ovvtdt+%<mV% =[ut]3+0= nu% -Mu0 = 1. Apan e&icwon g

O o | N

o

EQAMTOUEVTC TNG YPOUPIKNG TAPACTAGTG TNG CLVAPTNONG g 6TO onueio A stvon :

y-g3)=g(Dx-2) ey 2 = lx-3)ey =x.
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2
+
12) 'Eoto n cuvaptnon f(x) = ax_z,&c

,XE 9%—{2},(’)7:01)(1,[369%.Avnsv@aia

€:y =2x—1 glvan acvuntTn TG YPAPIKNG Top Aotaong tng f oto + oo, va
Bpeite Tig Tipég TOV O, B .

AYXH
Eneidnqn e:y =2x— 1 givar aodunto™ TG VP 0PIKng Tapdotaong g f oto + oo,

Oa etvanr lim J ()

X —>+0 x

=2 ko lim (f(x) —2x) =-1."Exovpe Lowmdv :

1

2 a+ f—
im L9y i B 2  2H0 )
X400 X Xty _2x X —>+00 1_21 -
X
2x% + 4x+
ko lim (f(x) —2x) =-1= lim (x_ﬁx -2x)=-1 = lim X ﬂx:-l =

x>t x —2

.4+ 4+ .1
= lim —ﬂ=-1:>—ﬁ=- =pB=-5 (etvax lim —=0).
X —>+00 1_21 1-0 x40 X

X
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OEMATA ETOYX 2002

1) 'Eoto ot cuvapthoeig f, g pe medio opiopov to R . Atveton 6TL 1 GuvapTNoN TNG
obvBheong fogetvon 1 — 1.

o) No oeilete 6tin getvon 1 — 1.

B) Na deiéete 6T e&lomon : g(f(x) + X — x) = g(f(x) + 2x— 1) &get axpPag 0vo
Betucég ko pio apvnTikn pila .

AYXH

o) Eoto X, X, € Rpe g(x) = gx) . Tote flgx)) = f(gx)) = (fo g)(x1) = (fo g)(x)
= X=X (apodnfogetvan 1 —1). Apan getvan 1 — 1.

gil-1
B) Exovpe gf(x) + X — x) = g(f(x) + 2x— 1) & fx)+ X —x=f(x) +2x—1 <

o X -x=2x-1e X -3x+1=0 (1).

Bewpovpe TN cuvaptnon O(x) = X —3x+1, xeR. [0 kébe x € Retvou :

o'(x)= 3X -3 = 3x-1)(xt1) k@' (x) =0 < x=-11x=1.Axdun &ovpe :
x>0 x<-1Mx>levoo (x)<0<=xe(-1,1). Apa:

* 1 @ etvon yvnoiong avovoa oto (-, - 1] ko ¢((- 0, - 1]) = (Xlilgo o(x), o(-1)] =

=( lim X, 3]=(-, 3] . Eneidn 0 e (- 0, 3] n e&lomwon (1) €xel pio axpPog

pila (apvnTikn) oto (- 0, - 1].
* 1 ¢ glvon yvnoiog avéovoa oto [1, +oo) ko @( [1,+0) ) =[p(1), lim ¢(x))=

=[-1, lim X3): [-1,+00).Eneidn 0 €[ -1, +o0)n e&icwon (1) €xet pia

axpPag piCa (Betkn) oto [1, + ).

* H ¢ etvon yvnoimg eBivovca oto (-1, 1), emopévmg n (1) €xet to modv pia piCa
oto (-1, 1) . Axoun n ¢ givon cuveyng oto [0, 1] g ToAvmvu ik Kot
0(0)o(1)=1-(-1)=-1< 0, dpa coppwva pe To Bedpnuo Bolzano n (1) Ba €xet
tovAdyotov pia pila (Betucn) oto (0, 1) < (-1, 1) . Eropévac n (1) €xet
axpPmg pia pia (Betucn) oto (-1, 1) .

Ao to mopomave tpokdmtel 6t M (1) €xet akpPdg SVo BeTikég Kou pio opvnTiKn

pila .
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2) o) 'Eoto dv0 cuvaptioeis h, g cuveyeic oto [a, B] . Na amodeilete ot av
B B
h(x) > g(x) yia k40 x €[a, B] , TOTE Ko jh(x)dx > jg(x)dx .

B) Atverou n mopaywyiciun oto R cuvdptnon f, mov avomotel TG Y ECELS :
fx)—e ™W=x-1,xeR kaf(0)=0.
1) Noa ekppaotein f” wg cuvaptnon g f.

i) Na Ssicete ot % < f(x) < xf (%) , 70 KGO x> 0 .

1i1) Av E givar 1o gpaddv tov ympiov Q mov opileton amd tn ypopikn
napdotaon g f, Tic gubeleg x= 0, x=1 kou Tov d&ova X' X, va d&ifete 0T

1 1
- <E<-=A1(1).
4 2()

AYZH
a) Eme1dn n cuvaptnon h(x) - g(x) eivon cuveyng oto [a, B] og dapopd cvveydv

ovvoptTnoe®V Koy Kabe x €[a, B] etvan h(x) > g(x) & h(x) - g(x) > 0 &yovpe :

B B B B B
[(h(x) = g@)dx> 0 = [h(x)dx - [g(x)dx>0 < [h(x)dx > [g(x)dx .

P)
1) [MopaywyiCov pe ta 0o pén g f(x) —e T = x— 1 ke ToipVOLE :
_ _ 1
R+ e W=l ®(+e W)=l f'(x)= o (1), xeR.
+e

F(0)=0
ii) Tt k60e x> 0 &xovpe % <fx)<xf'(x) < % < f(x)— f(0) < xf '(x) <

1 —
= 5 < L{;(O) <f’'(x) (2).Apxet bowmdv vo amodei&ovpe v (2) .
x—

H f etvon ovveyng oto [0, X] kon o aywyioyn oto (0, X) apov ivon
nopaywyioyn oto R . ZOUe@va pe 1o Bedpnuo péong Ting vapyeL Eva

TovAdyotov E€(0 , X) Tétoo wote f'(§) = ](x);é‘(()) Opog0<éE<x =

f'0)<f () <f'(x) (3),apov and v (1) yro ke xR :

., e’ 1(x) , , , . ,
f"x)= ————=>0(f'x>0,and v (1)), ondten f eivon yvnoiog
(1+e f(x))2

1 1

— = — ."Etotamo v (3) mpoxvmtein (2) .
0 i 2 nv (3) mp n(2)

avéovoa . Opwg £ '(0) = "
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iii) H f efvon ouveyng oto [0, 1] (og mopayoyiciun oto R ) kon yo kaBe x [0, 1]
etvon f(x) >0 (f(0) = 0 kou 1o kKGOe x> 0 etvonr 0 < % <A1(x) ) . Emopévag
1
E= [ f(x)dx .
0

Ene1om to copmépacpa tov epmtuoatos (o) eEakolovdel va woyvel Ko dtav
h(x) > g(x) yio k@be x €[a, B] pe 10 = va unv oy veL movtod oto [a, B] (N

amdoeln dpoa ) Ba Eyovpe :

% < f(x) < xf(x) (ywkdBe xe[0, 1] pe to = va ioyvel povo yuiu x=0) =

= {%dx < J;f(x)dx< .[va(x)dx 3[%]% <E<[xf(x)], - J;(X)f(x)dx:>

2
X, 1 1
—1' <E — <E — <E
[4 1o 2 2
= = = 1
E<[xf(x)]; - E 2E < Af(1) E< Ef(l)

1 1
Apa — <E< —=1(1).
po 7 2()
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OEMATA ETOYX 2003

1) 'Ecto n ouvéptnon f(x) = X+ X +x.

o) Na peretrioete v f ©¢ mpog 11 povotovia kot ta Koido Kot vo amodei&ete Ot
n f éyet avtiotpopn cvvdaptnon .

B) No amodeitete 611 f(e”) = f(1+x) yiokébe x € R.

v) Na amodeifete OTL 1) €QotTo pHEVT TG YPOPIKNS o dotaong s f oto onueio (0, 0)
etvan 0 d&ovag cvppeTpiog TOV YPoPIK®OV Tapaotace®Vy g f kot g £ -

d) No vroroyicete 10 epPaddv Tov ywpiov mov mepkAeictan amd T YPOPIKT
napdotaon e ' tov dEova tov X kot TV gubeia pe e&iomwon x=3 .

AYXH

a) Mo kéBe x € R €yovpe f'(x) = 55 +3x +1> 0, ondte n f etvar yvnoiog avéovoa
oto R, dpa ko 1 — 1 kau cuven®dg £xel avticTpoen cvvdptnon .

Axdpn Yo kéfe x e R: £7(x) = 20x + 6x=2x(10xX+3) ko f (X)) =0 < x=0,
f7(x)>0 x>0, (x)<0 <x<0(evar 10X +3 > 0 yia ke x e R) .
Apan f otpépet ta koiha : Gvo oto (0, +0) Kot KaTw oto (- o, 0] .

B) T kdBe x € R, eme1dn n f eivon yvnoiong avéovoa , &xovpe : f(e") = f(1+x) <
S e 2 1+x € -1 -x 20 (1) . Apkel bowmdv vo amodei&ovpe v (1) .
Oewpovpe T cvvaptnon g(x) =¢ —1 — x kot éyovpe g (x)=¢€ -1, xeR.

g =0 -1=0c f=e"ox=0, (x>0 -1>0e > ox>0,
g(x)<0< x<0.Apan g mopovcsidlel olkd erdyioto ot Béon 0, 10 g0)=0.
Emopévac Yo ke x e R: g(x) > g0) < e -1 —-x =0 .

v) H gpantopévn g ypapikng napdotaong g f oto onueio (0, 0) éxetl e&lowon
y—1f(0)=1f'(0)(x-0) ©y-0=1(x-0) <y =x, mov eivar n e&lomon tov
dEova cuppeTpiog TOV YPapIK®V Ttapactdcewy g f ot g f b

0) To medio opiopod g f ~! givon To chvoro TV g f dniadn to

( lim f(x), lim f(x))=(lim £, lim x)= (-0, +%)=R 0000 nf sivar

ovveyNg Kot yvnoiog avéovoa otoR . H f “etvae ovveyns oto R apov N fetvan

ovveyng ko ot Cy Cf,, etvon ouppeTpikég wg mpog tnv gubeia y = x . Emeon

f(0)=00a sivor £ '(0)=0.
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Hf 'eiva yvnoimg avéovoa (av o < B Oa etvon £ 1(OL) <f 1(B) , 010TL av glyope
f ) > '(B) = f(f (o) 2 '(B) = a=P, dromo ) pan f '(t) =0 &yer
povadwkn pifato 0.

3
RﬂmwmmqﬁﬁmmmE=”f%%#®&wmt=ﬂ@m@m&=?®&
0

kot ywo t = 0 moipvoope x=0 (£(0)=0) evod yuu t = 3 maipvoope x=1(f(1)=3).

1

ApaE= [|f (S| dx = [ )dx = [ (0)dx =[] § - [ @)F ()dx

0 0 0

1 6 4 2
I 1 1 25
—f(1)-0— [(F+xP+x)dr = 3 [+t ]l =3 (—Hot=)= = 1p
(=0 [ aa e = 3= [+ 1 =3 (GHg+p) = 7

2) 'Eoto o cuvaptnon f ovveyng o” éva ddotnpa [a, B] mov €xet cuveyn devtepn
mopaywyo oto (o, B) . Av woyvet f(a) = f(B) = 0 xon vedpyovv apBuoiy e(a, B),
de(a, ), értorwote f(y)f(d) <0, va amodeitete Ot :

a) Yrdpyet pio tovAdyiotov piCa g e&lowong f(x) = 0 oto ddotnua (o, B) .

B) Yrapyovv onueia &, & €(a, B) tétown dote f7'(§) <0 xkarf "(&)>0.

Y) Yapy el £€va TOLAGY10TOV oNueio Kapmic TG Yp 0PIKNG mapdotacng g f,
pe dedopévo o0t 77 éyel o moAd memepacuévo TA0og pilov .

AYXH

a) Etlvony#0 , oot av y = 6 161 f(y)f(y) < 0= (f(y))2 <0, dromo . Xwpic PAaPnN
g yevikotntog éotw ¥ < 8 . H f elvan cuveyng oto [y, 6] c[a, B] ko f(y)f(d) < 0
dpo ocoppmva pe To Bedpnpo Tov Bolzano vrdpyet pio tovddyiotov piCa p tng
eglooong f(x) = 0 oto dtdotpa (v, 0) < (o, B).

B) Epappoovpe yo v f 1o Oedpnuo péong tipmg
ddoykd ota dwotruata [a, Y], [v, pl, [P, 0],

p 9 B

[0, B] kou Taipvovue avtictoya : f(o) = f(p)=f(B) =0
J)—fl@)_ f(»)

y—a y—a’

)=S0 /)
p-y p-r’

VIapyEL €va TovAdyiotov A€ (a, v) Tétowo wote f'(A)) =

vdpyel Eva TovAdyiotov A (Y, p) Tétoto wote £ '(A,)
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J@)-fp)_f0)

VIapyel €va TovAdyiotov Aze(p, 8) Tétowo wote f'(A3) =

S—p S—p’
vrdpyel Eva Tovddyiotov Az (0, B) tétoo wote f'(Ay) = /(P ﬂ) — g(é) = _ﬁf((;) .

Eneion eivon f(y)f(8) <0 Ba etvan : (fy) <0 kar f(8) > 0 ) 1 (f(y) > 0 xon f(8) <0 ) .
AVE(Y) <0 ko f(8) > 0 1éte: f'(A)<0,f' (M) >0,f"(X3)>0,f " (Ay)<O0.
Epappdlovpe yio vy f 7 1o Bedpnuo péong tipmg d10d0ykd 6To S10.6THLOT O

[A1, Aol [As, Ag] ko ToipvoLpE avTioTOLY O :

)= (A
vrdpyel éva Tovhdytotov Ee( A, Ay) Tétowo wote £77(&) = A /ft) f( ) o 0,
2 M
)= f (4
vrdpyel éva Tovhdyiotov & e( Az, Ay) Této10 Dote £77(§)) = A ;L) f;( ) < 0.
443

AVE(y) >0 ko f(8) <0 téte: f'(A) >0, (M) <0,f' (M) <0,f'(Mg)>0.
Epapudlovpe yio v f 7 1o Bedpnuo péong tipng S10d0y ké 6To d10.GTHLOT O

[A1, 2], [As, Ag] KOU TOHPVOLLE OVTIOTOLY O, :

fO)-f ) _

vdpyel Eva tovddyiotov e (A, Ay) Té€to10 wote 7' (§)) = P 0,
2 M
A)-f (A
vrdpyel Eva Tovhdyiotov e ( As , Ay) Tétowo dote £77(&) = A ;) f( ) 0.
4~ 3

Y KGO mepintwon Aomdv vdpyovv onpeio &, & e(a, B) téron wote
f7(E&) <O0wxaf(&)>0.

v) Erednn " eivon cuveyng oto (a, B) Ba €xetl otabepd mpdom o oe Kabéva oo to
d1adoy KA dtaoTruaTo Tov opilovTor amd TIS TO TOAD TENMEPAGUEVEG GE TANOOG
pileg e £ 7'(x) = 0 . Opwg emeon and 1o (B) n f 7" aAraler mpdompo oto (o, B)
VAP OV HVO TOLAGYIGTOV SO OY KA OLUCTIOTA LE OLAPOPETIKO TPOOT O KoL
£0TO X, TO oNUeio OAAAYNC TOL TPO GOV .

210 X, opileton f '( x,) (dnAad"| opiletar gpantopévn g Cr 010 X, ) koun f 7’
aAAGCeL Tpoon po dpa oto onueio A(X, , f(%,)) N Cr mapov cidlel ko .

106



OEMATA ETOYX 2004

1) Atvetou ) cuvaptnon f pe tomo f(x) = XInx.
a) Na Bpeite to medio opiopov g cuvdaptnong f, va pehetnoete v povotovia tng
Ko va Bpeite to akpoTaTO.
B) Na peretnoete v f og mpog tv kvuptdTnTo Kot va Bpeite to onueio Koapumns.
v) Na Bpeite 10 chvoro Tyudv g f.

AYXH
a) [pérnerx> 0, dpa 10 medio opiopov g f elvanto A = (0, +0). "o kéBe x> 0
EYOovE

f'(x) = (x) Inx + x¥’(Inx)’ = 2xInx + x= x2Inx + 1).

1

Enedn f'(x) 20 < ... x>e %, npokdmrel 6t 1 f eivon yvnoing adéov oa

1

mo(e_g .+ 00] Kot yvnoing edivovoa oto (O, e

1

2} eV Tapovolalel Kot oAKd

1 1
- - -1
ehdyioto otn Béon e * 1o f[e 2}=---=2—. Akopn lim f(x) =+, omote N f
e X —>+00

(aveEapnra amd TN ov pureprpopd TG kovtd oto 0) dev £yel HEYLoTo.
B) o kéBe x> 0 €xovpe
f7x)=(x)2lnx+ 1) + x2Inx+ 1) = 2Inx + 3.

3

Enedn f'(x) 20 < ... x>e 2, npokdmrel 0Tt M f otpéeet ta Koila kdtwm

3 3 3 3
ot0 (0,e *)kondvo oto[e >, + ), evido n Cy et onueio kapmic to (e *, fle *))

2
3 23
dnadnto (e 2, 2¢° ).
-1
y) H f eivau cuveyfg oto nedio opiopod tng A kou £xet oAkd eldyioto to 2e.

[Topatnpodue 61t lim f(x) = lim X - lim Inx= (+o0)(+00)=+o0. H mpofoin

™ms Crotovyy (aveaptnta omd v cvumepipopd g f kovtd oto 0) HBa eivon o

—1
10 [ 2e ,+x)=f(A).
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2) Aivetoum cuvéptnon g(x) = €'f(x) , 6mov f cuvdptnon map aywyicun oto R kar
f(0) = f(%) =0.

o) No anodeifete 011 vapyel Eva tovadyotov E€ (0, %) tétoto oote £ (§) =— () .

0
B) Eav f(x) = 2X —3x, va vroloyicete 10 oAokApopa I(a) = Ig(x)dx ,0EN.
v) Na Bpeite 1o 6po lim I(a) .
AYXH

a) ot ocvvaptnon goyvouvv Ta Eng :

® civar ovveyng oto [0, 5] ®G YOUEVO cuverdv cvvaptnoewv (1 f etvon

TOPOYOYLGYLT] AP0 KOl GUVEYXNG )

* civon mopaywyiciun oto (0, 5) ®G YWOUEVO TOPAYDYICIU®V GLUVOPTICEDV

. g(O)=g(%)=0,a(p01')f(0)=f(%)=0.

3
Xoppova pe to Bempnua tov Rolle vrdpyet éva tovddyiotov & €(0, 5 ) Té1010
wote g(§=0 (1).
Ouog g'(x) = () f(x) + &' (x) = &' (f(x) + £ (X)) . Ero1n (1) diver
e°£0

Ef@) +F(E)=0 < fO+f(©)=0 f(@E=-f9.
B) Eav f(x) = 2X° — 3x, 101¢ g(X) = €'(2X — 3X) , ondte

=" (=20 +7a-T7)+7.

(=) —2a* +7a -7
y) lim o) = lim [¢*(-20*+70-7)]+7 = lim # +7

e

s

........ (xavovag Hospital 2 popég) = 7.
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3) 'Ecto n ocuveyng cuvdpmnon f: R — R 1éto10 dote f(1) = 1. Av yio xébe xR,

1oy 0eL g(X) = T|z| f(t)dt -3

1
z +—
| z

(x—1)>0,6movz=0+pi €C, pea,pPeR’,

T07T¢E :

o) Na amodeilete 6T1 1 cuvaptnom getvon mapoaywyioun oto R kon va Bpeite ™ g’

1
z4+ =

B) Na omodeitete ot |2 =
z

v) Mg dgdopévn t oy éom Tov epothuatog B va amodeilete Ot Re(zz) = —% .

d) Av emmhéov f(2) =a> 0, f(3) =P xon o> B, va anodeiEete 0TLVIAPYELX, €(2 , 3)
této1o wote f(x,) = 0.

AYXH

a) H ouvéptnon g sivan nop ayoyicipn oto R w¢ dOpoiopa mop aymyictpuny

1
z+—
z

ocuvapthcemv d1otin f eivor cuveyng oto R kou 1 —3 (x—1) mopayoyicyun

1
zZ+—
z

®G ToAeVVIIKY. Apa g(X) = ... = | f(x)3x -3

B) Mapornpodue 6tL g(1) =0, dpa yia k@bs x €R 1oyder g(x) >g(1), dnhadn to

g(1) = 0 givar ok erdyioto tng g. Enumhéov 10 1 givon ecmtepikd onpeio tov R

KoM g elvon Toapaywyicipn oto 1, omdte chppmva pe to Bedpnua tov Fermat

g)=0 o..o |{= , 0900 f(1) = 1.

1
Z+—
z

Z=w
v) ‘Exovpe : |7|= & |ZZ|=|ZZ +1| S W=w+]| oM =w+| =

1
Z+—
z

W N = 1
o ww=Ww+D)(w+l) & w+w=-12Re(w)=—1< Re(zz)z—i,

d) Apxeiva detovpe 6T B < 0 31011 T0TE eapudletar to Bempnua Tov Bolzano yia

v forto [2, 3] (nfetvon cuveyng oto [2, 3] kan Ba etvon 1(2)1(3) <0 ). 'Eyovpe
1
Re(zz) 2—5 <Ok z°= (a+ Pi )2 =o - B2 +2afi , dpa

a>p
o' ~p'<0 = (@-P)a+P)<0 S a+p<0 =Pp<-a,

OnAadn| o B etvar pkpdTEPOS TOL APVNTIKOD — 0 Gpa Etvar apvnTikog .
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OEMATA ETOYX 2005

1) Atvetou 1 suvaptnon f pe tomo f(x) = e, 1> 0.

a. Agi&te 6T f eivan yvnoiog avovoa .

B. Agi&te 0TI M €lo®OT TNG EPATTOUEVTS TNG YPOPIKNG TTop dotaong TN f, n omoia
dEpyeton omd TV apyn TV aEOVeV, Eivarny = Aex.
Bpeite t1¢ cuvtetaypéveg tov onpeiov emapnc M.

v. Agi&te 6t1 10 uPaddv E(L) tov ywpiov, To omoio mepucieieton petald e ypapiknig

napdotaong g f, Tng epamtopévng g oto onpeio M kot tov déova y 'y, givan

e—2
E(A) = .
) 77
A*-E
0. Ynoloyiote T0 lim —(l) .
Ao D+ MUA

AYXH
o. Eivar £ '(x) = A >0, yia kabe x e R, apan feivon yvnoiog oad&ovoa .
B. Eoto M(x, , f(X,)) T0 onueiov emaong . Tote n e&lomon g epomto pévng g
YPOPIKNG Tapdotacns g f, n onoia dipyeTon amd M eivan
y — (%) = £ /(%) (x—%) &y - € = he'™ (x-%,) (1) . Enewdn egomropévn g

YPOPIKNG Topdotacmng g £ 0pyeton amd v apyn tov advav, n (1) diver :

1
0-e" =1e"™(0x) & A =1 %, = 7 H (1) t61€ yphpeTon y = Aex Kol 1o

1
onpeio emapns M (5, e).

v. H f gtvan xopt 610 R 0o f 7'(x) = A >0, v kédfe xe R . Apa

v k60e x € R etvan f(x) > Aex Ko cuvenmg 1o {nrovpevo epPadd etvon

1 1

E(A) = j[(f(x) —eAx)dx = _j[ (e —edx)dx=...= 62;2 .

-2 A-(e—2
0. Aappdavovtag vroyn ot E(A) = ¢ t0 {nTovuevo opio eivor to lim L.
22 A 4+ 2NUA
, 1 1 1
Evor -1 <ui <1 - 2<2l L2 2<2Nh +4<6& - < ——<— &
6 2nui+4 2
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(=4 _ (e=2)A _(e=2)A
6 2nui+d

(e—2)A

_gim 224

A—> +0

. Emedn }im
Oa sivar ko lim w =
Ao 4+ 2NnUA

2) 'Eoto o cuvaptnon f topayoyioipun oto R tétotn, dote va woyveln oxéon
21 (x)=¢"" "™y ki0e xeR Kkar £(0) = 0.

1 X
a. Na 8e0ei 611 : f(x) = In( +2e ).
[ rx-pyat
B. No Bpebei to lim -2 .
x—0 nux
X 007
¥. Aidovtar o1 cuvapticelg: h(x) = I t*% . £ (t)dt xon g(x) = 007

—-X

Acgi&re 611 h(x) = g(x) Yo k@Be x e R .

X 1
3. Aciéte 6T m kiomon I t*%. f(dt = 5008 &gt axpipmc pio Moo oto (0, 1).

AYXH
0. Exoope 2 £ ' (0 =¢" "™ <21 (x) ¥ =¢" < 2V)=(") <
2™ =¢"+¢ ,makife xeR. Eredq f(0)=0:2e"" =" +¢ < c=1.

1+e"

Apayo ke xeR: 2™ =¢"+1 < f(x) = In(

).

B. Exovpe jf f(x—t)dt - I f(w)(=du = j- f(u)du ."Etot égovpe :

t=u

S(x—t)dt fwdu ¢ (| 7 u)duy
0 nux =0 nux Ha;ital =0 (nux) -0 obvx ovv0

0,
apov N f ¢ mapaywyioiun etvor Kot coveyng .

v. Exovpe h(x) = jitzo“ - f(Hdt = j t*® . f(H)dt + Itz"“ f(Hdt =

=X

_J' t2% . f(t)dt +Jt2°05 - f(@®)dt xamyokdbe xR
0

0

h ()= - (= 02 (- %) (= %)+ X () = - (= %) + 2 f(x) =
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1+e™
2

25 (30 - (%)) = 2 (In ﬂ) In )) = 2% In( ﬂ) =
2 l+e™

2005 x _ 2006
X net= x0T

Axopn g ’(x) = X0 v k@Be xeR , gpah (x) = g'(x) ylok@be xeR.

[oodvvapa vapyel otabepd ¢ tétota dote h(x) = g(x) + ¢ v ke x € R xon

eme1dn h(0) = g(0) = 0 maipvovpue ¢ =0 . Apa yuo kébe x € R : h(x) = g(x) .

[ 1 1
. @& Rt ) f t*". f(Hdt = —— < h(x)=——
élovpe va deiovpe 0t N eicwon J. f(@) 5008 (x) 7003

—-X

1 7 1 7 1

& gx) = — = & -
2008 2007 2008 2007 2008

=0 , &el akpPdg pio Adon

oto (0, 1).

007

2007 " 3008 n omoia givon cuveyng oto [0, 1] ko

1 1 1

0o(1) = - ]
2@ =555 (2007 2008

Oewpovpe TV ¢(x) =

) < 0 omoTE oVUPVA e TO Bedpnua Tov Bolzano

n e&iomwon o(x) = 0 €&t pia tovAdyiotov piCa oto (0, 1) n omola Opwg etvar Ko

povadtkn agov 1 ¢ ivar yvnoimg avéovoa oto (0, 1) :

2006

¢ 'X)=x">0yukdexe(0,1).
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B' MEPOZX :
ITIPOTEINOMENA OGEMATA
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IMNPOTEINOMENA EITAN AAHIITIKA OEMATA XTHN ANAAYXH

xo? +(x*-1)e’

1) Atvetou  ovvaptnon f(x)= lim = , OTOL o OETIKOG TPAYUOTIKOG
y—>+00

a’+e
aplOuos pe a#e .

a) No Bpebet 0 o dote 1 cuvapTnon g(x)=e3 Ino-f(x) va mtapovodlel erdyioTo .

B) I'a omoadnToTE 0md TI1G TIHES TOL O TOV PprKaTe 6TO () EPAOTNUA , 0modEilTe OTL

Y10 TV TOPOTAV® GLVAPTNGT g 1oYVEL 0TL TO PP add Tov Y®piov Tov TEPIKAEIETIL

4
a6 v Cg ko tov aéova X' X 0ev glvon peyaAvTeEpPO omd 3 T.J.

2) Atveton m cuvaptnon f pe medio opiopov to R ya TV omoio 1oy Vet :
21(x)+1(2004-x)= -x , Yo kG0e x € R.
a) No Bpeite Tov Tomo g f.

S (x)
Inx

B) Na Bpeite 11 acOhuntmteg TG cvvapTnong & x)=

Y) Av h(x)=x2f(x) , amodei&te dtLvmapyovy o, B € R 1éTO101 MOTE :
B

[xh" (x)dx =h(a)-h(B) .

a

3) Atveton | Topaywyicipn cvvdptnon fyia v omoia 1oy Vet :
[£()]"** +a[f(x)]’= -e™ , >0 ,y10 k60 x € R .
a) Na deilete 0t f(X)=C , Y100 KGO€ X € R ,6mov ¢ apvnTiKy otabepd .

B) Na Bpeite 11 achuntmTteg TG cvvaptnong & x)= J: (x)1 .
e p—

4) Atveton | mopaymyiciun oto R cvvdaptnon f yio v omoia toydet :
f'(x)+H(x)=1, yio ké0e x € Rxon f(0)=e+1 .
o) Na Bpeite to 6po lim (ling f(xy)) .
y—>+0 X

B) Na oeifete 6tin f etvon kvpty oto R .
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5) 'Eoto 1 cvveyng oto R cuvdaptnon f konn mop ayoyioiun oto R cuvaptnon g
YL TIG 0ToieG oy Vovv : (f o fo fH)(X)=xKatr( f o f)(X)=g'(X), yio kabe x € R.

9
Av 1 C, 6iépyeton amd Ta onueio A(1, 3) kon B(2, 5) , va ogi&ete Ot :
1 1
@) [ /(g (pdr ==
0

2
B) j(f o fo--o f)(t)dt :% (m f eppaviCetoan oto olokAnpopa 2006 popés ) .
1

6) Atveton m cuveyng cvvdptnon f ya v onoia toyvet f(x)+(x-1002)=0 ,yia k6Oe
x € R. Na deifete 611 :

a) f(x+2004)=1(x) , yio kGbe x € R.

2005 2006

B) [f(x+2008)dx= [ f(x)dx .

7) 'Eoto n ovvdpnon £: R — Ry v onoio toyvet :
[f(x)]>-2003[f( x)]*-2003f(x)-2004 = 0, y1o kG0 x € R.

o) No oeifete 6t f efvon otabepn .

5 4
—-2004
B) Ocwpodpe ta olokAnpmdpato : I = J'x + /(%)

> dx,
S X +x+l

4 3

J:'S[ X K = x*—-x-1
X+ x+1 L X7+ x+ f(x)—2003

dx . Na vrtoloyioete

mv mapdotoon [-J—K .

2x+l
8) 'Eoto 1 mapaywyicn oto R cuvdptnon g kot 1 cuvdptnon f(x)= _[ gR2x—t)dt.

1
o) No ogigete 6t : f (%) +f (x) = 2[g(2x-1)+ 2g'(2x-1)] , Yo k4B x € R.
B) Av n ypaowm mopdotacn tng g Ppioketol mvw omd tov déova X' X kain g sivon
yvnoing avéovcsa oto R , va deilete 611 M cvvdptnon h(x)= f '(x) +{(x) etvan

yvnoing avéovcsa oto R .
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9) o) Eoto pa cuvéptnon f cuveyng oto [ -a., o] , a >0 . Na amodeilete Ot :

a 2 If(x)dx , av n fetvon dptia .
Jf@dx=q

0 , av N f etvon wepurtn .

xdx

0,2
’ 1+
B) No vroloyicete 10 oAokAnpopa 1= J ovvV (xel"I + nux) - log 1

—0,2 -

v

2 x5 —2x —10x +4/3
v) Na vtoloyicete o ohokAnpoue J = J. dx

T

3

GUVZX

10) Aivetoum cvvéptnon f(x) = 57677 ue f(x) >3, yio kbe x e R
Amodeifte 6tL: o) n f éyerteldyiototo3 , PB)5° 67 =1.
11) o) Na AvBei oto R 1 e&lowon :
(x2+ X‘H)H — (2x2 — X+1)7 +(x2+ X+1)7 — (2X2 — erl)11 =x' - 2x.

2x> +x+9

B) Na Avbei n avicwon : 21n +5(x2—3x+2)<0.

x*+4x+7

12) Atveton m cuveyng oto R ocvvaptnon f kor 1 cuvdptnon

x t z

gx) = I(f (_ff(u5 )du)dz)dt

a) NoaPpeltetig g, g, g(3).

B) Na Bpeite to 6pto : lim g0
x>l (x_l)

- av eivar yvwoto ot f(1) = 12

Y) Avywkéfe xe Retvou £ (x) #0, va doeilete 6tin g eivan yvnoing povotovn .

13) o) Av f, g eivar cuveyeic cuvaptoelg oto [a, B] kKo f(X) > g(X) yio kdbe

B B
xela, B], va deiéete 011 jf(x)dx > Ig(x)dx .

B) Av f eivar cuveyng ouvdptnon oto [a, B] va dciEete OTt

B
[ f(x)ax

B
<[]/ (ax.

2
1 5
¥) Amodeitte 61 |[(xovv (e +1)+ qu—)dy| < =
X
1

d) Amodei&te 0TL OV VTLAPYEL CLVAPTNOT @ UE GLVEXN TAPAY® YO 610 [-a, o] ,a>0,

tétown dote : o(-a) = 3a., (o) = 7o ko ¢'(x) > 4, yio kabe x €[-a, a].

116



14) o) Av f, g eivar cvveyeic cuvaptnoelg oto dotnua [a, B] , va amodeitete Ot :

B B B
([ f)g(dx Y < [(F(x)2dx - (g))?dx . « Avicémnra Schwarz »

B) Av ¢ givon ot cuvéptnon pe cvveyn mopdywyo oto [o, B], amodeiére OTL :

B
|#(B) — ¢(er)] < \/(J (¢'(x)*dx)-(B-a) .

15) o) Atveton | mopaymyioipn cvovdptnon f oe éva dwdotnpa [a, B]. Anodei&te 6Tt

av 1 f otpéeet ta koika Gve oo [a, B] tote f( “;ﬂ )< f(a);rf(ﬂ) ,
By, f(@+7B)

+
evo av N f otpépet Ta Koitla kdtw oto [a, B] tote f{( a 5 )>

2

« Avicotnreg Jensen »
_ 1 _ _
B) M k4B o € Rva deibere ot e @+ (a+1)* < 5 (e “+e ) +ar2)® +a*).

16) Aiveton n téooepig popég Topaymwyioiun oto R cvvaptnon ftétown mote :
f(4)(x) + f(3)(x) =nux+ ovvx, yiukédfe xe R kan f(0)=1,f"(0)=0,
£70)=-1xuf?0)=0.

a) Na Bpeite Tov TOmo ¢ f.

T
3

B) No vroloyicete TO OLOKANPOUA, .[

0

! dx.
(x)

4 4
Y) Ymoloyiote 1o dOpowcua : S = Ifz(% —x)dx + jfz(x)dx .
3 3

17) Atveton opBoydvio mapolinieninedo tov omoiov o1 d1oTdoel; petadArlovTon
OLVOPTNOEL TOL Y POVOL t . AV TO INKOG KoL TO TAATOS aw&dvovtan pe pubpod
Im/sec , 2m/sec avTioTOlY MG , EVO TO VYOG ELaTTOVETOL PE puOpod 2m/sec , va
Bpeite T ypovikn otyun t, Tov T0 VYOC eivar ico pe To TAATOG Ko ico pe 4m :

a) To puOud petaPfoAing Tov euPadod TG OAIKNG EMLPAVELNG TOV 0pBoY®VIOL
TOUPOAANAETTES OV .

B) to puBud peTAPOANG TOL OYKOL TOV 0PHOY®VIOL TAPUAANAETITESOV .
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18) 'Ecto Lo cuvaptnon f pe medio opiopod to R onoia ivor cuveyng oto 13
Kot wyvel f(x +y) = 5f(x)f(y), yiakdbe x,y € R.
o) AmodeiEre 6tin f elvon cuveyng oto R.
B) Avem= [f()dt-[f@yde-[f@at- ... [ f@)dt ,vadeitere orn C, déxetan
1 2 3 100

TOVAAYGTOV 99 0pIlOVTIES EQUNTOUEVES .

7Zk2
,k>0.
4

k
19) o) Anodeiéte 611 : J-\/k2 —x’dx =
0

B) Ynohoyiote to mapaxdtom dpoiopo cuvoptioet tov o> 0 :

a 2a 3a 4a
S= J-\/az —x2dx + _[\/4a2 —x*dx + J-\/9a2 —x2dx+ J-\/16a2 —x2dx.
0 0 0 0

20) 'Eoto n ovveyng cuvaptnon f pe medio opiopov 1o [-5, 7] , GUVOLO TIUOV
7
t0 [-2, 9] xou TV 10T TOL I f(x)dx=0.Na deifete 611 :
-5
a) - F2(x)+ 76(x) +18 >0,y ke x[-5, 7] .

B) szz(x)dx <216.

21) Oewpovpe ™ cvvaptnon £ dvo popég Tapaywyictun oto R tétoln doTE
f(x) = .[(x— vt)f(t)dt, veN', v k60e x € R . Na deifete OtL:
1

a) f(1)=0xf’(1)=0.
By " X)=2-vix)+(1-v)xt'(x), nakabexeR.
v) {(x)=0,ywakdbe xeR,avv=1nv=2.
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22) ’Eoto cvvaptnon f ovveyng oto [0, 1], tétota wote f(X) > 0 yio kébe x [0, 1]
1 1 1
kar [In? f(x)dx + : =2 [x*In f(x)dx .
0 0

2

@) Nodcifete ot f(x)= €,y ke xe[0, 1].

1
B) Na vroloyicete T0 OAOKANPOUOL J f(x)

dx .
o JA=x)+ f(x)

23) 'Eoctm E(A) 1o gufadd Tov yopiov mov mepikdeieton omd TIC Yp ApIKEG TOPUCTACE LG
TV cuvaptioeny f(X) = Inx, g(x)= 12¢" ko 11g evdeicg x=1kon x=A , pe A > 0.
a) Noavroloyicete ®g cuvaptnon Tov A to gpPadd E(A) .

B) Noa Ppeite to 6po lim E(R) .
A—0*

24) Atvetar n cvuvéptnon f(x) = X'—4xX +58 —a,a>0.
o) Na peretn0ein f og mpog 1N povotovia Kot T akpOTaTo. .
B) Na Bpeite o cvvoro Tiumv g f.

v) Na Bpeite to mTAN00¢ TtV mpaypatikedv pav g eélowong f(x)=0.

25) Av yo m ovvdaptnon fioxvel £ '(x) = cuvx ko f(0) = 0 va deiete Ot :
a) vrapyelé e(a, atl) tétoo wote (fo f)la+1)—(f o f)(a)=ovv(f (§))ovVvé,

omov o €°R.

B) 0<ef”’—ef(ﬁ><e<v—ﬁ>,mmess,ve[0,§1m5<v.

2
26) Atveton ) cuvaptnon f(x) = onux + Bovvx — —a, omov a, BeR.
T
a) Na deiEete 6T 1 e&lomon f(x) = 0 £yet pia tovhdyotov piCa oto (0, m).
B) Av oydet j f(x)dx =nuo , va deiete o011 vIaPYEL Eva TovAdyiotov E€(0, o)
0

té€to10 wote f(§) = ouvE .
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27) Aivovton ot cuvaptioelg f(x) = 2x+ max{ X, X} Kot g(X) = Jx+1 .

a) Na Bpeite ™ oovBeon g fue v g.

B) No amodeitete 0ti 1 ohvBeon g f pe v g efvan cvveyxng oto medio opiopon Tng.
v) Na g€etdoete av n obvBeon g f pe v getvon mopaym yiciun ota onpeia

=0k x=1.

28) 'Eotm 1 ovvaptnon f 1peig popég mopaywyiotun oto R, T€10100 OOTE :
f'25+f'20)=f"(35)+f’'(10).

a) Na dei&ete 0tLvmapyovv &, & (10, 35) pe & < &, tétola wote
£ =1"(%).

B) Amoodeitte 0t vIapyEL Eva TovAdyiotov E€(10 , 35) tétoo wote f (3)(@ =0.

29) a) Av f givar o mopaym yioyn oto R cuvaptnon kon ) e&lowon f(x) = 0 éyet
T0 TOAD v drokeKpyéEveg mpayuatikég pileg (v eN) , 16te 1 e€lomon f(x) = 0
€xelto MOAL Vv+1 Srakekplpéveg mpaypatikés pileg .

B) Na Avbein effooon : 4°=— X+ 15x— 10 .

30) o) 'Eoto f o cuveyng kot yvnoimg povotovrn cuvdptnon oto [a, B] . Na deiéete
ot e&iowon f(x) = 0 &xer Avon oto (o, B) av kot poévo av f(a)f(B) <0 .
B) Na deifete 611 m e&iomon X + X +2x—A=0 éxerAvomn oto (-1, 1) av kou povo
avie(-4,4).

31) Aiveton ) cuvéptnon f(x) = e* +x + x, xe R.

o) Na dei&ete 0t fetvan avtiotpéyyn Ko vo Bpeite 1o medio opiopov g f -
B) Na Aboete v effooon £ (x)=0.

Y) Otwpdvtog 6tin f T etvan Tapayoyioyn oto medio opopod g, va Ppeite v

mopaywyo g f 610 onueio 1.
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32) a) 'Eotm n ovvaptnon £ opiopévn oto [a, B] .Av n f eivar avtiotpédyiun kot

€xel ovveyn TpOTN Topdywyo oto [a, B], va oeiete OTL :

B 7B
If (x)dx+ | f 7 (x)dx = Bf(P) — of(@) -

S ()
B) Atvetarn cvvéptnon f(x) = ¢ +x . No VTOAOYIGETE TO OAOKANPOLL

e+l

If’l (x)dx.

33) o) 'Eotm ocvvdptnon f opiopévn 6to A kot yvnoing avéovcsa oto A . Amodeilte
6tL: 0 p eivon pilo g e&icwong f(x) = f~'(x) av kor pdvo av o p etvar pila
g e&iowong f(x) = x.

B) Av f(x) =x+ J.e‘fzdt , X € R, va deiete 0T f etvan yvnoing avéovoa kot
2004

va Moete v eélowon : f(x) = 7' (x).

e*+3"+5"

34) Aivetorn cvvdptnon f(x) = — xeR.
e

+7" +4
o) Na Bpeite 10 6po ¢ f oto + 0.
B) Na Bpeite to 6p1o g f o610 — 0.

S+
v) Avgt)=e™ (evvt) , va. Bpeite To 6pro : lim _[(g(t) +2t)dt .
B

35) 'Eoto f ouveyng cuvaptnon oto R.
a) Avylokafe x,y € Rwoyvel f(x+y)=f(x) + f(y) + Axy(xty) , Ae R, va deifete

or [ f(x)dx=0(aeR).
3x
B) Av yw ke x € R 1oy0et jf(t)dt >3x —1,va deiete 011 M e€lowon
1

1)
_[ f(dt =(f(x))* —x* éyer pio Tovdéyotov TpaypoTiky pila .
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36) Atvetar m cuvdptnon f, 800 popég mapaywyiowun oto R, ue f(0)=1,17(0)=0,
o T T ,
f (E) =-1xau f(x+y)=1{xf(y)- f(E - x)f(;- y), Yy ke x,y €R.
No d¢eilete OTL:
V4 , T .
o) f(E)ZO. B) f(x)=-f(5-x),ytal<aes xeR.

y) 77X +1f(x)=0,yiakdbe xeR. d) f(x) =ovvx, yuukdbe xeNR.

2004

37) o) Anodeilre 6T elowon 2X — X+x-1=0 éxel pio Tovddyotov pila

oto dtdotua (0, 1) .
B) Oeswpovpe tetpdywvo ABI'A mhevpdg 1 . Na deilete 0t vmdpyet éva

ToVAQYoTOV onpeio M gcwteptkd Tov Tunpatog AB této10 dote va oy veL :

2004 N

= MI'-MA .

N

2(MA

38) Oswpovpue 11 cuveyn cvvaptnon f pe tedio opiouov to [0, 10] kou Tipég ot0 Z

6(f(3))* +3f(x) +3
6/ (X)) = (f(x)* + f(x) -2

KOl T GLVAPTNOTN g LE TOMO g(X) = KO TWES

oto Z.

o) Na deifete 6T f elvon otabepn] .

B) Na Bpeite To medio opiopov g g kat Tovg THmovg twv f , g.

v) ‘Eoto tpiyovo ABI pe miegvpéc a(t) = 218+ , B(t) = 218 ,Y(t) = 232/ ) ,
omov te[0, 10] . Av AM , AA gtvor 1 6141€60G Kot TO VYOS OV TIOTOL MG TTOL
KatoAyovv otnv BI', amodei&re 60T1 0 puOpoc petafoing tov tupatoc MA otav
t =1 eivon icog pe 90-In2 .

39) 'Eotm 1 un undevikn moAvmvopuky covaptnon f térola dote :
f(xz- yz) =xf(x) - yf(y) , yia ké0e x, y € Rk f(ﬁ) =\2.
a) NoPpeite v .

1
B) No vroAoyicere T0 OAOKANPOLOL J. \/1 —(f (1)) dt.
0

-1
v) No vToAoYiceTE TO OAOKANPOLLOL .[ J— (x* +4x+3)dx.
-2
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1
40) o) Anodei&re 6ty kéBe x> 0 toyveL : quUX> X - : X.

B) O@ewpovpe TeTpdymvo Thevpds 6 Kot maipvoovpe Toyoio 10 onpeio
Al,..., A eviég Tov TETpay®VOL. TNy amdotaot ovo onueiov A, Aj v
ovpPorifovpe pe Dij, 6mov i,j € {1,2, ..., 10}. Amodei&te 6TL LVIAPYOVY
000 TovAdyiotov onueio Ai, Aj (1#] ) T€T0100 OOTE VAL IOYVEL :

Dij Dij

3
J-e6'””dt < Ie“" dt
22 242
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I'' MEPOZ :

AITIANTHZEIY - ZYNTOMEZXZ AYZEIYX XTA
ITIPOTEINOMENA GEMATA
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YIIOAEIZEILX - AITANTHXELX XTA ITPOTEINOMENA OEMAT A

1) o) Awxpivovpe T1g Teputtdoelg o>e , 0<a<e . Bpiokov e
3 (x*-DIno,a €(0,€) ) )
gx)=eaf(x)=1 | T v mepintwon o>en g dev Exel
ealna-x,aa>e
axpotata , omdte mpémel 0<o<e kot g(x)=(x2-l)lna .
e Avae(0, 1) tote Ina <0 korm g €xet péyroto omdte . g(0, 1) .
e Av o=1 16te g(x)=0 Ko m g éyetl ehdyioto 10 0 .
e Av ae(l ,e) tote Ina>0 kou ko 1 g €yl eAdyioTO.

Tehwa Lomdv a el ,e).

1
B) To {nroduevo epPaood etvor E= “g(x)|dx .Emnedn |g(x)|= |(x2 —1)In al <
-1

1
4
[v2 = 1|=1-¢, i xe[-1, 1] Bt E< [(1-x?)dy = E< 3
-1

2) o) ®¢tovpe 6mov x 10 2004-X Kol ard TO0 GV GTNUA TOL TPOKVTTEL PPicKOL pe

f(x)=668-x .
668 —
B) Eivan g(x)= X xe(0,)u +o).
;o 8 _ : _ .
Eneon lim =—==...=0 kot lim (g(x)-0-x)=...=-00 ¢ R, n C; dev &yel
X— 400 X X—>+00

optlovtieg N TAayeg aovumtoteg .Eivor lim g(x)=0 €R xor lim g(x)=+ oo,
x—>0" x—> 1"

lim g(x)=- o ondten C; €xel KatakdpLEN acOUTTOTN TNV gvbeio x =1 .

x—> 1"

B
v) Etvan h(x)=x2(668—x)= X+668X , X ER Kkt jxh " (x)dx=

a

B
=[xh’(0] - f(X)'h "(x)dx =h’(B)- ah’(@)-[h(x)] ; = Bh’(B)- ah’(c)-h(B)+h(e) .

B
[Mo va wyver n oot To Ixh ""(x)dx =h(a)-h(B) ,apxei Bh’(B)- ah’(a)=0, y1a
1336

KatOAANAeg Tég Twv o, B Exovue h'(x)=0 < -3x°+1336x=0 < x=0 nx= =

Eniéyovtog 0=0 xon =

maipvovpe to {nTovpevo .
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3) o) [HopaywyiCovtag ko to 2 péAn g dobeicag oyxéong maipvoupe
£ (0[1821(f(x)) **+3a(f(x))*+e"V]=0 , y10 k60e x € K. H mopdotaon
evtog TG aykVANG etvan Beticn , dpa £ '(x)=0 v kéOe x € R ,cuvendg
f(x)=c . H otabepd ¢ eivon apvntin , 010t av ¢ >0 101€ otn dobeica oyéon

10 1° pédhog Oa frav pm apvnTikd evad to 2° apvnTikd (4romo) .

B) Etvon g(x)=

YC , x# 0 Eyovpe :
e —1

lim g(x)=0, lim gx)=-c, lim gx)=-00, lim gx)=+00. Apan evbeia
X—>+0© X—>—®© x—0" x—>0"
y=0 gtvar op1{ovTia aoOunTOT 0TO + 0, 1 €VOEia y= -c givon opdvTia
ACOUTTTMOTN 0TO - 0 koL 1 Xx=0 KaTaKOpLEN O UTTOTY .
4) a) Exovpe f'(x)H(x)=1 < '(f ' X)H(x)=¢" < ('f(x)=(€") <
¢Mfi(x)= e*+c, c otafepd Lo x=0 : ' f(0)= e™+¢ < etl=1+c< c=e . Apa
fix)=1+e'™, xe R. Eivor Aowrdév  lim (lim f(xy))= lim (lim (1+e'™¥))=
y—o+o  x— y—>to  X—
Gétovue -2y=t
lim (1+e'™?) = lim (1+¢') = 1+0=1 .
t——o0

y—>+00

B) f ' (x)=- ™, f (%)= e >0 ,apa n f etvar kvpt) 610 R .

2

‘ 1
5) o) f(g (Y)~(Fo fo NEO=x.dpa [ f(g'(Ndx=[5-1} =3

B) 2006 = 668-3+2 , dpat [ (f o fo- o f)O)dt=[ f(f(x))dx=[g (x)dx=

- e2)- =3

6) o) ®¢tovpe ot dobeica 6mov x To x+2004 : f(x+2004)+f(x+1002)=0 (1)
O¢tovpe ot dobeica 6mov x to x+1002 : f(x+1002)+{(x)=0 (2)
Ao (1) ko (2) : f(x+2004)=1f(x) .

2005 2005 2005 x+l=u 5406
B) [/ (x+2009)dx= [ f(x+1+2004)dx= [f(x+Ddx = [ f(u)du.

1
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7) o) H d06¢ica iootnta ypapeton (f(x)-2004)(f 2(X)+f(X)+1) =0, onote

f(x) = 2004 .
5 4 8 4 8 3
—x-1
By I-J-K= 2x dx + 2x dx + xz—xde
X +x+1 X +x+1 X +x+1
8 4 8 3 8 4 3 8
—x—1 —x—1 470
[+ [S— i = [ [ (2 D= .=
2 X+ x+1 2 X+ x+1 S X +x+1 S 3

2x-1
8) a) ®étovpe 2x-t = u kou aipvoope f(x) = Ig(u)du ,omote f'(x) =2¢g(2x-1),

-1
f7'(x) =42’ (2x-1) ko pe mpdécheon tov f'(x), f 7' (x) maipvovpe to {nrodpuevo .
B) Etvon g(x)>0 o g'(x) >0, omodte g(2x-1) >0, g'(2%-1) 20 .Adyw tov () O

etvan £ "(x)+ f (x) >0 = h'(x)>0 = h yvnocing avéovoa .

9) o) Eivan j Sy = [ f(x)dx +T f(x)dx . Twto [ f(x)dx 6étovpe x=-u Ko

a a
TOTE TO givan ico pe J- f(x)dx av nfeivan dptia, evod ivar ico pe — I f(x)dx
0 0

av 1 f etvon Tepretn .

B) H mpog odoxApwon cuvdptnon etvan mepiety| dpa =0 .

3 x’ 3 —2x° 3 —10x 3 \/3
»Y)]:I 2dx+I dx+J dx+J- —dx =
L oLV X L oLV X L oLV X L oLV X
3 3 3 i)
(a) 3 1 T
= 0+0+0+2J§J' —dx =23 (ep=-£90)=6.
, oLV X 3

10) o) Eneom £(0)=3 Oa etvon f(x) >1(0) dpa to 1(0)=3 eivon erdyioto ¢ f.
B) Amd 10 Bewpnuo Fermat : £ (0) = 0 . Metd amd mpdéeig maipvovpe to
{nrodpuevo .
11) o) H e&lowon ypdopetat
X+ x+D)MHEEF x D)+ X+ x+1 = (2% — x+D)H2K - x+D) 2K - x+1
Ocewpovue T O(X) = X'+ x +x, N omoia eivon yvnoing avéovoa oto R, dpa
kon 1 — 1, emopévmc 1 e€lomon Tdpa YpapeTol (p(x2 +x+1)= (p(2x2 -x+l) <

X+ x+1=2X - x+1 < X =2x=0 oSx=0Nx=2.
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2
2X XY L 512 4 x4 9) - (€ 4+ 4x+ T)] <0

B) H avicwon ypagetat 2In —
x“+4x+7

< 2In(2x + x+ 9) +52x + x+9) < 2In(xX + 4x+ 7) + 5(x* + 4x+ 7).
Oewpovpe v g(x) = 2Inx +5x, N onoia eivor yvnoimg avéovoa oto (0, +o0)
KoL TOPO 1 avicw o YpaPeT o g(2x2 +x+9)< g(x2 +4x+7) &

S22+ x+H9<K +4x+7 & X -3x+2<0 oxe(l,2).

12)0) g = [([ f@)duydz, g’ = [ f@)du, P =1(x), xeR.

0 0 0
6 ’ 6 rs 6
Y (€0 B g® - o &® - . g"W
PN (x_1)3 Hospital  x1 3()6—1)2 Hospital  x1 6()6—1) Hospital  x1 6
5
~im L9
x>l 6

v) Eme1om n f etvan cuveyng ko yo kabe x € Retvan £ (x) #0, Oa etvon
f(x) > 0 yta k6Be x € R N {(x) < 0 o kéBe x e R. Apa
g(3)(x) = f(xs) >0 yakéBe xe R 1M g(3)(x) = f(xs) <0 yokéBe x e R.

Emopévogn g etvan yvnoiog povotovn oto R .
B
13) o) f(x) — gx) > 0 yuuxabe xefa, B] , emouévog J-(f(x)— g(x))dx >0 , o’ 6moL

maipvovpe 1o {NTOVUEVO .
B) - |/ (®)] < f®) < |f(0)| o kabe xe[a, B] , omote Aoym Tov (0) :

B
< “f(x)|dx.

B
If(x)dx

B B B
-“f(x)|dx < If(x)dx < “f(x)|dx:>

<

2

J(xovv(ex +1)+nu l)dx
X

1

v) Adyo tov (o) kon (B) etvon :

2 2 2
[lrovv (e +1)+17,uldx <[ (] Joov (e + 1|+ nyl)a’x <[(x1+Ddx =
1 X 1 X 1
2
5
= [%fo]f =3

d) Av vmdpyel 1OtE Iqﬁ'(x) dx > _[4dx = ¢(a) — o(-0) >8a = 40>8a (dromo) .

- -a
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14) o) Eowo () = ([ f(2)g()dx )’ — [ (/) dx-[(g)dx Lo <t <p.

ot)y=...= — j(f(x)g(t)—f(t)g(x))zdx <0, gpan ¢ givor pBivovca 6to

[a, B], ondte (o) = @(P) an’ 6mov maipvovpe To {nroduevo .

B) Amd 10 () Yo f(x) = 1 ko g(x) = ¢’ (X) maipvovpe 1o {NTovpevo .

a+

15) o) Epoppolov pe 10 Bedpnua péong g yo tnv f ota dwotipota [o, P 1,

[a;ﬁ,B]onérsundpxouvile(a,izﬂ),ﬁze(a; , B) tétown dote
R s rp)- s
f' (&)= o k(&) = F—a . Avn fetvar
2 2

KuptN (koiAn) tote 7 eivan yvnoing avEovoa (yvnoing ebivovsa) ondte
G <& = 17(&)<f'(&) (F'(&)>1(&)) ko petd Tig Tpdeig maipvovpe 10
{nrovpevo .

B) H cuvaptnon f(x) = " +x° otpépel T Kotha dvm oto R, ondTe av

epapudcov e 1o () ye tnv foro [a, o+2] , maipvovpe To {nTtovpevo .

16) o) ®étovpe f(3)(x) =g(x) .Tote g'(x) + g(x) =nux+ ovvx <
e(g(0 + gx) = (Mux+oovx) < ('gx)) = (EMpx) <
¢“g(x) = e*nux +¢; . Enewdny g0) = £(0) =0, mpoxdmrel ¢y = 0 , onote
gx)=nmux Nf (3)(x) = NUx .ATO TNV TEAELTALN 1GOTNTO ¥ PNCLLOTOIDVTOG KO

T1G apykég cvvOnkec maipvoovpe dadoywd f ' (x) = - ouvx, £ '(X) = - nux,

f(x) = ovvx.
P P PR F 1
dx = dx = dx= dx =
B)'([f(x) . J(;GUVX i '([ (Z_x) i '([2 (E_i)wv(ﬁ_i) §
Ly MG~
z ToX_,
LT ox 1@ (-2
(S1opovpe aplBunTn Kot TOPOVOUNSTH HE ouV (——=)) - I dx =
Yovad-
4 2
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_. XN - ngen
= - [In(eo( 2 2))]0 111(8(P12)-
7 S= !fz(%—x)dx + {fz(x)dx ~ !n/fxdﬁ J;ovvzxdxz

4 4
I(ny2x+ ovv > x)dx = jldx =1.
3 3

17) Av a(t) , b(t) , c(t) eivon avtictoyo To HKOG , TO TAGTOG KO TO VYOG TOV
moporiniemmedov 1ot E(t) = 2a(t)b(t) + 2b(t)c(t) +2c(t)a(t) kon V(t) =a(t)b(t)c(t)
omote mopoymyilovtag ko AapBdavovtog vroyn ot a’(t)=1,b'{t)=2, c(t) =-2
(oe m/sec) warb(t,) = c(t,) =4 m waipvoovpe tehka E’(t,) = 16 m’/sec Kot

V'(t,) =16 m’/sec .

18) o) Av a givon Tuyaio onpeio Tov R apkel va deryBel o1 lim f(x) = f(a)) . Otav
x—oa+13=t

x—>oaoybel x—a »>0,x—a+13 —13 . Eivan lim (x) =

X—a

lim f(t +o.— 13) = lim [Sf()f(@ ~ 13)] = 5f(a.~ 13) lim (1) =5f(a— 13)f(13) =

513
=fla—13+13) = f(a).

B) Emedn n f etvan ovveyng oto R 1 getvar mopayoyioiun oto R . loyvet
g =g2)=g3)=...=g100) =0 . Epappolovpe yio tnv g 10 Bedpnpo
Rolle ota dwotqpota [1,2],[2,3],[3,4], ...,[99, 100] ko1 waipvovpe to

{nrodpuevo.

19) @) Hy = Vk? —x? ypapetan X +y> = k> (eEicmon k0Kkhov) . To oAokA @
TOPLoTAVEL TO EUP add TOL Ywpiov TOv TEPIKAEiETAL OO TOV TOPATTAY ® KOKAO
1
kou Ppioketon oto 1° teTaptnuodpio , dpa Oa eivar ico pe 1o 2 oV gUPadov

2

Tk
TOV KUKAOL ONAodn k

2 2 2 2 2
oL 7(2a) +7r(3oc) +7r(4a) _ 157
4 4 4 4 2

B) Adyw tov (a) : S=
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20) o) o kéBe xe[-5, 7] etvan —2 < f(x) <9 = ({{(x)+2)(9-1(x) )20 =
= - f(x) + 7f(x) +18 >0.
B) Amo v - fz(x) + 7f(x) +18 >0 mpoxvdmTEt I(—fz xX)+7f(x)+18)dx >0,

o’ Omov petd and didomaon Kot TPaEelg Taipvovpe 1o {NTovUEVO.

X

21) o) f(x) = xif(t)dt -v[y (0dr ,xeR.

f(x) = If(t)dt + (1= V)xf(x), xeR. Apa f(1)=0xou f'(1)=0.

B) Moapaywyilovtag v f '(x) maipvovpe to {ntoduevo .

v) I'a v =1 and to (B) maipvoovpe f'(x) =1f(x) & {'x)+{'(x) =1{(x) + ' (x)
< g(x)=gx) «0Bétovrog g(x) =1f(x) + £ (x) »
Se "[gX-gx]=0 o [e "gx)] =0 <e Fgx) = c . Enadn
g)y=f(1)+f'(1)=0, npokdmrerc; =0, omdéte gx) =0 < f(x)+f(x)=0
S+ (X]=0 < [€1x)] =0 < e'f(x)=c,. Enedq f(1)=0,
npokvnteL ¢, = 0, ondte f(x) =0, x e R.

>

X

T v =2 a6 o (B) maipvovpe £/ (x)=- xf(x) < €2 [f7(x)+ xf(x)]=0

2 2
X X

o [e?f'®] =0 < e?f'(x)=cy.Ernedyf’(1)=0mpoxdmtel c;=0,
omote f '(x) =0 < f(xX) = ¢4 . Ene1on f(1) = 0 mpoxvntel ¢y =0, dpa f(x) =0,
xeR.

22) @) Exovpe [In* f(x)dx + [x*dx=2[x*In f(x)dx < [[Inf(x)-x*Fdx=0

2

ohfx)-¥=0 < f(x)= € ,yoxids xe[0,1].

=[SO g L0 00 f)
o S =x)+ f(x) ) SA=x)+ f(x)
1 1 l=x=u 0
= [1ax - | JA-x) . = 1+ S -1
0 s S =x)+ f(x) " S(w)+ f(A-u)

Apa2l=1<1=0,5.
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23) ) Av (0, 1) 1612 E(L) = [ (g(x)— f(x))dx= 12e — 12¢" + Aln. .

Avi=110te EA)=0.Av A>116t€e E(\) = j-(g(x)— f(x)dx=

= _12e+ 12¢" — Alni .

+
8

In
B) lim E(A)= lim ( 12e— 12¢" + Alnd ) =12e—12 + lim —/1 =
A—0* A0 PR |

A

1
— 12— 12+ lim Ll —12e—12+1im (-A)=12e—12

2A—0* 2—0*
a3
24) o) £ '(x) = 4x — 12X +10x=2x(2X — 6x+ 5) . To. {Nrovpeva oivovTor oTov

TIVOKO TTOL OKOAOVOET :

(%) - ) T

) ~ __—

f(0) = -

B) To cvvoro tudv tng f etvar to f(R ) = f((- o0, 0)) U([0, +0)) =

= (lim (), lim £(x)) U[RO) , lim f(x)) = (-0, + o0) U [-0, +o0) = [-0, +e0) .

v) Eneidn 0 e (-a., +o0) kou 0 €[-a, + o) ko f elvon yvnoimg povotovn oe
Kaféva and ta dwotnuata (- 0, 0), [0, +o) 1 f(x) = 0 &xet akpPog 2 pilec
oto R.

25) o) Bpiokovpue mpodta 6t1 f(X) = nux, omote Oa d€iEov pe 6t vadpyel & €(a, at1)
této10 ®ote NuM(at1)) — nu(nua) = cov(mué)oovvé . Ee apuolovtag to
Bedpnpa péong g Y tny cvvaptnon h(x) = nunpx) oto [a, ot1]
moipvovpe to {nTovpEevo .

nHy __

e™F < e(y — B) . Epap polovpe 1o Oedpnua
péong g Yo Ty g(x) =™ oto [B, 7] .

B) Apxelva deiéovpe 6110 < e
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2
26) o) Eeapuolov pe to Oedpnua Rolle yuo v F(X) = - acuvx + Pnux - =2 x 610
T

[0, 7], ywo tnv omoia toyvel F'(x) = f(x) ko F(0) = F(n) = - a.

B) Oa deiéovpe 0T M e€icwon f(X) — ovvx = 0, &xel pio TovAdyoToV pilo oTO
(0, o) . Epappodlov pe 1o Bemdpnua Rolle yia v G(x) = jf(t) dt - nux oto
0

[0, a], ywo v omoia toyvel G'(X) = f(x) — ovvx kon G(0) = G(a) =0 .
27) o) Bivar X >x < x(x-1) 20 x e(—0,0] U[L,+0) kot X < x<>xe(0, 1) .

2x+x%,x € (—0,0] U[1,+00)

.Tehwd Bpiokov
3x,x €(0,1) bp He

‘Etol maipvoope f(x) = {

[x +1],x € (=90,0]U [1,+00)
P3x+1,xe(0,) '

B)H go f eivar cuveyng ota dwotnpoata (—oo,0] ko [1,+00) ¢ amdAvTn TN

(g°f)(X):{

oVVEYOVG GLVAPTHCEMG Kot cvveyNG oto dtdotnpa (0, 1) g pila cuveyobg
swvapriosns . Ened lim (g /)(9 = lim (g° /)0 =(g/)O)=1.n
g o f etvonr cuveyng oto 0 .

Ereidii lim (g /)= lim (g° /) =(g° f)(1)=2,n g° / sivar
ovveyngoto 1 . Apamn go f eivar cuveyng oto R .

v) Agv givar mapaymyicyn oto 0 apov :

@ N NO) (0 N —(@° )0) _

x—0" x—0 x=07 x=0

3
ok
Agv gtvar mapayoyioiun oto 1 a@o? :

L@ W@ N 3 L (g N - NN |
x>l x—1 x—1* x—1
28) o) H 006¢ica wootnta ypaeetor £ °(20) - £ (10) = £°(35)-f'(25) <

o SO0 F35) - (25
20-10 35-25

3
= — K
4

- EpappoClovpe to Bedpnpa péong Tiung

v v 7 ota dwwotiuota [10, 20] kot [25 , 35] Kot copmepaivovpe Ot
vrdpyovv & , & tétoln wote £ (&) =1 (&), pe & €(10, 20) kou
&€e(25,35).

B) Epapupolovue 1o Beddpnpa Rolle yta v £ oto [&;, &] .
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29) a) Av n f(x) = 0 &xet tovAdyotov v+2 pileg T10te epapudlovtag to Bedprnua Rolle
v v f og kaBéva amd To v+1 dadoykd dtastipat o Ttov opilovtol and Tig
pileg g f(x) = 0, maipvoope 6t f '(x) = 0 &rer v+1 Tovddyiotov pileg , mov
gtvan dromo .

B) Bivar 4" =—xX + 15x— 10 < 4" +xX — 15x+10=0.
Eoto f(x) = 4"+ X’ — 15x+10 . Tote £ (x) = 4"In4 + 2x— 15,
f ' (x)= 4"(ln4)2 +2>0.Zoupova pa to (o) nf(x) = 0 Ba £xel 10 TOAD pia
pila, evd N f(x) = 0 Ba £xet To TOAD dvo pileg . [Taparnpodpue 61t f(1) = 0 won
f(2) = 0. Apan f(x) = 0 &et axpPag 0vo pileg, TiIc X = 1 Kau % = 2.

30) o) Av f(a)f(B) < 0 t6te amd 10 Bedpnua Bolzano n e&icwon f(x) = 0 €yer Aoon

oto (o, B) .
‘Eoto topa 6t 1 e&lomon f(x) = 0 éxet Avon tov apBpo & e(a, B) . Tote Oa
etvon : fla) < f(§) < f(P) & f(a) <0 <A{(P), av n f eivar yvnoiog avéovca 1
flw) > f(§) > f(P) <= f(a) > 0> 1f(P) , av n f eivon yvnoiog pBivovoa . Xe kdbe
nepintwon eivon f(a)f(B) <0 .

B) 'Eoto f(x) = X + X +2x—A, Xe€ [-1,1].H fetvar yvnoing avéovca oto
[-1, 1] xou cuveyxng oe awtd , ondte sLpE®VA e To () : M f(X) = 0 €yer Aoon
oto(-1,1) < f(-Df(1)<0<=re(-4,4).

31) ) Mo kéOe x e Retvou £'(x) =" +3 X+1>0= n fetvar yvnoing avéovca =
= nfetvanl —1 = nfetvor avtiotpéyyn .
To medio opiopov g f ! givon To shvoro Tipov e f, onradn to f(R ) =
= (xli)ri f(x), XILIEO f(x))=(—oo+0)=R.

B) Maparnpovpe 6t f(0) =1, apaf~'(1)=0.H ' givar yvnoing av&ovco oto
R, apov av vrobécovue dtLvmdpyovy o, f € R pe o < B Ko f (o) > f_l(B)
0 eiyope f(f () = (£ (B)) = 0= (4rono) .

Apan e&iooon f_l(x) =0 éyet povadkn Avon my x=1.

v) T kabe y € Réyovpe : f(f (y) =y = £ ') E N @)=F) =

—1:¢ Y= ! _ =1.
N (TR

Yy = — T
AR e
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)
32) a) ' to ohokApope | 77 (x)dx 0étovue x= f(t) , te[o, P], ondte
e
dx=1'(t)dt . [a x= f(a) maipvoope t = a, evod o x = f(B) maipvoope
1B
t=Pp (nfetvanl —1).To | f'(x)dx etvon kohdC 0p1opEVO QoD M
/(@

£ eivan ouveyne ( f ovveyng = Crovveyxnic ypoum = C = OLVEYXNG

ypopun , aeov ot Cy, Cf—l Vo GUUUETPIKEG WC TPOC THVY =X = f

e B
ouveyng ) . 'Etotl etivan ff T (x)dx ZJ‘g‘”(t)dt. Emopévag :
S(a) a
S(B)

B
jf T (0)dx = I(f (t) +1f (0)dt = [ )], = BA(B) — af(a) .

f(@) a

B
J e+

B)f ' (x)=¢"+ 5x'> 0, vtokdBe xe R. Apan fetvor 1 — 1 ko coppova pe

e+l F20)) 1
1o (o) Baeiva: [ £ (Wdx= [ /7 (x)dx = 1-£(1) ~ 0K0) - [ f(x)dx =
1 £(0) 0

1
11
= et 1—[(e" +x%)dx = —.
) 6

33) o) 'Eotm 6T1 0 p givan pila g eficwong f(x) =f _l(x). Tote Ba etvan
fip)= f'(p) (1) xau Ba deiéovpe 611 f(p) = p . Enedf n f etvan yvnoing
avéovoa Ba etvorkonn £ yvnoimg avéovoo (av a < B Oa sivor
£ (@) < '(B), Sworiav eiyape £ (o) = £'(B) = f(f () 2fE'(B))
= o>f, tomo ) .

Av £(p) > p téte £ (E(p) > £ (p) = p > £ '(p) = p > f(p) (zomo) .

(O]
Av f(p)<p1éte £ (f(p)) <f '(p) = p < '(p) = p <f(p) (4rom0) .
Apof(p)=p.
"Ectm 0T1 0 p givan pila tng e€icmong f(x) = x.Tote Ba etvon f(p) = p (2)

ko O Sei&ovpe 6L f(p) = f ' (p).

Amo6 v (2) mpoxvmtel £ (p)=p S (p)=1(p) .
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Bpfx=1+ e >0, v kdBe x € R. Apan f etvar yvnoing av Eovoa .
Toupova pe 1o (o) &xovpe : f(x) = (%) © (X =x &

xt [erdt =x & [e"dt =0 <x=2004, apod av x> 2004 téte
2004 2004

X X 2004
J.e”zdt >0, evo av x< 2004 tote '[e”zdt =— je’lzdt <0.
2004 2004 x

e. 3.
(g) +(§) +1

. . 5
34) o) Etvar lim f(x) = lim [(=)" - ]=+o.
X —>+0 x—>+0 4 (E)x N (Z)x +1
4 4
3 X 5 X
1+ +(3)
B) Eivar lim f(x)= lim [ ; ‘Z 1=1.
I+ (=) + (=)
e e
. .1 .
v) Mo kdbe t € Reivan — < g(t) < e, ondte :
e
f)H £ £+
(=+20dt < [(g)+20dt < [(e+20dt =
1) £(x) 1)
1 f(x)+H
= +26(0+1 < [(g()+20)de < e+ 26(x) + 1 . Exadiy
e
£(x)

.1 .
lim (= +2f(x)+ 1)= lim (e+ 2f(x) + 1) = + 00, and 10 KpUTNPLO TNG
X—>to @ X —>+0

S
mopepPorfc maipvoope  lim j (g(®)+2t)dt= + o .
X —>+00 f‘(x)

35) o) 'e x=y = 0 maipvoope f(0) =0 .oy = - xmaipvoope 0= f(x) + f(-x) + 0

oniadn f(-x) = - f(x) , omote 1 f eivan Teprrt Ko cuvenmg ( doknon 9a )

Tf(x)deO.
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3x
B) ®étovpe g(x) = _[f(t)dt -3x+ 1. T kdbe xe Retvon g(x) >0 = g(%) ,
1

1
dpa m gmapovcdlel EAdyioto otn 0o 3 2Oppova pe to Bedpnua

1 1
Fermat 0o etvon g'( 5) =0.0png g'(x) = 3f(3x) — 3 xon g'( 5) =0 <

3(1)-3=0 < f(1)=1. @étovue x= 1 omnv dobeica e&iocmon Kot

napatnpoVe 0Tt emaAnBedeTan ,apa £xel pio TovAdyotov pila oto R .

36) o) O¢tovpe x = % kory =0.
B) Mopaymyilovue Tn d00eica oyéon wg mpog y ko énetra BEtovpey =0 .

v) HopaywyiCovpe t (P) wg mpog x kot maipvovue £ 7' (x) = £ '(%- X) .

Ano v (B) Bétovtag 6mov X To %- x taipvoope f '(%- x) = - f(x) .

Etof "(x)=-1(x) < f"'x)+1f(x)=0.

d) Oétovpe g(x) = f(x) — ovvx, dpa g'(x) = (x) + nux, g'(x) =f ""(x) + cvuvx
omote g(x) + g'(x) = f(x) + f (x) = 0 ."Exovpe :
28 (N( g®) +2(0) =2 (0-0 < [(2x)’ + (€(x)’] =0 =
(gx))* + (g(x)*=c, ¢ otodepd. .
[Mapatnpovpe 611 g(0) = g'(0) = 0, ondte maipvovpe ¢ = 0 . Apa Ba Eyovpe
(gX)* + (g(x))* =0, onote g(x) = 0 < f(X) = ovvx.

2004

37) o) Epapuodlov pe to Oewdpnua Bolzano ywo v f(x) = 2x — X + x— 1 ot0 [0, 1].

B) O@ewpovpe to teTpdymvo ABI'A og 0pBokavoviKd GOGTNO GUVTETAYUEVOV
Oxy étotmwote A=0(0,0),B(1,0) ,I'(1,1),A0, 1) . Eoto M(x, 0) onueio

N

Tov TpApotoc AB . Téote |[MAl=x, MI-MA =(1-x,1)-(0—-x,1)=x - x+ 1.

, , , . . , 2004 _ 2
Apxkei va deiEovpe ottvmapyetx (0, 1) tétoo wote 2x =X -x+1 <

2004 2 ;7 ’
2x7 =X + x—1=0, 10 onoio &yt amoderyei oto (a) .
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38) o) Eotw 6tin f dev eivan otabepn . Tote vdpyovv K, A €[0, 10] pe k < A dote
f(x) #f(A) . H f elvon ouveyng oto [k, A] < [0, 10] xou f(x) #f(A) , omdTe and
10 Bedpnua evdrgpecwv tipmv M fBa taipvel OAeg T1g TYEG pHeTald TV f(K)
kot f(A) . Avtd dpwg etvar dromo , apov petadd Tov akepaiov f(k) , f(A)
VILaPY oV PNTOL Kot GPpMTOL TOL OEV OVIKOLV OTO Z .

327+ f(+) 3
B/ -2 () +f()+]) Bf(®)-2)

B) Moapatnpodpue 011 : g(x) =

2
[Mpéner 3f(x) -2 #0< f(x) # 3 7oV oy veL o kdbe x [0, 10] , apov N

f maipver tyég oto Z. Apa Dg=1[0, 10].
lNMovasivar g(x) € Zapéner3f(x) —2=1M-11M31M—-3 . H povn nepintoon

mov diver f(x) € Zetvau f(x) =1, ondte g(x) =3 .

) Evara(t) = 277 Bt) = 27, vty = 277, te[0, 10] . An6 0 2° Oedpnpo
1) -3t _
tov Swgéoov éove (MA)(E) = %dm- 2% erousvo
(04

(MAY (t)=3-102[ 2**% - 2772 1k (MA)Y (1) = 90-In2 .

39) o) Ty = 0: f(x’) = xf(x) . Av degf(x) = v 0 Babuodg tov f(x) téte degf(x’) = 2v
ko deg[ xf(x)] =v + 1 . Ouwg mpénet degf(xz) =deg[xf(x)] v =1.
Apaf(x)=ax+ P pe a=0.H oyéon f(xz) = xf(x) ypaoeTa ax + B=x(ax+p)
o+ B= ax + Bx < B =0 (wdtnra mroAvovipwny) . Apa f(x) = ax,o #0.
Amo v f(«/i) =2 npokvmtel o = 1 . Emopévog f(x) = x.

B) j 1-(f (0))2dt = j\/ =L 7 (Bhéme dowion 190)
1 x+2=t

V) H (x* +4x +3)dx = Hl (x> +4x+4)dx = [I-(x+2)’dx =

-2 -2

1
= ‘[\ll—tzdtz %,m’)u(p(ovapgro (B) .
0
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1 1
40) o) 'Eoto f(x) =nux- x+ EX3 , x>0 . Etvan f '(x) = ovvx - 1 + Exz ,

f7xX)=-nux + x>0y x>0 (yuwkabe x >0 givan |77,wc| < x =>NuUx <X,
pe 1o = va woyvet uoévo otav x=0) . H f * elvon yvnoimg avéovoa ondte
v kdfe x>0 = f'(x)>f'(0) = f'(x) > 0. H feivan yvnoing avéovoa
omote Yo ke x> 0 = f(x) > £(0) = f(x)>0.
B) XwpiCovpe to apykod teTpdymvo ce 9 ica teTpdymva mievpdg 2 . Avo
TovAdyoTov amd to 10 onueia Ba Bpickovton oto 1010 TETPAYWOVO TAEVPAG 2

dpa n p€yom andotoon anTOV TV 0Vo Ba etvat ion pe ™ dydV1o Tov
TeTpoyGVOL , SMAadT fon pe V22 +2% =22 . Yrdpyovy houdv 560
TovAdyoTov onueio Ai, Aj (1#]) t€roa wote 0 < Dij <2 V2 . Ané o (o)

6 6
gyovpe yo Kabe x> 0 : 6nux > 6x— X = € M > ™ =

Dij Dij

3
Je“‘”dt < J‘e“_t dt
22 242
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