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FENIKO ENMANAAHNTIKO AIATQNIZMA T1A TIZ NTANEAAAAIKEZ ESETAZEIZ

ANPIAIOZ 2022

A GEMA

Al. 'Eotw pa ouvdptnon f mapaywyiown o’ éva Sidotnua (o,B), e egaipeon
lowg éva onpueio Tou x,, oto omoio Opwe n f elval cuvexnc.
Na anodeiete ot Av f'(x)>0 oto Sudotnua (o,X,) kot f'(x)<0 oto (X,,B),

T0TE 10 f(X,) €lvar Tomko péyloto g f . (pov. 7)
A2.i. Na dlatunwoete Tov 1° kavova (Bewpnua) de I’ Hospital (nov. 2)
ii. Mola elvat Ta kpiowa onueia plag ouvaptnong f oto Stdotnua A; (pov. 2)
A3. 'Eotw o oxuplopog: «Avn f  eival ouvexnig oto [a,B] kau f(a)=f(p),tote

urtapxet § (o, p) tétolo, wote f'(§)=0.»

a. No XopaKTnPLoETE TOV LOXUPLOUO YpAdovTag 0To TETPASLO 00 TO ypauua A,
av eivat aAnbng n to ypaupa W, av sivat Peudnic. (nov. 1)
B. No aLTloAOyrOETE TNV ATIAVTINON OOC OTO EPWTNHO Ol (nov. 3)

A4.  Na xapaKtnploete TIG MPOTACELS TTOU akoAouBouv, ypadovtag otnv KOAa
oag SUmAal OTO ypAUUO TIOU QVTLOTOLKEL 0 KABe mpotacn t A&En Zwoto, av n

npotaon eivat cwotn, N Adbog, av n mpotaon ivat Aavoacuévn (nov. 5x2)
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a. Yndpxouv ocuvaptioelg ou eivat 1-1, aAAa dev eivat yvnolwg LovOTOVEC.

B. Av éva onpeio M(a,p) avikel otn ypadik mapdotacn C  piag
avtotpePLpng ocuvdptnong f, tote to onueio M'(B, o) avrikeL otn ypadikn

napdotacn C' tng .
2 Av uia ouvvaptnon f eivat ouvexig oto dwdotnua [a,B], kat maipvet Svo
Sladopetikég TpéG F(x,), f(x,) He X, X, €[a,B], TOTE Maipvel OAEG TIG TUHEG

HeTagy Twv f(x;) kau f(x,).

8. Mo kdBe x e R, =R —{x/nux =0} oxVe: (cex) = o
nu

€. Eotw f i ouvexig ouvdptnon o’ éva Staotnpa [o,p]. Av G eival pa

napayouca g f oto [a,B], Tote Iﬁf(t)dt =G(B)-G(a)

B OEMA

, , T m , ,
Aivetain ouvaptnon g(x)=1+nux,x € [—E,E} KoL n ouvaptnon h ywa tnv omnoia

_ e-X
woyvel x-e" = IImM

Xx—0

, yla kabe x>0 .

B1. Na Seifete ott h(X) =1-Inx, x>0 katva opioete tn ouvdptnon f =hog
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Mo

f(x)=1-In(1+nux), —g<x£—

T

2

B2.  Na S8eifete ot f(x)>0 kat va Bpeite Tg acUumtwteg ™G ypadikig tng
mapAaoTacn .
B3.i. Na deigete ot n ouvaptnon f eival mapaywyiown
ii. Na peletrioete tn ouvaptnon f w¢ mpog tn povotovia Kot TNV KUPTOTNTA
B4. Noa Seiete ot n C; té€pvel T Syxotopo tng 1M ko 3¢ ywviog Twv aovwy
okplBw¢ o €va onueio
(nov. 6+5+(4+4)+6)
[ OEMA

‘Eotw ouvexng ouvaptnon f :A=(O,e]—>R , YlO. TNV Omola LoXUouV oL OXECELG:

fz(x)+lnx:jlelnx dx, yio kéBe x € A kau f(1)=—1.

ri.

r2.

r3.

ra.

Na Seifete ot f(x)=—+/1-Inx, xe A=(0,¢e]

Na beiéete otL opiletal n avtiotpodn g f v omola kat va mpocdlopioete.

0 5
Itn ouvéxela va Seifete ott Lf‘l (x)dx > 3

Na Sei€ete otL undpyet éva toukdytotov § € (1,e), wote (e—1)-f'(§)=1

e f3 X
Na urtoloyicete to 1= L de (Hov. 7+7+5+6)
X
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A GEMA

Mwa  Blopnxavia  kataokeualel KuAwdplka  Soxeia

otabepol eupadov E =541 cm?® to kabéva.

Al.i. Na deifete otL 0 OyKko¢ ToUu Soxelovu, og cuvaptnon

€ >
V(p)=n-(27p—p*).0<p <343

ii. Na Seifete ot 0 péylotog Oykog Tou doxelou eivat 547 cm®

(w/pz +4 —2)-lnp
A2.  Naumnoloyioete to lim
p—0 V(p)

NG aktivag tng Bdong p Sivetal amod tn oxeon

A3. Na beifete otLyla kKABe p € (0,3\5—1) LoXUVEL V(p+1) < V(p)+V’(p)

18x 0
V'(p)

2
A4. No urmtoloyioete to = L

(nov. (3+4)+6+5+7)

KaARn entuyio
N.WAGA
MaOnpatikog
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AYZEI2
A OEMA

Al.  Emedn f'(x)>0 yakdBe x €(a,x,) kown f eivatouvexigoto x,, n f eivat

yvnoiwg avgouoa oto (a,x,]. Etot éxoupe f(x)<f(x,), viakabe xe(0,x,]. (1)

Emewdry  f'(x)<0

yla KaOe ! V N0

xe(Xy,B) koun f fxo)

{0 R
&
= f---—----
*
Q

elval ouvexng oto 0

X,, n f elvat

yvnoiwg ¢péivouca oto [X,,B). Etot éxoupe: f(x)<f(x,), yia kabe xe[x,,B). (2)

Emopévwg, Adyw twv (1) kat (2), wxvet: f(x)<f(x,), ya kdbe xe(a,p), mou

onpaiveL ot to f(X,) eivat péytoto tng f oto (o,p) Kat dPa TOTIKS PEYLOTO AUTHSG.

A2.i. (Mopdn %) Av limf(x)=0, limg(x)=0, X, € R U{-o0,+o} KoL UMApPXEL TO

X—Xg
_f'(x) L , :
lim —— (memepacuévo f dnelpo), tote  lim -

X—>Xp g (X) X—>Xp g X X—>Xq g (X)

iii. Ta eowtepkd onueia tou A ota omoia n f dev moapaywyiletal, A n
TApAYWYOC tTnG eival ion pe to pndév, Aéyovtal kpioipa onpeia tng f oto
dlaotnua A.

A3. a. W

B. Avunapddeypa H ouvaptnonf(x)=|x|, x e[-11] eivar ouvexig oto
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[-1,1] kou f(-1)=f(1)=1. ANG Sev undpxer §e(—1,1) tétolo, wote f'(£)=0,

katL n ouvaptnon f 6ev elval napaywyiown oto 0.

ylati f'(x) = {_1’ xe(-10)

1, xe(0,2)

A4,

B OEMA

e.X ; eX u=e-X
B1. Elvat Ilmn“( ):e-llmn“( ) =e. I|mnuu
x—0 X x—0 e-xX u—0 u

=e-l=e.

o)

— T " :1c> h(x)—lz Inl<:>
e X X X

Tote, ylo kdBe x>0, x-e"¥=e

< h(x)-1=—-Inx < h(x)=1-Inx, x>0

To ocUvolo {X [

f(x)=h(g(x))=1-Ing(x) =1-In(1+nux), XE(‘%’%}

}/1+nux>0} (—g,g}é@ .Apa opiletarn f =hog, pe

NI:I
Nl:i

B2. TakdBe X e (—g,g} , LOXVEL |n(1+m,tx) <l4nqux -l

& —In(1+npx) > —npx < 1-In(1+npx) > 1-nux < f(x) 2 1-nux >0

. i u=l+npux . ,
To XllTﬁf (x)= XEQ [1— In(1+ nux)] = uh_)rgl (I-1lnu) = —(—o0) = +o0, eMopévwg n
2
guBeia X = —= eivau katakdpudn actpntwn tng C
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H ouvaptnon f eival ocuvexng oto medio oplopol Tng A = (—gg} , Apa n ypadikn

NG mapaoctacn Sev Exel AANEG OOV UTTTWTEC

B3.i. Tl kaBe x e (_E,Ej . givat f!(X) ___ouwwx .
22 1+nux

T
f(x)_f(zj i 1o mx) <1412

Emniong, to lim
ot T x> x_ T
? 2 ? 2
_—In(1+npx)+In2 (%] . ouvx , T ,
= lim = —lim =0 , apa f'| =|=0. Emopévwg n f
. T DLH.  » 1+mux 2
2 X_E 2

eivat mapaywyiown, pe f'(x)=— OvvX XEA:(—E E}
' 1+nux 2'2

ii. Ma k&Be X e(—g,gj , elvat ouvx >0 kot 1+mux >0, apa f'(x) <0 kaun

f elvat ouvexng, apa n ouvaptnon f eival yvnoiwg pBivouoa.

' 3 . B )
Mo kabe Xe(—z,ﬁ) , €lvat f”(x)=_£ ovVvX ] _ T (1+11MX)2 OUV'X
22 1+nux (1+npx)

+nu’x + ovv? +1 1

_ Npx e X (ZSDV X_ X 5= >0, dpa n nouvaptnon f elvat kupti
(1+npx) (1+nux) 1+nux

B4. 'Eotw nouvdptnon (p(x) = f(X)—X, X € A:(‘g’ﬂ .

H ouvdptnon ¢ eivat ouvexig kat yvnoiwg dbivouoa, epsoov ¢'(x)=f"(x)-1<0

yla kabe X e(—z,gj.
2 2
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Apa givat ouvexig kat oto Sdotnpa [0,1] kat emiong woxvouv: ¢(0)=£(0)=1>0,
@(1)=1-In(I+npl)-1=—In(1+nul)<0 (Epbéoov eivar nul>0< 1+nul>1<
< In(1+nul)>0). Apa 9(0)-¢(1)<0 .

Tote, ano 1o Bewpnua Bolzano, undpyet éva Ttouhdxwotov X, €(0,1), tétoto wote
¢(x,)=0<=1(x,)=x%, . H ouvaptnon ¢ eivat yvnoiwg $pivovoa, dpa kat 1-1,
apo to X, eivat povadiko. Apan C, tépvel tn Sixotopo tng 1S kot 3" ywviag twv

afovwy Y =X akptBuwg oe éva onpeio, pe X, €(0,1)

[ GEMA

r.  Etvau jlelnxdx:[x-lnx]f—.[lexédx:e—J‘leldx:e—(e—l)zl, apa  ya

kaBe xe A , f?(x)+Inx=1<f*(x)=1-Inx.

H oxéon f(x)=0=f*(x)=0<Inx=1<x=¢, dpa eivar f(x)=0 yua kabe

xe(0,e) kou n f eivar ouvexic, emopévwe Slatnpel mpéonpo oto (0,€).

Eivaw f(1)=—-1, dpa f(x) <0 yia kéBe x €(0,€) . Tote and T oxéon :

f2(x) =1-Inx < [f (x)| =V1-Inx < —f (X) = V1-Inx < f (x)=—1-Inx, x €(0,e)

kat f(1)=-1, dpa tehwd f(x)=—/1-Inx, x e A=(0,e]

I3 ’ ’ 1 ’ r
ra. Mo kabe Xe(O,e) elval f(X)——>O kat n f elval ouvexnc.

B 2x+/1—Inx

Apa eival yvnolwg avéouvoa, emopévwg eival kat 1-1 . Tote opiletal n avtiotpodn
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~Inx=u
g, oto D, =f(A). To Ixiirgf(x):—lxim\/l—lnxl = —limJu=-» .

U—>+o0

H ouvaptnon f eivatl ouvexng kat yvnoiwg avéouvoa, dpa to cUVOAO TIHWV TNG Elvat

10 f(A):(Iimf(x),f (e)}:(—oo,O] .Apato D, =(—o0,0]

Xx—0

Eotw f(X)=y<0ex=f7(y).

Téote —JI-Inx =y < 1-Inx=y? & Inx=1-y* < x=¢"", dpa

2

f‘l(y)zel‘yz,y£0<:>f‘1(x)=el‘X ,X<0

r3. H ouvdptnon f eival cuveyxng oto Stdotnua [1, e] Kal Tapaywyiolun oto

(Le). Apa, and to Bewpnpa Méong T, umdpxet éva touhdxwotov §e(le) ,

TT0L0 WOoTE f'(é;) = w

& (e—1)-£(£)=1

e-1
) 2 (x) ) ) , ,
r4q. H ouvaptnon » elval ouvexng oto daotnua [1, e], apa oplletal to
3
3 J1=Inx
I:J.ef (X)dx:—.[eudx.
10X 1 X
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A GEMA

Al.i. To epPadov g oAkng emudpavelag Tou KuAivépou Sivetal amd Tov TUMO

12
E=2np-v+2mp° <:>54n:2n-(p-1)+p2)<:>p-1)+p2 27y 2P

, b p>0

Kat >0 p? <27 < 0<p<3/3.
Ertopévwg o 6ykog tou kuAivépou, mou Sivetat amnd tovtuno V=E;-v= mp° v, oav

ouVAPTNON TNG AKTIVAC TNG BAong slvat :

2

V(P):“PZ'ZY_p QV(P)Zﬂp'(27—92)=n'(27p—93)a0<p<3x/§
p

i Mo kaBe  pe(0,3V3) etvar  V(p)=m-(27-3p*)=-3n(p*-9) =

< V'(p)=-3n-(p+3)-(p-3).

JUpdwva LE TOV TIVAKA TTPOCH LWV TNG V'(p) Kol

povotoviag tng V, n cuvdaptnon V eivat yvnoiwg 1

avgovoa oto Sudotmpa  (0,3] ko yvnoiwg T

¢6ivouvoa oto [3, 3\/§) . Emopévwe mapouaotalet
uéyloto v p=3 , loo pe V(3)=n-(27-3-27)=2n-27=>54ncm’ . Ankadn, o
HEYLOTOG AYKOG Tou Soxeiou eivat 54w cm?®

(\/pz +4 —2)-lnp
A2.  Eivar lim

e V() >0 x(27p—p°)

g:g ﬂcﬂmﬂjf 10



psathamaths.gr N. WAGA

~ lim p-Inp __Y

— —0,
p=>0 n(27—p2)(«/p2 +4 +2) 27m-4

L1
epooov fim(p-In )—hmln—p[:jlmL=lim(— )=0
p p p—0 1 D.L.H. p—0 i p—0 p
p p’

A3. T kabe pe (0,3«/?) LOYVEL V”(p) =-3n-2p=—61p <0, dpa n cuvaptnon

V’(p) elvat yvnoilwg ¢Bivouoa.

‘Eotw tuxaio pe (0, 3\/§—1) Sptle (1,3\/§).
H ouvdaptnon V eival ouvexng oto didotnua [p,p+1] KOl TTopoywyiolun oto

(p,p+1). Tote, amdé to Bewpnuo Méong TG, UMAPXEL €va TOUAGXLOTOV

V(p+1)-V(p)
p+l-p

Ee(p,p+1), tétolo wote V'(§) = =V (p+1)-V(p).

")
Evar  p<E<ptloV(p)>V(E)>V(p+1)= V' (p)>V(p+1)-V(p), dpa

TEAKA V(p+1) < V(P)+V’(p)

A4. H ouvaptnon elval ouvexng oto Slaoctnua [1, 2]. Apa opiletal 0

18x
V'(p)

181: 2 18® 2 6 2 6
= o —Lmdp*flmdp?flmdpz

=—If(’(’;_3§)‘(,§‘1;§)dp= Lo [ ao=~[np-3] [l 43 -

:—(O—In2)+ln5—ln4: IN2+1In5-2In2 = Ing

g:g MJI 11



