INDEFINITE INTEGRAL

SOLVED EXCERCISES

1) Find the set of all primitive functions of f(x) where:

1
) f(x)=(x-— ), x>0 B) f(x)=2cos(3x+1).
X
Solution:
I 5 5 2 1 ) 1 1 x>
o) f(x)=(x- — )=x"- 5 + —, thus Jf(x)dx = JX dx -2 J—dx + J‘fdx = +4¢y-
3 - 3
-2 -6 X -1 X X 2 1
QJX dx+JX dx =—+c+2x +c5 - +c3=—+—+—+c.
3 5 3 X SXS

B) j2cos(3x+1)dx=§sin(3x+1)+c .

Remark: Another expression of the previous exercise is: Solve the differential equation

d—y=f(x) where: ... etc.
dx

2) Evaluate the integrals:

2x2/x-1 x+1 7 1 1
d —d -1)'d ) d dx, veN*.
a)J. s & IS)J‘X+2 X v J(x ) dx )Jcosz(Zx) X S)I(X-a)v X, VE
Solution:
23x-1, e, (.2 1 _x
a)J. dx dX—J.(x —N;de—Jx dx-J.z\/;dx— 3 -Jx +e.
xtl . fx+2-1 1 _ o . -
B) J@dx —J T dx —J.(l—xﬂjdx Jldx JX+2 dx =x-In| x+2| +¢, since (Inl x+2|)
1 1
— (x+2)'=———.
x+2 (x+2) x+2
) We have [%(x-l)s} =(x-1)"(x-1)'= (x-1)’, therefore J(x-1)7dx =%(x-1)8 +e.
1 , 2 1 1 2
0) From (tan2x)'= ————(2x)" = ——— we have I dx = — I dx =
cos (2X) cos (2X) cos? (2x) 2 cos? (2x)

1
— tan(2x)+c.
5 (2x)

€) 1) v#1, then I

(x-)"
1
X-0

dx =In| x-af +c.

if) v=1, then j




+c.

2
3) Show that j\/xziazdngx/xz +o’ i%ln‘x+\/x2 +o’

Solution:

We shall prove only the form with +. In a similar manner we can prove the formula with -.
2

. . X o
It suffices to show that the derivative of the function 5\/x2+a2 +7ln‘x+\/x2+a2 ‘ + ¢ equals

Indeed:
' I+ X
2 2 2 2
i\/x"’m"’+m—ln‘erx/x"’Jroc"’ L SENVIERS SRS SR AD e S Y SR
2 2 2 2 2x+at 2 xHXHd
1+ X 1+ X

2 2 2 2 2 ) )
X a VX+ 1 X x4
—+—-+02L (x-\/x2+a2)=—\/x2+a2 + - X Ta (x-\/x2+a2 ) =
X+t 2 XX 2 22X+ 2
X

. , x-V x> 4o’ + —— X . , )

X + X o
ENIXZ‘HXZ + - X Ta :—4/X2+(12 + + _ /X2+a2 .

2Wx2+o? 2 2 Wxit+a?  2VxA+a?

4) Find the set of all primitive functions of f(x)=3x|x| , XeR.

Solution:
Let xe(-0,0], then f(x)=-3x7, therefore J. 3x2dx =-x"+c;.

Let xe(0,+00), then f(x)=3x’, therefore J. 3x2dx =x’+cs.

x’+¢, x<0

3

to be a primitive function of f is to be
x't+c, x>0

But a necessary condition for F(x)z{

continuous in particular to 0.
3
. . . -x+c x<0
Thus it is necessary lim F(x) = lim F(x) =F(0) < c;=c,. Therefore F(x)=1 | .
x—0~ x—0" x’+¢c x>0

It 1s easy to prove that F'(x)=f(x) for every xeR.

5) Consider a function f with domain the set of real numbers, such that f"’(x)=12x and
f(0)+£'(0)+f""(0)=8. Show that f passes through a point (0, 10a), where a.cZ. Find this
point.

Solution:
Since J. f "(x)dx =t"(x)+c; we have that J. 12xdx =f'(x)+cy, that is f'(x)=6x-c.

But j f ’(x)dx =f(x)+c, thus j (6x%-c,)dx =f(x)+c, that is f{x)=2x’-c;x-C,.

Since f{0)+f(0)+f"(0)=8 < -c,-¢,=8, if we put c;=c, then c,=-8-c and thus f{x)=2x’-cx+8+c.
But fla)=100 < 2a’-ca+8+c=100 < 2a’-ca+8+c-10a=0 < 20’-2a-80-co+8+c=0 < 2a(a’-
1)-8(a-1)-c(a-1)=0 < (a-1)(2a’+20-8-c)=0. Since 1 is a root of the latter equation, the point is
(1, 10).




f
) dx =In|f(x)| +c. Evaluate the integral: J. tanxdx

f(x)

6) Show that j

Solution:

o) We have (1n|f(x)| +c)’=%-f’(x).
X

B) J.tanxdx=J. sinx dx = -J. (cosx) dx=-ln|cosx|+c.
COSX COSX

2-3x
X3

7) If f(x)= e and g(x)=(x+u)e'2/", find k, LeR so that g is a primitive function
X

of f.

Solution:
A necessary and sufficient condition so that g is a primitive function of g is g'(x)=f(x) for

-1 a - a n
every xeR. Thus we have -x—ze'Z/x +(K+M)e'2/x-%= 2 33X e e (-L3+2—f+ 2-L3 e
X X X X X X X
2- 102 1 2-
S gy ML 2K ML 2 Dk 2k 2h22-3x > [(A 1) 2K+ 22—

X X X X X
3x+2. Since the last equation is valid for every xeR we have that {-(A-1)+2k=-3 and 2A-2=2}
< {A=2 and «=-1}.

) 2x+1 x20 s . .
8) Does the function f(x)= has a primitive function F in R?
2x-1 x<0

Solution:
If x>0 then F(x)=x"+x+¢; and if x<0 then F(x)=x*-x-+c,.
We want F to be differentiable at 0 and consequently continuous at 0. Thus we want
lim F(x) = lim F(x) =F(0) < ¢;=c=c.
x—0 x—0

- 2 fx+c-
F(x)-F(0) _ i XXCe

=lim (x+1) =
0 x-0 x—0" X x>0

2

_ —x+cC-

But lim LT _ ) XXFCC o (ke D) =1, lim
X0 x-0 X0 X X0 x—0"

1, thus there is not F’(0), that is f has no a primitive function in R.




